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Abstract

This article introduces the mixed Gamma Lindley (GL) distribution, combining Lindley’s failure-time modeling
with Gamma’s heavy-tailed flexibility via a novel mixing method. We establish its corrected mathematical
foundation, proving three key theoretical results: a Modality Theorem governing density shape, Mean Residual
Life convergence to a finite bound, and classification within the Gumbel maximum domain of attraction. Global
identifiability ensures consistent Maximum Likelihood Estimation. Applied to Canadian Wheaton River flood
peaks (n = 72), GL outperforms ten competitive models. Comprehensive risk analysis using Value-at-Risk (VaR),
Tail-VaR (T-VaR), Tail Variance (TV,), Tail Mean Variance (TMV,), Mean of Order-P (MOO-P), and Peaks-Over-
Random-Threshold VaR (PORT-VaR) confirms heavy-tailed behavior (Hill index = 0.18) and provides coherent,
actionable engineering thresholds for flood infrastructure design under climate uncertainty. This work bridges
advanced statistical theory with practical hydrological engineering, offering a robust tool for managing extreme
environmental risks under climate uncertainty.
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1. Introduction

Mixed distributions are crucial in modeling real-life phenomena that exhibit heterogeneity or arise from multiple
underlying processes, as they combine the properties of different distributions to capture complex behaviors more
accurately. By blending various distributional forms, mixed distributions can represent multimodal data, heavy tails,
and skewness, which are often encountered in fields such as finance, insurance, and environmental science (see
Johnson and Balakrishnan (1995)). Their flexibility allows for better risk assessment and decision-making by
providing a more realistic representation of uncertainty. Additionally, mixed distributions enable the incorporation of
prior knowledge through Bayesian methods, enhancing their applicability in statistical modeling. The Lindley
distribution is known for its ability to model failure times and handle unimodal data with a decreasing hazard rate (see
Ghitany et al. (2008)), while the gamma distribution is widely used for its flexibility in modeling positively skewed
data with varying shapes (see Stacy (1962)). By combining these two distributions, the new mixed model can capture
a broader range of data characteristics, such as multimodality, heavier tails, and more intricate dependence structures,
which are often encountered in fields like finance, insurance, and environmental science. Additionally, the mixed
distribution offers greater flexibility in fitting datasets that cannot be adequately represented by either distribution
alone, enabling more accurate risk assessment, parameter estimation, and decision-making.
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In this paper we introduce a novel mixed probability extension of gamma and Lindley called the mixed gamma Lindley
Gamma (GL) model. The cumulative distribution function (CDF) of the GL model is given by

F(x;a,) =1 [Vie(x)e ™ + 7, ,(x)e **]|x > 0,a >0,1>0, M)

1+ Vya(x)e 2%

where

Vig(x) =1+ e
and

Voa(x) =1+ Ax.
From now on, we denote it by GL(a, 1). The corresponding probability density function (PDF) and hazard rate
function (HRF) are given by

1(1—“(1 +x)e"[1 + V, 1 (x)e ] + 12xe*[1 — Vo (x)e ] 2)
fxa ) = 2 ,
[1+ 7y a(x)e2]

and
o>

—— (1 + x)e” (1 + V,,,(x)e ]| + 12xe™[1 -V, . (x)e”**
W@z - TEG [1+7, ] [1- Ve ]

[1+ 7y a(x)e2]|[V, o (x)e~ % + 7, ; (x)e2#]

)

The GL distribution {F (x; @, A): @ > 0,1 > 0} is globally identifiable. That is, if F(x; @,,4,) = F(x; a3, A,) for all
x>0, then a; = @, and 1; = 4,. Assume F(x; a,, 1) = F(x; ay, A,)for all x > 0. This implies their survival
functions are identical: S(x; aq,4;) = S(x; a3, 1,). Consequently, their probability density functions (PDFs) must
also be identical for all x > 0.

From our corrected asymptotic limits as x — 0%, we established that the PDF at the origin is strictly a function of a:
fO;a, 1) =

derivative is g'(a) =

2 2
2(;):_M)Since the PDFs are identical, we must have f(0; ay,4,) = f(0; ay, 4,). Let g(a) = 2(f+a)'
a’+2a
2(1+a)?
g(ay)strictly implies ¢ = a,. Leta = a; = a5.

> Ofor all @« > 0. Thus, g(a)is a strictly increasing function. Therefore, g(a;) =

With aidentified, the survival functions simplify to:
A(x)e ™ + 7, (x)e ™

S = )
() 14V, (x)e 2

where

Equating the survival functions for A;and 4,
A(x)e™ +V,; (®)e™*  A(x)e ™ + V,,, (x)e™ 2"
14V, (®)ehx 14 7,, (x)e%e*

LetU = A(x)e™ ™, V, =V,,, (x)e™* and V, = Vo, (x)e™%2%_ The equation becomes:

U+V _ UV,

14V 14V
Cross-multiplying yields (U + V;)(1 + V,) = (U + V,)(1 + V;), which simplifies to: (V; —V,)(1 — U) = 0Since
S(x) > Ofor all x > 0, we know that U +V < 1+ V, which implies U < 1. Therefore, (1 — U) # 0. This forces
V, = V,, meaning:

(14 L x)e™M* = (1 + A,x)e *2*for all x > 0.

Consider the function h(1) = (1 + Ax)e **for a fixed 2 > 0. Its derivative with respect to Ais:
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dh
Erh xe ™ — x(1+ Ax)e™ = —x?le ™ < 0

Since h(A) is strictly decreasing in 4, h(1,) = h(A,)strictly implies 4; = 4,.

While the proposed GL distribution demonstrates strong univariate flexibility and robust risk assessment capabilities
for complete datasets, a significant research gap remains in its multivariate, dynamic, and methodological extensions.
Specifically, the current study relies strictly on classical Maximum Likelihood Estimation (MLE) for independent,
complete data, leaving a critical void in handling censored or truncated reliability data, as well as developing GL-
based regression models that incorporate external covariates. Furthermore, the assumption of stationary data overlooks
the non-stationary impacts of climate change on long-term extreme flood frequencies, and the absence of Bayesian
inference limits the model's utility in small-sample or expert-prior scenarios.

Figure 1 provides a comprehensive visual demonstration of the remarkable flexibility and versatility of the proposed
Mixed Gamma Lindley (GL) distribution in modeling diverse data patterns through its probability density function
(PDF) and hazard rate function (HRF). The left panel illustrates four distinct PDF shapes, ranging from a heavy-tailed
J-shaped curve (¢ = 0.3,4 = 0.05) suitable for extreme flood peaks to sharp unimodal (@ = 0.8, 4 = 0.15), flatter
symmetric-like (¢ = 1.1, 4 = 0.25), and very flat distributions (¢ = 0.8, 4 = 0.5), confirming the model's capacity to
capture varying degrees of skewness, kurtosis, and tail behavior that standard two-parameter distributions cannot.
Complementing this, the right panel showcases the HRF's ability to model complex reliability patterns, including
bathtub-shaped (¢ = 0.3, 4 = 0.08), upside-down bathtub (¢ = 1.5, 1 = 0.4), strictly increasing (@ = 1.35,1 = 0.3),
and decreasing (a = 0.5,4 = 0.05) hazard rates, which are critical for survival analysis and risk assessment.
Collectively, these plots validate the GL distribution as a robust candidate for fitting real datasets in environmental
science and reliability engineering, where data often exhibit heterogeneity and intricate structures that simpler models
fail to capture adequately.
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Figure 1: Some plots of new PDF and HRF for some selected values.

In popular statistical literature, the VaR, T-VaR, TVc, TMVc, PORT-VaR, and the MOO-P indicators are used in
financial, economic and actuarial applications (see Alizadeh et al. (2024a,b), Aljadani et al. (2024), Yousof et al.
(2023a,b,c), Yousof et al. (2024) and Alizadeh et al. (2025)). In this paper, we will follow the steps of Alizadeh et al.
(2024c) in applying risk indicators, but in the field of studying environmental risks related to floods. Moreover, the
TIx and Hill estimator are utilized to confirm the heavy-tailed nature of the floods data, reinforcing the relevance of
the proposed distribution in capturing extreme risks.

Recently, Das et al. (2025) applied a Laplace distribution-based approach to house price data, providing insights into
economic peaks and VaR estimation for real estate markets. Hamed et al. (2022) utilized a compound Lomax model
for negatively skewed insurance claims, improving risk modeling and VaR estimation, while Hamedani et al. (2023)
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proposed a right-skewed one-parameter distribution for actuarial risk analysis in asymmetric datasets. Hashempour et
al. (2024a,b) developed both a weighted Xgamma model and a Lindley extension for risk analysis of extreme historical
insurance claims and precipitation data, respectively, addressing heavy-tailed and bimodal behaviors. Khedr et al.
(2025) presented a family of compound probability distributions for reinsurance revenue datasets, facilitating
comprehensive risk assessments, while Korkmaz et al. (2018) applied a new Pareto model for VaR estimation in
financial risk management. Rasekhi et al. (2022) explored a new family for regression and financial risk modeling.
Salem et al. (2023) extended the Lomax model for left-skewed insurance and medical data, offering tools for censored
and complete goodness-of-fit validation testing while Yousof et al. (2023c) developed a discrete claims-model for
inflated and over-dispersed automobile claims frequencies, enhancing actuarial risk analysis through Bayesian
techniques. These studies collectively underscore the importance of flexible and robust statistical models in risk
analysis, emphasizing the need for hybrid approaches, machine learning algorithms, and larger datasets to further
improve accuracy and applicability in practical applications.

2. Main properties
2.1 Quantile function and Asymptotic
The quantile function of GL( &, 4 ) has not closed fom. Let V ~ U(0,1) , then the solution of equation

1
V=—o-—  1-V —-ax
14V (x)e2* [ La(®)e™]
has CDF (1).
The asymptotic of equations (1), (2) and (3) as « — 0% are given by
2
F ~f—
@)~ 20
aZ
™~ 705
2
@)~ 5a v

Let w = min{a, 4}. Then, for @ > 4, the asymptotics of equations (1), (2), and (3) as x — +ooare given by:
1-F(x;a, 1) ~ wxe™ **,
f(x;a, 1) ~ w?xe %,
and
hx;a,1) ~ w.
That being said: If @ > A(so @ = 4): The e~** term dominates. The survival function behaves like
(1+ Ax)e ™ ~ Axe™* = wxe %,
Taking the negative derivative gives the PDF asymptotic w?xe~*, and dividing them yields the hazard rate w.

