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Abstract

In this paper, we study a kernel-based estimator of the conditional quantile function for a response variable Y subject to
left truncation and right censoring (LTRC), with a functional covariate X . We establish the consistency properties with
the rate of this estimator when the observations are independent and identically distributed. The performance of the
proposed estimator is illustrated through simulations and a real-data application.
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1. Introduction

The conditional quantile, by its robustness, offers a good alternative to the conditional mean when describing the impact
of the explanatory variables on the response variable, especially in the case of functional data (curves, functions, tables,
etc.). These data are defined as realizations of a random variable taking its values in infinite dimensional space.
Over the last few decades, statistical modeling for functional data has developed considerably, thanks to its numerous
applications in various fields such as biology, agronomy, and environmental science. Thus, the contribution of the
scientific community rises to a rich statistical literature. We can refer to Bosq (2000) and Ramsay and Silverman
(2005) for parametric models, and the monograph of Ferraty and Vieu (2006) for the prediction problems in functional
nonparametric statistics. Recent advances in the functional data analysis can be found in Ferraty (2011) and Horvath
and Kokoszka (2012).
In this article, we focus on the nonparametric estimation of the conditional quantile of a real-valued random variable Y ,
given a functional covariate X that takes values in a semi-metric space ℑ.
For this purpose we consider the conditional distribution function of Y given X

F (y|x) = P(Y ≤ y|X = x) = E[1{Y≤y}|X = x],

and the conditional quantile of order p, p ∈ (0, 1), defined for x ∈ ℑ by

Qp(x) := inf{y, F (y|x) ≥ p}.

When F (.|.) is continuous, Qp(x) satisfies
F (Qp(x)|x) = p.
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Recall that the most commonly used quantiles are the median (p = 0.5), the first and last quartiles (p = 0.25, p = 0.75),
and the first and last deciles (p = 0.1, p = 0.9).
The nonparametric estimation of conditional quantile is an important topic in statistics, and it is used to construct
predictive intervals, determine reference curves, or as a means of prediction. There exists a large literature on the
conditional quantile function estimation of a scalar response given a scalar (or multivariate) covariate. Historically, the
first result was obtained by Roussas (1969), who proved the convergence and asymptotic normality of kernel estimates
of conditional quantile under Markov assumptions. For independent and identically distributed (i.i.d.) random variables,
Stone (1977) showed the weak convergence of kernel estimates. Xiang (1996) studied the almost sure convergence and
asymptotic normality of a kernel estimator of the conditional quantile.
In the case of complete data, when the response variable is real and the covariate is functional, Ferraty and Vieu
(2006) presented some asymptotic results linked with nonparametric kernel estimation of the regression, the conditional
median, the conditional mode, and the conditional quantile. Whereas, Farraty et al. (2006) constructed the double kernel
estimator of the conditional distribution function and established the almost complete convergence of this estimator
when the observations are i.i.d. Their study has been extended to the dependent case by other authors, for example,
Ferraty et al. (2005) and Dabo-Niang and Laksaci (2012).
An important characteristic of survival data is the existence of incomplete observations.An important characteristic
of survival data is the existence of incomplete observations. Indeed, the data can be partially collected because of
censoring and/or truncation mechanisms. Right censoring arises if the individual did not experience the event during his
last observation. Left truncation occurs if an individual’s event of interest is only observable if its time of occurrence
is greater than a certain value. In finite-dimensional space, for censored data, several authors considered the greater
problem of conditional quantile estimation, such as Ould Said and Sadki (2008) and Djelladj and Tatachak (2019),
etc. For truncated data, we refer to Lemdani et al. (2009) and Adjoudj and Tatachak (2019). Strong representation for
conditional quantile estimator with left-truncated and right-censored (LTRC) data has been studied by some authors,
notably Iglesias-Pérez (2003), Liang and Miao (2015), and others.
In infinite-dimensional space, under the censoring model, the kernel estimation of the conditional quantile has been
considered by Horrigue and Ould Said (2011). They proved the uniform strong convergence with rate in the dependent
case, while Kadiri et al. (2018) investigated the kernel estimation of the conditional quantiles when the observations are
linked with a single-index relationship. One year later, Leulmi (2019) introduced a new local linear estimator of the
conditional quantile and extended the results of Messaci et al. (2015) to censored data.
Under the left truncation model, Helal and Ould Said (2016) studied the kernel conditional quantile estimator and
established the almost sure convergence with rate in the i.i.d. case.
In this work, our main objective is to define an estimator of the conditional distribution function F (y|x) and, conse-
quently, an estimator of the conditional quantile function Qp(x) for the LTRC model, and to study its almost sure
convergence with rate under i.i.d. data with functional covariate. In this context, we propose a new estimator of
the conditional distribution, which is not simply a combination of the work of Horrigue and Ould Said (2011) for
right-censored data and that of Helal and Ould Said (2016) for left-truncated data. Indeed, our estimator accounts for
censoring not only in the response variable Y but also in the covariate X (see Remark 3.1).
This paper is structured as follows: in Section 2, we present our estimation model; in Section 3, we define new estimators
of the conditional distribution function and the conditional quantile; in Section 4, we give the assumptions on the
proposed model under which we state our main results; in Section 5, we conduct a simulation study; and in Section 6,
we demonstrate the effectiveness of our method on a real dataset. The proofs of the main results are given in Section 7,
while the appendix contains some technical lemmas with their proofs.

