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Abstract

In this paper we have proposed an almost unbiased estimator using known value of some
population parameter(s). Various existing estimators are shown particular members of the
proposed estimator. Under simple random sampling without replacement (SRSWOR) scheme the
expressions for bias and mean square error (MSE) are derived. The study is extended to the two
phase sampling. Empirical study is carried out to demonstrate the superiority of the proposed
estimator.

Key words: Auxiliary information, bias, mean square error, unbiased estimator,
two phase sampling.

1. Introduction

Consider a finite population U = Uy, Uy, ...Uy of N units. Let y and x stand for the
variable under study and auxiliary variable respectively. Let (yi, x), i=1, 2,.., n
denote the values of the units included in a sample s, of size n drawn by simple
random sampling without replacement (SRSWOR). The auxiliary information has
been used in improving the precision of the estimate of a parameter (See
Cochran (1977), Sukhatme et. al. (1984) and the references cited there in). Out
of many methods, ratio and product methods of estimation are good illustrations
in this context.

In order to have a survey estimate of the population mean Y of the study
character y, assuming the knowledge of the population mean X of the auxiliary
character x, the well-known ratio estimator is

_ X
.=y 2 (1.2)
Bahl and Tuteja (1991) suggested an exponential ratio type estimator as —
te = Vexp{y — ﬂ
re — X  —
X +X (1.2)
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Several authors have used prior value of certain population parameter(s) to find
more precise estimates. Sisodiya and Dwivedi (1981), Sen (1978) and
Upadhyaya and Singh (1984) used the known coefficient of variation (CV) of the
auxiliary character for estimating population mean of a study character in ratio
method of estimation. The use of prior value of coefficient of kurtosis in
estimating the population variance of study character y was first made by Singh
et. al. (1973). Later used by Singh and Kakaran (1993) in the estimation of
population mean of study character. Singh and Tailor (2003) proposed a modified
ratio estimator by using the known value of correlation coefficient. Kadilar and
Cingi (2006), Khosnevisan et. al. (2007), Singh et. al. (2007) Singh and Kumar
(2009) and Singh et. al. (2009) have suggested modified ratio estimators by
using different pairs of known value of population parameter(s).

In this paper under SRSWOR, we have proposed almost unbiased estimator for
estimating Y .

2. Almost unbiased ratio type estimator

Suppose
_ _ faX+b _ (aX+b)-(ax+b
tO - y’ t’I"S = Y( )J trse — yeXp {—}

x+b (aX+b)+(ax+b

Such that ty t_,t...€w, where w, denotes the set of all possible ratio type
estimators for estimating the population mean Y. By definition the set w, is a
linear variety, if

t,, = W +w it + wt, . ew (2.2)
for Xi,w, =1, weR (2.2)
where w, (i=0, 1, 2) denotes the statistical constants and R denotes the set of
real numbers.

To obtain the bias and MSE of t,, we write
y=Y(+e,), X=X({1+e),

such that
E (eo) =E (e1)=0.
E(ef) = f1C7, E(ef) = f1C%, E(eger) = f1pCyCy.
1 1 1 N —\2 1 N 2
h f1=(=--2), S? = =Y/, P-_ = -XJ,
where 1 (n N) y (N_l);(yl ) X (N—l ;(XI )
S C S
Cy:_y’CX:S_X1 K:p—y  p= yx ’
Y X C, SySX
1 N - -
Syy = =YX = X))
VX (N _1) igl(yl )(Xl )
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Expressing t,, in terms of e’s, we have

t, =Y(1+ep) [“’D + w;(1+0e,)" ' + w,exp {— % (1+ Belj'l}] (2.3)
X
where 8= —.
aX+b

Expanding the right hand side of (2.3) and retaining terms up to second order of
e’s, we have

t, =¥ [1+e; — wley + 62w, +2)el - BmeDeI] (2.4)
where w = (o, +%). (2.5)
Taking expectations of both side of (2.4) and then subtracting Y from both side,
we get the bias of the estimator t,,, up to the first order of approximation as
B(t,)=f,¥ [92c§ (o, +%22) - empc}.cx} (2.6)

B(t,.) = f,¥[67C2 — 8pC,C,] (2.7)