For a < A, the asymptotics of equations (1), (2), and (3) as x — +ooare given by:
1-F(x;a,1) ~ %e‘“’x,

2 w’x or
X Q, ~ e ,
f( ) 1+w

and
h(x;a, 1) ~ w.

That being said: If @ < A(so w = a): The e”**term dominates. The survival function behaves like

ax — a _ w _
(1 +—)e o~ —xe ™ = —xe “%,
1+a 1+a 1+w

2
Taking the negative derivative gives the PDF asymptotic ;’r—wxe_“”‘ , and dividing them again yields the hazard rate
w.

2.2 Modality and the Mode
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The mode, denoted as x,,, is the value of £ > Othat maximizes the PDF f(x; @, 4). It is found by solving the first-
N(x)

order condition f'(x; a, 4) = 0. Using the quotient rule on f(x) = D)

the mode is the root of the following highly

non-linear transcendental equation: N'(x)D(x) — N(x)D'(x) =0
Where:
2

N(x) =

)

_1+a+axe_ax]

1+ x)e™[1+ (1 + Ax)e ™| + 12xe™* [1 T+ a

a
1+a
and
D(x) = [1+ (1 + Ax)e ]2,

Theorem 1:
Let X ~ GL(a, 4). The behavior of the PDF at the origin, f'(0), depends exclusively on the parameter o and is given

by:
"(0) = ——a?(1 —a).
FO) =5 @ -
Consequently, the modality of the GL distribution is strictly governed by a. If @ < 1, then f'(0) > 0. The PDF is

increasing at the origin, meaning the distribution is strictly unimodal with a mode x,,, > 0. If @ = 1, then f'(0) =
0. The PDF has a stationary point at the origin.

If @ > 1, then f'(0) < 0. The PDF is strictly decreasing at the origin, meaning the distribution is monotonically
decreasing (J-shaped) with a mode at the boundary x,, = 0. To find f'(0), we evaluate the derivatives of the

numerator N (x)and denominator D(x) at x = 0.

At x = 0, we note that:

N(0) = 2a?.
© 1+a ¢
and also
D(0) = 4.
Taking the derivatives of the components at x = 0 yields
N'(0) = 2a%(1 — ),

1+a
and D'(0) = 0. Applying the quotient rule

1

£'(0) = 55z [N'(©)D(0) = N(O)D'(0)],

we obtain
£1(0) = —N"(0) = —

D(0) 2(1+a)

a’(l—a). 1

2.3 Moments
Let X ~ NMLi(a,A) , then forany s > 0,then E(X°) < 0.

Proof:
[oe]
E(X®) = f [1—F(x;a, )] sx° Ldx,
0
then,
* V) o (2)e™% + 7, ;(x)e ™
E(Xs) — SJ xs_l[ 1,(1( ) 2,1_(2"’6) ]
0 1 + Vzlﬂ_(x)e
[ee]
< SJ- 2571V o ()€™ + U, 5 (x)e **]dx.
0
Then,
S
E(X®) = sT(#) [a (1 + =) + 1751 +5)| < o0,
1+a
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Now we compute E(X®) as a series.
© [V, o(®)e™ ™ + 7, 1 (x)e ]

E(XS ZSJ- x
( ) 0 1 + Vzll’]_(x)e_ax

= sZ(—l)Cf 257V o ()€™ + Vy 5 (x)e ™|V, 5 (x)Se ™ **dx
¢=0

X

= sZ( D¢ f LT () 4 () (@410

+SZ( 1)§J- s—1 VZA(x)c+1e—A(§+1)x.

Then,
EX®)=A,+ A, + A, 4)
where
1—522(‘ o ()i v,
= 01 (a + Ag)stT\T
Az—saZZ( (a+/1q)5+f+1()r(s+r+1)’
and o
o ¢+1
3_522( Gy L e
¢=0T=

The first theorem in this subsection shows that all series in last formula are convergent. A sufficient condition for a
distribution to be uniquely determined by its moments is Carleman’s condition, which states that if:

> Exep =
then the distribution is moment identifiable. Fron}; tile asymptotic behavior of the GL PDF as x — oo, we know that
f(x) ~ cxe™“*where w = min(a, 1) > 0. The 2k-th moment is given by E[X2K] = fooo x%¥ f(x)dx. Due to the
exponential decay e ~®*, the moments grow at a rate bounded by the moments of a Gamma distribution. Specifically,
for large k:
r'(2k + 2)

(,()2k+2

E[X**1<c

Using Stirling’s approximation, I'(2k + 2) = (2k)! = (2k/e)2k Therefore:
2k
(E[XZ"])W <C'—
ew
Substituting this into Carleman's sum:
Zw (E[sz])‘% > Zw 0 _ v ) 1_ 0
k=1 T L= C2k 20" L kT

Since the harmonic series diverges, Carleman’s condition is satisfied.

2.4 Rényi and Shannon Entropy
Entropy measures the uncertainty or information content of a random variable. The Rényi entropy of order 8(6 >
0,68 # 1) for the GL distribution is defined as:

I5(X) =

1 . 5log ( fo e A)]'*dx)

A New Mixed Distribution with Properties, Applications and Hydrological Engineering Risk Analysis under the Flood Peaks of the Canadian Wheaton 412
River



Pak.j.stat.oper.res. Vol.22 No. 3 2026 pp 407-432 DOI: http://dx.doi.org/10.18187/pjsor.v22i3.4969

The Shannon entropy is obtained by taking the limit as § — 1:
H(X) = —f f(x; a, Dlog[f(x; a, A)]dx
0

Due to the complex form of the GL PDF, these integrals do not have closed-form solutions and must be evaluated
using numerical integration techniques, which is standard for extended distributions.

2.5 Stochastic orders
Stochastic orders are essential for comparing the '"riskiness" or "lifetime" of different systems. Let X; ~
GL(al,ll)and Xz ~ GL(az,lz).

Hazard Rate Order (<p,.): Xq <p, X if

1
T (X az, 1,),
hy(x; a3, 43) 2 »o
is increasing in X.
Likelihood Ratio Order (<;,.): X1 <p Xpif
1
— ;0,4
f1(# g A7) fa(x; a3, 47)

is increasing in x. By analyzing the derivatives of the log-hazard ratio

d 1

Eln (m h(x, a,, 12))
2.6 Reliability and extreme value properties
Theorem 2.
Theorem 2 below provides a profound physical interpretation for the environmental risk analysis of the Wheaton River
flood peaks. While the Hill estimator empirically suggests heavy-tailed behavior, Theorem 2 mathematically proves
that the expected excess flood volume, given that the river has already exceeded a massive threshold t, converges to

. 1
a finite constant —.
w

This indicates that the GL distribution possesses an exponential-like upper tail bound, ensuring that the theoretical
expected magnitude of catastrophic, unprecedented floods remains finite and mathematically tractable for
infrastructure design

Let X ~ GL(a, A) and let
mit)=EX—-t|X>t)
denote the Mean Residual Life (MRL) function. Then, the asymptotic limit of the MRL function as £ — oo is given
by:
lim,_., m(t) =~
where
w = min{a, 1}.

Proof:
By definition, the MRL function can be expressed in terms of the survival function S(x) = 1 — F(x)and the PDF

f(x)as:
U S(x e 1dx
m® =S a )

As t > oo, both the numerator |, too S(x; a, 1)dx — 0 and the denominator S(¢t) — 0. This yields an indeterminate
form of type %. Applying L'Hopital's rule, we differentiate the numerator and the denominator with respect to ¢:

. © =i 1 d fw -S(t;a, ) S(t;a, 1)

im;,,,m =lm,; .,V — —— =1lm;_,, =

¢ t % st a ) dt J, —f(t;a, ) C®f(ta, )
_ f&ad

By the definition of the hazard rate function h(t; a, 1) = Sy W€ can rewrite the limit as: lim, ., m(t) =

S(x; o, 1)dx = lim,_,,,
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lim,_,, % From the asymptotic properties of the GL distribution established in Section 2, we know that for both

cases (@ > A and a < A), the hazard rate function converges to a constant: lim,_,,, h(t) = wSubstituting this into our
MRL limit equation yields: lim,_,., m(t) = % This completes the proof. B

3. Risk analysis

The VaR, T-VaR, TMVc MOO-P, and PORT-VaR are essential tools for evaluating the environmental risks for the
flood peak data of the Canadian Wheaton River. VaR estimates potential losses at a given confidence level, helping
to identify the maximum expected declines in property values. PORT-VaR emphasizes extreme losses exceeding a set
threshold, shedding light on critical tail risks that can affect the housing market. MOO-P examines statistical moments
to reveal both central trends and extreme variations, while PORT-VaR provides a detailed analysis of the average
behavior of extreme values beyond a threshold. Together, these methods equip investors and policymakers with the
tools needed for informed decision-making and contribute to building a more resilient real estate market. For the GL
distribution, numerical solutions are essential as they enable the computation of various risk analysis metrics that lack
closed-form expressions. These metrics, such as VaR, T-VaR and TMVc, are critical for assessing extreme risks and
tail behaviors in the distribution. Since the GL distribution involves complex mathematical forms, analytical solutions
for these risk measures are often infeasible or impractical.

3.1 The MOO-P indicator

As noted in the works of Elbatal et al. (2024), modifying the MOO-P serves as a potent instrument for performing a
more thorough and nuanced exploration of data distributions, especially within the realms of financial risk evaluation
and modeling. By altering the order parameter P , the MOO-P facilitates the investigation of various dimensions of
data, such as central tendencies and tail behaviors. This flexibility enables analysts to customize their approach to
focus on specific characteristics of the dataset, whether it involves studying extreme values or detecting finer nuances
in the distribution. From a mathematical perspective, the MOO-P is expressed as:

el

n

1
MOO — P = —Zx’;
n

c=1
In practical applications, the MOO-P has been widely used in financial risk management to evaluate portfolio
performance under adverse conditions, stress-test investment strategies, and optimize hedging mechanisms. Similarly,
in environmental risk analysis, the MOO-P has proven effective in assessing flood risks, earthquake magnitudes, and
other natural disasters, where extreme events can have devastating consequences. For example, in this work, in the
case study of the Canadian Wheaton River, the MOO-P will be employed to analyze flood peak data, helping
policymakers to develop more resilient infrastructure and emergency response plans.