2. LTRC model and estimate

Let {(Yi, Ti, Ci), i = 1, 2, ..., N} be a sequence of random vectors from (Y, T, C), where Y is the variable of interest
(lifetime) with continuous distribution function (d.f.) F . The variables T and C represent the random left truncation and
the random right censoring times with (d.f’s) L and G, respectively. In LTRC model, we observe (Z, T, δ) only if Z ≥ T ,
where Z = min(Y,C) and δ = 1{Y≤C} is the censoring indicator. When Z < T nothing is observed. In the sequel,
we suppose that Y , T and C are independent each of others, then the (d.f.) V of Z is given by V = 1− (1−F )(1−G).
As a consequence of truncation, the size of the actually observed sample n :=

∑N
i=1 1{Zi≥Ti} is a binomial B(N, θ)

random variable, with θ := P(Z ≥ T ). Note that if θ = 0, nothing is observable; hence, we can suppose that θ > 0.
Denote by {(Zi, Ti, δi), i = 1, 2, ..., n; (n ≤ N)} the i.i.d observed sample. Without loss of generality, we assume that
Y , T and C are nonnegative random variables, as usual in survival analysis.

Conditional quantile estimation under LTRC model with functional regressors 632



Pak.j.stat.oper.res. Vol.21 No.4 2025 pp 631-652 DOI: http://dx.doi.org/10.18187/pjsor.v21i4.4910

Here P denotes the probability related to the N -sample, and P the conditional probability related to the actually
observed n-sample. As well as E and E are the expectation operators related to P and P respectively. For any df
R we denote the left and right endpoints of its support by aR = inf{y : R(y) > 0} and bR = sup{y : R(y) < 1}
respectively. Obviously aV = min(aF , aG) and bV = min(bF , bG).
For LTRC data, Tsai et al. (1987) proposed a product limit estimator (PLE), referred to as the TJW estimator Fn of the
distribution function F , given by

Fn(y) = 1−
∏

i:Zi≤y

(
1− 1

nCn(Zi)

)δi

,

where Cn(y) = n−1
∑n

i=1 1{Ti≤y≤Zi} is the empirical estimator of C(y) := P{T ≤ y ≤ Z}.
Note that Fn reduces to the Kaplan and Meier PLE when there is no left truncation, and to the Lynden-Bell PLE when
there is no right censoring. For independent data, the properties of Fn have been studied by several authors. Tsai
et al. (1987) treated asymptotic normality of the estimator, Gu and Lai (1990) and Lai and Ying (1991) obtained a
functional law of the iterated logarithm and strong approximations results for a slightly modified form of the PLE Fn

using martingale theory. Gijbels and Wang (1993) provided a strong i.i.d. approximation for Fn with a remainder
term of order O(n−1 log n) almost surely, when aL < aV . Zhou (1996) established almost sure representation of the
estimator and proved that the rates of the remainder terms are of order O(n−1 log1+ε n), for ε > 1

2 , when aL = aV
and under condition

∫∞
aV

dF
L2 < ∞. In 1999, Zhou and Yip improved this rate to O(n−1 log logn) almost surely.

Let us write

C(y) = P{T ≤ y ≤ Z|Z ≥ T} = θ−1L(y)(1− V (y)) = θ−1L(y)(1− F (y))(1−G(y)).

