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Abstract 

New estimators for estimating the finite population mean using two auxiliary variables under simple and 

stratified sampling design is proposed. Their properties (e.g., mean square error) are studied to the first 

order of approximation. More so, some estimators are shown to be a particular member of this estimator. 

Furthermore, comparison of the proposed estimator with the usual unbiased estimator and other estimators 

considered in this paper reveals interesting results. These results are further supported with an empirical 

study using four natural data from literature.  
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1. Introduction 

In real life, the problem of the estimation of population parameters like mean, proportion, 

variance, and ratio of two population means are common in virtually all discipline and 

facet of life. And sometimes, information on several variables is used to estimate or 

predict a characteristic of interest. For instance, an agriculturist might be interested in the 

total yield of maize taking into consideration the fertilizer levels, soil type, number of 

workers in a specific plot, regions etc.  The use of this type of variables (known as 

auxiliary information in sample survey design) results in efficient estimate of population 

parameters (e.g. mean) under some realistic conditions. Ratio, product and regression 

methods of estimation are good examples in this context. Ratio and product type 

estimators take advantage of the correlation between the auxiliary variable, x  and the 

study variable, y  to improve the estimate of the characteristic of interest. For example, 

when information is available on the auxiliary variable that is positively (high) correlated 

with the study variable, the ratio method of estimation proposed by Cochran (1940) is a 

suitable estimator to estimate the population mean and when the correlation is negative 

the product method of estimation as envisaged by Robson (1957) and Murthy (1964) is 

appropriate.  

 

Quite often information on many auxiliary variables is available in the survey which can 

be utilized to increase the precision of the estimate. In this situation, Olkin (1958) was the 

first author to deal with the problem of estimating the mean of a survey variable when 

auxiliary variables are made available. He suggested the use of information on more than 

one supplementary characteristic, positively correlated with the study variable, 

considering a linear combination of ratio estimators based on each auxiliary variable 

separately. The coefficients of the linear combination were determined so as to minimize 
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the variance of the estimator. Analogously to Olkin, Singh (1967) gave a multivariate 

expression of Murthy’s (1964) product estimator, while Raj (1965) suggested a method 

for using multi-auxiliary variables through a linear combination of single difference 

estimators. More recently, Abu-Dayyeh et al. (2003), Kadilar and Cingi (2004, 2005), 

Perri (2005), Dianna and Perri (2007) among others have suggested estimators for Y  

using information on several auxiliary variables.  

 

Motivated by Srivenkataramana (1980), Bandyopadhyay (1980) and Singh et al. (2005) 

and with the aim of providing a more efficient estimator; we propose, in this paper, a new 

estimator for Y  when two auxiliary variables are available under simple and stratified 

sampling design. 

2.   Background to the Suggested Estimator 

Consider a finite population  NPPPP ,...,, 21  of N  units. Let a sample s  of size n  be 

drawn from this population by simple random sampling without replacements 

(SRSWOR). Let iy  and ),( ii zx  represents the value of a response variable y  and two 

auxiliary variables ),( zx  are available. The units of this finite population are identifiable 

in the sense that they are uniquely labeled from 1 to N  and the label on each unit is 

known. Further, suppose in a survey problem, we are interested in estimating the 

population mean Y  of y , assuming that the population means  ZX , of ),( zx  are 

known. The traditional ratio and product estimators for Y  are given as  
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Singh (1969) improved the ratio and product method of estimation given above and 

suggested the “ratio-cum-product” estimator for Y as  
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In literature, it has been shown by various authors; see for example, Reddy (1974) and 

Srivenkataramana (1978) that the bias and the mean square error of the ratio estimator 

Ry , can be reduced with the application of transformation on the auxiliary variable x . 

Thus, authors like, Srivenkataramana (1980), Bandyopadhyay (1980) and Singh et al. 

(2005) have improved on the ratio, product and ratio-cum-product method of estimation 
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using the transformation on the auxiliary information. We give below the transformations 

employed by these authors: 

ii gxXgx  )1(  and 
ii gzZgz  )1( , for Ni ...,,2,1 ,   (1) 

where, 
nN

n
g


 .  

 

Then clearly, xgXgx  )1(  and zgZgz  )1(  are also unbiased estimate of 

X  and Z  respectively; and   yxxyCorr ,  and   yzzyCorr , . It is to be noted 

that by using the transformation above, the construction of the estimators for Y requires 

the knowledge of unknown parameters, which restrict the applicability of these 

estimators. To overcome this restriction, in practice, information on these parameters can 

be obtained approximately from either past experience or pilot sample survey, 

inexpensively. 