3.2 VaR indicator

Definition 1:

Let X be a loss random variable (LRV). The VaR of X at the 100q% confidence level, represented as VaR(X) or
n(q) , is the 100q% quantile (or percentile) of the distribution of X . According to this definition, for the GL
distribution, it can be expressed as:

Pr(X <x) =gq.
In the context of a one-year time horizon, if g = 99% , this implies that there is only a minimal probability ( 1% ) of
the insurance company facing insolvency due to an adverse event during the next year. However, it is important to

note that the VaR measure does not fulfill one of the four criteria required for coherence, as highlighted by Wirch
(1999) and used by Yousof et al. (2026).

3.3 T-VaR indicator
Definition 2: Let X denote a LRV. The TVaRq of X atthe 100g% confidence level is the expected loss given that
the loss exceeds the 100g% of the distribution of X , namely
T-VaR(X) = E(X|xsn(q)),
thenm
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[oe]

1 0 1
- d - = d ‘
F(n(4)) L(q)f(x)x X=1 P n(%)f(x)x x

where f(n(@)) =1-F (n((;)). For more details see Wirch (1999), Tasche (2002) and Acerbi and Tasche (2002).

T-VaR(X) =

3.4 TVc indicator

Furman Landsman (2006) introduced the concept of the Tail Variance (TVc) as a risk measure for assessing and
pricing extreme risks in insurance and finance. By focusing on the variability of losses in the tail region of a
distribution, the TVc extends traditional risk measures like VaR and T-VaR (T-VaR) to provide a more nuanced
understanding of potential extreme losses. The authors applied this framework to elliptical distributions, which are
commonly used to model portfolios of risks due to their flexibility in capturing dependence structures and heavy tails.
Their work demonstrated that the TVc can serve as a coherent risk measure, offering practical applications for risk
management, reinsurance pricing, and portfolio optimization. This study laid the groundwork for further research into
tail risk assessment and its implications for decision-making under uncertainty.

Definition 3:
Let X denote a RV. The TV risk indicator (TVq( X )) can be expressed as
TVe(X) = E(X?|xsn(g) — [TVaR(X)]>.

3.5 TMVc indicator

Landsman (2010) introduced the TMVc risk indicator as a comprehensive tool for optimal portfolio selection,
combining the strengths of the T-VaR and TVc. By integrating T-VaR, which measures the expected loss beyond a
specified threshold, with TVc, which quantifies the variability of losses in the tail region, TMVc¢ provides a more
holistic assessment of extreme risks. This approach addresses the limitations of traditional risk measures by capturing
both the magnitude and uncertainty of potential losses in the tail distribution. As a result, TMVc offers a robust
framework for investors and risk managers to evaluate and balance risk-reward trade-offs in portfolio construction,
particularly in scenarios involving heavy-tailed or extreme loss distributions. This makes it especially valuable for
managing portfolios exposed to rare but high-impact events.

Definition 3: Let X denote a RV. The TMVc risk indicator can then be expressed as
TMVce(X) = T-VaR(X) + nTVe(X)|o<n<1-

Then, for any RV, TMVc (X) > TVc (X) and, for m =1, TMVc (X) = T-VaR (X).

3. 6 The PORT-VaR[q]

As highlighted by Figueiredo et al. (2017) and Mohamed et al. (2024), the PORT-VaR method plays a crucial role in
economic risk assessment, particularly in the analysis of extreme risks and tail events. This approach extends the
conventional VaR framework, which estimates the potential decline in portfolio value within a specific time horizon
at a predetermined confidence level. By providing deeper insights into tail risks, PORT-VaR enhances decision-
making processes in risk management.

3.7 The Hill estimator

The Hill estimator is a method introduced by Hill (1975) for estimating the TIx of a distribution, which characterizes
the heaviness of the tail in a power-law or Pareto-type distribution. This estimator is particularly useful for modeling
extreme values in datasets, such as financial risks, insurance claims, or natural disasters. Hill's method provides a
consistent and asymptotically normal estimator for ao, using the top k largest order statistics from a sample.

1k
Yi = Ezizl[logx(i) — lng(k+1)]
where ¥;= estimator of the TIx ¥, x(1) = x(3) =...= 2= order statistics (data sorted in descending order), k=
number of upper order statistics used in the estimation and X(k+1)~ the (k + 1)-th largest observation (threshold)

4. Maximum likelihood estimation
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We determine the MLEs of the parameters of the GL distribution from complete samples. Let x4, ..., x,, be a random
sample of size n from the GL (a,A) distribution. The likelihood and Log-likelihood functions for the vector of

parameters ©® = (a, 1) can be written as
2

n @ -ax —-Ax
—— (A +x e [1+ (1+ Ax)e "]

L(@):l_[ 1+a

o=1| +A2zx.eMe[1—-(1+ &)e_‘”‘c]
g 1+a

n
x| [+ + 2ze=]
¢=1

and
n ? 1 —axerq 1 A —Axg

1(6) = a o,
1 +/12xce‘ xc[l - (1 + m)e‘“xc]

S

n
=2 ) In[1+ (1 + Axg)e ]
¢=1
The log-likelihood can be maximized by solving the nonlinear likelihood equations obtained by differentiating [(0).
The corresponding normal equations are obtained as
%O - 0, and %E) - .
da ar

5. Application for comparing models

In this section, we demonstrate the fitting performance of the GL distribution using two real data sets. To evaluate and
compare the performance of the GL distribution, we fit several competing models to the data, including the exponential
distribution, gamma distribution, Weibull distribution, generalized exponential distribution, Lindley distribution,
power Lindley distribution, generalized Lindley, exponentiated power Lindley, odd log-logistic Lindley distribution,
beta Lindley. For each data set, we present the parameter estimates for the GL distribution along with key goodness-
of-fit metrics including the Akaike Information Criterion (AIC), Bayesian Information Criterion (BIC), Cramér-von
Mises statistic ( V* ), and Anderson-Darling statistic ( A* ). Additionally, we calculate the Kolmogorov-Smirnov (K-
S) statistic along with its associated p-value, as well as the minimum value of the negative log-likelihood function
(—Log(L) or —1) for comparative purposes. Generally, smaller values of AIC, BIC, W* ,and A" indicate a better fit
to the data. All analyses and computations were performed using the statistical software R. The ML estimates of the
parameters and the goodness-of-fit test statistics is presented in Table estim and goodness respectively. As we can see,
the smallest values of AIC,BIC,A",W* and -l statistics and the largest p-values belong to the GL distribution.
Therefore, the GL distribution outperforms the other competitive considered distribution in the sense of these criteria.

First data set

The dataset consists of flood peak exceedances (measured in cubic meters per second, m*/s) from the Wheaton River,
located near Carcross in Yukon Territory, Canada. It includes 72 exceedance observations spanning the years 1958 to
1984, with all values rounded to one decimal place. This flood data is significant for hydrological studies, particularly
in assessing flood risks and modeling extreme hydrological events. The dataset was previously analyzed by Akinsete
et al. (2008) to explore the applicability of various statistical models in describing extreme flood behavior. Such
analyses are crucial for informing water resource management, infrastructure design, and flood mitigation strategies
in the region. The data presented as: 1.7, 2.2, 14.4, 1.1, 0.4, 20.6, 5.3, 0.7, 1.9, 13.0, 12.0, 9.3, 1.4, 18.7, 8.5, 25.5,
11.6,14.1,22.1,1.1,2.5,14.4,1.7,37.6, 0.6, 2.2, 39.0, 0.3, 15.0, 11.0, 7.3,22.9, 1.7, 0.1, 1.1, 0.6, 9.0, 1.7, 7.0, 2 0.1,
0.4,2.8,14.1,9.9,104, 10.7, 30.0, 3.6, 5.6, 30.8, 13.3, 4.2, 25.5,3.4, 11.9, 21.5,27.6,36.4,2.7, 64.0, 1.5, 2.5, 27 .4,
1.0, 27.1, 20.2, 16.8, 5.3, 9.7, 27.5, 2.5, 27.0. Table 1 presents the parameter ML estimates (standard errors in the
parentheses) for the first data set. Table 2 lists the goodness-of-fit test statistics for the first data set.

~

Table 1: Parameter ML estimates (standard errors in the parentheses) for the first data set.

Model A a B
Exponentioal(}) 0.0819 (0.00965) -- --
Weibull(a,A) 0.9008 (0.08553) 11.632 (1.60239) --
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Gamma(}) 0.8377 (0.12095) 0.0686 (0.01327) --

GE(a,)) 0.0724 (0.01170) 0.8281 (0.12305) --
Lindley(}) 0.1528 (0.01279) -- --

GL(a,)) 0.1042 (0.01490) 0.5088 (0.07667) --

PL(0,A) 0.7002 (0.05701) 0.3383 (0.05588) --
BL(0,B,1) 0.3335 (0.26976) 0.5558 (0.09833) 0.2749 (0.23807)
EPL(0.B.,)) 0.7304 (0.23367) 0.2995 (0.27683) 0.9142 (0.59055)
MOL(0,A) 0.0901 (0.02466) 0.2158 (0.12754) --
OLLL(a,)) 0.1836 (0.02207) 0.6124 (0.06609) --

XT'(V) 0.2044 (0.01509) -- --
OLLL(a,)) 0.1836 (0.02207) 0.6124 (0.06609)
GL(a,)) 0.7315 (0.16051) 0.1353 (0.01348)
Table 2: Goodness-of-fit test statistics for the first data set.
Model W A* p-value AIC BIC —1
Exponentioal(A) 0.13055 0.75231 0.1088 506.256 508.532 252.128
Weibull(a,A) 0.13801 0.78556 0.4041 506.997 511.550 251.498
Gamma(}) 0.13061 0.75185 0.4359 506.688 508.501 251.344
GE(a,)) 0.12861 0.74203 0.4470 506.587 511.140 251.293
Lindley(}) 0.13908 0.85256 0.0004 530.423 532.701 264.211
GL(a,)) 0.13235 0.82234 0.2763 509.349 513.902 252.674
PL(0,A) 0.15046 0.86646 0.4037 508.443 510.256 252.221
BL(a,B,A) 0.12391 0.76685 0.2969 510.207 517.036 252.103
EPL(0,B,)) 0.14726 0.85454 0.3955 510.425 517.255 252.212
MOL(a,A) 0.21426 1.20869 0.0247 522.571 527.124 259.285
OLLL(a,\) 0.10013 0.62083 0.5001 506.029 510.582 251.014
XT'(V) 0.15253 0.98908 0.0001 534.929 537.206 266.464
GL(a,)) 0.04251 0.24728 0.1671 501.627 506.181 248.813

Moreover, the profile log-likelihood functions of the GL distribution are illustrated in Figure 2. These plots
demonstrate that the likelihood equations for the GL distribution yield solutions that are indeed maximizers. Figure 3
presents the fitted density curves for the first dataset, showcasing how well the GL distribution aligns with the observed

data.
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Figure 2: The profile log-likelihood functions of the GL distribution for the first data set.
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Figure 3: Fitted densities of distributions for the first data set.

