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Abstract

Distributional properties of the order statistics, upper and lower record statistics have been utilized to
characterize distributions of interest. Further, one sided random dilation and contraction are utilized to
obtain the distribution of non-adjacent ordered statistics and also their important deductions are discussed.

Keywords: Lower and upper record statistics, Order statistics, Random dilation and
contraction, Characterization of distributions, Exponential, Weibull, Inverse Weibull,
Pareto, Power function and Gumbel distributions.

Mathematics Subject Classification 62E10; 62E15; 62G30.

1. Introduction

Let X;,X,, -+ be a random sample from a continuous population having the probability
density function (pdf) f(x) and the distribution function (df) F(x). Then the pdf and
the df of X, ), the rt" lower record is given as [Ahsanullah (1995), Arnold et al. (1998)]

fruy @) = =5 [HT T () (1.1)
and

Fyy oy () = e HO 372 1%"] (1.2)
where

H(x) = —InF(x)
The pdf of X u(r)» the rth upper record is [Ahsanullah (1995), Arnold et al. (1998)]

Froey @) = == R (x) (1.3)

and

= _ [R
Fryey () = 1= Fy, (x) = e7R00 gy L (1.4)
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where
R(x) = —InF(x) , F(x) =1 — F(x) (1.5)

The pdf and df of X,., , the rt" order statistic from a sample of size n is given as
[Arnold et al. (1992), David and Nagaraja (2003)]

_ n! r—1[1 _ n-r
o (00 = e [FGOI 1 = FI"™ £ () (1.6)
and
_yn (M j n-j
Frpn @) = 2 () FOV1 = F) (1.7)
If support of the distribution F (x) be over (&, ), then by convention, we will write
XO:n =a, Xn:n—l = ﬁ
Xy = @, X)) = B (1.3)

Alzaid and Ahsanullah (2003) have characterized distributions using distributional
properties of adjacent lower records, upper records and order statistics. Castafio-Martinez
et al. (2010) have extended the result for non-adjacent case using integral equations
rather than differential equations, emphasizing that it is almost impossible to find the
solution using differential equations. We, in this paper, have considered the cases for
non-adjacent records and order statistics, which Castafio-Martinez et al. (2010) claim that
it is still an open problem, with simpler proofs using differential equations and have also
considered random dilation and contraction to obtain the distributions of lower records,
upper records and order statistics.

We assume that the df is differentiable w. . t. its arguments. Further, it is noted that if ¥
is a measurable function of X with the relation

Y = h(X), (1.9)
then
(1) Yrm = h(Xpm) (1.10)
i) Yy = hXye) (1.11)
(i) Yoy = h(XLe) (1.12)
If h is an increasing function and
(1) Yiriim = h(Xpm) (1.13)
(i) Yy = h(X1o) (1.14)
(i) Yy = hXya)) (1.15)

If h is a decreasing function

Also for simplicity, we shall denote
@) X ~ Gum(a)
if X has a Gumbel distribution with the df
F(x)=e ¢, —w<x<o, a>0 (1.16)
(ii) X ~ Wei(a)
if X has a Weibull distribution with the df
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a

Fx)=1—-e™, 0<x<o,a>0
(i) X ~inW(a)
if X has an inverse Weibull distribution with the df

a

F(x)=e™ ", 0<x<o,a>0
iv) X ~exp(a)
if X has an exponential distribution with the df
F(x)=1-—e™%, 0<x<o,a >0
(v) X ~ Par(a)
if X has a Pareto distribution with the df
Fx)=1-x"%, 1<x<oo,a>0
(vi) X~ pow(a)
if X has a power function distribution with the df
F(x) = x%* , 0<x<1l,a>0

It may further be noted that

if logX ~ Gum(a) then X ~inW(a)
if —log X ~ Gum(a) then X ~ Wei(a)
if logX ~ exp(a) then X ~ Par(a)
and if —log X~ exp(a) then X ~ pow(a)

2. Characterizing results based on lower records

(1.17)

(1.18)

(1.19)

(1.20)

(1.21)

(1.22)
(1.23)
(1.24)
(1.25)

Theorem 2.1. Let X, 5y be the st lower record statistic from a continuous population

with the pdf f(x) and the df F(x), then

Xis—p & Xy + Yiso1 s j=s—-r—-1,s—r; 1<r<s

2.1

where Yj.s_1 is the j th order statistic from a sample of size (s — 1), drawn from exp(a)

distribution and is independent of X sy if and only if X; ~ Gum(a).

