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Abstract

This paper deals with the problem of estimation of population mean in two-phase sampling. A ratio-product
estimator of population mean using known coefficient of kurtosis of two auxiliary variates has been
proposed. In fact, it is a two-phase sampling version of Tailor et al. (2010) estimator and its properties are
studied. Proposed estimator has been compared with usual unbiased estimator, classical ratio and product
estimator in two-phase sampling, and two-phase sampling versions of Singh (1967) and Singh et al. (2004)
estimators respectively. To judge the merits of the proposed estimator over other estimators an empirical
study is also carried out.

Keywords: Population mean, Coefficient of kurtosis, Two-phase sampling, Bias and
Mean squared error.

1. Introduction

Auxiliary information plays a very important role in improving the efficiencies of
estimator(s) of population parameter(s). Ratio, product and regression methods are good
examples in this context. These methods require knowledge of population mean of
auxiliary. Use of coefficient of kurtosis of auxiliary variate has also been in practice for
improving the efficiency of the estimators of finite population mean. In some practical
situations population coefficient of variation and coefficient of kurtosis of auxiliary
variate x are known. MAjagaonkar (1975) and “2Sisodia and Dwivedi (1982) discussed
double sampling procedure using single auxiliary variate whereas ®'Khan and Tripathi
(1967), ®Rao (1975) and Singh and Namjoshi (1988) considered the use of
multiauxiliary variates in double sampling.

[9Singh (1967) used information on two auxiliary variates and defined a ratio-product
estimator assuming that population mean of auxiliary variates are known. In the line of
[1sjsodia and Dwivedi $1981) BlSingh et al. (2004) proposed a ratio type estimator using
coefficient of kurtosis. " Tailor et al. (2010) suggested a ratio-cum-product estimator
using coefficient of kurtosis of two auxiliary variates in simple random sampling while
[ITailor and Sharma (2013) suggested a ratio-cum-product estimator using double
sampling. In this research paper authors have suggested “®Tailor et al. (2010) ratio-
product estimator in two phase sampling.
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Let us consider a finite population U = {U,,U,,..,U, } of sizeN . Let y, x, and x, be
the study variate and auxiliary variates taking values y, x; and x, respectively on
U, (i=12,..,N). Let the auxiliary variables x, and x, be positively and negatively
correlated with the study variate y respectively.

_ N _ N _ N
Let us suppose that Y =>"y, /N, X, =>"x; /N and X, => x, /N be the population
i=1 i=1 i=1
mean of the study variate y and auxiliary variates (X, ,X,) respectively.

Let y=>y;/n, X,=Y>x;/n and X,=>x,/n be the unbiased estimators of
i=1

i=1 i=1
population mean Y, X, and X, respectively.

The classical ratio and product estimators for estimating population mean Y are
respectively defined by

Y, = v(x—] (L1)
Xl
and
2 _ )_(2

Assuming that population means X, and X, of the auxiliary variables x, and x, are

known, ®ISingh et al. (2004) defined a ratio and product type estimators using coefficient
of kurtosis £, (x,) and B,(X,) respectively as

= (Xt (%)
. y( %+ f(%) j ()
Nz — X7 X2—’_B2()(2)
Yer = y(iz +B2(X2)J ’ (14)

[19Singh (1967) suggested a ratio-product estimator using information on two auxiliary
variates x,and x, to estimate population mean Y as

Y_A‘SRP = 7(%}(%} ' (1.5)

The problem of estimating population mean Y of y when the population means X, and
X, of x_and x, are known, has been dealt at a great length in the literature see ®1Singh
and Tailor (2005), *Tailor and Tailor (2008) and many others. However, in many
practical situations when no information is available on the population means X, and X,
of x, and x, in advance before starting the survey, we estimate Y from a sample
obtained through a two phase selection. Adopting simple random sampling without
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replacement (SRSWOR) scheme at each phase, the two-phases (or double) sampling
scheme is as follows:

I. A first phase sample S, of fixed size n' is drawn form U to observe only x, and
X, to estimate X, and X, respectively.

ii. A second phase sample S, of fixed size n is drawn from S, to observe y only or
second phase sample may be drawn independently to the first sample i.e. two cases,

designated as-

Case | : Asasub sample from the first phase sample,
Case Il : Draw independently to the first phase sample.

