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Abstract

In this paper we study the distribution of order statistics of the two parametric Lomax distribution. We
consider the single and product moment of order statistics from Lomax distribution. Also, we establish
some recurrence relation for single moments of order statistics. The exact analytical expressions of entropy,
residual entropy and past residual entropy for order statistics of Lomax distribution is derived.
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1. Introduction

Order statistics have been used in wide range of problems, including robust statistical
estimation and detection of outliers, characterization of probability distribution, goodness
of fit-tests, quality control, analysis of censored sample, etc; see (Arnold et al., 1992;
Beirlant et al., 1997; Tahir et al., 2015). The use of recurrence relations for the moments
of order statistics is quite well known in statistical literature (see for example Arnold et
al., (1992), Malik et al. (1998). For improved form of these results, Samuel and Thomes
(2000), Arnold et al. (1992) have reviewed many recurrence relations and identities for
the moments of order statistics arising from several specific continuous distributions such
as normal, Cauchy, logistic, gamma and exponential. The Lomax distribution is often
used in business, economics and actuarial modeling. It was used by Lomax (1954) to fit
date in business failure. For various properties and applications of Lomax distribution
one should refer to (Ghitany et al., 2007; Giles et al., 2013).

We say that a random variable X with range of values (0, ) has the two parametric
Lomax distribution (now onwards Lomax distribution) if its pdf is given by

a X

—(a+1)
fo)=2(1+3) x> 0,a,A>0 (1.1)

The cumulative distribution function (cdf) and survival function (sf) associated with (1.1)
is given by

F)=1-(1+ g)_“ (12)
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Fe=(1+ g)_“, (1.3)

respectively.

The following functional relationship exists between p.d.f and c.d.f of Lomax
distribution:
f)=a@+x)"! — a(d+x)"F(). (1.4)

The idea of entropy of a random variable X was developed by Claude Shannon (1948) for
the first time in information theory. The differential entropy of a continuous random
variable X with density function fy(x) is defined as

HX) = - fooo fx(x) log fx (x)dx (1.5)

Analytical expression for univerate distribution are discussed in references such as Laz
and Rathie (1978), Nadarajah and Zagrafos (2003), etc. Also the information properties
of order statistics have been studied by Wong and Chen (1990), Park (1995), Ebrahimi et
al. (2004), etc.

In case on has information about the current age of the component, which can take into
account for measuring its uncertainty, then the measure given in (1.5) is not suitable. A
more realistic approach which make the use of the current age into account is described
by Ebrahimi (1996) and is defined as

. °°f(x) f(x)
HX;t) = — [, F(t) F(t)d (1.6)

where F(t) is the survival function. For ¢t = 0, (1.6) reduces to (1.5).

In many realistic situation uncertainty is not necessarily related to future but can also
refer to past. Based on this idea, Crescenzo and Longobardi (2004) develop the concept
of past entropy over (0, t). If X denote the lifetime of a component or of living organism,
then the past entropy of X is defined as

0(v. 4\ — t f(x) f(x)
HY(X;t) = — [, F(t)l gF(t)dx 1.7

where F(t) is the cumulative distribution function. For t = oo, (1.7) reduces to (1.5).

2. Distribution of Order Statistics

Let Xy, X5, ...., X, be a random sample of size n from the Lomax distribution and let
Xin < Xpop < -+ < Xy, denotes the corresponding order statistics. Then the pdf of
X1 < 17 < n,isgiven by [see David and Nagaraja (1981) and Arnold et al. (1992)

frn () = Crp{[FCOTHL = FCOI™ T f(x)},0 < x < oo, (2.1)

n!

where C., = —Di(n-r)
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The probability density function of smallest (r = 1) and largest (r = n) order statistics
can be easily obtained from (2.1) and is given by fi; ,)(x) = n[1 — F(x)]""!f(x) and
fonm (%) = n[F (x)]" "1 f (x) respectively.

Also, the cumulative distribution function of the largest and smallest order statistics is
given by Fp ) (x) = [F(x)]™ and F(y )(x) = 1 —[1 — F(x)]™ respectively.

Using (1.1), (1.2) and taking r = 1 in (2.1), yields the pdf of the minimum order statistics
for the Lomax distribution

fin(0) === (1+3)

-na-1

Similarly using (1.1), (1.2) and taking r = n in (2.1), yields the pdf of the largest order

statistics for the Lomax distribution
n-1 X —((x+1)

frn () = 7;—“ [1 ~(1+ ;)_ ] (1+3)

The joint pdf of X,..,, and X,.,, for 1 < r < s < nis given by [see Arnold et al. [4]
frsm(®) = Cogn{[FOIHF @) = FOOI 1 = FOOI"*f () f (1)} (2.2)

n!

for—o<x <y<oandC ., = o DIG—r—Din—s"

Following two theorems gives the distribution of the order statistics from the Lomax
distribution.

