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Abstract: The fixed sample size procedure  sometimes fail to deal with the estimation problem in which it  is desired to control the combined  risk associated with the estimation of parameters of various probability distributions simultaneously. In this paper for a general probabilistic model is proposed an “accelerated” sequential class to minimize the combined risk for simultaneous estimation of parameters of several probability distributions. The proposed class is shown to provide solutions for many estimation problems under different probabilistic setups for “ given precision ” problems.  Besides, positive and negative moments for the stopping times are obtained and they are used for deriving the asymptotic expression for the “regret”  associated with  the class of “accelerated” sequential estimation procedure.
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               1.1 Introduction

           Sometimes, it is desirable to control the combined risk associated with the estimation of parameters of various populations and such problems give rise to the simultaneous estimation problems. The fixed sample size procedures for such problems fail and affirmative solutions are desired.  In this direction, Raatikainer(1987) proposed a sequential procedure for simultaneous estimation of percentiles under a general set-up. Then Mukhopadhyay,  Hamdy and Darmanto(1988) considered the negative exponential populations and desired the simultaneous confidence interval estimation of the parameters as a follow up of certain selection and ranking problems. Later Mukhopdhyay(1992) provided multi-stage procedures for the simultaneous point estimation of the parameters of  several negative exponential populations. For some further work on related simultaneous estimation procedures  one can cite the papers of Raatikainer(1993), Mukhopadhyay and Solanky(1998), Aoshima and Mukhopadhyay(1998), Effron(2004) and Ghosh (2005). 
In this paper we have considered a  generalized problem of simultaneous estimation of parameters of several populations 
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 are the unknown parameters, under a family of general loss function and a linear cost function.  The problem  of fixed sample size procedure to deal with such problem is established in Section 1.2.  A class of “accelerated” sequential procedure  to tackle the problem is proposed  in Section 1.3 and positive and negative moments for the stopping times are obtained and they are used for deriving the asymptotic expression for the “regret”  associated with  the class of “accelerated” sequential estimation procedure. Finally in Section 1.4. illustrations of estimation problems are provided which can be dealt with the help of the proposed class.
1.2 The Set-Up of the Problem
       Let 
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   denotes a chi-square   r.v’s with r degrees of freedom.  
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          Our goal is to estimate the vector  
[image: image33.wmf](

)

¢

q

¢

q

¢

=

q

k

1

,......,

 pointwise. For 
[image: image34.wmf]å

=

=

k

1

i

i

n

n

, an  obvious estimator of 
[image: image35.wmf]θ

 is 
[image: image36.wmf](

)

¢

¢

¢

=

k

1

kn

n

1

n

θ

ˆ

,......,

θ

ˆ

θ

ˆ

. Let the loss incurred in estimating 
[image: image37.wmf]θ

 by 
[image: image38.wmf]n

θ

ˆ

 be 

        
[image: image39.wmf](

)

(

)

(

)

(

)

k

1

k

1

i

u

i

in

i

i

in

n

n

.....

n

C

θ

ˆ

θ

ˆ

Q

θ

ˆ

θ

ˆ

A

θ

ˆ

,

θ

L

i

i

+

+

+

ú

û

ù

ê

ë

é

-

¢

-

=

å

=

 ,                                    (1.1)              
where A (>0) is the known weight and C (>0) is the known cost per unit sample observations from each population. 

Utilizing (
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), the risk corresponding to the loss function (1.1) comes out to be 
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The value 
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However, in the absence of any knowledge about 
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’s. In such a situation, motivated by (1.3), we propose  the following class of ‘accelerated’ sequential procedure, determining the sample size as a random variable.
1.3. The Class C   of  ‘Accelerated’  Sequential Procedure
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Based on these 
[image: image62.wmf]i

M

observations, we compute 
[image: image63.wmf](

)

i

M

i

ˆ

y

. Then we jump ahead and collect 


[image: image64.wmf]i

i

M

N

-

   more observations from the 
[image: image65.wmf]th

i

 population, 

where


[image: image66.wmf]i

M

=
[image: image67.wmf](

)

ï

þ

ï

ý

ü

ï

î

ï

í

ì

+

ú

ú

û

ù

ê

ê

ë

é

þ

ý

ü

î

í

ì

+

+

+

1

ˆ

)

,

,

(

,

max

)

1

(

)

1

(

1

u

u

u

i

i

n

i

C

r

u

uk

M

y

d

.                                                               (1.6)

After stopping, estimate 
[image: image68.wmf]q

  by  
[image: image69.wmf])

(

ˆ

N

q

 where N = 
[image: image70.wmf]å

=

k

1

i

i

N

 and 


[image: image71.wmf])

(

ˆ

N

q

=
[image: image72.wmf]
[image: image73.wmf](

)

¢

)

(

)

1

(

ˆ

........