363c2 EpC}.Cx:I
g 2

Bltyse) = £,7 | 2.8)

From (2.4), we have
(tw - ?) >~y [EG— 9(‘-)91] (29)

Squaring both sides of (2.9) and then taking expectations, we get MSE of the
estimator t,,, up to the first order of approximation, as

MSE(t,,) = f,¥ [C2 + 0%w?CZ — 26wpC,C, ] (2.10)
This is minimum when

Cy
w= k(= p—c}; )- (2.11)
Putting this value of w(= k) in (2.10), we get the minimum MSE of t, as
min. MSE(t,,) = f,¥?C(1— p%) (2.12)

which is same as that of traditional linear regression estimator
from (2.5) and (2.11), we have

w, +22 =k (2.13)

From (2.2) and (2.13), we have only two equations in three unknowns. It is not
possible to find the unique values for w,_,i = 0,1,2. In order to get unique values

for w,.., we shall impose the linear restriction
wyB(¥) + w,B(t,,) + w,B(t.,.) =0 (2.14)
Equations (2.2), (2.11) and (2.14) can be written as in the matrix form as
1 1 1 W, 1
[o Y ]HH 215
0 B (t'rs} B (trse) (D: 0
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Using (2.15) ,we get unique values of w;, (i=0,1,2) as

© Lo
) 0 = ?
N
o= (2.16)
4
2 = I
where
ﬂr': B(trse) _% B(trs)
A= Blt,){1 — K} +3 B(t,,) {k— 3} (2.17)

A= k.B(t..)
A,=—k B(trs}

Use of these w,_ (i=0,1,2) remove the bias up to terms of order (n}) at (2.1).

3. Product —type estimators

Suppose ty =§, t, = ?(

t =

ak+b
J pse

(a%+b)—(aX+b)
- exp {0
aX+b

(a%+b)+(aX+b)

]

such that ty, t,., t,.. €Q, where Q denotes the set of all possible product —type

estimators for estimating the population mean Y. By definition, the set Q is linear
variety if

tq = Cl.}? + qltps + qztpse EQ (31)
for ¥,q,=1, q;€R (3.2)

where q,(i=0,1,2) denotes the statistical constants.

Expressing t, in terms of e’s, we have

t, = ¥(1+e,) [mD + m1(1 + Bel) + w, exp {e:“ (1+ Bel)'l}] (3.3)
where 8 = EX .
aX+b

Expanding the right hand side of (3.3) and retaining terms up to second power of
e’s, we have

t, = T[l +e, +8qe, —%ef + deDell (3.4)
where g = q, + 2 (3.5)
Taking expectations of both sides of (3.4) and then subtracting Y from both

sides, we get the bias of the estimator t,, up to the first order of approximation
as

B(t,) = £, [-26°C2 + q60C, C, (3.6)
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Bias expression for the estimators t,, and t_.. is given by

B(t,.) =f,Y[BpC,C,] (3.7)
B(t,..) = £,Y [—gefcg + 25 (3.8)
From (3.4), we have

(ty— Y) = Y[e, + Oqe,] (3.9)

Squaring both the sides of (3.9) and then taking expectations, we get MSE of the
estimator tg, up to the first order of approximation, as

MSE(t, ) = f,¥? [C2 + 8%q2C2 + 208qpC,C, ] (3.10)
which is minimum for

q=-k= —pgi (3.11)
Putting this value of q(=-k) in (3.10),we get the minimum MSE of t_ as

min. MSE(t,) = f,Y2C2(1 - p?) (3.12)
which is same as that of traditional linear regression estimator.

From (3.5) and (3.11), we have

g +Z=- (3.13)
From (3.2) and (3.13), we have only two equations in three unknowns. It is not

possible to find the unique values for g;'s, i=0,1,2. In order to get unique values of
gi's, we shall impose the linear restriction

QB (%) + a,B(t,.) + a,B(t,..) =0 (3.14)
Equations (3.2),(3.13) and (3.14) can be written in the matrix form as
1 1 1 Ql T 1
0 1 1/2 [qllz [_k‘ (3.15)
0 B(tps) B(tpe)|laz2] L 0
Solving (3.15), we get the unique values of g;'s (i=0,1,2) as-
9o = i_':j
Q=2 (3.16)
9= i_p:
where
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ﬂp: B(tpse) _% B(tps)
A,0=B(t,. )1 +K} + B(tps){—k— 3}
a;11: -k B(tpse)
Ap,= kB(t,,)

Use of these g;'s (i=0,1,2) remove the bias up to terms of order o(n™) at (3.1).