Theorem 2.1: Let F(x) and f(x) be the cdf and pdf of the Lomax distribution. Then the
density function of the rt" order statistics say f..,,(x) is given by

fr:n(x) = aC,., Z?z_or Z}‘I(l)—l(n:r) (T‘+Jl:—1) (_1)i+j [)la(j+1) A+ x)—a(j+1)—1] (23)
Proof: See Appendix A

Theorem 2.2: Let X,., and X,.,, for 1 <r < s < n be the r** and s** order statistics
from the Lomax distribution. Then the joint pdf of X,.,, and X.,, is given by

s—r—1n-s

fron@ =y 3 (07T (M) 0 x
i=0 j=0

[1_“ _ (A + y)—a]s—r—l—i+j[l—a _ (l + x)—a]r+i—1(l + x)—(a+1)(/1
+ y)—(a+1).

A1-als+))

Proof: See Appendix A
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3. Single and Product Moments

In this section, we derive explicit expressions for both of the single and product moments
of order statistics from the Lomax distribution.

Theorem 3.1: Let X;,X,,....,X, be a random sample of size n from the Lomax
distribution and let X;.,, < X,., < -+ < X,,., denote the corresponding order statistics.

Then the k" moments of the rth order statistics for k = 1,2, ..... denoted by u,(,k,)l IS
given by
n-r I+r-1

k
0 _ n—r (k)(l+r—1) B HH}.( 1 )
ﬂr:n—aCr:nZZ ( I ) i j (=1 i+aj+a—k'

1=0i=0 j

-
(=}

where the value of « is chosen in such a way that (% +j) + —1.

Proof: See Appendix B
Now we derive recurrence the relation for single moments.

Theorem 3.2: Let X;,X,,....,X, be a random sample of size n from the Lomax
distribution and let X;., < X,., < -+ < X,,., denote the corresponding order statistics.
Then for 1 < r < n, we have the following moment relation:

k-1 k—i

) = ZO ; (lf) (k]_ i) (-1 A%~ {an (u_ﬁfi_l ~1Bs) —ar (18— D))
+Crn {a(A1 —A;, — A3+ A+ (r— 1)2 (T ; 2) (—1) CEYp—
B 1=0
~a-ny () e

s=0

r—1

_’"Z( l )(_1)l(n+l—1r+1)2

=0
- 1
- (n—r)ZO(Z) N P— _r)z}.

where A; = (r—1)logAd B(n—r;r—1), A, =(m—r)logAd B(m—1;7)

As; =rlogd B(m—1;1),A, =(n—r)logd B(n—7r;r) and B(m;n) is the beta
function.

<
I
=

Proof: See Appendix B
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Theorem 3.3: For1 <r <s <n,n € N, we have

(k1.k2) _
ﬂr sln2

rsnz ZS r—1 fnTo]H_lZ Z}+r 1(n s) (s r— 1) (kz)(s r— ]+l 1) (kl) (}+Z 1

ki+ky (_1\i+j+l+m+p+q 1
At (1) {(l—k2+am+a)(p—k1+l—k2+aq+am+2a)} (3.1)

Proof: See Appendix B

Applications
For k = 1, > 1 we obtain the mean of the rth order statistic as:

o = E(Xym) = f % fom(X)dx

= rnf K F(x) " "[1 - F@I™" f(x)dx
aCr”f [1— (1+ ) a]H [(1+§)_a]n_r(1+§)_a_ldx

0
r-1 -1 i
1l
=a/1€rnz e
aln—r+i+1)—-1
l=

Now for k = 2, = 2, one can get the second order moment of the rth order statistic as

B2 = B = [ o frm )
0
r-1 -1 i r-1 -1 i
)(—=1)¢ )(—=1)¢
) i o i LY N W ot M

am—r+i+1)—-2 alm—-r+i+1)—1

i=0 =0

Therefore the variance of the rth order statistic can be obtained easily by using the
relation

V(Xr:n) = .u7(*21?L - (ﬂr n)z

r—1 1 . r—1 r—1 , 2
(DD (DD
_aAZCr"Za(n—r+l+1)—2 aACT’n;a(n—r+i+1)—1 '

The mean, variance and other statistical measure of the extreme order statistics are
always of great interest. Taking r =1, one can obtain the mean of smallest order
statistics:

nia

Aulzn:na_l

Also, second order moment of the smallest order statistic can be obtained as:
@  nar*  2nai?

= — A2
na — 2 na—1+

1n
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Therefore

V(X10) = 12 = (1)?
2

B nai? ( nia )

na — 2 na—1

Similarly mean, second order moment and hence variance of the largest order statistics
(r = n) can be easily obtained as

< (")
- A AT
Hun =A0m ) oD =1

i_

nl_L n-1 i
u@ =na AZZ( v, AZZ( D' e

a(i+1)—2 (l+1)—1
N eey (8 ety
V(Xn:n) = nal ZO m — | dan ZO m .

