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Abstract

New estimators for estimating the finite population mean using two auxiliary variables under simple and
stratified sampling design is proposed. Their properties (e.g., mean square error) are studied to the first
order of approximation. More so, some estimators are shown to be a particular member of this estimator.
Furthermore, comparison of the proposed estimator with the usual unbiased estimator and other estimators
considered in this paper reveals interesting results. These results are further supported with an empirical
study using four natural data from literature.

Keywords: Auxiliary variable; Mean square error; Ratio-cum-product estimator; Simple
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1. Introduction

In real life, the problem of the estimation of population parameters like mean, proportion,
variance, and ratio of two population means are common in virtually all discipline and
facet of life. And sometimes, information on several variables is used to estimate or
predict a characteristic of interest. For instance, an agriculturist might be interested in the
total yield of maize taking into consideration the fertilizer levels, soil type, number of
workers in a specific plot, regions etc. The use of this type of variables (known as
auxiliary information in sample survey design) results in efficient estimate of population
parameters (e.g. mean) under some realistic conditions. Ratio, product and regression
methods of estimation are good examples in this context. Ratio and product type
estimators take advantage of the correlation between the auxiliary variable, x and the
study variable, y to improve the estimate of the characteristic of interest. For example,
when information is available on the auxiliary variable that is positively (high) correlated
with the study variable, the ratio method of estimation proposed by Cochran (1940) is a
suitable estimator to estimate the population mean and when the correlation is negative
the product method of estimation as envisaged by Robson (1957) and Murthy (1964) is
appropriate.

Quite often information on many auxiliary variables is available in the survey which can
be utilized to increase the precision of the estimate. In this situation, Olkin (1958) was the
first author to deal with the problem of estimating the mean of a survey variable when
auxiliary variables are made available. He suggested the use of information on more than
one supplementary characteristic, positively correlated with the study variable,
considering a linear combination of ratio estimators based on each auxiliary variable
separately. The coefficients of the linear combination were determined so as to minimize
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the variance of the estimator. Analogously to Olkin, Singh (1967) gave a multivariate
expression of Murthy’s (1964) product estimator, while Raj (1965) suggested a method
for using multi-auxiliary variables through a linear combination of single difference
estimators. More recently, Abu-Dayyeh et al. (2003), Kadilar and Cingi (2004, 2005),
Perri (2005), Dianna and Perri (2007) among others have suggested estimators for Y
using information on several auxiliary variables.

Motivated by Srivenkataramana (1980), Bandyopadhyay (1980) and Singh et al. (2005)
and with the aim of providing a more efficient estimator; we propose, in this paper, a new
estimator for Y when two auxiliary variables are available under simple and stratified
sampling design.

2. Background to the Suggested Estimator

Consider a finite population P =(P,,P,,....P,) of N units. Let a sample s of size n be

drawn from this population by simple random sampling without replacements
(SRSWOR). Let y, and (Xx;,z;) represents the value of a response variable y and two

auxiliary variables (x,z) are available. The units of this finite population are identifiable
in the sense that they are uniquely labeled from 1 to N and the label on each unit is
known. Further, suppose in a survey problem, we are interested in estimating the
population mean Y of y, assuming that the population means ()T,Z_)of (x,z) are
known. The traditional ratio and product estimators for Y are given as

Ve = V(TJ and

. (z .
Yo y( jrespectlvely,

x| | X|

N|

where, V:EZ Y, , Y:EZXi and Z:EZZi are the sample means of y, x and z
N5 N4 i1
respectively.