(3.17)

In Appendix A we have listed some of the important known estimators of the
population mean, which can be obtained by suitable choice of constants
w,i=0,12, q,,i=0,1,2 andaand b.

4. Proposed estimators in two phase sampling

When X is unknown, it is sometimes estimated from a preliminary large sample of

size n’ on which only the characteristic x is measured (for details see Singh et. al.
(2007)). Then a second phase sample of size n (n < n’) is drawn on which both y

.. —_ i v
and x characteristics are measured. Let © = ;E?:l x; denote the sample mean of
. . _ 1 — 1
X based on first phase sample of size n’, ¥ = ;Z;":l_vé and x = ;E;":lx,-, be the

sample means of y and x respectively based on second phase of size n.

In two phase sampling the estimator t... will take the following form

WT
twd = m0d§ + widtrsd + Wy trsed € Wy (41)
for X2, w,q =1, w,4€R (4.2)

(afl+b] —(a%+b
{af+bj)+(‘ai+b

a¥X +b

b) and t,.. = Vexp {

where t,; =¥ (

ax+
To obtain the bias and MSE of t, 5, we write
y=Y(1+e,), X=X(1+e), ¥ =X(1+e,)

such that
E (eo) = E (e1) = E(e1) =0.

E(ed) =f,C2, E(ef)=,C5,  E(€f)=f,C% E(epey)="f1pCyCy
E(ege1)=12pCyCx  E(ere; ) =f,C%

1 1 1 1
where fl:(ﬁ_ﬁ), fZZ(F_N)

Following the procedure mentioned in section 2 and 3, we get bias and MSE of
twd as

_ 3w, Wy
B(t,o) = 7 [67C28; (wsq +22) — BpC,Cify (39 + 29)] (4.3)
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MSE (t.,q) = Y2[f;CZ + f,C2 03 — 2f3pC, Cywy] (4.4)

where f =1—i:f'1—f2.
n n

MSE (t_4 ) is minimum, when

'.l)zd
2

Wig + =wz=k (4.5)
Putting this value of w, in (4.4), we get the minimum MSE of t_; as

min. MSE(t,4) = Y>C2[f, — f5p’] (4.6)
This is same as that of traditional two phase linear regression estimator.

The bias expression for the estimators t,.; and t,_5. iS respectively given by

B(t,eq) = Y[07Cify0,4 — epcycxmeld] (4.7)

B(trsa) = ¥ [87C26, 222 — BpC, C,f, 224 (4.8)

From (4.2) and (4.5), we have only two equations in three unknowns. It is not
possible to find the unique values for wig's i=0,1,2.

In order to get unique values of w_., we shall impose linear restriction

wo B(F) + w,4B(t,5) + ©,4B(t,..a) =0 (4.9)
Equations (4.2), (4.5) and (4.9) can be written in matrix form, as
1 1 1 Wa4 1
0o 1 12 ] ] k] @10
0 B(trsd:} B(trsed) ®Waqd 0

Solving (4.10), we get the unique values of w s, (i = 0,1,2) as

©od = i_c:
©q = i_iz (4.11)
Wzq = i—r:
where
Brg= Bltrssd) =5 Bltrea)
Br0a= Bltoee){(1— 1 +3 B(ta) {k—3] 4.12)

lﬁ:'11:1= k'B(trsedj
lﬁ:'2-\:l: o 'Blitrst:l:J

Use of these wig's (i=0,1,2) will remove the bias up to terms of order O(n™) at
(4.1).
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The estimator t_ written in (3.1), in two phase sampling, will take following form
toa = Qod¥ T Quatpesa t A2atpsea € Qg (4.13)
For ¥L,q,4 =1, q,4€R. (4.14)
where g,,(i=0,1,2) denotes the statistical constants .