 

The following estimators 

Ry , 

Py and SEy  are referred to as dual to ratio, dual to product 

and ratio-cum-product estimators and are due to Srivenkataramana (1980), 

Bandyopadhyay (1980) and Singh et al. (2005) respectively. They are as given below: 
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It is well known that the variance of the simple mean estimator y , under SRSWOR 

design is   2

ySyV   and to the first order of approximation, the Mean Square Errors 

(MSE) of Ry , Py , Sy , 

Ry , 

Py and SEy  are, respectively, given by 
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where,  

n

f


1
 , 

N

n
f  ,  







N

i

iy Yy
N

S
1

22

1

1
,   







N

i

iiyx XxYy
N

S
11

1
, 

xy

yx

yx
SS

S
 , 

X

Y
R 1 , 

Z

Y
R 2 , 22

221

22

1 2 zzxx SRSRRSRC  , 
yzyx SRSRD 21   and  

2

jS  for ),,( zyxj   represents the variances of x , y  and z  respectively; while yxS , yzS  

and zxS  denote the covariance between  y  and x ,  y  and z  and  z  and x  respectively. 

Note that 
yz , zx , 2

xS , 2

zS , 
yzS  and zxS  are defined analogously and respective to the 

subscripts used.  

 

More recently, Sharma and Tailor (2010) proposed a new ratio-cum-dual to ratio 

estimator of finite population mean in Simple Random Sampling (SRS), their estimator 

with its MSE are respectively given as, 
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where, MSE was computed for optimal choice of  . 

3.   Proposed Dual to Ratio-Cum-Product Estimator in SRS 

Using the transformation given in (1), we suggest a new estimator for  Y  as follows:  
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where,   is a constant, chosen to minimize the variance of PRy . 

 

We would like to remark here that some estimators could be shown to be a particular 

member of PRy . For instance, when information on the auxiliary variable z  is not used 

(or variable z  takes the value `unity') and 1 , the suggested estimator PRy  reduces to 

the `dual to ratio' estimator 

Ry  proposed by Srivenkataramana (1980). More so, PRy  

reduces to the `dual to product' estimator 

Py  proposed by Bandyopadhyay (1980) if the 

information on the auxiliary variate x  is not used and 0 . Furthermore, the suggested 

estimator reduces to the dual to ratio-cum-product estimator suggested by Singh et al. 

(2005) when 1  and information on the two auxiliary variables x  and z  are been 

utilized.  

Remark 

To ensure the applicability of the estimator PRy , we assume the population value of the 

study variate is known. This is a reasonable assumption as survey samplers usually obtain 

such information inexpensively through pilot survey or past experience. 
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In order to study the properties of the suggested estimator PRy  (e.g. MSE), we write 

 01 kYy  ;  11 kXx  ;  21 kZz  ; 
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Now expressing PRy  in terms of sk ' , we have 

          

 

          2

1

1

1

210 111111 gkgkgkgkkYyPR 


   (2) 

 

We assume that 11 gk  and 12 gk
 
so that the right hand side of (2) is expandable. 

Now expanding the right hand side of (2) to the first degree of approximation, we have 
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Taking expectations on both sides of (3), we get the bias of PRy  to the first degree of 

approximation, as 
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Squaring both sides of (3) and neglecting terms of sk '  involving power greater than two, 

we have  
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Taking expectations on both sides of (4), we get the MSE of PRy , to the first order of 

approximation, as  
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Substituting (6) in PRy , we get the asymptotically optimum estimator as 
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We can obtain the minimum MSE of PRy , by substituting (6) in (5), which after little 

algebraic simplification, yields:  

   
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4.   Extension of the Roposed Estimator to Stratified Random Sampling 

The disadvantages of using SRS technique have been comprehensively documented in 

literature (see for instance, Cochran (1977)). More so, studies by several authors reveal 

that the ratio-cum-product estimator performs better than ratio and product type 

estimators in SRS under stratification and other certain conditions. This therefore 

motivates us to extend the proposed estimator in section 3 to stratified random sampling 

(STRS) design and study its properties.  

 

Consider a finite population  NPPPP ,...,, 21  of size N divided into L  homogenous 

strata of size hN  )...,,2,1( Lh  . A sample of size hn  is drawn from each stratum using 

SRSWOR.       

