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Abstract 

This paper proposes a class of estimators based on information of two auxiliary variables. The expressions 

of mean square errors of the proposed class of estimators are derived in a general form. It is shown that the 

proposed class of estimators is always more efficient than regression estimator based on two variable, 

estimators proposed by Abu-Dayeh (2003) and estimators recently proposed by and Lu and Yan (2014). In 

addition, we support this theoretical result by an empirical study using original data to show the superiority 

of the constructed estimators over others. 
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1. Introduction 

In the theory of sample surveys, it is usual to make use of the auxiliary information at the 

estimation stage in order to improve the precision of an estimator of unknown population 

parameter of interest. Ratio, product and regression methods of estimation are good 

examples in this context. Several authors including Hartley-Ross (1954), Quenouille’s 

(1956), Khoshnevisan et al. (2007), Singh et al. (2007), and Singh and Kumar (2011), 

Verma et al. (2015) have considered the problem of estimating the mean of a survey 

variable when auxiliary variables are made available. In most of the cases, we see that 

instead of one auxiliary variable, information of two auxiliary variables are available. 

When two auxiliary variables are present Singh (1965, 1967), Perri (2007), Abu-Dayeh et 

al. (2003), Kadilar and Cingi (2005), Tailor et al. (2012), Singh and Kumar (2012), Lu 

(2013), Sharma and Singh (2014), and Lu and Yan (2014) suggested some  estimators for 

estimating the population mean. For recent development, exponential estimators have 

been widely studied by several authors including Lu et al. (2014) and Koyuncu and Ozel 

(2013) to minimize the mean square errors of estimators under different situations.  

 

Let U= (U1, U2, U3,  ….., Ui, …., UN) denotes a finite population of distinct and 

identifiable units. For estimating the population mean Y  of a study variable Y, let us 

consider 1X  and 2X  are the two auxiliary variables that are correlated with study 

variable Y, taking the corresponding values of the units. Let a sample of size n be drawn 

from this population using simple random sampling without replacement (SRSWOR) and 
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y , 1x  and 2x  respectively denote the sample means of the variables y, 1x  and 2x . We 

assume that population means 1X   and 2X  of the auxiliary variables are known.  

 

Let us define, 
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Also, 
1yx  , 

2yx and  
21xx denote the correlation coefficients between Y and 1X , Y and 

2X  and 1X and 2X  respectively and yC , 
1xC and 

2xC denote the coefficients of variation 

of Y on 1X  and 2X  respectively. 

 

The traditional multivariate ratio estimator using information of two auxiliary variables to 

estimate the population mean Y , as follows  
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where ix  and iX  (i=1,2) denote respectively the sample and the population means of the 

variable ix . 1  and 1  are the weights that satisfy the condition: 1 + 2 =1 

 

The minimum MSE of this estimator is given by 

   
2121221121 xxxx21xyyx2xyyx1

2

x

2

2

2

x

2

1

2

y

2

1MRmin CC2CC2CC2CCCYftMSE 

           (1.2) 

where  

2121

212111222

xx21

2

X

2

x

xxxxxyyxxyyx

2

x

1
CCxx2CC

CCCCCCC




  and  12 1   

 

Abu-Dayeh et al. (2003) proposed the following two estimators using two auxiliary 
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where 1 , 2 , 1  and 2 ( 1 + 2 =1) are suitably chosen constant for minimizing the 

mean square errors of the estimators 1rt  and 2rt . 

 

The minimum MSE expressions of the estimators 1rt and 2rt  are respectively given as  
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when the information is available on two auxiliary variables the well known regression 

estimator is given as 

   222111reg xXbxXbyt 
      

(1.7) 

where 
2

x

yx

1

1

1

s

s
b   and 

2

x

yx

2

2

2

s

s
b   

 

The minimum MSE of the estimator regt  is given by, 
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Lu and Yan (2014) proposed a class of multivariate ratio estimator using information of 

two auxiliary variables given by 
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where 1k and 2k are suitable constant in order to minimize the mean square error of 

estimator Lt  and 1k + 2k =1, 0a1  , 0a 2  , 1b  and 2b  are either real numbers or 

functions of known parameters. 