Singh (1969) improved the ratio and product method of estimation given above and
suggested the “ratio-cum-product” estimator for Y as

7, -5 XL
° X Z

In literature, it has been shown by various authors; see for example, Reddy (1974) and
Srivenkataramana (1978) that the bias and the mean square error of the ratio estimator
Y:, can be reduced with the application of transformation on the auxiliary variable X.
Thus, authors like, Srivenkataramana (1980), Bandyopadhyay (1980) and Singh et al.
(2005) have improved on the ratio, product and ratio-cum-product method of estimation
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using the transformation on the auxiliary information. We give below the transformations
employed by these authors:

X" =@0+g)X —gx and z; =(1+9)Z —gz,, fori=12,..,N, (1)

where, g =

N-n

Then clearly, X" =(+g)X —gx and Z* =(1+g)Z — gz are also unbiased estimate of
X and Z respectively; and Corr(y,>‘<*)=—pyX and Corr(y,z*)z—pyz. It is to be noted

that by using the transformation above, the construction of the estimators for Y requires
the knowledge of unknown parameters, which restrict the applicability of these
estimators. To overcome this restriction, in practice, information on these parameters can
be obtained approximately from either past experience or pilot sample survey,
inexpensively.

The following estimators y,, y,and Y. are referred to as dual to ratio, dual to product

and ratio-cum-product estimators and are due to Srivenkataramana (1980),
Bandyopadhyay (1980) and Singh et al. (2005) respectively. They are as given below:

It is well known that the variance of the simple mean estimator y, under SRSWOR
design is V(y)z ﬂ,Sf and to the first order of approximation, the Mean Square Errors

(MSE) of y., Vo, Vs, Y, Yrand Y are, respectively, given by
MSE(y, )= A(SZ +R2S2 -2R;S )

MSE(7,)= A(S? + R2S? + 2R,S, )
|

;)
—_—
U)
+
(]
Ry
N o
w
NN
+
N
«Q
X
w
~—

MSE(V; ) = /1(55 +9°C-2gD)
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where,
1-f n l N 1 & — -
a=—1, =1 S =—Y(y, -Y)x - X),
i Y Y :
Pn=5e Ri=+ Ry==., C=RIS] ~2RR,S, +R]S!, D=RS, ~R,S,, and

S for (j =x,y,2) represents the variances of x, y and z respectively; while S, S
and S,, denote the covariance between y and x, y and z and z and X respectively.
Note that p,,, p,, S;, S;, S

subscripts used.

yz

,. and S, are defined analogously and respective to the

More recently, Sharma and Tailor (2010) proposed a new ratio-cum-dual to ratio
estimator of finite population mean in Simple Random Sampling (SRS), their estimator
with its MSE are respectively given as,

oot ]
MSE(ys,) = 52— p2).

where, MSE was computed for optimal choice of o .

3. Proposed Dual to Ratio-Cum-Product Estimator in SRS

Using the transformation given in (1), we suggest a new estimator for Y as follows:

{5 Ea( 5]

where, @ is a constant, chosen to minimize the variance of y,;.

We would like to remark here that some estimators could be shown to be a particular
member of y... For instance, when information on the auxiliary variable z is not used

(or variable z takes the value "unity’) and € =1, the suggested estimator Y., reduces to
the “dual to ratio' estimator y, proposed by Srivenkataramana (1980). More so, Y

reduces to the “dual to product' estimator y. proposed by Bandyopadhyay (1980) if the

information on the auxiliary variate X is not used and @ = 0. Furthermore, the suggested
estimator reduces to the dual to ratio-cum-product estimator suggested by Singh et al.
(2005) when @ =1 and information on the two auxiliary variables x and z are been
utilized.

Remark

To ensure the applicability of the estimator y,,, we assume the population value of the

study variate is known. This is a reasonable assumption as survey samplers usually obtain
such information inexpensively through pilot survey or past experience.
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In order to study the properties of the suggested estimator Y., (€.g. MSE), we write
y=Y([+k); X=X(@A+k,);Z=Z(1+k,);
with E(k,)=E(k,)=E(k,

)=
/182 g2 2 25 P
E(k§)= Yz’ (k ) /;X E(k§>:/;§§; E(kokl):Y:nyi E(kokz):YTZyZ;
E(kjk,)=

0 and

S,
xz '

Now expressing Y, in terms of k's, we have
yPR = Y_(1+ ko )[‘9 (1_ gkl)(l_ gkz )_l + (1_ 0)(1_ gkl )_1(1_ gkz )J (2)

We assume that |gk,| <1 and |gk,| <1 so that the right hand side of (2) is expandable.
Now expanding the right hand side of (2) to the first degree of approximation, we have