Proof. To prove the necessary part, let the moment generating function (mgf) of X, be

My, (t), then
Xiy & Xy +Y
implies

My, () = My, (D) - My(t)

Since for Gum(a) distribution.

My, = ()

Therefore,
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_ Mo ® 1o H(r=g)
My (t) = My, o @® T 1(s-3)

But this is the mgf of Y,_,.c_1 , the (s — r)" order statistic from a sample of size (s — 1)
drawn from exp(«) and the result follows.

For the proof of sufficiency part, note that the pdf of X by the convolution method is
Fuy @) = Jy Fyie) @ fiypsy (X — w)du (2.2)

_ a
- B(r,s—1)

f: e—ar(x—u)[l — e—a(x—u)]s—r—leL(s) (w)du (2.3)

Differentiating both the sides w.r.t.x, we have fors > r + 1

da a? x : B o o
= e =505 Jy {(s = r = 1)e~@U+DE=0I[] — gmalxm]s—r-2

_re—ar(x—u) [1 _ e—a(x—u)]s—r—l}fXL(s) (u)du

= ar[fXL(r+1) (x) - fXL(T) (x)] (24)
in view of (2.3).
Fors=r+1,
d a
anL(T) (x) = MfXL(T+1) (x) - aerL(T) (x)
= ar[fXL(r_'_l) (x) - fXL(T) (x)] (25)
and therefore, fors > r + 1,
fXL(r) (x) = ar[FXL(T+1) (x) - FXL(T) (x)] (26)

This in view of (1.1) and (1.2) reduces to,

—— [HE]™ (%) = — [H(x)]"F(x)

@) ()
and we get,
f(x) = aH(x)F (x)
or, ;—x [In (—InF(x))] = —«a
implying that
Fx)=e ¢ ", —o<x<o,a>0
and hence the proof.

Remark 2.1. Alzaid and Ahsanullah (2003) have shown that
Xy & Xpgpap+ V
where V ~ exp(r) if and only if X; ~ Gum(a).

The expression for the df in Alzaid and Ahsanullah [2003, (1.5)] should have been as
given here in (1.2).
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Corollary 2.1. Let X be the st" lower record from a continuous population with the
pdf f(x) and the df F (x), then

Xis—j) d Xy * Yis-1 s j=s—-r—1,s—1r; 1<r<s 2.7)
where Y.;_; is the jt" order statistic from a sample of size (s — 1) drawn from the
Par(a) distribution and is independent of X; () if and only if X; ~ inW(a).

Proof. Here the product X+ Yj.s_4 in (2.7) is called random dilation of X; ) (Beutner
and Kamps, 2008).

To prove the Corollary note that if
1OgXL(r) d lOgXL(s) + lOg Ys—r:s—l

then
XL(r) g XL(s) * Y5

and the result follows by an appeal of (1.10), (1.12), (1.22) and (1.24).

Corollary 2.2. Let X5 be the st upper record from a continuous population with the
pdf f(x) and the df F(x), then
Xvis-n & Xues) * Yoojus—1 » j=s—-r—1,s—1; 1<r<s (2.8)

where Y;_j.5_4 is the (s — " order statistic from a sample of size (s — 1) drawn from
pow(a) distribution and is independent of Xy if and only if X; ~ Wei(a).

Proof. Here the product Xy )+ Ys_j.s—1 in (2.8) is called random contraction of Xy )
(Beutner and Kamps, 2008).