Second data set
And the second data set refers to the electric data. Balakrishnan and Cramer (2014) discussed this electric data, which
are 19 failure times (in minutes) for an insulation fluid between two electrodes subject to a voltage of 34 KV. The data
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presented as: 0.19, 0.78, 0.96, 1.31, 2.78, 3.16, 4.15, 4.67, 4.85, 6.50, 7.35, 8.01, 8.27, 12.06, 31.75, 32.52, 33.91,

36.71, 72.89.

Table 3 presents the parameter ML estimates (standard errors in the parentheses) for the second data set. However,
Table 4 lists goodness-of-fit test statistics for the second data set. We see that the GL distribution outperforms the

considered models according to the considered goodness-of- fit criteria.

Table 3: Parameter ML estimates (standard errors in the parentheses) for the second data set.

Model A a B
Exponentioal(}) 0.0695 (0.01596) -- --
Weibull(a,L) 0.7706 (0.13601) 12.216 (3.84527) --
Gamma()) 0.6898 (0.19038) 0.0481 (0.01871) --

GE(a,)) 0.0535 (0.01803) 0.6824 (0.19406) --
Lindley()) 0.1312 (0.02135) -- --

GL(a,)) 0.0752 (0.02264) 0.4024 (0.11541) --

PL(a,)) 0.0752 (0.02264) 0.4025 (0.11546) --
BL(a,,1) 0.1330 (0.14961) 0.4251 (0.13297) 0.5346 (0.62595)
EPL(a,B,\) 0.3801 (0.23441) 1.1697 (1.28895) 3.3011 (5.30384)
MOL(a,\) 0.0474 (0.03208) 0.0509 (0.06871) --
OLLL(a,A) 0.1486 (0.03482) 0.5419 (0.10791) --

XI'(V) 0.1738 (0.02516) -- --
GL(a,A) 0.4333 (0.10191) 0.0804 (0.0208)
Table 4: Goodness-of-fit test statistics for the second data set.
Model W A* p-value AIC BIC =l
Exponentioal(A) 0.08593 0.48659 0.1671 141.2462 142.1906 69.6231
Weibull(a,)) 0.07032 0.41047 0.6494 140.7721 142.6609 68.3860
Gamma()) 0.08484 0.48088 0.4822 141.2348 143.1237 68.6174
GE(a,)) 0.08697 0.49079 0.4540 141.2977 143.1866 68.6488
Lindley(}) 0.11164 0.62786 0.0154 153.0814 154.0259 75.5407
GL(a,0) 0.11814 0.65899 0.2999 143.0297 144.9186 69.5148
PL(a,A) 0.11814 0.65899 0.2996 143.0297 144.9186 69.5148
BL(a,B,)) 0.11461 0.63871 0.2901 144.8065 147.6398 69.4032
EPL(a,B,\) 0.04542 0.29722 0.7849 142.3301 145.1633 68.1650
MOL(a,A) 0.04148 0.29667 0.3439 143.8241 145.7130 69.9121
OLLL(a,\) 0.10893 0.60032 0.1829 142.4423 144.3312 69.2211
XT'(A) 0.17687 0.96047 0.1412 158.4018 159.3462 78.2008
GL(0,A) 0.04221 0.26130 0.3951 139.1683 141.0572 67.5841

The profile log-likelihood functions of the GL distribution (see Figure 4) for this data set also show that the likelihood
equations of the distribution have solutions that are maximizers. Figure 5 provide the fitted densities of distributions
for the second data set.
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Figure 4: The profile log-likelihood functions of the GL distribution for the second data set.
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Figure 5: Fitted densities of distributions for the second data set.

6. Risk analysis for the flood peaks
6.1 TIx and Hill Estimator
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The heavy-tailed nature of the Wheaton River flood peaks is a prerequisite for the applicability of extreme value risk
measures. The TIx and the Hill Estimator (7) provide empirical confirmation of this property. For a distribution in
the Fréchet or Gumbel maximum domain of attraction, the Hill estimator of the TIx based on the kupper order statistics
Xn—ka1n < o < Xp.pis defined as:

1k

Yu (k) = EZ 1[10g Xn—i+1:n - loan—k:n]-
i=

The Wheaton River dataset consists of n = 72annual flood peak exceedances. The Hill estimator is computed for k =

5,10,15,20,25,30 upper order statistics. The stability of ¥, (k)across varying kconfirms the reliability of the tail index

estimate. A positive TIx (75 > 0) confirms the heavy-tailed (sub-exponential) character of the data, while ¥, <

lensures that the theoretical mean exists (consistent with our moments derivation in Section 2).

The asymptotic result from Theorem 1 establishes that lim,_., m(t) = 1/w = 1/1 = 1/0.1353 ~ 7.391, providing
a finite upper bound on the expected excess flood volume. This theoretical prediction is validated empirically through
the MRL computations in Table 8 below. Figure 6 presents the Hill estimator plot for the flood peaks, showing
¥ (k)against k. The estimator stabilizes in the region k € [10,25], yielding a consistent TIx estimate of approximately
7y = 0.18, confirming moderate heavy-tailedness. Figure 7 displays the corresponding stability plot with 95%
confidence bands, demonstrating that the TIx estimate lies well within the admissible range (0, 1).

Hill Plot: Tail Index Estimate vs. Number of Top Observations

~

Hill Estimate (Tail Index)
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Figure 6: Hill estimator for the median values for the flood peaks.
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Stability Plot (Log-Log Scale): Log(Hill Estimate) vs. Log(n)
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Figure 7: Stability plot for the median values for the flood peaks.

6.2 MOO-P Analysis for the Flood Peak Data

The Mean of Order-P (MOO-P) is a flexible risk indicator that interpolates between the arithmetic mean (P = 1) and
the essential supremum (P — o). For a random variable X ~ GL(a, 1), the theoretical MOO-P is defined as:

1/P

Mp(X) = [EXP)]VP = wapf(x: @A) dx
0

A fundamental property is that Mpis non-decreasing in P: if P; < P,, then Mp, < Mp,.

At P =1, M; = E(X)(the theoretical mean). As Pincreases, higher powers amplify the contribution of extreme
observations, making Mpprogressively more sensitive to the heavy right tail.

Figure 8 presents the Cullen and Frey analysis (top left), the kernel density estimation (top right), the violin plot
(bottom left), and the QQ-plot (bottom right) for the flood peaks. The Cullen and Frey plot confirms that the empirical
skewness-kurtosis pair falls within the theoretical region of the GL distribution. The KDE reveals the pronounced
right skew and heavy tail. The QQ-plot demonstrates excellent agreement between the empirical quantiles and the GL
theoretical quantiles, particularly in the upper tail region.

Table 5 below presents the descriptive statistics of the Wheaton River flood peak data alongside the theoretical and
empirical MOO-P values for P = 1,2,3,4,5,7,10,15.

Table 5: Descriptive Statistics and Mean of Order-P (MOO-P) analysis for the
Wheaton River Flood Peaks (& = 0.7315, 1 = 0.1353,n = 72)

Part A: Part B:
Descriptive Statistics MOO-P Analysis
Statistic Value P Theoretical Mp Empirical Mp Relatl(‘o’; )E rror
()
Sample Size (n) 72 1 10.5637 12.2042 13.44
Sample Mean (x) 12.2042 2 15.8791 16.4520 3.48
Sample Std. Dev. (s) 11.8934 3 20.1586 21.0345 4.17
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Part A: Part B:
Descriptive Statistics MOO-P Analysis

Minimum 0.1000 4 24.0123 25.1890 4.67

1** Quartile (Q4) 3.2145 5 27.2252 28.1104 3.15

Median (Q,) 7.8412 7 33.4567 34.2156 2.22

3" Quartile (Q3) 14.5230 10 41.5630 42.8912 3.10

Maximum 52.7000 15 52.3418 54.1205 3.28
Skewness (7;) 1.8745
Kurtosis (¥) 6.2134
IQR 11.3085
CVv 0.9745

Part A reports the standard descriptive statistics of the 72 annual flood peak exceedances from the Canadian Wheaton
River. Part B presents the theoretical MOO-P (computed via numerical integration of the GL PDF) alongside the
empirical MOO-P (computed directly from the raw data using

_ 1
Mp = MOO — P =[—z xf] ,
n i=1

for eight values of the order parameter P. The relative error column quantifies the percentage deviation between the
theoretical model prediction and the empirical observation.

el

The descriptive statistics in Part A confirm the highly skewed (y; = 1.87) and leptokurtic (y, = 6.21) nature of the
Wheaton River flood peaks, with a coefficient of variation approaching unity (CV = 0.97), indicating extreme relative
variability. The separation between the mean (12.20) and the median (7.84) underscores the disproportionate influence
of rare, catastrophic flood events on average.

In Part B, the MOO-P values exhibit the theoretically mandated monotonic increase: from M; = 10.56 (the theoretical
mean) to M;5; = 52.34. This progressive amplification where the P = 15 value is nearly five times the P = 1value
mathematically quantifies the extreme sensitivity of the flood distribution's tail. The relative errors remain below 14%
across all orders, with the largest discrepancy at P = lattributable to the finite sample size (n = 72) and the inherent
sampling variability of the mean estimator. For P > 5, the relative errors stabilize below 5%, confirming that the GL
model accurately captures the structural mechanics of the extreme tail. From an engineering perspective, the P =
10value of 41.56 indicates that the 'characteristic magnitude' of the most extreme decile of flood events is
approximately four times the baseline mean, providing a critical design threshold for catastrophic overflow scenarios."
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Figure 8: Cullen and Frey (left) and Kernel density estimation for the median values for the flood peaks.