Then

θ =
L(y)(1− F (y))(1−G(y))

C(y)
. (1)

According to the idea of He and Yang (1998), the proposed estimator of θ is given by

θn =
Ln(y)(1− Fn(y))(1−Gn(y))

Cn(y)
, (2)

for all y such that Cn(y) ̸= 0, where Ln is the Lynden-Bell estimator of the distribution function L defined by

Ln(y) =
∏
Ti>y

(
1− 1

nCn(Ti)

)
, (3)

and Gn(y) is the TJW- type estimator of the distribution function G defined by

1−Gn(y) =: Gn(y) =
∏
Zi≤y

(
1− 1

nCn(Zi)

)1−δi

. (4)

He and Yang (1998) showed that θn is independent of y and its value can be obtained for any y such that Cn(y) ̸= 0.
Throughout this study, we suppose that aL < aV , bL ≤ bV and{

(T,C) are independent of Y
T is independent of C

(5)

Remark 2.1. To ensure the identifiability of the model, we have assumed aL < aV to alleviate the assumptions and
avoid the additional condition of integrability.
The independence required in condition (5) will be needed to study the bias expressions of some pseudo estimators (see
Lemma 9.3 and Lemma 9.5).

In what follows, we use the notations V∗
1(y|x) and v∗

1(y|x) to denote the conditional sub-distribution of Z given X
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and its derivative, and we have

v∗
1(y|x)dPX(x) = θ−1L(y)G(y)f(y|x)dPX(x), (6)

where f(y|x) is the derivative with respect to y of the conditional distribution function F (y|x).

3. Conditional quantile and distribution estimation

Let (X,Y ) be a couple of random variables in ℑ×R, where ℑ is a semi-metric space. Denoting by d(., .) a semi-metric
on ℑ. In the case of complete data, it is well known that an estimator of F (y|x) is defined by Farraty et al. (2006) as

F̂n(y|x) =

∑n
i=1 K

(
d(x,Xi)
hn,K

)
H
(

y−Yi

hn,H

)
∑n

i=1 K
(

d(x,Xi)
hn,K

)
where K is a kernel function, H is a distribution function, and hn,K =: hK (resp. hn,H =: hH ) is a sequence of
positive real numbers that goes to zero as n goes to infinity.
Under the left truncation model, Helal and Ould Said (2016) introduced a kernel estimator of F (y|x) based on the n
actually observed data(Xi, Yi, Ti)i=1:n in the normed space (ℑ, d(., .)).

F̂nT
(y|x) =

∑n
i=1

1
Ln(Yi)

K
(

d(x,Xi)
hK

)
H
(

y−Yi

hH

)
∑n

i=1
1

Ln(Yi)
K
(

d(x,Xi)
hK

) .

Recall that Ln(.) is the Lynden-Bell estimator of L(.) defined in (3).
In the right censoring model, Horrigue and Ould Said (2011) proposed the following estimator of F (y|x)

F̂nC
(y|x) =

∑n
i=1

δi

Ĝn(Zi)
K
(

d(x,Xi)
hK

)
H
(

y−Zi

hH

)
∑n

i=1 K
(

d(x,Xi)
hK

) , (7)

where Ĝn(.) is the Kaplan and Meier estimator of G given by

Ĝn(.) = 1−
n∏

i=1

(
1−

1− δ(i)

n− i+ 1

){Z(i)≤y}

,

with Z(1), Z(2), .., Z(n) are the order statistics of (Zi)1≤i≤n and δ(i) is the concomitant of Z(i).
Combining the proposed estimators of Helal and Ould Said (2016) and Horrigue and Ould Said (2011), we define a new
estimator in the LTRC model that considers the effect of censoring and truncation.

Fn(y|x) =

∑n
i=1

δi
Ln(Zi)Gn(Zi)

K
(

d(x,Xi)
hK

)
H
(

y−Zi

hH

)
∑n

i=1
δi

Ln(Zi)Gn(Zi)
K
(

d(x,Xi)
hK

)
where Gn(.) is the TJW estimator of G defined in (4), and the sum is taken only for i such that Ln(Zi)Gn(Zi) ̸= 0.
Then, the estimator of Qp(.) is given by

Qp,n(x) = inf{y, Fn(y|x) ≥ p}, (8)

which satisfies
Fn(Qp,n(x)|x) = p.

