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Abstract

In this paper we consider, how to find the marginal distributions of crossing time and renewal
numbers related with two poisson processes by using probability arguments. The obtained results
show that the one-dimension marginal distributions are N+1 order PH-distributions.
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1. Introduction
Assumption: Let Nbe aconstant {X;} and {Y;} be two sequences of random

variables. Suppose that {X.},i=1,2,3...;are independently and identically

distributed (i.i.d.) F(t) with mean / !and {Yj}, j=1,2,3..; are i.i.d. G(t) with mean

m.

N, (1) = sup{n|Sn £ t} is the counting process associated with {X;}

where S, =0and S, = § Xi

i=1

N, (t) = sup{n|Tn £ t} is the counting process associated with {Y }

where T, =0and T, = Y,
=1
Assume that X;, Y, are mutually independent.
In the case of F(t) and G(t) are exponentially distributed with parameter / and »n
respectively, consider the following problem
Let &, =inf{n|T, £1}, itstaking value j=1,2,3,L;
&y
TE = él Y, its taking value t3 0
N =
and
Ny =N1(TE ). itstaking value i=N, N+1,L;

N

Pak. j. stat. oper. res. Vol.ll No.12006 pp27-34



Mir G. H. Talpur, Raja M. llyas

we are interesting in finding the marginal distributions of T, ,x,, A, and prove
N

that the obtained results are (N+1) order PH-distributions

2. Probability Arguments

In this section, first of all one can find out the marginal distribution of random

variables T, ,x,,and/, then their probability generating function, mean and
N

variance respectively .
Since
Xy =inf{n|T, * Sy}, hence
P{xn =i} =P{Tj.1 £S5y <Tj}

=§ P{TL Et<T} fg,, (Odt

_ ¥ _

=@ PIN()=j- T fs (Odt
(™
(i- D!
ol ¢ 9™
(G- (N- D!
¥ ((L+my"r

= k. = 2
"8 SEms Sy O (N+- 2

_ ¥
=Q exp(- ) fSN (t)dt

(/ +mexp(-(/ + mt)dt

The integral function is an Erlang density, it yields
+j'2 . N ..j'l
? : ¢ . S AR cE
o m+/ I} m+/ I}
Obviously, this is a negative binomial distribution. Thus the probability generating
function is given by

P{XN :j'l}:

6 -4B 7ol O emd
SR B b
_ & / QNgaé“*k'lgaemu Qk k=j-1
T S
,.N Lk
_uae/ 0 5(_1),(86“ dem o
§mi g &7 & SEmT g
,.N N
=uae/ O g MO
gnﬁ/,}? ! + my
e |/ 6
=u = (2,2)
g/+m- mu g
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N =
In which the distribution of gaek gand Newton’s binomial formula see Ref [1, 9]

the mean and variance of the distribution
N/

Elx,]=Gx, @)= ; (2,3)
an +/?
var[x, | =Gox, (1) - (Gg( (1))2 —_— (2.4)
Let F, (t) represent the distribution function of T, since
X
= a Y;, Thus
=1

ép{T £t T, £S, <T}

=

ééét t * U
=aé®f (u)dr (u)-@G fq (u)dFT (U)L:J
g Y N i 8
=0G' 1 (wd aF o

é “fs (Wd M, (W)

= 7exp (-t-u)) 5 (1) du

=075 (G (t-u)
=P{x1 +x, tL+x, +Y £t}
This shows that TXNg X, +X, +L+Xx, +Y =S, +Y indistribution

Therefore the L-transform of random variable T, is as follows
N

N
. mel 0
T (S)= e 2.5
/ x, (s) ot mgﬁg (2.5)
Since j 't (s)is a rational function of s, it may be written following form
X
N

See Ref. [2,10]
B12 + |_+ BZN

= +
/ TN() Gem wr T ST
x / ('jN
where B, =m—:=x
_mg
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Taking the inverse of the L-transform one can get the density function TXN

0" N | £l ]
/', 0 C s e )+ 8 (7 s R
ae// 9 S () - ma w k”” exp(/t) (2.6)
Mg @&

k ¥ r
Note that é%exp(-/x)dx = é % exp (-/t), the distribution of TXN is

r=k+1

given by
-N N1 ¥ ) k r A
Fr (0= g/ giexp( I l;’)t) v rtl) expl/ 5 @27)
k=0 r=k+1 . - 7]

N

The mean and variance of the distribution are

_ _Nn+/
E[TXN]_E[SN +Y|= r (2.8)
Nmf +/?
var(TXN):var [SN +Y =W (2.9)

using TXN £ X, +X,+ L +X, +Y=s, +Y, one can easily get the distribution of
hN :Nl(TXN)
Pl =i}=p{N, (T, )=N+k}
=P{x1+x2 + L +X EY<X +X,+ L +xN+k+1}
=P{x1+x2 + L +x, £Y<Xx, +X,+ L +xk+1}