Vor =Y =Y [y +(1—20)g(k, K, +kok, —kok, )+ 9%(k? —kik, —0k? —kZ))]  (3)

Taking expectations on both sides of (3), we get the bias of Yy, to the first degree of
approximation, as

B(Ver) = AY [gDA+ g?(R2S? —RR,S, —6(R?S? —RZS?))
where A=1-260

Squaring both sides of (3) and neglecting terms of k's involving power greater than two,
we have

(yPR _Y_)2 =Y_2[k0 + Agk, — Agk, ]2
=V ?[k2 + 2Agk,k, — 2Agk k, — 2A2g2kk, + A2gk? + A2g2K?] 4)

Taking expectations on both sides of (4), we get the MSE of Y., to the first order of
approximation, as

MSE (Ve ) = A|S2 + 2AgD + A?g*C] (5)

The MSE equation given in (5) is minimized for

_ D+Cg
2Cg

= 6, (say) (6)

Substituting (6) in Ypg, we get the asymptotically optimum estimator as

{‘z zg—a[ z) %‘zg—c)[-* *ﬂ'
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We can obtain the minimum MSE of Y., by substituting (6) in (5), which after little
algebraic simplification, yields:

2

MSE (V5es ) = ﬂ{sj —%J , for C#0 @)

4. Extension of the Roposed Estimator to Stratified Random Sampling

The disadvantages of using SRS technique have been comprehensively documented in
literature (see for instance, Cochran (1977)). More so, studies by several authors reveal
that the ratio-cum-product estimator performs better than ratio and product type
estimators in SRS under stratification and other certain conditions. This therefore
motivates us to extend the proposed estimator in section 3 to stratified random sampling
(STRS) design and study its properties.

Consider a finite population P =(P,P,,...,P,) of size N divided into L homogenous

strata of size N, (h=L12,...,L). A sample of size n, is drawn from each stratum using
SRSWOR.

Let y be the study variate taking values y,, (i" observation from h" stratum) and (x, z)
be the auxiliary variates taking values ( X;;, Zy; )-
L L L
Moreover, let ¥ ,=>W,¥,, X,=> W,X,, and Z,=> W,z , be the unbiased
h=1 h=1 h=1

estimators of the population mean Y (the study variate) and (X,Z) the auxiliary variates
respectively. where,

W, = ITI\IH  is the weight of h™ stratum

1 : . )
Y, :—z y,. . is the sample mean of the study variate y in h™ stratum.
h i=l

where, X, and z, are define analogously with respect to x and z respectively.

The direct generalization of dual transformation of the two auxiliary variates pioneered
by Srivenkataramana (1980) and Bandyopadhyay (1980) is defined as follow:

X:i =(1+ gh))?h —gyX,; and

Z;i =1+ gh)z_h —0hZp

where, g, = N My , (h=12,...,L)

h nh

We note here that the relation corr (y,X) =-p,, and corr(y,Z) =—p,, is not valid in the
case stratified sampling design.
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Using the various definitions above, we propose the dual to ratio-cum-product estimator
in stratified random sampling as follows:

- Xqg Z X 7,
Yers =Yt |:0{7t 7 ] +(1- a)( X ?tj:| , (8)

where, « is a constant chosen to reduce the variance of Y.

Remarks

1. To ensure the applicability of the estimator Y, , we assume the population values

of the study variate are known in the entire stratum. This is a reasonable
assumption as survey samplers usually obtain such information inexpensively
through pilot survey or past experience.

2. We would also like to remark here that the stratified sampling case of the
estimators V.,yV, and Yy due to Srivenkataramana (1980), Bandyopadhyay

(1980) and Plikusas (2008) respectively, are particular member of prS.
To analyse the property of Y., for example, MSE. We define:
Ya :Y_(1+e0h) = X(1+elh)’ Zg Z(1+e2h)

using these notations, it is easy to verify that E(e,, )= E(e,, )= E(e,,)=0.