To prove the Corollary, we consider

_logXL(r) g —log XL(S) —log Ys_ris-1
implying

XU(r) g XU(S) : Yr:s—l

and the result follows in view of (1.13), (1.14), (1.23) and (1.25).
3. Characterization results based on upper records

Theorem 3.1. Let Xy () be the rt upper record statistic from a continuous population
with the pdf f(x) and the df F(x), then

Xoe+p & Xuey + Xugy j=s—-r—1,s—-r; 1<r<s (3.1
where Xy ;) is independent of Xy if and only if X; ~exp(a).

Proof. The necessary part can be proved easily using mgf.

To prove the sufficiency part, we proceed here as explained in the Theorem 2.1, to get
S—=Tr y o . _
fxye @) = F?S_r) Jg @y =x)stem0 x)fXU(r) (x)dx (3.2)

Differentiating both the sides of (3.2) w.r.t.y, we get
d
Equ(s) ) = a[fXU(s—l) - fxu(s) ]
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Thus, fors >r + 1,
fXU(s) (Y) = [FXU(S—l) (y) - FXU(S) (y)]
and hence the Theorem, in view of (1.3) and (1.4).

Remark 3.1. Alzaid and Ahsanullah (2003, Remark 1) have shown that for two adjacent
upper records

Xu(z) 6=i XU(l) + V
where V ~ exp(1) if and only if X; ~ exp (1).

Remark 3.2. Oncel et al. (2005) and Ahsanullah (2006) have shown that
Xyarsy & Xygy +V
where V ~ exp(1) if and only if X; ~ exp(1).

Remark 3.3. Castano-Martinez et al. (2010) have shown that
Xus) & Xyay +V
where V ~ Ga(s —r,1) if and only if X; ~exp(1).

Corollary 3.1. Let Xy be the rt" upper record from a continuous population with the
pdf f(x) and the df F(x), then

XU(T+j) g XU(T)' XU(]) s j=S—7"—1,S—T; 1<r<s (33)
where Xy;(;) is independent of Xy if and only if X; ~ Par(a).

Proof. This can be proved by noting that
logXy(s) £ log Xyay + 10g Xy(s—r)
implies
Xus) & Xuwy © Xus—n
in view of (1.11) and (1.24).

Corollary 3.2. Let X, be the rth lower record from a continuous population with the
pdf f (x) and the df F(x), then

Xeovp & Xoey - Xugy j=s—-r—1,s—r; 1<r<s (3.4)
where X ;) is independent of X, if and only if X; ~ pow(«).

Proof. The Corollary can be proved by considering
—logXy() £ —logXyey — log Xy(s—ry
which implies

Xusy & Xooy - Xis—n
with an appeal to (1.15) and (1.25).
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4. Characterizing results based on order statistics
Theorem 4.1. Let X,.,, be the r'™" order statistic from a sample of size n drawn from a
continuous population with the pdf f(x) and the df F(x), then

Xrvjm & Xem + Xjn—r j=s—-r—1,s—r;1<r<s<n (4.1

where Xj.,_ is independent of X.., if and only if X; ~ exp («).
Proof. The proof of the necessary part is easy.

To prove the sufficiency part, we have

sz:n (y) = —a fy e—a(y—x)(n—s+1) [1 — e—a(y—x)]S—T—leT:n(x)dx (42)

B(n—s+1,s-r)~0

Differentiating both the sides of (4.2) w.r.t.y, we getfors = r + 1.
d
Efxs;n(Y) =a(n—s+D[fx, ... — fx,.,, O]

and
fx, ) =am—s+D[Fy_ () —Fx_ )]
and thus (David and Nagaraja, 2003)
Fy)=1—-e™% a,y >0

Remark 4.1. Alzaid and Ahsanullah (2003) have proved that
Xr:n C=l r—1n +V
where V ~ exp (n —r + 1) if and only if X; ~exp(1).

Remark 4.2. Castano-Martinez et al. (2010) have shown that
XS:Tl C=l XT:Tl + V
where V ¢ —log W with W ~ Be(n —s + 1,s — r) ifand only if X; ~ exp(1).