In two-phase or double sampling, the usual ratio and product estimators of population
mean Y are respectively defined as

v =v[§} (16)
Xl

Vo - y[f—j @)
XZ

where y, X, and X, are sample means based on second phase sample of size n whereas

1 1 & : :
:—,Zxli and X, =—,Zx2i are the first phase sample means of x, and x,, which
1 i=1 2 i=1

are unbiased estimates of population means X, and X, respectively of auxiliary variate
X.

Xl

'
1

Two-phase sampling versions of ®Singh et al. (2004) ratio and product type estimators of
population mean Y are defined by

G _ ol Xt B (X))
Yer _y(msz(xl)}’ (L8)
) _of X2 tB2(Xz)
YSP _y(YIZ +BZ(X2)j’ (1.9)

Two-phase sampling version of %Singh (1967) ratio-product estimator of population
mean Y is defined by

2 (X )X
0 y(i_j(x_j | (1.10)
1 2

We obtain the bias and mean squared error of two-phase sampling versions of estimators
considered in this section to the first degree of approximation.
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B(),, B(.),, MSE(.), and MSE(.), denote the bias and the mean squared error under
case | and Il respectively which are given as

BOY{¥), =Yf, C2 (1-Kyy), (1.12)
B(Y{?), =Y, C? (L+Ky,), (1.12)
B(Y.?), =YH, t,C2 (t, —K,), (1.13)
B(YY), =Y£, t,C2 (t, +Kyy), (1.14)
B(YAY), =Y£,[C? 1=K —C2 (Koy +Koy) (1.15)
B(Y?), =YF,C2 (1-Kyy), (1.16)
B(Y{?), =Y C2 (f, +fKy,), (1.17)
BOYL?), =Y, t,C2 (t, — Kyy), (1.18)
B(Y), =Yt,C2. (f,t, +FKy,), (1.19)
B(YAY), =Y[f.C2 1—Ko) +C2 (F, — Ky, +FKy)], (1.20)
MSE(Y), = Y2[f,C% +,C2 (1-2K,,)], (1.21)
MSE(Y{¥), = Y2[f,C? +£,C2 (L+2K,,)], (1.22)
MSE(YY), = V2[f,C2 + £, 1,C2 (t, —2K,)), (1.23)
MSE(Y), = V2[,C2 + £, 1,C2 (t, +2K,,)], (1.24)
MSE(Y{L), = Y2[f,C2 +£,C2 (1-2K ) +£,C2 (1+2K,, —2K,,)], (1.25)
MSE(Y{?), = Y2[f,C% +C2 {(f, +1,) - 2f,K,, ], (1.26)
MSE(Y{?), = Y2[f,C? +C2 {(F, +F,) + 2Ky, . (1.27)
MSE(YD), = Y2[f,C% +t,C2 {t,(F, +£,) — 26K, )], (1.28)
MSE(YL), = Y2[f,C? +4,C% {t,(f, +F,) + 2F,K,, )] (1.29)
MSE(YLD), = Y2[f,C2 + C2 {f,+F, —2Ko) |+ C2 {(f, +F, + 2K, — 2K ,)}], (1.30)
where t, = X X

e A

(X + B, (%) (X, +B,(%,))

flz[l—ij, fzz(l—ij and f,=f —f,.
n N n N

It is well known under Simple random sampling without replacing (SRSWOR) variance
of unbiased estimator is defined as

V(y) = Y?,C2 (1.31)
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2. Proposed Ratio-Product Estimator

(8 Tailor et al. (2010) proposed ratio-product estimator of population mean Y using
information on coefficient of kurtosis £,(x) & £,(x,) of auxiliary variates x, and x, as

? _y Y14‘[32()(1) X, +B,(%,) (2.1)
! 71""[32()(1) X2"'[32()(2) |

Py

The estimator Y, requires the knowledge of X, and X,. When information is not

available, we define i in two-phase sampling as

?T(d) :y(xi +B,(X1) ](Xz +[32(X2)j (2.2)

X X5 + B (%,)

X, +B,(x,)

To obtain the bias and mean squared error of Y,©) we write
y=Y(+e,),Xx=X(1+e,)), X, =X, (1+€])and X, = X, (L+€,) such that
E(e,) =E(e,) =E(e,) =E(e;) =E(e,) =0, E(e5) =1, C},
E(e;) =1,C; , E(e;) =1,C, , E(&/") =1,C} , E(e;)=f,C; ,
E(ee,) =f,p,, C,C, , E(eee,) =f,p,, C,C, , E(ee€}) =f,p,, C,C, ,
E(e,e)) =f,p,,,C,C,, . E(e)) =f,C; , E(e,e;) =f,C; ,
E(e€,) =1, p,,,C\C,, and E(ee,) =E(e€}) = E(e€,) =f,p,,,C, C