ZW a+bc E| yh (Xh X ) (Z -Z, )

Yexze ®)
From (9), we can write
L
szl 2 > W72A,S2
E(egh)zvz,o,o Y——Z’ E(elzh):VO,Z,O :MT’
L L
ZWhZ ﬂ’h S th thz j‘h S yxh
E(egh ):Vo,o,z :MT E(eohelh ):Vl,l,o :h:l? ]
L Lo
. W,°4,S,,
E(egne,, )=V “Z:: o E(e,e,, )=V =“Z‘;h#
0h™2h 1,01 — Y—Z— ' 1h™~2h 011 )?Z— '
where
1-f n 1 & —\2 1 & — =
Ap=—", f =", S2 =—"— =Y, ), Sy = =Y, %, = X
h nh ’ h Nh ’ yh Nh _1;(yh| h) ’ yxh Nh—].;(yhl hXXhI h)l

Note that S%, S, S, and S, are defined analogously and respective to the subscripts
used.
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Expressing Ypgs In terms of e,; (1=0,1,2), we can write (8) as
Yers = Y_(1+ €on )la (1_ 9nn )(1_ 9n€sn )_1 + (1_ a)(l— 9nn )_1(1_ 9n€sn )J (10)

Assuming that |g,e,,|<1 and |g,e,|<1, so that (1-g,e,)" and (1-g,e, )" are
expendable.

Expanding the right hand side of (10) and following the procedure in section 3 for SRS
design, we obtain:

MSE (Y pgs ) ZW (82 +2MM, g, + M?M,g?) (11)

where, M =1-2a; M, =R?S} —2RR,S,, +R;S5; M, =RS ,—R,S,

The MSE equation given in (11) is minimized for

(24 = ! +
(optimal) 2

, for M; >0 (12)
19h

Substituting (12) in Y, We get the asymptotically optimum estimator as
1. M X Z ). 1 M X 7,
yPRS yst ( 2 ) Tt — +(__—2) __*Tt .
2 2M,9, \ X Z 2 2M,g, \ X, Z

We can obtain the minimum MSE of Y,..s by substituting (5) in (4), which after little
algebraic simplification, yields:

M2
—M—2] for M, >0 (13)

1

L
MSE(VPRS) :Z\thih (Syzh
h=1

Assuming that the study variate y and the auxiliary variate X are positively correlated,

Hansen et al. (1946) utilized known value of population mean X of auxiliary variate x
and defined combined ratio estimator for population mean Y as:

(%
Yris)y = Vst X, :

When the study variate y and the auxiliary variate z are negatively correlated, assuming
that the population mean Z of auxiliary variate z is known, combined product estimator

is defined as:
N g zst
Yeis) = Ya 7 |
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Furthermore, Tailor et al. (2012) extended the ratio-cum-product estimator proposed by
Singh (1967) to STRS as follows:

Vo = Va| 22
S(S) st < Z— .

st

Here, the assumption is that the population means of the auxiliary variates X and Z are
known in each stratum.

More so, Plikusas (2008) defined dual to ratio-cum-product estimator expressed in Singh
et al. (2005) to STRS as

Yses) =Y Ly 4
SE(S) st X z:t

The MSEs of these four estimators, up to the first degree of approximation, are as
presented:

L
MSE (V) ) = hz_;wh%h (s2,+R2S2 —2R;S, )
L
MSE(Vp(s) )= S W22, (S2 + R2SZ +2R,S ., )
h=1
L
MSE (V) ) = ;thih (52, +M,—2M,)
L
MSE(ySE(S)): ;th;th (85h +0¢M, —29,M 2)

Moreover, we have extended the estimators y,, Y., and Y., to stratified sampling
design and denote as Vg, Vp(s) and Y, respectively. They are presented as follows:

L (x
Yris)y = Vst X
. [z
Yes) = yst(_* j
st
_ = X X,
Ystis) = Vst l:é‘()_(_sj + (1_ 5{%}}

N
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The variance of the usual unbiased estimator in stratified sampling, y, is given as
L

V(Vq)=D W/24,S% . And to the first order of approximation, the MSEs of Vi), V).
h=1

Yses) @Nd Yor(s) are, respectively, given by:

L
MSE (Vi) )= S W22, (S2, + 92R?S2 —29,R;S )
h=1

-

MSE(V;(S)): Zthﬂ“h (th +0,R;S; +29, RZSyzh)

h=1

L
MSE(VST(S) ) :;ththi (1_ ijh )

5. Efficiency Comparison

In this section, the efficiency of the suggested estimator Y, over the following estimator,
Y, Yo You Ys: Vs Vr. Yse and ¥, are investigated. We will have the conditions as

follows:
2

@  MSE(Vpe)-V(y)<O if <0. This is always true because C >0.