 

Let y  be the study variate taking values hiy  ( thi observation from thh  stratum) and ),( zx  
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: is the sample mean of the study variate y  in thh  stratum.   

where, hx  and hz  are define analogously with respect to x and z respectively. 

 

The direct generalization of dual transformation of the two auxiliary variates pioneered 

by Srivenkataramana (1980) and Bandyopadhyay (1980) is defined as follow: 
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We note here that the relation xyxy ),(corr
 
and yzzy ),(corr  is not valid in the 

case stratified sampling design. 
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Using the various definitions above, we propose the dual to ratio-cum-product estimator 

in stratified random sampling as follows:  
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where,  is a constant chosen to reduce the variance of PRSy .  

Remarks 

1. To ensure the applicability of the estimator PRSy , we assume the population values 

of the study variate are known in the entire stratum. This is a reasonable 

assumption as survey samplers usually obtain such information inexpensively 

through pilot survey or past experience. 

2. We would also like to remark here that the stratified sampling case of the 

estimators ** , PR yy  and SEy
 

due to Srivenkataramana (1980), Bandyopadhyay 

(1980) and Plikusas (2008) respectively, are particular member of PRSy .  

 

To analyse the property of PRSy , for example, MSE. We define: 
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Note that 2

xhS , 2

zhS , yzhS  and xzhS  are defined analogously and respective to the subscripts 

used.  
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Expressing PRSy  in terms of )2,1,01( hie , we can write (8) as 
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Expanding the right hand side of (10) and following the procedure in section 3 for SRS 
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Substituting (12) in PRSy , we get the asymptotically optimum estimator as 
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We can obtain the minimum MSE of PRSy , by substituting (5) in (4), which after little 

algebraic simplification, yields:  
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Assuming that the study variate y  and the auxiliary variate x  are positively correlated, 

Hansen et al. (1946) utilized known value of population mean X  of auxiliary variate x  

and defined combined ratio estimator for population mean Y  as:  
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

st

stSR
x

X
yy )( . 

 

When the study variate y  and the auxiliary variate z  are negatively correlated, assuming 

that the population mean Z  of auxiliary variate z  is known, combined product estimator 

is defined as: 











Z

z
yy st

stSP )( . 
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Furthermore, Tailor et al. (2012) extended the ratio-cum-product estimator proposed by 

Singh (1967) to STRS as follows:  













Z

z

x

X
yy st

st

stSS )( .  

 

Here, the assumption is that the population means of the auxiliary variates X  and Z  are 

known in each stratum. 

 

More so, Plikusas (2008) defined dual to ratio-cum-product estimator expressed in Singh 

et al. (2005) to STRS as  























*

*

)(

st

st
stSSE

z

Z

X

x
yy  

 

The MSEs of these four estimators, up to the first degree of approximation, are as 

presented: 

   



L

h

yxhxhyhhhSR SRSRSWyMSE
1

1

22

1

22

)( 2  

   



L

h

yzhzhyhhhSP SRSRSWyMSE
1

2

22

2

22

)( 2  

   



L

h

yhhhSS MMSWyMSE
1

21

22

)( 2  

   



L

h

hhyhhhSSE MgMgSWyMSE
1

21

222

)( 2  

 

Moreover, we have extended the estimators 

Ry , 

Py , and STy  to stratified sampling 

design and denote as 


)(SRy , 


)(SPy  and )(SSTy  respectively. They are presented as follows:  













X

x
yy st

stSR

*
*

)(  













*

*

)(

st

stSP
z

Z
yy  

 





































X

x

x

X
yy st

st

stSST

*

)( 1   
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The variance of the usual unbiased estimator in stratified sampling, sty , is given as 

  



L

h

yhhhst SWyV
1

22 . And to the first order of approximation, the MSEs of 


)(SRy , 


)(SPy , 

)(SSEy  and 
)(SSTy  are, respectively, given by: 

   



L

h

yxhhxhhyhhhSR SRgSRgSWyMSE
1

1

22

1

222*

)( 2  

   



L

h

yzhhzhhyhhhSP SRgSRgSWyMSE
1

2

22

2

222*

)( 2  

   



L

h

yxhyhhSST h
SWyMSE

1

222

)( 1  .
 