4. Entropy for the Lomax Distribution Based on Order Statistics

Let X;, X5, ...., X, be a random sample of size n from a distribution Fyx(x) with density
function f(x) and let ¥, <Y, < -+ <Y, denote the corresponding order statistics. Then
the pdf of Y,., 1 < r < n, is given by

fr, ) = Ceand[Fx DI 1 = FxDI" ()}, 0 < x < o0

1
B(rn-r+1)

r(rf(n-r+1) _ (r-1!(n-r)!

Ty o — is the beta

where C,., = and B(r,n—r+1) =

function.

Let U is the uniform distribution defined over the unit interval. The order statistics of a
sample from uniform distribution Uy, U, ... U, are denoted by W; < W, < ---W,, and

W,,r = 1,2, ...,n has beta distribution with density function
gr(W) = Cr:n{[w]r_l[l - W]n—r}lo <w<Ll

Now we derive the exact form of entropy, residual entropy and past residual entropy for
the Lomax distribution based on order statistics:

(1) Entropy (See Shannon [22])

Using the transformation W, = Fx(Y,.), the entropies of order statistics can be computed
by

H(Y,) = H,(W;) — Eg [log fx (Fx ' (W,)]. (4.1)
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Where fy is probability density function of the random variable X and H,,(W;.) denote the
entropy of the beta distribution and is given by

H,(W;) =logB(r,n—r+1) = (r = D[y () —yp(n+ 1)] (4.2)
—(n-MYn-r+1D-ypmn+1)]

where y is the digamma function and is defined by ¥ (6) = %log r'eo).

Remark 4.1: For r =1 (i.e smallest order statistics) and r =n (i.e largest order
statistics), it can be easily shown that

1
H,(W;) = H,(W,) =1—logn — —

Remark 4.2: It should be noted that ¥(n + 1) — ¥ (n) = %

Theorem 4.1: Let X,,X,, ...., X;, be a random sample of size n from Lomax distribution
with distribution function given in (1.2) and let ¥; <Y, <. <Y, denote the
corresponding order statistics. Then the entropy of the rt" order statistics for the Lomax
distribution is given by

H(Y,) =logB(rn—r+1)—(r—-DYr) —yYn+1)]
—(n-rMyn—-r+1)—yYn+1)] —log%+a7+1[1/)(n—r+ 1) —yn+1)]
Proof: See Appendix C.

Corollary 4.1: For r = 1 (i.e smallest order statistics):

1

HY,)=1- 1og’;—“ +—

Corollary 4.2: For r = n (i.e largest order statistics):
— Y@+ -yp®)
=1--—1lo g—+“—“(¢(n+1)+y)

a+1

H(Yp) =1—~—log™ + <=

where —(1) = y = 0.5772 is the Eulers constant.

(if) Residual Entropy

Analogous to (1.6), the residual entropy of order statistics X;. ,, is given by

w0 | frn)
H(Xpit) = = [ 2o log F2 05 d. 4.3)

Clearly the residual entropy of first order statistics is obtained by substituting » = 1 and
using the probability integral transformation U = Fx(x) in (4.4), we have

H(Xyn;t) =— —logn +log F(t) — Fn(t) fF(t)(l —w)" og[f(F1(w)] du.(4.4)
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The residual entropy of the first order statistics for Lomax distribution can be easily
a+1
obtained by using (1.1), (1.2), (1.3) and f(F~*(w)) = %(1 —u) e in(4.5):

1 na t
H(Xl,n; t) = (1 + n_a> — log; + log (1 + E)

The case for r = n follows on similar lines.

(i) Past Residual Entropy

Analogous to (1.7), the past residual entropy of the " order statistics is defined as

. _ t fr,n(x) fr,n(x)
HO(Xypi t) = = [ ey o T dx. (4.5)

The past residual entropy of n'* order statistics is obtained by substituting » = n and
using the probability integral transformation U = Fx(x) in (4.6), we have

HO(Xpnit) = nT_l —logn + log F(t) - == [FO@)n-1 log[f(F*(w)]du. (4.6)

Fn(t) Y0

The past residual entropy of the nt* order statistics for Lomax distribution can be easily
a+1
obtained by using (1.1), (1.2), (1.3) and f(F~1(u)) = %(1 —u) @ in(4.7):

HO(Xpnit) = nT_1+ log F(t) —logn — log% - aTHlogF(t)

z (rll) (—1)1%{(1 - Fi(t)) - logF(t)} ,

i=1

a+1
aF™(t)

where F(t) and F(t) are the cumulative distribution function and survival function for
Lomax distribution given in (1.3) and (1.4) respectively.

The case for r = 1 follows on similar lines.

