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Abstract

In this paper, closed form expressions for the moments of the truncated Pareto order statistics are obtained
by using conditional distribution. We also derive some results for the moments which will be useful for
moment computations based on ordered data.
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1. Introduction

Order statistics and their moments have assumed considerable interest in recent years.
There is a vast literature on both theory and application of the moments of order statistics.
Many recurrence relations for the single and product moments of the order statistics from
different distributions have been revealed. These relations provide advantages in
computation of the lower and higher moments of order statistics.

Joshi and Balakrishnan (1982) obtained several recurrence relations and identities for
product moments of order statistics in a random sample of size n from an arbitrary
continuous distribution. Balakrishnan and Joshi (1982) established independent and
identically distributed results for the Pareto and doubly-truncated Pareto models, at the
same time these results allow us to evaluate all the single and product moments of order
statistics. Balakrishnan et al. (1988) and Malik, et al. (1988) reviewed several recurrence
relations and identities for single and product moments of order statistics for specific
distributions. Mohie EI-Din et al. (1997) derived expressions for the moments and
product moments of the order statistics from the doubly truncated linear-exponential
distribution. Childs and Balakrishnan (1998) generalized the I.1.D. results for the Pareto
and doubly-truncated Pareto models established by Balakrishnan and Joshi (1982).
Ahmad (2001) derived some general recurrence relations satisfied by single and product
moments of order statistics from doubly truncated continuous distributions. Afify (2006)
derived some recurrence relations of single and product moments of order statistics from
identical Pareto distribution and estimated the parameters of the first order statistics and
the mean, variance and the coefficient of variation were also computed. Bekg¢i (2009)
examined order statistics of a random sample of size n drawn from uniform distribution
and derive some recurrence relations for the single and product moments of these order
statistics. Nadarajah (2010) derived exact and explicit expressions for moments of order
statistics from Pareto distributions.
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A good deal of work has appeared in the literature on characterizing a distribution by
means of the conditional expectation of X,,,, (or its function) given X, .

More specifically, Franco and Ruiz (1999) characterized a distribution by means of
Ely (X .20)Xne]= 9(2), under some mild conditions of w(.) and g(.). Gupta and
Ahsanullah  (2004) attempted to characterize a distribution by means of
Ely(X\.cn)| X 1= 09(2), under some mild conditions of w(.) and g(.). Khan and

Faizan (2013) characterized two families of probability distributions through the
conditional expectations of dual generalized order statistics. Various characterizations of
the class of exponential distributions are presented by Hamedani (2013).

Suppose that the random variable X has the distribution function (d.f.) given by

0, x<a
F(x)= 1— g ¥AHC-N@I a<x<b
1, X>Db 1)

where A is a positive parameter, h(x) is assumed to be non-decreasing, continuous and
differentiable function on (a,b) such that h(a) >0 and h(b_) =o. Different choices of
h(x) lead to distributions that is important in life testing as well as other areas of

statistics (Ahmad, 2001). Puth(x) =Inx, xe (L), A= 1, h(a)=0, v >0 then the d.f.
(1) reduces to Pareto distribution in the form '

F(x)=1-x", xe(,»),v>0 2
and probability density function (p.d.f.)

f(x)=vx Y xe@ o), v>0. (3)

We note that f (x) and F(x)satisfy the relation
F)=1-2 f(x).
v

Let X, X,,...,X,be independent random variables with d.f. F,F,,...,F, respectively and
let X,, <X,,<...<X,, denote the corresponding order statistics. In the theory of order
statistics it is usually assumed that X, X,,...,X, are identically distributed. However in
many practical situations it is necessary to allow for non-identical F, F,,...,F,.

Suppose X,, X,,...,X,, have independent and identical d.f. F(x) and p.d.f. f(x). The
p.d.f.of X,, (1<r< n) is denoted by (David, 1981)

f = [FX)I f Q- F()]"" 4

en 00 = e PO £ OO F 0] @

where —oo < X < o0,
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The joint p.d.f. of X,,, and X, (1<r <s<n)isdenoted by (David, 1981)

nt r-1 s—r-1 nes
(r—l)!(s—r—l)!(n_s)![F(x)] fOOIF(y) - FOOIF " f(NIL-FyI™*, (5)

er:n!Xs:n (X’ y) -

where x<y.