The estimators t,,_; and t
(F) ane

t = Vex {Cai+b:-—cia>?+b]
psed = YEXP (ax+b)+(aX'+b

pede A€

t

=l

psd

Following the procedure of section 4, we get the unique values of q4's (i=0,1,2)

as
Apod
Qod = f;
A
Ua =7 (4.15)
o ‘ipzd
Q24 = Do
where
1
lﬂpd: Blitrs.et:l-‘J T B(trsd-‘J
1
Aoa= B(t,eea M1+ k} + = B(t,.q) {—k —%} (4.16)
ap:Ld: - k'B(T'psed)
’ipzd: k 'B(tpsd )
where
B(tpsd) - ?[Bqldf3pcycx] (4-17)
— = 8 2
B(tpaed ) = Y[B qgédePCycx T g Chdfaci} (4-18)

The minimum MSE of t_; is given by

MSE(t,4) = Y?C [f; — f307].

5. Empirical study

For empirical study we use the data sets earlier used by Kadilar and Cingi (2006)
(population 1) and Khosnevisan et. al. (2007) (population 2) to verify the
theoretical results.

70 Pak.j.stat.oper.res. Vol.IV No.2 2008 pp63-76



Almost Unbiased Estimator for Estimating Population Mean using Known Value of Some Population Parameter(s)

Data statistics

Population N n Y X C, C. p Bo(X)
Population 1 106 20 | 2212.59 |27421.7| 5.22 2.10 0.86 34.57
Population 2 20 8 19.55 18.8 0.355 | 0.394 | -0.92 3.06
Table 5.1: Values of wi's and gi's

w;'s Population 1 Population 2

W, 8.590718 7.892148

(qp) (21.417) (2.919085)

W, 11.86615 5.234461

(q,) (16.14158) (3.576773)

W, -19.4569 -12.1266

(a,) (-36.5586) (-5.49586)

The percent relative efficiencies (PRE) of various estimators of Y are computed
and presented in Table 5.2 below.

Table 5.2: PRE of different estimators of Y

Estimator PRE (Pop I) | Estimator | PRE (Pop Il)

fo 100 do 100
ty 212.816 g1 526
to 212.803 g2 550.261
ts 212.606 (o 645.256
ty 212.815 Ja 534.592
ts 212.716 Os 581.732
te 212.810 Js 465.501
tz 143.992 g7 384.447
tg 143.923 Js 285.920
ty 143.988 Jo 338.487
tio 143.990 (O[T0) 374.584
t11 143.991 11 345.118
t12 143.959 gi2 231.602
t13 143.991 Qi3 424.194
t14 143.987 Q14 360.086
tis 143.992 Jis 356.520
tie 143.911 Ji6 467.051

tw(opt) 384.025 ty(opt) 650.263
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In order to see the performance of the suggested estimators in two phase
sampling we use the data set of Murthy (1967) (Population 1ll) and Steel and

Torrie (1960) (Population V).

Population Cy C, p N n’ n
Population 1 0.3542 | 0.9484 | 0.9150 80 30 10
Population2 0.4803 | 0.7493 | -0.4996 30 12 4
Table 5.3 : The values of w;;'s and q;,'s
@ia's Population Ill | Population IV
: opulation opulation
(a:4's) g g
Wog -0.241523 3.011435
oz (1.808833) (1.089979)
Wqg -0.558071 1.370950
G (0.125381) (0.730464)
P 1.799595 -3.382385
(422 (-0.934214) (-0.820443 )

The percent relative efficiencies of various estimators of Y in two phase sampling

are computed and presented in Table 5.4 below.