=p{N, (Y)=k}

where k=0,1,2, L;

Thus

=p{r =i} (/k—?kexp (-(/ + mtydt

e/ demo_ ¥ (m )1 +mi
s &y © ki exp (/- ]
e/ 9"188 m 0
_gm+/ p gm+/ 5 (210)

It is a geometric distribution. Therefore the probability generating function of the
distribution is
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_ 8 ek ¥ (/ t)k : k
—ka:OZ o exp( /t) dF (1) (2.11)
=2Y, /- 2)]
_ mz"
o/ (1-2)
Thus
el ] =Gy @ = N 2.12)
vl )= G, @ -Fsn, @2 =N+ 2.13)
é P nt

3. One Dimension Marginal Distributions as Ph-Distributions.

A patrticular instance of the method of supplementary variables is known as the
method of phases and involves ideas of remarkable simplicity which were first
proposed by A. K. Erlang. He observed that gamma distributions, whose shape
parameter is a positive integer, may be considered as the probability distributions
of sums of independent, negative exponential random variables. In this manner a
number of highly useful results for renewal processes of Erlang type can be
derived from those of the much simpler poisson process.

The basic idea of Erlang, which ultimately rests on the memoryless property of
the negative exponential distribution, has been applied and extended by many
authors.

Most useful elementary applications are discussed in the monograph by D. R.
Cox[4], no attempt will be made to survey the uses of the method of phases in
the existing literature, but we must draw attention to the paper by D. R. Cox|[3]
which introduces interesting

Notion of complex-valued probabilities in an attempt to find phase
representations for all probability distributions on the positive real line which have
rational Laplace-stieltjies transforms. Many open questions raised there have
essentially remained un answered up to this time, and other related to the
numerical use and fitting of such distributions are deserving of much further
investigation.

The analytical and computational simplifications resulting from the method of
phases are clear. They permeate the discussions of a large number of paper in
the theory of queues and have recently been exploited in the construction of
algorithms for certain single server queues [8]. One may anticipate that the
method of phases will permit the algorithmic solution of a growing number of
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system of queues, as well as an exact numerical investigation of the Less-
tractable priority queues. Instances of such results may be found in Ref. [6, 7].

Theorem 3.1 T, |s a (N+1) order continuous PH-distribution with represent
(a,T)where a= a—(l,0,0,L,O), ay., =0

&1/ U .
€ ./ a €U
é u e.u
e a_, eu

T:é U!T =§L,’I
é a éu
é a é"u
é u et
e - g

Proof The definition and property of PH-distribution see ref [5]. For continuous
PH-distribution its L-transform is

JjT ) =ay,+alsI-T|' T

*N
Let A=sl-T,since A'1=ﬁade,a:(1,0,0,L,0) and T°=(0,L,n) itimplies

L 1

/T (5):WA(N:1)'1/77
*N

—_ ':\I" ( 1)N+1+1(_/)Nm

C(s+/) s+ )
m o/ oN

= c— 3.1
s+mes+/g (1)

Obviously, this is the same to eq. (2.5)

Theorem 3.2 A, is a N+1 order discrete PH-distribution with representation
(a,P)where a=(1,0,0,L_,0) ,and a,,,=0

é 1 u ‘?0@
& o1 @ & 4
a i é u
é a e-u
P:é Ll,lpozg " L,J
Py /] o e u
¢ 0 u Y
e / +md A p
é ;U & +m
é ( e, u
z é—1
¢ frm g emy
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Proof For discrete PH-distribution, its probability generating function
is Gp (2)=ay, +Za [I - ZP]'lP0 on a similar plan, we get

Ay, +tA
Gr] @)=z N,1 N+l M
" Al A+
" A O s AZN
( Nl(l Z)Nl ? +(1)Nll( 1)N )\+
=7 H H
) )\Z 0 A+p
A+i g
__wz% (32)
A+u(1- 2) '

Same to eq. (2.11)

Theorem 3.3 A, is a N+1 order discrete PH-distribution with representation
(a,P)where a=(1,0,0,_,0) ,and a,,,=0

7 N AN
; ) N é N U
€ A A @A u oer o U &M 9 o
& E—2- - g &=
& AU A+p er+ug A+tu e +tug | ee “ﬂNl:I
~ N-1 - Lo
€ A A &r b boer o U gg‘” 04
& C—F o c—= U © - U
& Atu Atu @r+ug STy eer+ig u
A N-2 - fra
P=¢6 A u o er 0 uP°=%Ar oY
& ol oo A oAl
& Aty A+ @A+ug a @ertug |
c R T R
é G e u
é Y U 93—:‘)\ ()l,J
3 A+p H ‘?g i
gertugf

Proof The conclusion may be similarly verified as theorem 3.2. Because
negative binomial distribution is the N-fold convolution of geometric distribution it
is also may be obtained from the convolution property of PH-distribution.
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