5. Conclusion

In this paper we study the distribution from the order statistics of Lomax distribution.
Also we consider the single and product moment of order statistics from Lomax
distribution. We establish recurrence relation for single moments of order statistics. Also,
we have derived the entropy, residual and past residual entropies for order statistics of the
Lomax distribution.
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APPENDIX

Appendix A:

Proof of Theorem 2.1:
Equation (2.1) can be Written as

(4.1) frn<x)—crnz ) EDHFCOIT @

The proof follows by substituting (1.1) and (1.2) into (A.1) and expanding the term
(A% — (A + x)~%)"*=1 using the binomial expansion.

Proof of Theorem 2.2:
Equation (2.2) can be written as

S—r—1n-s

(A.2) frism(X) = Cripn z Z (S B : B 1) (n ]_ S) (=) [F(y)]sr1-iti
i=0 j=

X [FOI™* () f ).
The proof follows by substituting (1.1) and (1.2) into (A.2).

Appendix B:
Proof of Theorem 3.1:
We know that

0

@1 1Y =Exk,) = j x* o () dx
0

= Cym j Xk [FGOT 11 — FOOI™f (x)dx

0
n-r n— ©
=C ., ( D[ x* [FOIH 1 f(x0)d
;( !x X x)dx
n-r TL—T' b X\ —Q +r-1
Crnz ) (- 1)lka[1—(1+i) ]
()™
put (143) =7 = 2(143) “Var = —az

Therefore (B.1) becomes

n-r k l+r—1

=en 2 2 2 (e
1=0 i=0 j=0
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Or

=aca 3 2 (O )0 (=)

Hence the theorem is proved

Proof of Theorem 3.2:
We know that

u = f Xk . (X)d

= Crnka [FOO) 1= FO)I T f(x)dx
0

Using (1.4), we get

w) = aC,.p { f XK+ x) T [F(0)] 1 = F(x)]" " dx

0
©

— f x¥(A+x) L [FOI[1 — F()]™ Tdxy.

0
(B.2) 1) = aCop{l, — 1}

where,

o]

I, = f x¥(A+x)" T [F(x)]" 1 = F(x)]" "dx.
0
By using integration by parts, we obtain

f [{(kz (D (A4 D) ‘)>

+1log(2 +x) ¢ {(r = DIFOI"?[1 = FOOI" " f (%)

—(=n[F] 1~ F(X)]"‘r’lf(x)}] dx.
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Simplifying the above equation, we get
k-1 k—i . ©
h= 0; (Il() (k]_ l) (—1)f At {(n —7) Of xI [FO)I M1 = F)" " f(x)dx

i=
o0

- (-1 f X [FOOI™2[1 — F(X)]”"rf(x)dx} t4; -4

0
r—2

+r;1;(r;2)(_1)l(n+l—1r+1)2

r—1

_n;rz<r;1) (_1)S(n+s—1—r)2

s=0

Similarly,

. k—lkz_f (k : 1) (k]— i) (—1)! Ake—i=) {(n
i=0 j=0

1=
o]

=) [ W PN = FT £
0

— rf x) [F()] 1 - F(x)]"_rf(x)dx} +A;— A,
0

r~ /r—1 1

+EZ( [ >(_1)l(n+l—r+1)2

0
_n;r;(rzl) (_1)S(n+s—1—r)2

Substituting I; and I, into (B.2), we get the desired result.

Proof of Theorem 3.3:

#7(‘{.(51:;1(2) = Crsin joo jmxklykz [FOI" YHF(y) - F)]S ™11
0 Yx
— F)I"f ) f (y)dydx

or
(B.3) ula
n-ss-r—1 1 0
n—s S—T1r— - i
= CT:S;TLZ Z ( i ) ( . ) (_1)l+] f xkl [F(x)]]+r—1f(x)1xdx
i=0 j=0 J 0
where,

e 0]

Iy = f YRS+ f () dy.

X
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Using (1.1) and (1.2), we have

S—r—j+i—-1 —(a+1)

(B.4) Iy= fxooy"z [1 —(1+ %’)_a] %(1 + %) dy

Now simplifying the above expression, we get
B alkz ZEO fn_zro_fﬂ-l(klz)(s—r—T{‘1+i—1)(—1)l+m [(1 N f)—a]%+m+1
o l—k;+am+a 1

Substituting Iy in (B.3) and then simplifying it further, we get (3.3).

Appendix C:

Proof of Theorem 4.1:
Using (1.2) and the probability integral transformation Y, = Fy1(W}.), we have

o) = | -wy= - 1].
Therefore,
(€1 By llog fi(F (W) = Eg, [log fi {2 (1 - wp) - 1)}]
= log% + aTH[I,lJ(n —r+1)—yYmn+1)].
Substituting the value of (4.2) and (C.1) in (4.1), we get the desired result.
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