5.   Efficiency Comparison 

In this section, the efficiency of the suggested estimator PRy  over the following estimator, 

y ,  Ry , Py , Sy , 

Ry , 

Py , SEy  and STy  are investigated. We will have the conditions as 

follows:  

(a)     0 yVyMSE PR  if 0
2




C

D
. This is always true because 0C . 

(b)     0 RPR yMSEyMSE  if  yxx SRSR
C

D
1

22

1

2

2


, is always true since 0C . 

(c)     0 PPR yMSEyMSE  if  yzz SRSR
C

D
2

22

2

2

2


, is always true since 0C . 

(d)     0 SPR yMSEyMSE  if   0
2
DC  

(e)     0 

RPR yMSEyMSE  if yxx SgRSRg
C

D
1

22

1

2
2

2


, is always true since 

0C . 

(f)     0 

PPR yMSEyMSE  if yzz SgRSRg
C

D
2

22

2

2
2

2


, is always true since 

0C . 

(g)     0 SEPR yMSEyMSE  if   0
2
 gCD  

(h)     0 STPR yMSEyMSE  if 22
2

yyxS
C

D
  , where 0C . 

 

The efficiency of the suggested estimator in stratified random sampling over the 

estimator sty , )(SRy , )(SPy , )(SSy ,


)(SRy , 


)(SPy , )(SSEy  and )(SSTy  are as presented.  

(i)     0 stPRS yVyMSE  if 0
1 1

2

22 


L

h

hh
M

M
W   for 01 M . 
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(ii)     0)(  SRPRS yMSEyMSE  if   

 



L

h

yxhxhhh

L

h

hh SRSRW
M

M
W

1

1

22

1

2

1 1

2

22 2 , for 01 M . 

(iii)     0)(  SPPRS yMSEyMSE  if  

 



L

h

yzhzhhh

L

h

hh SRSRW
M

M
W

1

2

22

2

2

1 1

2

22 2 , for 01 M .  

(iv)     0)(  SSPRS yMSEyMSE  if  



L

h

hh MMW
1

2

21

2 0  

(v)     0)(  

SRPRS yMSEyMSE  if  

 



L

h

yxhhxhhhh

L

h

hh SRgSRgW
M

M
W

1

1

22

1

22

1 1

2

22 2 , for 01 M . 

(vi)     0)(  

SPPRS yMSEyMSE  if  

 



L

h

yzhhzhhhh

L

h

hh SRgSRgW
M

M
W

1

2

22

2

22

1 1

2

22 2 , for 01 M . 

(vii)     0)(  SSEPRS yMSEyMSE  if  



L

h

hhh MMgW
1

2

21

2 0  

(viii)     0)(  SSTPRS yMSEyMSE  if 0
1

2

1

2

22 













L

h

yxhhh
M

M
W   , where 01 M . 

Remark:   Efficiency comparisons in case of proportional allocation 

We would like to remark here that when the units from the thh  stratum are selected 

according to proportional allocation i.e., hh Nn   then 
N

n

N

n

h

h  . In this case, the 

conditions (i) – (viii) holds but we now replace h  with  . 

6.   Numerical Illustration 

In this section, we analyze the performance of the suggested estimator with respect to 

other estimators considered in this paper. To achieve this, four natural population data 

sets from the literature are considered. The sources and brief descriptions of these 

populations are presented below. We note that the first two populations are used for 

estimators under SRS while the last two are used for STRS. 

 

(1) Population I [Singh (1969, p. 377]; a detailed description can be found in Singh 

(1965) 

y : Number of females employed   

x : Number of females in service 

z : Number of educated females  
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61N , 20n , 46.7Y , 31.5X  , 179Z ,  0818.282 yS , 1761.162 xS , 

1953.20282 zS , 7737.0xy , 2070.0yz , 0033.0zx , 

 

(2) Population II [Source: Johnston 1972, p. 171]; A detailed description of these 

variables is shown in Table 1. 

y :  Percentage of hives affected by disease 

x :  Mean January temperature 

z :  Date of flowering of a particular summer species (number of days from 

January 1) 
 

10N , 10n , 52Y , 42X  , 200Z ,  9776.652 yS , 9880.292 xS , 

842 zS , 8.0xy , 94.0yz , 73.0zx , 

 

For population II, the population size is small, we therefore used the whole sample 

method to determine the MSEs of the various estimators (this will lead to a more precise 

results). We note that when nN  , the MSEs of the proposed and all the estimators 

considered in this study would be zero. However, looking at the MSEs of these 

estimators, it is easy to find that they don’t depend on sample size. Thus, to calculate the 

MSEs we can ignore the constant  common to all these estimators. 