The joint p.d.f. of X, ., X Xygn (I1d<n and O=r<p<n<.<f<r,;=n+l) s

nn?!“Ypmnitet
denoted by (Reiss, 1989)
d[F(x) - F(x. )" "

d
fxflin’xfzin """ Xrgn (Xl’ XZ’“.’Xd) - n!li:! f (Xi )g (ri - _1)!

, (6)

where X, <X, <..<Xy, F(x;)=0 and F(x,,)=1.

The aim of this paper is to obtain closed form expressions for the moments of the
truncated Pareto order statistics. The contents of this paper are organized as follows. At
first we give materials and methods. Then, we compute the moments of order statistics
from left truncated Pareto variables, right truncated Pareto variables and doubly truncated
Pareto variables. Later, we derive some results for the moments of the truncated Pareto
order statistics. We consider Pareto distribution since it has a wide use in economic and
finance.

2. Materials and Methods

The conditional distribution of the sth order statistic, X, given that the rth order statistic

X, isequal to x,, is expressed as

Xrn Xsn (X, ¥.)
P (%)

where 1<r<s<n and x, <y,. After substituting (4) and (5) into (7) and some
manipulation, we can be obtained that

s-r-1 n-s
n=ry F(y.)-F(x) 1-F(y.) f(y.)

f =(s-r : 8
stn\xr:nzx*(y*) ( )[n—s]{ 1-F(x,) 1-F(x,) 1-F(x,) ®)
where fxs:n\Xr:n:x*(y*) is the left truncated p.d.f. of sth order statistic. We note that
FOW-F) oy Fy)

1-F(x,) 1-F(x,)
is obtained by truncating the distribution F(x)on the left at x,.

f
fXs:n\xr:n:x* (y*) = ! (7)

are the d.f. and p.d.f. of the population whose distributions

Similarly, the conditional distribution of the rth order statistic, X, given that the sth
order statistic X, is equal to y,, is expressed as

o (P FO) T TR -FO) T (k)
er:n‘Xs:nIV*(X*)_(S r)(r_1]|:|:(y*)j| |: F(y*) :| F(y*)’ (9)

XralXsn=ys (x,) is the right truncated p.d.f. of rth order

where 1<r<s<n, x, <y, and f
statistic.
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F(y.) F(y.)
distributions is obtained by truncating the distribution F(x)on the leftat v, .

We note that are the d.f. and p.d.f. of the population whose

The conditional distribution of the uth order statistic, X, given that the rth order
statistic X,,,is equal to x, and sth order statistic X, is equal toy,, is expressed as,

f (Z )_ fxrinvxu;n,xs:n (X*iz*ay*)
X | X Xenys \ox) =
un|Xrn =X« Xsn =Y er:nst:n (X*,y*)

: (10)

where 1<r<u<s<n and x, <z, <y, . After substituting (5) and (6) into (10) and some
manipulation, we can be obtained that

s—r—lJ{F(Z*)—F(X*)Trl{F(Y*)—F(Z*)TUI fz) (1)

fx 0| Xrn=%s, Xsn =Y« (Z*)Z(U—r)(
s—u-1 Fy)-F() | [FOO-Fo) | Fl)-F(x)

where f, (z,) is the doubly truncated p.d.f. of rth and sth order statistic.

un|Xrn=%«, Xsn=Y

F)-Fix) g f(2)
F(y.)-F(x.) F(y.)-F(x.)
whose distributions is obtained by truncating the distribution F(x)on the left at x, and
rightat vy, .

We note that

are the d.f. and p.d.f. of the population

3. Moments of Truncated Pareto Order Statistics

In this section, we compute the moments of order statistics from truncated Pareto
variables by means of the conditional expectation. First, we will establish the moment of
the left truncated order statistics from the Pareto distribution. Let us denote the moments
E(Xgn|X s, ) BY Koy s i given by

fus:n\r:n = Iy* fxs:n\xr:n=x* (y*)dy* y (12)
where 1<r<s<n andl<x, <Yy, <o,

Theorem 3.1.