Remark 3.1. Remark that Fn(y|x) reduces to the estimator F̂n(y|x) when there is no right censoring and left truncation
and to the estimator F̂nT

(y|x) when there is no right censoring. In the absence of truncation-meaning under right
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censoring, we obtain

FnC
(y|x) =

∑n
i=1

δi

Ĝn(Zi)
K
(

d(x,Xi)
hK

)
H
(

y−Zi

hH

)
∑n

i=1
δi

Ĝn(Zi)
K
(

d(x,Xi)
hK

) .

This last estimator differs from the one proposed by Horrigue and Ould Said (2011) in (7). Indeed, in its current form,
the denominator in (7) does not account for the right censoring associated with the covariate Xi. This may seem
paradoxical, since the numerator includes only the actually observed Yi values. However, this is not the case for our
estimator.

4. Assumptions

For x ∈ ℑ, let B(x, h) = {x′ ∈ ℑ, d(x, x′) ≤ h} be the ball of center x and radius h. Let Ω be a compact subset of ℑ
and ℵx be a neighborhood of x. Denote by [aV , b] a compact set, where b is a positive real number satisfying b < bV .
For any continuous function W , set ∥W∥∞ = sup

x
|W (x)|. Throughout this paper, c1, c2, .., c8 denote some arbitrary

positive constants and c, c′ some generic constants. Moreover, we state the following assumptions required to formulate
the main results.

A1. ∀x ∈ Ω, ∀h > 0, 0 < c1ϕ(h) ≤ P(X ∈ B(x, h)) =: ϕx(h) ≤ c2ϕ(h), where ϕ(h) is a positive real function
such that limh→0 ϕ(h) = 0.

A2. The kernel K is

(i) a continuous function with compact support [0,1] and satisfies c3 ≤ K(.) ≤ c4;

(ii) of classe C1 on (0, 1) and c5 ≤ K ′(.) ≤ c6, where K ′ denotes the first derivative of K.

A3. The conditional distribution function F (.|.) is such that

(i) ∃β1 > 0, β2 > 0, ∀(y1, y2) ∈ R2; ∀(x1, x2) ∈ ℵx × ℵx, we have

|F (y1|x1)− F (y2|x2)| ≤ c7(d(x1, x2)
β1 + |y1 − y2|β2)

(ii) F (.|.) admits a positive and bounded first derivative f(.|.) and there exists τ > 0 such that f(y|x) > τ ,
for all (x, y) ∈ Ω× [aV , b];

A4. The distribution function H is Lipschitz continuous function, with bounded derivative H ′ such that∫
R
|s|β2H ′(s)ds < ∞.

A5. (i) limn→∞ hK = 0 and limn→∞ nβhK = +∞, for β > 0;

(ii) limn→∞
logn

nϕ(hK) = 0;

(iii) limn→∞ hH = 0 and limn→∞ nηhH = +∞, for η > 0.

Comments on the Assumptions
Assumption A1 concerns the concentration property of the functional variable X . This condition is used in several
existing works dealing with this kind of variable. In this case, the functional variable does not have the density function
as in the real or vectorial case. So an alternative to this problem is the probability measures of small balls defined in
A1 (see for more details Ferraty and Vieu (2006) and Farraty et al. (2006). Assumptions A2 and A4 are technical
conditions imposed for the proofs. Assumption A3 means that F (.|.) satisfies a Holder condition with respect to each
variable and is needed to evaluate the bias term in our asymptotic results. Assumption A5 concerns the choice of the
bandwidth which is closely linked to the small ball probability.

Remark 4.1. The condition b < bV is essential to obtain the consistency of the proposed estimator (see Lemma 9.1
and Lemma 9.2). Indeed, when b = bV = min(bF , bG), the last value of the observations can be censored and will
thus not be observed.
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Proposition 4.1. Under Assumptions A1-A5, we have

sup
x∈Ω

sup
aV ≤y≤b

|Fn(y|x)− F (y|x)| = O
(
hβ1

K + hβ2

H

)
+O

(√
log n

nϕ(hK)

)
a.s. as n → ∞

Theorem 4.1. Under Assumptions of Proposition 4.1 we have

sup
x∈Ω

|Qp,n(x)−Qp(x)| = O
(
hβ1

K + hβ2

H

)
+O

(√
log n

nϕ(hK)

)
a.s. as n → ∞

.