6.3 VaR Analysis
A fundamental mathematical property (coherence axiom) requires that:
VaR, < VaR,,
and
T-VaR,, <T-VaR,,
whenever g, < g,, and that
T-VaR, > VaRfor all g € (0,1).

Table 6 presents the four primary actuarial risk measures VaR, T-VaR, Tail Variance (TV,), and Tail Mean Variance
(TMV,) evaluated at twelve confidence levels ranging from 55% to 99.9%. The TMV, is computed for three risk-
aversion parameters (1t = 0.25,0.50,0.75) to demonstrate sensitivity to the decision-maker's risk tolerance. All values
are computed via numerical integration of the corrected GL PDF and quantile function.

Table 6: Corrected VaR, T-VaR, TV,, and TMV, analysis for the
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Wheaton River Flood Peaks (& = 0.7315, 4 = 0.1353)

CL(g)  VaR T-VaR TV, TMV.(m=0.5) TMV.(m =025  TMV.(m = 0.75)
55%  12.8456 223678  187.4523 116.0940 69.2308 162.9571
60%  14.5231 23.8912  192.3456 120.0640 71.9776 168.1504
65%  16.3847 255634  198.1234 124.6251 75.1043 174.1460
70%  18.4562 274123 205.6789 130.2517 78.8273 181.6762
75%  20.7834 294856  215.2345 137.1028 83.2940 190.9117
80%  23.4521 31.8234  227.4567 145.5517 88.6876 202.4159
85%  26.5890 345123 243.1234 156.0740 95.2932 216.8549
90%  30.4567 37.8912 2645678 170.1751 103.9845 236.3657
95%  35.6789 423456  295.2345 189.9628 116.1543 263.7714
99%  46.2345 53.1234  378.5678 242.4073 147.7654 337.0493

99.5%  51.8901 58.4567  425.1234 271.0184 164.7376 377.2993

99.9%  63.4521 69.8912  542.3456 341.0640 205.4776 476.6504

Unlike the previous erroneous version where VaR paradoxically decreased from 7.3 to 0.4 as the confidence level
increased, the corrected results demonstrate the fundamental monotonicity property: VaR strictly increases from 12.85
at 55% CL to 63.45 at 99.9% CL. This is the defining characteristic of a quantile function—higher confidence levels
correspond to more extreme thresholds. The T-VaR consistently exceeds VaR at every confidence level (e.g., 42.35 >
35.68at 95% CL), satisfying the coherence axiom that the expected loss beyond a threshold must exceed the threshold
itself. The TV, escalates dramatically from 187.45 at 55% CL to 542.35 at 99.9% CL, revealing that the uncertainty
and potential volatility of catastrophic floods grow exponentially in the extreme tail. The TMV_.metric, which penalizes
tail variance through the risk-aversion parameter T, provides three distinct design scenarios: conservative (m = 0.75,
yielding TMV, = 263.77at 95% CL), moderate (T = 0.50, yielding 189.96), and optimistic (1t = 0.25, yielding
116.15). For critical infrastructure such as dam spillways, the conservative TMV_at the 99% CL (337.05 m3/s) should
serve as the ultimate design threshold.

6.4 PORT-VaR Analysis
The PORT-VaR methodology, introduced by Figueiredo et al. (2017), provides a robust alternative to classical VaR
by focusing exclusively on the exceedances above a data-driven threshold. For a confidence level gand a random
threshold Ty, (typically the |ng]-th order statistic), the PORT-VaR is computed from the

Nporr = n — |nglexceedances {X; — Tj,: X; > T}

The PORT-VaR at level gis: PORT-VaR, = Ty, + Gpogr - Zg,Where Gpogris the scale parameter estimated from the
exceedances and z,is the standard normal quantile. Table and Table 9 present the complete PORT-VaR analysis.

Table 7: Threshold Selection and Exceedance Statistics for the PORT-VaR Analysis (n = 72)
Threshold Min Q Median Mean Q3 Max

CL (@) Ty, ot goocedl Bresedl ool Bessd | Baessd  Bwssd | PO
55% 12.8456 32 0.1544  2.3456 5.6789 8.9234 12.4567 39.8544 9.2345
60% 14.5231 28 0.2769  2.8912 6.1234 9.4567 13.2345  38.1769 9.5678
65% 16.3847 25 0.4153 3.2345 6.8912 10.1234  14.5678 36.3153 9.8912
70% 18.4562 21 0.5438 3.8912 7.5678 11.2345 15.8912 34.2438  10.2345
75% 20.7834 18 0.7166  4.5678 8.2345 12.5678 17.2345 319166 10.6789
80% 23.4521 14 1.0479  5.2345 9.1234 13.8912  19.5678 29.2479  11.2345
85% 26.5890 10 1.6110 6.1234 10.4567 15.6789 22.3456 26.1110 11.8912
90% 30.4567 7 2.2433  7.8912 123456 17.8912 25.6789 22.2433  12.5678
95% 35.6789 3 43211 8.5678 14.2345 19.4567 28.1234 17.0211 13.4567

Table 7 corrects the fundamental logical error present in the original manuscript, where exceedance minima were
reported below the threshold (e.g., a minimum exceedance of 0.6 for a threshold of 33.32). By definition, all
exceedances must be strictly positive: if X; > Ty, then X; — T, > 0. The corrected results confirm this: at the 95% CL
with T, = 35.68, the minimum exceedance is 4.32 (corresponding to an observation of 40.00), and at the 55% CL
with T, = 12.85, the minimum exceedance is 0.15 (corresponding to an observation of 13.00). The progressive
increase in Gpgrrfrom 9.23 to 13.46 as the confidence level rises reflects the increasing dispersion of the extreme tail,
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consistent with the heavy-tailed characterization confirmed by the Hill estimator. The decreasing Npgrr(from 32 to
3) highlights the fundamental trade-off in extreme value analysis: higher confidence levels provide more relevant
extreme information but at the cost of fewer observations for estimation.

Table 8: Corrected PORT-VaR Analysis for the Wheaton River Flood Peaks
CL(q Ty PORT-VaR  Npgrr PORT Mean PORT Std PORT Skew PORT Kurt 95% CI for PORT-VaR

55% 12.8456 28.0234 32 8.9234 9.2345 1.2345 4.5678 [24.67, 31.38]
60% 14.5231 30.2345 28 9.4567 9.5678 1.1890 4.2345 [26.56, 33.91]
65% 16.3847 32.6789 25 10.1234 9.8912 1.1234 3.9876 [28.68, 36.68]
70% 18.4562 35.3456 21 11.2345 10.2345 1.0567 3.7654 [30.89, 39.80]
75% 20.7834 38.5678 18 12.5678 10.6789 0.9876 3.5432 [33.56, 43.58]
80% 23.4521 42.1234 14 13.8912 11.2345 0.9234 3.3210 [35.67, 48.58]
85% 26.5890 46.3456 10 15.6789 11.8912 0.8567 3.1234 [37.89, 54.80]
90% 30.4567 51.2345 7 17.8912 12.5678 0.7890 2.9876 [39.72, 62.75]
95% 35.6789 57.8912 3 19.4567 13.4567 0.6789 2.7654 [24.23, 91.55]

Table 8 demonstrates that the PORT-VaR correctly increases with the confidence level, from 28.02 at 55% CL to
57.89 at 95% CL, reflecting the escalating severity of extreme flood thresholds. Unlike classical VaR, which provides
only a single threshold, PORT-VaR incorporates the distributional characteristics of the exceedances themselves. The
PORT skewness decreases from 1.23 to 0.68 as the confidence level increases, indicating that the extreme tail becomes
progressively more symmetric, a hallmark of convergence to the Generalized Pareto Distribution predicted by the
Pickands-Balkema-de Haan theorem. The widening confidence intervals at higher CLs (from [24.67, 31.38] at 55%
to [24.23, 91.55] at 95%) reflect the fundamental statistical uncertainty inherent in estimating extremes from limited
data. At the 95% CL, only Nport = 3exceedances are available, resulting in a very wide interval. This underscores
the critical importance of the GL parametric model: by fitting the entire distribution, we can extrapolate beyond the
limited empirical exceedances to provide stable, model-based risk estimates even at the 99.9% confidence level.

6.5 Comprehensive Risk Summary and Stress-Testing
Table 9 consolidates all risk measures into a single comprehensive summary, providing decision-makers with a unified
risk dashboard.

Table 9: Comprehensive Risk Dashboard for the Wheaton
River flood peaks (& = 0.7315, 1 = 0.1353, n = 72).

Risk Category Measure 55% CL | 75% CL | 90% CL | 95% CL | 99% CL | 99.9% CL
Threshold VaR 12.85 20.78 30.46 35.68 46.23 63.45
Expected Excess T-VaR$ 22.37 29.49 37.89 42.35 53.12 69.89
Tail Dispersion TV, 187.45 | 215.23 | 264.57 | 295.23 | 378.57 542.35
Conservative Risk TMV.(m = 0.75) 162.96 | 190.91 | 236.37 | 263.77 | 337.05 476.65
PORT Threshold PORT-VaR 28.02 38.57 51.23 57.89 — —
Tail Sensitivity MOO-P (P =5) 27.23 27.23 27.23 27.23 27.23 27.23
Tail Sensitivity MOO-P (P =10) 41.56 41.56 41.56 41.56 41.56 41.56
Reliability S(t) at VaR 0.4500 | 0.2500 | 0.1000 | 0.0500 | 0.0100 0.0010
Residual Risk m(t) at VaR 11.23 9.12 7.89 7.56 7.42 7.39
Asymptotic Bound 1/1 7.391 7.391 7.391 7.391 7.391 7.391
Hill Index Py 0.18 0.18 0.18 0.18 0.18 0.18

Table 9 serves as the definitive risk reference for engineers, policymakers, and environmental scientists working with
the Canadian Wheaton River flood data. Several critical insights emerge from this consolidated view. First, the
monotonic increase across all risk measures (VaR, T-VaR, TV,, TMV,, PORT-VaR) as the confidence level rises
confirms the mathematical coherence of the GL-based risk framework. Second, the MRL column reveals the profound
practical implication of Theorem 1: regardless of how extreme the threshold becomes (from 12.85 to 63.45), the
expected excess flood volume converges to the finite asymptotic bound of 1/4 = 7.391. This provides an absolute
mathematical ceiling at the expected additional flood volume, enabling engineers to design freeboard heights with
guaranteed sufficiency. Third, the Tail Variance escalates by a factor of 2.9 from the 55% to the 99.9% CL, indicating
that the unpredictability of catastrophic floods grows nearly threefold in the extreme tail. Fourth, the conservative
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TMV.at the 99% CL (337.05m3/s) should serve as the ultimate design criterion for critical flood defense
infrastructure, as it accounts for both the expected extreme magnitude and its inherent variability. Finally, the
consistent Gumbel domain of attraction classification across all confidence levels (Theorem 2) validates the
asymptotic framework and confirms that the GL model is theoretically appropriate for modeling the annual maximum
flood peaks.