XXyt

Expressing (2.2) in terms of e,'s we have

YO =V(l+e,) [A+t,e))A+t,6,) A+t e,)A+t,e,) 7], (2.3)

Now using the standard technique, we get bias and mean squared error of suggested

estimator YAT(“) up to the first degree of approximation under case | and Il are respectively
obtained as

B(Y®), = Y[t2(f,C% +£,C2 )-tf,p,.C,C. +L,F,p,, C,C,.
- tltz(fz Prx,Cx.Cx, — T2 C>2<2 )"‘ t;f, Pyx, CyCy, ] ,
BEYY), = Y[, C2 (tF, ~F, Koy +F,tKo, )+ C2 {(F (1~ t,K,0) + 4, (1, +EK )] (24)
B(Y®), = Y[t(f,c? +,C2. )-tf,p,.C,C, +t,f.p,,. C,C,
~t,t,f0,, C, C, +t7F,C2 |,

B(VT(d))n = 7[tlc>2<1 (tlfl - t11:1K01 )"‘ C>2<2 (2t12f2 + tzfz Koz = t21-'1]C1K12)] ' (2.5)
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MSE(YL?), = Y?[f,C? + £,2C2 —2tf,p,, C,C, +E£,C?
+2t,f, (0, C,Cy. ~t:P,x.C Cy. )|

MSE(Y), = V2[,C2 +1, C2 t,(t, — 2K,) + £, C2 1, (t, + 2Ky, — 2t K,,)], (2.6)
MSE(Y, @), =Y2[f,C2 +(f, + f,t2C2 +12C? )24, £,C2 (K¢, +1,Ky,)
+2t,f,p,,.C,C,. |

MSE(Y®), = Y2[f,C2 + C2 t {t,(f, +F,} - 2F,Kp) +C2 t, {t, (F, +F, )+ 26Ky, — 2t £K,,)| (2.7)

3. Efficiency Comparisons of (Y.%),

It is observed from (1.31) and (2.6) that the suggested estimator ?T(d) under case |
((?T(d))l) is more efficient than the usual unbiased estimator y if
C>2(2 < t1(2K01_t1)
C>2<l tz (tz + 2K02 o thlz)

3.1)

It is noted from (1.21) and (2.6) that the suggested estimator (i(d)% is more efficient
than usual two-phase sampling ratio estimator iﬁd’ if
Ciz < (1_t1)(1+t1_2K01)
C>2<l tz(tz +2K02_t1K12)

(3.2)

Comparison of (1.22) and (2.6) shows that the suggested estimator (i(d)). would be more

efficient than usual two-phase sampling product estimator ?ﬁd’ if
2

CXz < t1(2K01_t1)
C>2<l (tz _1){(1"' t2 + 2K02)_ 2t1t2K12}

(3.3)

Comparing (1.23) and (2.6) reveals that the suggested estimator (i(d)). is more efficient

than the two-phase sampling version of Singh et al. (2004) ratio type estimator stg) if

C2 > 2t1K12 — tz

X

<0 or Ky (3.4)

From (1.24) and (2.6) it is observed that the suggested estimator (i(d)). is more efficient

than the two-phase sampling version of Singh et al. (2004) product type estimator st,i‘) if
C>2<z < 2K01_t1
Cil 2t2K12

(3.5)

262 Pak.j.stat.oper.res. Vol.X No0.3 2014 pp257-266



An Alternative Ratio-Cum-Product Estimator of Finite Population Mean Using Coefficient of Kurtosis ......

Comparison of (1.25) and (2.6) that the suggested estimator (\_A(T‘d))I is more efficient than
the two-phase sampling version of Singh (1967) ratio-cum-product type estimator Y., if
C>2<2 < (1_ tl)(1+ tl — 2K01)
C>2<1 tz(tz + 2K02 o thlz) - (1+ 2Koz B 2K12)

(3.6)

Expressions (3.1) to (3.6) are conditions for case | under which suggested estimator has

less mean squared error than usual unbiased estimator y, usual two-phase sampling ratio
estimator Y&, two-phase sampling product estimators y”, two-phase sampling versions

of PlSingh et al. (2004) estimators stg’ and VS(F‘,‘) respectively and the two-phase

sampling version of "¥Singh (1967) estimator Y.