Corollary 4.1. Let X,.,, be the " order statistic from a sample of size n drawn from

continuous population with the pdf f(x) and the df F(x), then
Xevjm & Xem * Xjnr » j=s—r-1,s—1;1<r<s<n 4.3)

where Xj.,_, is independent of X,.,, if and only if X; ~ Par(a).

Proof. To prove consider
logXsn & log Xy + 10g Xs_yn—y (44)

and the result follows in view of (1.10) and (1.24).
Corollary 4.2. Let X,.,, be the " order statistic from a sample of size n drawn from a
continuous population with the pdf f(x) and the df F(x), then

Xeejm & Xem * Xsjso1, Jj=s—r—1,s—r;1<r<s<n 4.5)
where X_j.s_; is independent of Xj.,, if and only if X; ~ pow(a).
Proof. To prove the Corollary, we note that

_long:n g - log Xr:n - log Xs—r:n—r
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implies
d
Xn—s+1:n = Ap—r+1m ° Xn—s+1:n—r
or,

Xr:n g Xs:n : Xr:s—l
and the result follows in view of (1.13) and (1.25). This is case of random contraction.

Forj =1 (s = r + 1), Corollary 4.2 was proved by Wesolowski and Ahsanullah (2004).

Theorem 4.2. Let X,.,, be the r** order statistic from a sample of size n drawn from a
continuous population with the pdf f(x) and the df F(x), then

Xs—jin—j d Xs—rm—r T Xr—jm-j, Jj=01 (4.6)
where X,._ j.,_; is independent of Xs_r.,_y if and only if X; ~ exp (a).

Proof. The proof of the necessary part is easy.

To prove the sufficiency part, we have

_ _ n—-r+1 _ _ r—1
szn(y) mf [e aly x)] [1 —e—aly x)] fro,_ (X)dx
Therefore,
d 1 _ _ n—r+2 _ _ r—2
@) = g [V a[em OO T [1 - e 0 T (n)dx
a(n-r+1) _ _ n—-r+1 _ _ r—1
_B(TL T‘+17')f [ i x)] [1 —€ v x)] fs rm— r(x)dx
Now since,
fXTn(x) m[e_ax]n_r‘l'l[l _ e—O.’X]T—Z[l _ e—ax]
— B(n_c:+1‘r) [ —ax]n r+1[1 _ e—ax]r—z _ B(n_‘:+1’r) [ —ax]n—r+2[1 _ e—ax]r—z
implying that
B(n_(:+1,r) [e—ax]n—r+2[1 _ e—ax]r—z = rnTler—1:n—1 (x) — er:n(x)
which leads to
d
Efxsm(Y) = an[fxs_m_l(}’) - fXS:n(Y)]
and
fxs;n ) = 0”1[Fxs_1;n_1 ) — Fx. . ] 4.7)

Further, since (David and Nagaraja, 2003)
n—1 - -
[Py 1) = i ] = (2 ) FONH L= FOOI™*

Thus (4.7) reduces to

f) =all-F)]
implying that

F(y)=e™®
and the Theorem is proved.
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Corollary 4.3. Let X,.,, be the " order statistic from a sample of size n drawn from
continuous population with the pdf f(x) and the df F(x), then

Xs—j:n—j d Xs—rm—r * Xr—j:n—j > j=01 4.8)
where X, _;.,_; is independent of X;_,.,,_, if and only if X; ~ Par(a).

Remark 4.3.Forj =0, r = 1, we get
Xs:n a Xs—l:n—l * Xl:n

Corollary 4.4. Let X,.,, be the " order statistic from a sample of size n drawn from
continuous population with the pdf f(x) and the df F(x), then

Xr:n—j d Xris—1 Xs:n—j > j=01 4.9

where X;.,,_; is independent of X,.;_; if and only if X; ~ pow(a).
The Corollary is proved by an appeal of (1.13) and (1.25).

Remark 4.4.For j =0, s =n, we get

Xrn g rm-1 * Xnn
as given in Wesolowski and Ahsanullah (2004).
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