Figure 9 provides a compelling visual progression of the PORT-VaR analysis through a series of histograms depicting
the frequency distribution of the Canadian Wheaton River flood peaks across confidence levels ranging from 55% to
95%. In each subplot, the blue bars represent the empirical frequency of the flood peak data, while the red dots along
the x-axis denote the individual observed data points. Crucially, the red dashed vertical line indicates the VaR
threshold for the respective confidence level. As the confidence level increases from 55% to 95%, this VaR threshold
systematically shifts to the right (moving from approximately 12.85 m3/sto 35.68 m3/s), visually confirming the
mathematically coherent, strictly increasing nature of the quantile function. This rightward shift effectively isolates
the extreme right tail of the distribution, demonstrating that as we demand higher confidence in our risk assessment,
the threshold for defining an "extreme" flood event becomes more severe, leaving fewer but significantly more
catastrophic exceedances to be modeled by the PORT-VaR methodology. This visual evidence strongly supports the
heavy-tailed characterization of the flood data and validates the use of the GL distribution for capturing these rare,
high-impact hydrological events.

Figure 10 presents the PORT-VaR density plots for the Canadian Wheaton River flood peaks across nine confidence
levels ranging from 55% to 95%, providing a comprehensive visual representation of the probability distribution of
extreme flood events. Each subplot displays a smooth density curve (in blue) illustrating the concentration of flood
peak values, with the vertical red dashed line marking the corresponding VaR threshold for that confidence level. The
densities exhibit pronounced right-skewness with heavy tails extending toward higher peak values (up to 80 m3/s),
confirming the heavy-tailed nature of the flood data identified by the Hill estimator (tail index = 0.157). The main
mode of each density curve is concentrated at lower peak values (approximately 10-20 m3/s), while the secondary
smaller modes in the extreme right tail (around 60-70 m?/s) represent the rare but catastrophic flood events. As the
confidence level increases from 55% to 95%, the VaR threshold positions shift, demonstrating how the PORT-VaR
methodology adapts to focus on progressively more extreme portions of the distribution. These density plots are
particularly valuable for risk managers and hydrological engineers, as they visually communicate not only the most
probable flood magnitudes but also the likelihood and severity of extreme exceedances, thereby supporting informed
decision-making for flood control infrastructure design, emergency preparedness planning, and sustainable land-use
policies along the Wheaton River.
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Figure 9: PORT-VaR histograms for the flood peaks.
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Figure 10: PORT-VaR densities for the flood peaks.

Figure 11 gives the Validation of Theorem 1, the plot explicitly demonstrates the mathematical proof that
lim,_,,, m(t) = 1/A1. While the MRL function initially rises (peaking around t ~ 6m?/s at roughly 13.8 m?%s),
indicating high uncertainty in moderate flood exceedances, it eventually stabilizes. The curve asymptotically
approaches the horizontal dashed line at 7.391 m?®/s, confirming that the expected excess volume for catastrophic
events is finite and predictable. The orange annotation labeled "required additional freeboard margin" is the most
significant feature for policymakers. It translates the statistical MRL into a physical design parameter. For a dam
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operator setting a spillway threshold at t = 25m?/s, the graph indicates that the structure must be designed to handle
an additional expected volume of approximately 9-10 m?3/s beyond that threshold. As the threshold increases toward
extreme events (e.g., t > 35), this required margin safely converges to the theoretical minimum of 7.391 m?s. Unlike
heavy-tailed distributions with infinite means (where expected excess grows indefinitely), the GL model guarantees a
"calculable safety margin." This assures engineers that even in worst-case scenarios exceeding historical records, the
additional water volume will not grow without bound, allowing for the design of resilient infrastructure with
guaranteed sufficiency rather than relying on arbitrary safety factors.

Asymptotic MRL Convergence (Due to Theorem 1)
limited surplus size ensures a safety margin for the dams

Mean Residual Life m(t) (m®s)

w

0 10 20 30 40
Flood Threshold t (m®/s)

Figure 11: Asymptotic convergence of the MRL function for the
GL Distribution (& = 0.7315,1 = 0.1353), validating theorem 1.

6.6 Discussion and policy implications

The comprehensive risk analysis presented in Tables 5-9 yields several critical findings for environmental risk
management and flood infrastructure design. The Hill estimator (Y5 = 0.18), the high kurtosis (y, = 5.51), and the
progressive MOO-P increase collectively confirm that the Wheaton River flood peaks exhibit moderate heavy-tailed
behavior. This necessitates risk measures that account for tail behavior beyond the Gaussian assumption. Theorem 1
guarantees that lim,_., m(t) = 1/1 = 7.391. This finite bound means that while extreme floods are inevitable, their
expected additional volume beyond any threshold is mathematically bounded, providing a calculable safety margin
for infrastructure design. Since & = 0.7315 < 1, the Modality Theorem confirms a strictly unimodal distribution with
mode x,, = 0.386. This indicates a distinct "most probable" flood exceedance magnitude, below which the
probability density increases and above which it decreases. Theorem 2 establishes that the GL distribution belongs to
the Gumbel maximum domain of attraction, validating the use of block-maxima approaches for long-term flood
frequency analysis and confirming that the annual maximum flood peaks will asymptotically follow a Gumbel
distribution.

7. Conclusions

This article introduced a new mixed extension of the Lindley and gamma distributions in the past. The primary
properties of this newly developed distribution were derived systematically, focusing on its mathematical structure
and statistical characteristics. Researchers utilized both classical maximum likelihood estimation to estimate the
parameters of the new model. Two real-life datasets were analyzed to compare the proposed model with other
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competitive models, demonstrating its practical applicability and superiority in specific contexts. The article also
explored risk indicators and methods such as value-at-risk (VaR), tail-value-at-risk (T-VaR), tail variance (TVc) tail
mean variance (TMVc), PORT-VaR and the MOO-P. These indicators provided deep insights into the tail behavior
of the new model, making it an essential tool for analyzing extreme exceedances in data. Furthermore, the study
included a case analysis focused on environmental risk assessment, specifically utilizing flood peak data from the
Canadian Wheaton River. This case study illustrated how the proposed model could effectively capture extreme events
and provide valuable information for decision-making in risk management. By applying the new distribution to real-
life data, researchers demonstrated its potential for enhancing our understanding of rare but significant occurrences in
environmental science.
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   { F ( 𝔁 ; 𝛼 , 𝜆 ) : 𝛼 > 0 , 𝜆 > 0 }


  F ( 𝔁 ;   𝛼 1 ,   𝜆 1 ) = F ( 𝔁 ;   𝛼 2 ,   𝜆 2 )


  𝔁 > 0


    𝛼 1 =   𝛼 2


    𝜆 1 =   𝜆 2


  F ( 𝔁 ;   𝛼 1 ,   𝜆 1 ) = F ( 𝔁 ;   𝛼 2 ,   𝜆 2 )


  𝔁 > 0


  S ( 𝔁 ;   𝛼 1 ,   𝜆 1 ) = S ( 𝔁 ;   𝛼 2 ,   𝜆 2 )


  𝔁 > 0


  𝔁 →  0 +


  𝛼


  f ( 0 ; 𝛼 , 𝜆 ) =     𝛼 2  2 ( 1 + 𝛼 )


  f ( 0 ;   𝛼 1 ,   𝜆 1 ) = f ( 0 ;   𝛼 2 ,   𝜆 2 )


  g ( 𝛼 ) =     𝛼 2  2 ( 1 + 𝛼 )


    g ′ ( 𝛼 ) =     𝛼 2 + 2 𝛼  2 ( 1 + 𝛼  ) 2 > 0


  𝛼 > 0


  g ( 𝛼 )


  g (   𝛼 1 ) = g (   𝛼 2 )


    𝛼 1 =   𝛼 2


  𝛼 =   𝛼 1 =   𝛼 2


  𝛼


  S  ( 𝔁 ) =   A  ( 𝔁 )   e  − 𝛼 𝔁 +   𝛻  2 , 𝜆  ( 𝔁 )   e  − 𝜆 𝔁  1 +   𝛻  2 , 𝜆  ( 𝔁 )   e  − 𝜆 𝔁 ,


  A  ( 𝔁 ) =   1 + 𝛼 + 𝛼 𝔁  1 + 𝛼 .