2

(b)  MSE(Vpq)—MSE(V, ) <O if <R?S?-2RS,,, is always true since C >0.

yx?

2

(€ MSE(Vpq)—MSE(Y, ) <0 if <R2S? +2R,S

,» 1S always true since C >0.

(d)  MSE(Y.r)-MSE(Y,)<0 if (C-D)’>0

2

()  MSE(Vys)-MSE(yz)<0 if =
C>0.

<g’R?S?-29R,S,, , is always true since

yx!

2

) MSE(Vpe)—MSE(y:)<0 if =
C>0.
(@  MSE(Ypr)— MSE(Yse )< 0 if (D—gC)* >0

<g°R;S7 +20R,S,,, is always true since

2

(h)  MSE(Ypr)—MSE(Ye, ) <O if —% < p?S: , where C>0.

The efficiency of the suggested estimator in stratified random sampling over the
estimator Yo, Yeis)» Yees)r Yscs): Yres): Yees): Yses) aNd Yeres are as presented.

L 2
(i) MSE (Vprs ) -V (V) < O if —ZWM%w for M, >0.
h=1

1
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(i) MSE(VPRS)— MSE(VR(S))< 0 if

—ZW% . <ZW2/1 (R2S2 - 2R;S,,,), for M, >0.

1 h=1

(iii)  MSE(Vprs )~ MSE(Vp, )< O if

—ZWZ/l I\I\AA—<ZW 4, (R2S2 —2R,S ), for M, >0.

1 h=1

yzh

(iv)  MSE(Vprs )~ MSE(Vss, )< O if ZWhZ/Ih(Ml ~-M,)* >0
h=1
(v) MSE (Vprs ) MSE(y;(S) )< 0 if
L

L M 2
- thzﬂvh M_2<th2/1h (gﬁRlZth -29,R;S
h=1 h=1

1

yxh), for M, >0.
(vi) MSE(VPRS)— MSE()‘/,’;(S))< 0 if
ZW I <ZL:W 2,(92R2S2 —29,R,S . ). for M, >0.

1
(Vi) MSE(Ypgs )~ MSE(Vg(s) ) < O if ZWM (g,M, =M, )’ >0
h=1

2

- p— —_— . L M
(viii)  MSE(Ypgs )~ MSE(sr(s) ) < O if _ZW"Zﬂh[ M2 -
h=1

1

pjxhj< 0, where M, >0.

Remark: Efficiency comparisons in case of proportional allocation

We would like to remark here that when the units from the h™ stratum are selected

. : . n n .
according to proportional allocation i.e., n, oc N, then —-=—. In this case, the

h
conditions (i) — (viii) holds but we now replace A, with 4.

6. Numerical llustration

In this section, we analyze the performance of the suggested estimator with respect to
other estimators considered in this paper. To achieve this, four natural population data
sets from the literature are considered. The sources and brief descriptions of these
populations are presented below. We note that the first two populations are used for
estimators under SRS while the last two are used for STRS.

(1) Population I [Singh (1969, p. 377]; a detailed description can be found in Singh
(1965)

y : Number of females employed

X : Number of females in service
z : Number of educated females
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N=61,n=20,Y =746, X=531, Z=179, S; =28.0818, S? =16.1761,
S; =2028.1953, p,, =0.7737, p, =—0.2070, p, =-0.0033,

(2) Population Il [Source: Johnston 1972, p. 171]; A detailed description of these
variables is shown in Table 1.

y : Percentage of hives affected by disease

X: Mean January temperature

z: Date of flowering of a particular summer species (number of days from
January 1)

N=10, n=10, Y =52, X =42 , Z=200, S2=65.9776, S =29.9880,
S2=84, p, =08, p, =094, p, =-0.73,

For population 1I, the population size is small, we therefore used the whole sample
method to determine the MSEs of the various estimators (this will lead to a more precise
results). We note that when N =n, the MSEs of the proposed and all the estimators
considered in this study would be zero. However, looking at the MSEs of these
estimators, it is easy to find that they don’t depend on sample size. Thus, to calculate the
MSEs we can ignore the constant A common to all these estimators.