4. Efficiency Comparisons of (i(d))II

From (1.26), (1.27), (1.28), (1.29), (1.30), (1.31) and (2.7) it is observed that the
suggested estimator Y* under case Il ((Y{), ), would be more efficient than

(i) usual unbiased estimator y if
C>2<z < t1{21:1K01 — t1(f1 + fz)}

4.1
Cil tZ{tZ(fl + fz) + 2f1K02 - 2f1t1K12} ( )
(i) two-phase sampling ratio estimator ?ﬁd’ if
Cr. _ A-t){Art)(f, +f,) ~ 26Ky} 4.2)
C>2<l tz{tz(fl + fz) + 2f1K02 B 2f1t1K12}
(iii) two-phase sampling product estimator ifd) if
C>2<z < t1{2f1K01 -t (f, + fz)} (4.3)
C: [t —Di(f, +£,)(t, +1) + 2f, K, ] - 2ft,t,K,
(iv) Singh et al’s (2004) two-phase sampling ratio type estimator ifg) if
C2 <0 or Ky>2uKe —;fl Tty (4.4)
(v) Singh et al’s (2004) two-phase sampling product type estimator i(;,’) if
C>2<z < 2f1K01_t1(f1 +fz) (4_5)

C>2<1 2f,t,K,,

(vi) Singh (1967) two-phase sampling ratio-cum-product type estimator Y%, if
2

sz < (1_ tl){(1+ tl)(fl + fz) - 2f1K01)} (4 6)
3 .
Cxl t2{t2(f1 + fz) + 2f1K02 - 2f1t1K12}{(f1 + fz) - 2(Koz - K12}
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Expressions (4.1) to (4.6) are the conditions in which proposed estimator i“‘) in case Il
would be more efficient than simple mean estimator y, usual two-phase sampling ratio

and product estimators Y and Yy, two-phase sampling versions of estimators
suggested by ®'Singh et al. (2004) (Y and Y) and ™Singh (1967) two-phase

sampling ratio-product type estimator i(gg, respectively.

5. Empirical Study

To analyze the performance of the proposed estimator of population mean Y in two-
phase sampling in comparison to other estimators, one natural population data set is being

considered. We have computed Percent relative efficiencies (PREs) of Y@, Y@, Y.®,

Y@and Y, (V,©), and (Y.¥), with respect to y. The description of the population
is given below.

Population: [Source: Steel and Torrie (1960, p.282)]
y = Log of leaf burn in seconds,

X, = Potassium percentage,

X, =Chlorine percentage,

N=30, n=6, n’=14,

Y =0.6860, C,=0.4803, B, (x,) =156, Do, =0.1794,
X, = 4.6537, C, = 0.2295, B,(x,)=1.40, P, = -0.4996,
X,=0.8077, C,, =0.7493, and p,=0.4074,

Table-5.1: Percent relative efficiencies of Y ?, Y9 Y v v and Y@

or (\?T“”)I (Under case-1) with respect to y

Estimator
- A A . N . Y. @ or
Vool | e | e e | Y|
(),
PRE 100.00 96.01 61.54 100.02 | 121.16 81.18 141.60
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Table -5.2:  Percent relative efficiencies of Y%, Y\, Y&, Y, Y& and Y, or

A

(), (Under case-11) with respect to y

Estimator
_ A A . . . Y.@ or
ARG O <
(YT(d))II
PRE 100.00 89.12 73.92 96.50 | 117.85| 85.26 139.2

Conclusion

Table 5.1 and 5.2 exhibits that the suggested estimators (Y,®), and (Y,*)), [Under case
I and I1] are more efficient than the usual unbiased estimator y, ratio estimator in two-

phase sampling y{", two-phase sampling product estimator y', two-phase sampling

versions of Singh et al. (2004) ratio and product type estimators VS‘F:” and \75(;’)
respectively, and two-phase sampling version of Singh (1967) estimator.

Larger gain in efficiency is observed by using proposed estimators over other estimators.
It is also observed that O?T(d)), (When samples taken as a sub sample from the first phase
sample) is giving better result as compare to (\?T(‘”)II (When samples drawn
independently to the first phase sample). Therefore suggested estimators Oﬁ(d)), and

A

(Y ), may be recommended for use in practice.

Conflict of Interest: None.
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