The moment of the left truncated order statistics from Pareto distribution by means of the
conditional expectation is given by

n-r) srfs-r-1 ‘ 1
Hare Z‘S‘f)(n_JVX*E( (-1 ]“1) Vs—n—K)+1 (49
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Proof. Let F(x,)and f(x,)be as in (2) and (3). By using properties of binom and some
manipulation, (8) can be expressed as

n—r) <rfs—
Frcntemon (V) = (5= r)[n jvz( 1 j( 1) (x,) O (y, ) 0 (14)
After substituting (14) into (12) and then integrating them we can be obtained (13).

Then, we will establish the moment of the right truncated order statistics from the Pareto
distribution. Let us denote the moments E(X ,|X,_,.) by Hejsn» 1S given by

Y
lur:n\s:n = IX* er:n‘Xs:n:y* (X*)dx* ) (15)
1
where 1<r<s<n andl<x, <Yy, <.

Theorem 3.2.

The moment of the right truncated order statistics from Pareto distribution by means of
the conditional expectation is given by

—(a_ s-1 v L r-1ys-r-1 K +k, z(y*) (rt-sH)e (y*)v( k) 16
ﬂ"”‘s”‘_(s r)(l’—l\J[l—y*V]“klz—]kzz—:l(kl—lj[ k, -1 ]( b v(r+k, -k, —s)+1 (16)

Proof. Let F(x,)and f(x,)be as in (2) and (3). By using properties of binom and some
manipulation, (9) can be expressed as

_ : s-r-1 ky +kp -2 v(r+kp -k -s)-1 v(-ke+) (17
a0 =-0 e S8 ey @)

After substituting (17) into (15) and then integrating them we can be obtained (16).

Finally, we will establish the moment of the doubly truncated order statistics from the
Pareto distribution. Let us denote the moments E(X ;X .., X¢n,,)bDY Hypfrnsns 19

given by
Ve

qu:n\r:n,s:n = IZ* fxu:n\xr;n:x*,xszn:y* (Z*)dz* ) (18)

Xse

wherel<r<u<s<n andl<x, <z, <Y, <o

Theorem 3.3

The moment of the doubly truncated order statistics from Pareto distribution by means of
the conditional expectation is given by

s_r-1 v u-rsufy—r-1\Ys—-u-1 Kkatka—2
:uu'n ron,sin = (u - r) -V -V (_1) o
: ‘ n,s: (s —u _1} [X* _ y* ]s—r—l lél_kzlz:l( k3 _1 j( k4 _1 J

(X )—V(u—l’—kg)(y )V(U+l—s—k3)+1 _ (X )V(r+k4—s)+l(y )v(—k4+l)
v(u+k, -k —s)+1

(19)
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Proof. Let F(x,)and f(x,)be as in (2) and (3). By using properties of binom and some
manipulation, (11) can be expressed as

s—-r-1 ursufu—-r-1ys-u-1
f 2.)=(u- I —1)ketka—2
Xuzn\xr:n:"*'xsin:y*( )=( )(S u- 1) [x," - y*fv st k31k41[ ks -1 j[ k,-1 J( )

) (X )—v(u—r—kg) (y )—V(k4—1) (Z )—v(s+k3—u—k4)—l . (20)
After substituting (20) into (18) and then integrating them we can be obtained (19).

4, Results for Moments of Truncated Pareto Order Statistics

In this section, we derive some results for the moments of the truncated Pareto order
statistics.

For s=n in (13) the moment of the conditional p.d.f. of largest order statistics given
X nx IS given by

ﬂmf4mnm§(klj()

k=1

—vk+1

For r=1 in (16) the moment of the conditional p.d.f. of smallest order statistics given
Xenoy, 1S Qiven by

sn=y.
(s+1)+1 v(-ko+1)
o =(s— ko-1 (y*) (y*) )
Hunon = (32 rw*gi j() v(k, =5)+1

For r=k, u=k+1and r=k+2 in (19) the moment of the conditional p.d.f. of order
statistics given X and X is given by

Kin=Xx K+2:n=ys

Vv X*—v+1 _ y*—v+1
Hytiknicozn = |
k+Lnfk:n,k+2n v—1 X, v Y, v
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