 

The minimum MSE of this class of estimators is given by  
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2. The Proposed class of estimators  

We propose an improved class of estimators for estimating Y when information of two 

auxiliary variables is available, as  
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where   and   are constants  that can takes values (0,1,-1) for designing different 

estimators; 1 , 1 , 2 , and 2  are either real numbers or the function of the known 

parameters. 1w  and 2w  are suitable chosen constants to be determined such that mean 

square error (MSE) of the class of estimators Nt  is minimum.   
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A set of new estimators generated from (2.1) using suitable values of  , , 1  , 2 , 1 and 

2  are listed below 
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Table 2.1:   Suitable choices of  , , 1  , 2 , 1 and 2  

 
     Estimators                                               1                1                            2                2

 

 1Nt                       0       1               1                0                1                  1 

 2Nt                               -1    1         1               -1               1                   1  

3Nt            -1                 1Cx           1              -1      1            1 

4Nt            -1    12 x          1              -1               1                    1 

5Nt            -1   1Cx              1              -1             2Cx               1 

6Nt            -1    12 x         1              -1             22 x           1 

7Nt            -1    12 x         1              -1             22 x           1 

8Nt            -1    12 x        1Cx          -1             22 x         2Cx  

9Nt            -1    12 x          0              -1             22 x            0 

 
 

Expressing the class of estimators Nt  at equation (2.1) in terms of e’s, we have 
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Simplifying equation (2.3) and retaining terms to the first order of approximation, we 

have   
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Squaring both sides of equation (2.4) and taking expectations of both sides; we get the 

MSE of the estimator Nt  to the first order of approximation, as  
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  
111 xyyxx13 BCCACf1A   

  
222 xyyxx14 DCCCCf1A   

   
2121221111 xxxxxyyxxyyx

2

x

2

x

2

y15 CCACCCC2CCA2DCBCCf1A   

 

The MSE of the class of estimator Nt  at equation (2.5) is minimised for the optimum 

values of 1w  and 2w  given as  

 
 2

521

5432*

1
AAA

AAAA
w




        and             

 
 2

521

5341*

2
AAA

AAAA
w




     

 

The minimum MSE of estimator Nt  is given by 

   5

*

2

*

14

*

23

*

12

2*

21

2*

1

2

N Aww2Aw2Aw2AwAw1YtMSE    (2.6) 

3. Empirical study 

Data Statistics: The data used for empirical study has been taken from the book “The 

Sampling Survey- Theory, Methods and Practice by Feng and Shi (1996) and the 

statistics calculated from raw data are given as follows: 

 

Here we assume to take the sample size n=70 from population N=180 using SRSWOR.  

N=180, n=70, 9951.13Y  , 3981.27X1  , 7167.38X2  , 4180.0Cy  , 4254.0C
1x  , 

3339.0C
2x  , 5630.0

1yx  , 5273.0
2yx  , 2589.0

21xx  ,   2724.4x12   

  1546.2x 22   
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The following table shows comparison between some existing estimators and proposed 

class estimators with respect to usual estimator. 

Table 3.1: Variances / minimum MSEs and PRE’s of different Estimators 

 
Estimators                                   MSE                           PRE with respect to y  

 
 yV       0.2988        100.00 

 MRmin tMSE                 0.1576                   189.57 

 1rmin tMSE      0.1575         189.69 

 2rmin tMSE                            0.1922                                         155.43 

 regmin tMSE                            0.1669        179.01 

 Lmin tMSE                 0.1574         189.81 

 1Nmin tMSE      0.1669          179.01 

 2Nmin tMSE      0.2041                   146.38 

 3Nmin tMSE      0.0868                             344.20  

 4Nmin tMSE       0.0815                  366.58  

 5Nmin tMSE       0.0867                             344.67 

 6Nmin tMSE                                                    0.0812                                        367.93 

 7Nmin tMSE                                                    0.2000                                        149.38 

 8Nmin tMSE                                           0.0808           369.37 

 9Nmin tMSE                                                    0.0805          371.13 

 
 

Table 3.1 exhibits that the estimators based on auxiliary variables are more efficient than 

the one ( y ) which does not utilize the auxiliary information. The members 3Nt , 4Nt , 5Nt ,

6Nt , 8Nt  and 9Nt  of the proposed class of estimators Nt are equally efficient but all the 

estimators of proposed class are more efficient than the usual estimator, regression 

estimator using two auxiliary variable, traditional multivariate estimator using two 

auxiliary variable MRt , estimator 1rt  and 2rt  (due to Abu-Dayeh et al. (2003)), and the 

estimator Lt , envisaged by  Lu and Yan (2014).  

Conclusion  

In this present study we have suggested a class of estimators of the population mean of 

study variable y when information is available on two auxiliary variables. In addition, 

some exponential families are also the member of the proposed class of estimators. We 

have obtained the properties of the proposed class of estimators up to the first order of 

approximation. Moreover, it was found that the proposed class of estimators are more 

efficient than the some traditional estimators and some recently proposed estimators 

considered here for the given condition. 
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