Table 1: Description of Population 11

y X z

49 35 200
40 35 212
41 38 211
46 40 212
52 40 203
59 42 194
53 44 194
61 46 188
55 50 196
64 50 190

(3) Population 111 [Source: National Horticulture Board (2010), retrieved in Tailor et
al. (2012)]
y : Productivity (MT/Hectare) X : Production in thousand tons

z : Area in thousand hectares

strata ny, Ny Sy Sy Su Syn Sym S Py Xo Yoo Z,

1 3 10 353 054 119 16 -0.02 175 0.839366 1041 1.7 6.2
2 4 10 8054 1.41 1081 8347 -7.06 6857 0.735021 309.1 3.67 80.67
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(4) Population IV [Source: Murthy (1967)]

y : Output X : Fixed capital z : Number of workers
Strata n, N, th Syh Szh Sy><h Syzh szh Pyxn )zh Y_h Z_h
1 2 5 7487 6159 0.75 39360.7 411.16 38.08 0.854 2144 1926 518
2 3 5 66.35 3404 4.84 223565 1536.24 287.92 0.99 3338 3156 60.6

For these comparisons, the Percent Relative Efficiencies (PREs) of the different

estimators are computed with respect to the usual unbiased estimator y, using the
formula

-3,

x100

and they are as presented in Table 2.

Table 2 shows clearly that the proposed dual to ratio-cum-product estimator y,, has the
highest PRE than other estimators; therefore, we can conclude based on the study
populations that the suggested estimator is more efficient than the usual unbiased
estimators, the traditional ratio and product estimator, ratio-cum-product estimator by
Singh (1969), Srivenkataramana (1980) estimator, Bandyopadhyay (1980) estimator,
Singh et al. (2005) estimator and Sharma and Tailor (2010).

Under SRSWOR, the suggested estimator as demonstrated through the theory and
empirical results (populations I and I1) is always better than estimators considered in this
study when one of the auxiliary variate is positively correlated with the study variate, the
other is negatively correlated with the study variable and the two (auxiliary variates) are
negatively correlated with each other. It is also observed from Table 2, that the product
method of estimators y,, ¥g, Ve, and ¥q, perform poorly for the study populations

especially under the stratified sampling design.

Table 2: PRE of the different estimators with respect to y

SRS design case STRS design case
Estimators | Population | Population | Estimators | Population | Population

| 1 11 v

y 100 100 Y 100 100
Vx 205 277 Y 176 314
Yo 102 187 Yees) 121 85
Ys 214 395 Yss) 298 258
Ve 215 239 Yacs) 181 232
Vo 105 150 Vo) 119 80
ySE 236 402 ySE(S) 270 216
Ysr 250 278 Ysts) 233 470
Vo 279 457 Yers 390 391
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Furthermore, it is observed from the empirical analysis that the proposed estimator under
STRS is better than the usual unbiased estimators in STRS, Hansen et al. (1946),
stratified product estimator, Singh (1969), Srivenkataramana (1980), Bandyopadhyay
(1980), and Plikusas (2008) estimator except for Sharma and Tailor (2010) in the
population IV.

7. Conclusion

The use of auxiliary information to increase the precision of the estimate has received
numerous attentions from several authors. In this paper, we continue this research by
developing a new estimator under SRSWOR, this estimator is further extended to STRS
design. These estimators are found to be more efficient than the usual unbiased estimator,
the traditional ratio [Cochran (1940)] and product estimators and the estimators proposed
by Singh (1969), Srivenkataramana (1980), Bandyopadhyay (1980), Singh et al. (2005),
Sharma and Tailor (2010) and Tailor et al. (2012) under simple and stratified random
sampling. The theoretical inference (results) is supported by the result of an application
with original data.
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