ˆ

1

k

N

k

N

q

q

.

It can be seen that the risk associated with the class C of ‘accelerated’ sequential estimation procedures (1.5)-(1.6) is 
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with 
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 determined by present rule.
The “Regret” associated with the estimator  
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Now we state and prove some lemmas.

Lemma 1: For the class C  of accelerated sequential procedures and all 
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And 
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Proof : Denoting  by 
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We can write 
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It follows from Hall (1983) that, as 
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Comparing (1.14) with equation (1.1) of Woodroofe (1977), we obtain in his notations, 
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where 
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                Let us consider the difference 
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     It  follows from Woodroofe (1977) that the mean of the asymptotic distribution of 
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   Result (1.7) now follows on substituting the value of (1.7) in (1.14).

Let 
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Lemma 2: As 
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 Proof : Using the expression
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And (1.19) follows.

Furthermore, using Taylor’s expression for 
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and (1.20) holds.

        Now we prove the main theorem of this section, which provides asymptotic expression for the ‘regret’ corresponding to the class C of ‘accelerated’ sequential estimation procedures. 

Theorem:  For the class C  of ‘accelerated’ sequential procedures and for all 
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Now, applying Lemma 4,  we obtain  for any 
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 and the theorem follows .
1.4 Estimation Problems Having Solutions Provided by Class  C of  “Accelerated” 
      Sequential Procedure
1.4.1   Simultaneous estimation of the means of several normal populations
   Let us consider a sequence
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1.4.2.  Simultaneous estimation of the mean vectors of  several multinormal populations
Let us consider a sequence
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1.4.3. Simultaneous estimation of the regression parameters of several linear models 

Consider the 
[image: image220.wmf]th

i

 linear model     
[image: image221.wmf])

(

i

n

i

Y

=
[image: image222.wmf])

(

)

(

i

i

n

i

i

n

i

X

S

+

b

, i=1,2,…..k.,
where 
[image: image223.wmf])

(

i

n

i

Y

 is an observed 
[image: image224.wmf]1

*

i

n

 random vector, 
[image: image225.wmf])

(

i

n

i

X

is  a 
[image: image226.wmf]p

n

i

*


Matrix of  rank p, 
[image: image227.wmf]i

b

 is the 
[image: image228.wmf]1

*

p

 vector of unknown regression parameters, and 
[image: image229.wmf])

(

i

n

i

å

is the disturbance term following 
[image: image230.wmf])

,

0

(

2

i

i

n

i

n

I

N

s

distribution. The ordinary least squares estimator of 
[image: image231.wmf]i

b

 is  
[image: image232.wmf])

(

ˆ

i

n

i

b

= 
[image: image233.wmf])

(

)

(

1

)

(

)

(

)

(

i

i

i

i

n

i

n

i

n

i

n

i

Y

X

X

X

-

¢

 and we use 
[image: image234.wmf](

)

1

2

)

(

ˆ

-

-

=

p

n

i

n

i

i

s
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1.4.4. Simultaneous estimation of the location parameters of several negative 
          exponential populations
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1.4.5. Simultaneous estimation of  the parameters of several Pareto distribution
Let 
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1.4.6. Simultaneous estimation of the means of the several inverse Gaussian 
          populations
     Let
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1.4.7. Simultaneous estimation problem related to multiple comparison procedures
         Let us consider the linear regression models of sections 3. In multiple comparison procedures [see Hochberg and Tamhane(1987)] for a brief discussion], one may be interested in estimating the parametric functions of the components of a lx1 (
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1.4.8. Simultaneous estimation of the means of several random one-way models
          Let us consider the 
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