Table 1:   Description of Population II 

y  x  z  

49 35 200 

40 35 212 

41 38 211 

46 40 212 

52 40 203 

59 42 194 

53 44 194 

61 46 188 

55 50 196 

64 50 190 

(3) Population III [Source: National Horticulture Board (2010), retrieved in Tailor et 

al. (2012)] 

y : Productivity (MT/Hectare) x : Production in thousand tons  

z : Area in thousand hectares 

 

Strata 
hn  hN  xhS  yhS  

zhS  yxhS  yzhS  
xzhS  yxh  

hX  hY  hZ  

1 3 10 3.53 0.54 1.19 1.6 -0.02 1.75 0.839366 10.41 1.7 6.2 

2 4 10 80.54 1.41 10.81 83.47 -7.06 68.57 0.735021 309.1 3.67 80.67 
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(4) Population IV [Source: Murthy (1967)] 

y : Output  x : Fixed capital  z : Number of workers  
 

Strata 
hn  hN  xhS  yhS  

zhS  yxhS  
yzhS  

xzhS  yxh  
hX  

hY  
hZ  

1 2 5 74.87 615.9 0.75 39360.7 411.16 38.08 0.854 214.4 1926 51.8 

2 3 5 66.35 340.4 4.84 22356.5 1536.24 287.92 0.99 333.8 315.6 60.6 

 

For these comparisons, the Percent Relative Efficiencies (PREs) of the different 

estimators are computed with respect to the usual unbiased estimator y , using the 

formula 

 
 
 

100
.

., 
MSE

yV
yPRE  

and they are as presented in Table 2.  
 

Table 2 shows clearly that the proposed dual to ratio-cum-product estimator 
PRy  has the 

highest PRE than other estimators; therefore, we can conclude based on the study 

populations that the suggested estimator is more efficient than the usual unbiased 

estimators, the traditional ratio and product estimator, ratio-cum-product estimator by 

Singh (1969), Srivenkataramana (1980) estimator, Bandyopadhyay (1980) estimator, 

Singh et al. (2005) estimator and Sharma and Tailor (2010).  
 

Under SRSWOR, the suggested estimator as demonstrated through the theory and 

empirical results (populations I and II) is always better than estimators considered in this 

study when one of the auxiliary variate is positively correlated with the study variate, the 

other is negatively correlated with the study variable and the two (auxiliary variates) are 

negatively correlated with each other. It is also observed from Table 2, that the product 

method of estimators 
Py , 

Py , )(SPy , and 

)(SPy  perform poorly for the study populations 

especially under the stratified sampling design.  

Table 2:   PRE of the different estimators with respect to y  

 SRS design case  STRS design case 

Estimators Population 

I 

Population 

II 

Estimators Population 

III 

Population 

IV 

y  100 100 sty  100 100 

Ry  205 277 )(sRy  176 314 

Py  102 187 )(SPy  121 85 

Sy  214 395 )(SSy  298 258 



Ry  215 239 


)(SRy  181 232 



Py  105 150 


)(SPy  119 80 

SEy  236 402 )(SSEy  270 216 

STy  250 278 )(SSTy  233 470 

*

PRy  279 457 
*

PRSy  390 391 
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Furthermore, it is observed from the empirical analysis that the proposed estimator under 

STRS is better than the usual unbiased estimators in STRS, Hansen et al. (1946), 

stratified product estimator, Singh (1969), Srivenkataramana (1980), Bandyopadhyay 

(1980), and Plikusas (2008) estimator except for Sharma and Tailor (2010) in the 

population IV. 

7.   Conclusion 

The use of auxiliary information to increase the precision of the estimate has received 

numerous attentions from several authors. In this paper, we continue this research by 

developing a new estimator under SRSWOR, this estimator is further extended to STRS 

design. These estimators are found to be more efficient than the usual unbiased estimator, 

the traditional ratio [Cochran (1940)] and product estimators and the estimators proposed 

by Singh (1969), Srivenkataramana (1980), Bandyopadhyay (1980), Singh et al. (2005), 

Sharma and Tailor (2010) and Tailor et al. (2012) under simple and stratified random 

sampling. The theoretical inference (results) is supported by the result of an application 

with original data.  
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