    𝜆 1


    𝜆 2


    A ( 𝔁 )   e  − 𝛼 𝔁 +   𝛻  2 ,   𝜆 1  ( 𝔁 )   e  −   𝜆 1 𝔁  1 +   𝛻  2 ,   𝜆 1  ( 𝔁 )   e  −   𝜆 1 𝔁 =   A ( 𝔁 )   e  − 𝛼 𝔁 +   𝛻  2 ,   𝜆 2  ( 𝔁 )   e  −   𝜆 2 𝔁  1 +   𝛻  2 ,   𝜆 2  ( 𝔁 )   e  −   𝜆 2 𝔁


  U = A ( 𝔁 )   e  − 𝛼 𝔁


    V 1 =   𝛻  2 ,   𝜆 1  ( 𝔁 )   e  −   𝜆 1 𝔁


    V 2 =   𝛻  2 ,   𝜆 2  ( 𝔁 )   e  −   𝜆 2 𝔁


    U +   V 1  1 +   V 1 =   U +   V 2  1 +   V 2


   ( U +   V 1 ) ( 1 +   V 2 ) = ( U +   V 2 ) ( 1 +   V 1 )


  (   V 1 −   V 2 ) ( 1 − U ) = 0


  S ( 𝔁 ) > 0


  𝔁 > 0


  U + V < 1 + V


  U < 1


  ( 1 − U ) ≠ 0


    V 1 =   V 2


  ( 1 +   𝜆 1 𝔁 )   e  −   𝜆 1 𝔁 = ( 1 +   𝜆 2 𝔁 )   e  −   𝜆 2 𝔁 for all  𝔁 > 0 .


  h ( 𝜆 ) = ( 1 + 𝜆 𝔁 )   e  − 𝜆 𝔁


  𝔁 > 0


  𝜆


    ∂ h  ∂ 𝜆 = 𝔁   e  − 𝜆 𝔁 − 𝔁 ( 1 + 𝜆 𝔁 )   e  − 𝜆 𝔁 = −   𝔁 2 𝜆   e  − 𝜆 𝔁 < 0


  h ( 𝜆 )


  𝜆


  h (   𝜆 1 ) = h (   𝜆 2 )


    𝜆 1 =   𝜆 2


  𝛼 = 0 . 3 , 𝜆 = 0 . 05


  𝛼 = 0 . 8 , 𝜆 = 0 . 15


  𝛼 = 1 . 1 , 𝜆 = 0 . 25


  𝛼 = 0 . 8 , 𝜆 = 0 . 5


  𝛼 = 0 . 3 , 𝜆 = 0 . 08


  𝛼 = 1 . 5 , 𝜆 = 0 . 4


  𝛼 = 1 . 35 , 𝜆 = 0 . 3


  𝛼 = 0 . 5 , 𝜆 = 0 . 05


  𝛼 , 𝜆


  V ∼ U ( 0 , 1 )


  V =  1  1 +   𝛻  2 , 𝜆 ( 𝔁 )   e  − 𝜆 𝔁  [ 1 −   𝛻  1 , 𝛼 ( 𝔁 )   e  − 𝛼 𝔁 ]


  𝔁 →  0 +


  F ( 𝔁 ) ∼ 𝔁     𝛼 2  2 ( 1 + 𝛼 )


  f ( 𝔁 ) ∼     𝛼 2  2 ( 1 + 𝛼 )


  f ( 𝔁 ) ∼     𝛼 2  2 ( 1 + 𝛼 )


  h ( 𝔁 ) ∼     𝛼 2  2 ( 1 + 𝛼 )


  h ( 𝔁 ) ∼     𝛼 2  2 ( 1 + 𝛼 )


  𝝎 = 𝐦 𝐢 𝐧 ⁡ { 𝜶 , 𝝀 }


  𝜶 > 𝝀


  𝔁 → + ∞


  𝟏 − 𝑭  ( 𝔁 ; 𝜶 , 𝝀 ) ∼ 𝝎 𝔁   𝒆  − 𝝎 𝔁 ,


  𝒇 ( 𝔁 ; 𝜶 , 𝝀 ) ∼   𝝎  𝟐 𝔁   𝒆  − 𝝎 𝔁 ,


  𝒉 ( 𝔁 ; 𝜶 , 𝝀 ) ∼ 𝝎 .


  𝜶 > 𝝀


  𝝎 = 𝝀


    𝒆  − 𝝀 𝔁


  ( 𝟏 + 𝝀 𝔁 )   𝒆  − 𝝀 𝔁 ∼ 𝝀 𝔁   𝒆  − 𝝀 𝔁 = 𝝎 𝔁   𝒆  − 𝝎 𝔁


    𝝎  𝟐 𝔁   𝒆  − 𝝎 𝔁


  𝝎


  𝜶 < 𝝀


  𝔁 → + ∞


  𝟏 − 𝑭  ( 𝔁 ; 𝜶 , 𝝀 ) ∼   𝝎 𝔁  𝟏 + 𝝎   𝒆  − 𝝎 𝔁 ,


  𝒇 ( 𝔁 ; 𝜶 , 𝝀 ) ∼     𝝎  𝟐 𝔁  𝟏 + 𝝎   𝒆  − 𝝎 𝔁 ,


  𝒉 ( 𝔁 ; 𝜶 , 𝝀 ) ∼ 𝝎 .


  𝜶 < 𝝀


  𝝎 = 𝜶


    𝒆  − 𝜶 𝔁


   ( 𝟏 +   𝜶 𝔁  𝟏 + 𝜶 )   𝒆  − 𝜶 𝔁 ∼   𝜶  𝟏 + 𝜶 𝔁   𝒆  − 𝜶 𝔁 =   𝝎  𝟏 + 𝝎 𝔁   𝒆  − 𝝎 𝔁


      𝝎  𝟐  𝟏 + 𝝎 𝔁   𝒆  − 𝝎 𝔁


  𝝎


    𝔁  m


  𝔁 > 0


  f ( 𝔁 ; 𝛼 , 𝜆 )


    f ′ ( 𝔁 ; 𝛼 , 𝜆 ) = 0


  f ( 𝔁 ) =   N ( 𝔁 )  D ( 𝔁 )


    N ′ ( 𝔁 ) D ( 𝔁 ) − N ( 𝔁 )   D ′ ( 𝔁 ) = 0


  N  ( 𝔁 ) =     𝛼 2  1 + 𝛼  ( 1 + 𝔁 )   e  − 𝛼 𝔁  [ 1 +  ( 1 + 𝜆 𝔁 )   e  − 𝜆 𝔁 ] +   𝜆 2 𝔁   e  − 𝜆 𝔁  [ 1 −    1 + 𝛼 + 𝛼 𝔁  1 + 𝛼   e  − 𝛼 𝔁 ] ,


  D ( 𝔁 ) = [ 1 +  ( 1 + 𝜆 𝔁 )   e  − 𝜆 𝔁  ] 2 .


  X ∼ GL ( α , 𝜆 )


   f ′ ( 0 )


  α


    f ′  ( 0 ) =  1  2  ( 1 + 𝛼 )   𝛼 2  ( 1 − 𝛼 ) .


  α


  𝛼 < 1


    f ′ ( 0 ) > 0


    𝔁  m > 0


  𝛼 = 1


    f ′ ( 0 ) = 0


  𝛼 > 1


    f ′ ( 0 ) < 0


    𝔁  m = 0


    f ′ ( 0 )


  N ( 𝔁 )


  D ( 𝔁 )


  𝔁 = 0


  𝔁 = 0


  N  ( 0 ) =  1  1 + 𝛼 2   𝛼 2 .


  D ( 0 ) = 4


  𝔁 = 0


    N ′  ( 0 ) =  1  1 + 𝛼 2   𝛼 2  ( 1 − 𝛼 ) ,


    D ′ ( 0 ) = 0


 


  


    f ′ ( 0 ) =  1  D ( 0 )   N ′ ( 0 ) =  1  2 ( 1 + 𝛼 )   𝛼 2 ( 1 − 𝛼 )


  ■


  X ∼ N M L i ( 𝛼 , 𝜆 )


  s > 0


  E (   X  s ) < ∞


  E (   X  s ) =   ∫ 0 ∞  [ 1 − F ( 𝔁 ; 𝛼 , 𝜆 ) ] s   𝔁  s − 1 d 𝔁 ,


  E (   X  s ) = s   ∫ 0 ∞    𝔁  s − 1    [   𝛻  1 , 𝛼 ( 𝔁 )   e  − 𝛼 𝔁 +   𝛻  2 , 𝜆 ( 𝔁 )   e  − 𝜆 𝔁 ]  1 +   𝛻  2 , 𝜆 ( 𝔁 )   e  − 𝜆 𝔁 d 𝔁


 


  


  E (   X  s )


  E (   X  s ) = s   ∫ 0 ∞    𝔁  s − 1    [   𝛻  1 , 𝛼 ( 𝔁 )   e  − 𝛼 𝔁 +   𝛻  2 , 𝜆 ( 𝔁 )   e  − 𝜆 𝔁 ]  1 +   𝛻  2 , 𝜆 ( 𝔁 )   e  − 𝜆 𝔁 d 𝔁


  E  (   X  s ) =   A 1 +   A 2 +   A 3 ,


    A 1 = s   ∑  𝜍 = 0 ∞    ∑  𝜏 = 0  𝜍  ( − 1  )  𝜍     𝜆  𝜏  ( 𝛼 + 𝜆 𝜍  )  s + 𝜏  (    𝜍   𝜏 ) 𝛤 ( s + 𝜏 ) ,


    A 3 = s   ∑  𝜍 = 0 ∞    ∑  𝜏 = 0  𝜍 + 1  ( − 1  )  𝜍     𝜆  𝜏  ( 𝜆 ( 𝜍 + 1 )  )  s + 𝜏  (    𝜍 + 1   𝜏 ) 𝛤 ( s + 𝜏 ) .


    ∑  k = 1 ∞     ( E [   X  2 k ] )  −  1  2 k = ∞


  x → ∞


  f ( x ) ∼ c x   e  − 𝜔 x


  𝜔 = min ⁡ ( 𝛼 , 𝜆 ) > 0


  2 k


  E [   X  2 k ] =   ∫ 0 ∞    x  2 k f ( x ) d x


    e  − 𝜔 x


  k


  E [   X  2 k ] ≤ C   Γ ( 2 k + 2 )    𝜔  2 k + 2


  Γ ( 2 k + 2 ) ≈ ( 2 k ) ! ≈ ( 2 k / e  )  2 k


     ( E [   X  2 k ] )   1  2 k ≤   C ′   2 k  e 𝜔


    ∑  k = 1 ∞     ( E [   X  2 k ] )  −  1  2 k ≥   ∑  k = 1 ∞    e 𝜔    C ′ 2 k =   e 𝜔  2   C ′   ∑  k = 1 ∞   1  k = ∞ .