Table 5.4 : PRE of different estimators of ¥ in two phase sampling

Estimator | PRE (Population ) | PRE (Population II)
y 100 100
toog 36.642 24.562
P 4.849 59.770
trede 200.420 48.365
thoed 23.628 115.142
E 276.156 63.452
ted 34.321 123.762
topt 276.156 123.762

6. Conclusion

From theoretical discussion and empirical study we conclude that the proposed
estimators under optimum conditions perform better than other estimators
considered in the article. The relative efficiencies of various estimators are listed
in Table 5.2 and 5.4.
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Appendix A
Table A.1: Some members of the proposed family of estimators -
w, | w; | W, Ratio Estlm-ator Product Estimator
a b . (corresponding to . .
(qo) | (a4) | (q5) ®,i=0,1,2) (corresponding to q;,i=0,1,2)
t-. =V = v
0 0 1 0 0 o~ ¥ Qo =¥
The mean per unit estimator The mean per unit estimator
¢ _X 1l
=V =V=z=
1 0 0 1 o | 1 vg =Yy
The usual ratio estimator The usual product estimator
_X+Cy _X+Cy
ty =y—_ a2 =y>—(—
1 C, 0 1 0 X+Cx +Cx
Sisodia and Dwivedi (1981) Pandey and Dubey (1988)
estimator estimator
g =y X B2 qg =y X P20
1 | B2x)| O 1 0 X+B2(X) X +B2(x)
Singh et. al. (2004) estimator | Singh et. al. (2004) estimator
\ =y P20+ Cy g =y X209+ Cx
Bo(x) C. 0 1 0 XBo(x) + Cy XPB2(x)+Cy
Upadhyaya and Singh (1999) | Upadhyaya and Singh (1999)
estimator estimator
tg =y XCx *P2() s — 7 2Cx B2
C, Bo(X) | © 1 0 XCy +B2(x) XCy +B2(X)
Upadhyaya and Singh (1999) | Upadhyaya and Singh (1999)
estimator estimator
_ F + pl _[X+p
ts =VY|= Qe =Y [ﬁ ]
1 P 0 1 0 X+tp tP
Singh and Tailor (2003) Singh and Tailor (2003)
estimator estimator
ty =yexp| XX 47 =yeq X
! X +X ! X +X
1 0 0 0 1
Bahl and Tuteja (1991) Bahl and Tuteja (1991)
estimator estimator
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Ratio Estimator

@ W, w- Product Estimator
a b . (corresponding to . .
(907 | (q4) | (q3) @,i=0,1,2) (corresponding to q,i=0,1,2)
=yexp| | | g-yexg— X __
1 | By(x)| o | o | 1 |° X +X+28,(%) X+%X+25,(%
Singh et. al. (2007) estimator Singh et. al. (2007) estimator
tg =yex _Xox =yex _ X=X
1 C, 0 0 1| ° X +X+2Cy % X +X+2C,
Singh et.al. (2007) estimator Singh et.al. (2007) estimator
X -X X - X
tio =Yexp —— =yexpl =——
1 p 0 0 1| {X+X+29 } 10 =Y p{X+7+2p }
Singh et. al.(2007) estimator | Singh et. al.(2007) estimator
) o SBR[ | o] A ]
P2(x) x o | o0 1 | BOYKAR)+A | BRYKARY+A5
Singh et. al. (2007) estimator Singh et. al. (2007) estimator
_ X—x _ X—X
t=yexp GO q12=yexv% GO }
Ce [ Pax)| 0 | O 1 | GO-R+28(9) | CX+2+28(9
Singh et. al. (2007) estimator Singh et. al. (2007) estimator
_ X—X X— X
t=Yyexp Ci(—i) O =Yyexp Ci(x — X)
C, p 0 0 1 | G (X+X)+2p | C(X+X)+2p
Singh et. al. (2007) estimator | Singh et. al. (2007) estimator
X% ] [ %=X ]
ta=yYeXQ—=———— =yex =
p . | oo |1 ]|™ X0+, | | WP G,
Singh et. al. (2007) estimator | Singh et. al. (2007) estimator
oy BOED || s SO
Pa(x) | P o | o 1 B(RQX+X)+2p B(RX+X)+2p |
Singh et. al. (2007) estimator Singh et. al. (2007) estimator
te=yex— SO || g myexy A
P B2 0 | 0 | 2 AX+X)+25(9 AX+X)+25(X |
Singh et. al. (2007) estimator Singh et. al. (2007) estimator
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In addition to above estimators a large number of estimators can also be
generated from the proposed estimators just by putting different values of
constants w;,i=0,1,2, q;,i=0,1,2 and a and b.
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