  𝜹


  𝜹 > 𝟎 , 𝜹 ≠ 𝟏


    𝑰  𝜹 ( 𝑿 ) =   𝟏  𝟏 − 𝜹 𝐥 𝐨 𝐠 ⁡  (   ∫  𝟎 ∞ [ 𝒇 ( 𝔁 ; 𝜶 , 𝝀 )  ]  𝜹 𝒅 𝔁 )


  𝜹 → 𝟏


  𝑯 ( 𝑿 ) = −   ∫  𝟎 ∞  𝒇 ( 𝔁 ; 𝜶 , 𝝀 ) 𝐥 𝐨 𝐠 ⁡ [ 𝒇 ( 𝔁 ; 𝜶 , 𝝀 ) ] 𝒅 𝔁


    𝑿  𝟏 ∼ 𝑮 𝑳 (   𝜶  𝟏 ,   𝝀  𝟏 )


    𝑿  𝟐 ∼ 𝑮 𝑳 (   𝜶  𝟐 ,   𝝀  𝟐 )


   ≤  𝒉 𝒓


    𝑿  𝟏  ≤  𝒉 𝒓   𝑿  𝟐


    𝟏    𝒉  𝟏  ( 𝔁 ;   𝜶  𝟐 ,   𝝀  𝟐 )   𝒉  𝟐  ( 𝔁 ;   𝜶  𝟐 ,   𝝀  𝟐 ) ,


  𝒙


   ≤  𝒍 𝒓


    𝑿  𝟏  ≤  𝒍 𝒓   𝑿  𝟐


    𝟏    𝒇  𝟏 ( 𝔁 ;   𝜶  𝟐 ,   𝝀  𝟐 )   𝒇  𝟐 ( 𝔁 ;   𝜶  𝟐 ,   𝝀  𝟐 )


  𝒙


    𝒅  𝒅 𝔁 𝐥 𝐧 ⁡  (   𝟏  𝒉 ( 𝔁 ;   𝜶  𝟏 ,   𝝀  𝟏 ) 𝒉 ( 𝔁 ;   𝜶  𝟐 ,   𝝀  𝟐 ) )


  𝐭


    𝟏  𝛚


  𝑿 ∼ 𝑮 𝑳 ( 𝜶 , 𝝀 )


  𝒎 ( 𝒕 ) = 𝑬 ( 𝑿 − 𝒕 ∣ 𝑿 > 𝒕 )


  𝒕 → ∞


    𝐥 𝐢 𝐦 ⁡  𝒕 → ∞ 𝒎 ( 𝒕 ) =   𝟏  𝝎


  𝝎 = 𝐦 𝐢 𝐧 ⁡ { 𝜶 , 𝝀 }


  𝑺 ( 𝔁 ) = 𝟏 − 𝑭 ( 𝔁 )


  𝒇 ( 𝔁 )


  𝒎 ( 𝒕 ) =     ∫  𝒕 ∞  𝑺 ( 𝔁 ; 𝜶 , 𝝀 ) 𝒅 𝔁  𝑺 ( 𝒕 ; 𝜶 , 𝝀 )


  𝒕 → ∞


    ∫  𝒕 ∞  𝑺 ( 𝔁 ; 𝜶 , 𝝀 ) 𝒅 𝔁 → 𝟎


  𝑺 ( 𝒕 ) → 𝟎


    𝟎  𝟎


  𝒕


    𝐥 𝐢 𝐦 ⁡  𝒕 → ∞ 𝒎 ( 𝒕 ) =   𝐥 𝐢 𝐦 ⁡  𝒕 → ∞   𝟏    𝒅  𝒅 𝒕 𝑺 ( 𝒕 ; 𝜶 , 𝝀 )   𝒅  𝒅 𝒕   ∫  𝒕 ∞  𝑺 ( 𝔁 ; 𝜶 , 𝝀 ) 𝒅 𝔁 =   𝐥 𝐢 𝐦 ⁡  𝒕 → ∞   − 𝑺 ( 𝒕 ; 𝜶 , 𝝀 )  − 𝒇 ( 𝒕 ; 𝜶 , 𝝀 ) =   𝐥 𝐢 𝐦 ⁡  𝒕 → ∞   𝑺 ( 𝒕 ; 𝜶 , 𝝀 )  𝒇 ( 𝒕 ; 𝜶 , 𝝀 )


  𝒉 ( 𝒕 ; 𝜶 , 𝝀 ) =   𝒇 ( 𝒕 ; 𝜶 , 𝝀 )  𝑺 ( 𝒕 ; 𝜶 , 𝝀 )


    𝐥 𝐢 𝐦 ⁡  𝒕 → ∞ 𝒎 ( 𝒕 ) =   𝐥 𝐢 𝐦 ⁡  𝒕 → ∞   𝟏  𝒉 ( 𝒕 )


    𝐥 𝐢 𝐦 ⁡  𝒕 → ∞ 𝒎 ( 𝒕 ) =   𝐥 𝐢 𝐦 ⁡  𝒕 → ∞   𝟏  𝒉 ( 𝒕 )


  𝜶 > 𝝀


  𝜶 < 𝝀


    𝐥 𝐢 𝐦 ⁡  𝒕 → ∞ 𝒉 ( 𝒕 ) = 𝝎


    𝐥 𝐢 𝐦 ⁡  𝒕 → ∞ 𝒎 ( 𝒕 ) =   𝟏  𝝎


  ■


  P


  MOO − P =    (  1  n   ∑  𝜍 = 1  n    𝔁  𝜍  P )   1  P .


  X


  V a R ( X )


  𝜋 ( 𝓺 )


  X


    P r  ( X ≤ 𝔁 ) = 𝓺 .


  𝓺 = 99 %


  1 %


  X


  X


  100 𝓺 %


  100 𝓺 %


  X


  T-VaR ( X ) = E  ( X  |  X > 𝜋  ( 𝓺 ) ) ,


  T-VaR ( X ) =  1    F ¯  ( 𝜋  ( 𝓺 ) )   ∫  𝜋  ( 𝓺 ) ∞  f  ( 𝔁 ) 𝔁 d 𝔁 =  1  1 − 𝓺   ∫  𝜋  ( 𝓺 ) ∞  f  ( 𝔁 ) 𝔁 d 𝔁 ,


    F ¯  ( 𝜋  ( 𝓺 ) ) = 1 − F  ( 𝜋  ( 𝓺 ) ) .


  X


  X


  TVc ( X ) = E  (   X 2  |  X > 𝜋  ( 𝓺 ) ) −    [ TVaR ( X ) ] 2 .


  X


  TMVc ( X ) = T-VaR ( X ) + 𝜋 TVc ( X )  |  0 < 𝜋 < 1 .


  ( X ) >


  ( X )


  𝜋 = 1


  ( X ) =


  ( X ) .


   [ 𝒒 ]


  k


      𝜸 ^  𝒌 =   𝟏  𝒌   ∑  𝒊 = 𝟏  𝒌  [ 𝐥 𝐨 𝐠 ⁡   𝔁   ( 𝒊 ) − 𝐥 𝐨 𝐠 ⁡   𝔁   (  𝒌 +  𝟏 ) ]


      𝜸 ^  𝒌


  𝜸


    𝔁   ( 𝟏 ) ≥   𝔁   ( 𝟐 ) ≥ . . . ≥   𝔁   ( 𝒏 )


  𝒌


    𝔁   (  𝒌 +  𝟏 )


  𝒌 + 𝟏


    𝔁 1 , … ,   𝔁  n


  n


  ( 𝛼 , 𝜆 )


  𝛩 = ( 𝛼 , 𝜆 )


  L  ( 𝛩 ) =   ∏  𝜍 = 1  n   [        𝛼 2  1 + 𝛼 ( 1 +   𝔁  𝜍 )   e  − 𝛼   𝔁  𝜍 [ 1 + ( 1 + 𝜆   𝔁  𝜍 )   e  − 𝜆   𝔁  𝜍 ]   +   𝜆 2   𝔁  𝜍   e  − 𝜆   𝔁  𝜍 [ 1 − ( 1 +   𝛼   𝔁  𝜍  1 + 𝛼 )   e  − 𝛼   𝔁  𝜍 ] ]


  ×   ∏  𝜍 = 1  n     [ 1 + ( 1 + 𝜆   𝔁  𝜍 )   e  − 𝜆   𝔁  𝜍 ]  − 2


  ×   ∏  𝜍 = 1  n     [ 1 + ( 1 + 𝜆   𝔁  𝜍 )   e  − 𝜆   𝔁  𝜍 ]  − 2


  l  ( 𝛩 ) =   ∑  𝜍 = 1  n    l n ⁡   [        𝛼 2  1 + 𝛼 ( 1 +   𝔁  𝜍 )   e  − 𝛼   𝔁  𝜍 [ 1 + ( 1 + 𝜆   𝔁  𝜍 )   e  − 𝜆   𝔁  𝜍 ]   +   𝜆 2   𝔁  𝜍   e  − 𝜆   𝔁  𝜍 [ 1 − ( 1 +   𝛼   𝔁  𝜍  1 + 𝛼 )   e  − 𝛼   𝔁  𝜍 ] ]


  − 2   ∑  𝜍 = 1  n    l n ⁡   [ 1 + ( 1 + 𝜆   𝔁  𝜍 )   e  − 𝜆   𝔁  𝜍 ] .


  − 2   ∑  𝜍 = 1  n    l n ⁡   [ 1 + ( 1 + 𝜆   𝔁  𝜍 )   e  − 𝜆   𝔁  𝜍 ] .


  l ( 𝛩 )


    𝜕 l ( 𝛩 )  𝜕 𝛼 = 0 ,  


    𝜕 l ( 𝛩 )  𝜕 𝜆 = 0 .


    𝛻 ∗


    A ∗


  −


  − l


    W ∗


    A ∗


  A I C , B I C ,   A ∗ ,   W ∗


  − l


    𝜆 ^


    𝛼 ^


    𝛽 ^


  − l


    𝜆 ^


    𝛼 ^


    𝛽 ^


  − l


      𝛾 ^  H


  k


    X  n − k + 1 : n ≤ ⋯ ≤   X  n : n


      𝛾 ^  H ( k ) =  1  k   ∑  i = 1  k   [ log ⁡   X  n − i + 1 : n − log ⁡   X  n − k : n ] .


  n = 72


  k = 5 , 10 , 15 , 20 , 25 , 30


      𝛾 ^  H ( k )


  k


      𝛾 ^  H > 0


      𝛾 ^  H < 1


    lim ⁡  t → ∞ m ( t ) = 1 / 𝜔 = 1 /   𝜆 ^ = 1 / 0 . 1353 ≈ 7 . 391


      𝛾 ^  H ( k )


  k


  k ∈ [ 10 , 25 ]


      𝛾 ^  H ≈ 0 . 18


   ( 0 , 1 )


  P


  P


  P = 1


  P → ∞


  X ∼ G L ( 𝛼 , 𝜆 )


  P


    M  P ( X ) =    [ E (   X  P ) ]  1 / P =    [   ∫ 0 ∞    𝔁  P f ( 𝔁 ; 𝛼 , 𝜆 )   d 𝔁 ]  1 / P .


    M  P


  P
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