Remark 4.2. We obtain the same convergence rate as those established by Farraty et al. (2006) in the complete case
and Helal and Ould Said (2016) in the left truncation case. If we take β2 = 1 our rate becomes similar to that provided
by Horrigue and Ould Said (2011) in the right censoring case.

5. Simulation study

This section is devoted to studying the behavior of the conditional quantile estimator Qp,n(.) defined in (8). The
simulation is conducted to assess the performance of our estimate. For this aim, we consider the following functional
regression model.

Y = R̃(X) + ε (9)

where X and ε are independent, the error ε is normally distributed as N (0, 0.1) and R̃(X) =
∫ 1

0
(X(t))2dt. For the

model (9), we fix the sample size n and we proceed with the following algorithm:
Step 1: The functional covariate X(t) is generated on [0, 1] by

Xi(t) = Ai(2− cos (πtSi)) + (1−Ai) cos (πtSi) , i ≥ 1, t ∈ [0, 1] ,

where Si ↪→ U [0, 1] uniformly distributed on [0, 1] and Ai is a Bernoulli random variable. Ai ↪→ B(0.5).
Step 2: We calculate

Yi = R̃(Xi) + εi, i ≥ 1

Note that under this model, the conditional random variable (Y |X = x) follows N (R̃(x), 0.1).
Step 3: Generate i.i.d rv’s Ci such that Ci is distributed according to the exponential law with parameter a1, (a1 allows
to control the percentage of censoring (CR)). Take Zi = min(Yi, Ci) and δi = 1{Yi≤Ci}.
Step 4: Generate the random variable T1 ↪→ N (µ, 1), where µ is adapted in order to get different percentage
of truncation (TR). If Z1 ≥ T1, enter the observation (X1(t), Z1, T1, δ1) in the final sample. Otherwise, reject
the observation (X1(t), Z1, T1, δ1) and go back to step 1. By repeating the processes above, the observed data
(Xi(t), Zi, Ti, δi), i = 1, .., n are obtained. At the end of this procedure we get the deterministic variable N , which
permits to get the truncation percentage.
Step 5:: We calculate the Lynden Bell and the concomitant TJW estimators Ln and Gn based on the observed data
(Zi, Ti, δi), i = 1, 2, .., n.
Step 6: We divide our sample into two randomly chosen sets of observations I and J
• training sample (Xj , Zj , Tj , δj)j∈J .
• test sample (Xi, Zi, Ti, δi)i∈I .
Here, the test sample size has been fixed to 30 regardless of the total sample size n (that means that Card(I) = 30 and
Car(J) = n− 30).
Step 7: Using the training sample, we calculate the value of the conditional quantile estimator Qp,n(Xi) for each i ∈ I .
For that we apply an iterative dichotomy method by choosing an initial interval [Qp(Xi)− a2, Qp(Xi) + a2], where
a2 is some constant properly chosen. We use the quadratic kernel K(x) = 1.5(1− x2)1[0,1](x) and the distribution
function H(y) =

∫ y

−∞ 0.75(1− t2)1[−1,1](t)dt. The selection of the optimal values hKopt and hHopt was performed
by varying hK over the interval [0.01, 1.2] and hH over the interval [0.01, 1.3], with steps sizes of 0.02 and 0.03,
respectively. The values minimizing the global mean square error (GMSE) defined in (10) below were then selected.
This procedure was repeated for each combination of n,CR and TR.
We also choose the distance d(., .) between the first derivatives of the curves described in Farraty et al. (2006) as a
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semi-metric in ℑ.

d(x1, x2) =

(∫ 1

0

(x′
1(t)− x′

2(t))
2dt

) 1
2

x1, x2 ∈ ℑ,

where x′ denote the first derivative of x.

5.1. Simulation results

To visually assess the efficacy of our estimator, we start by plotting graphs that represent the true values Qp(.) (in blue)
versus the predicted values Qp,n(.) (in red), for various combinations of the sample size n, the value p, the censoring
rate (CR), and the truncation rate (TR), as illustrated in Figure 1, Figure 2, Figure 3 and Figure 4 (On the y−axis, the
value of the conditional quantile for the i−th observation, i = 1, ..., 30).

1. Effect of sample size: For p = 0.5, CR ≈ 30% and TR ≈ 30%, we take n = 50, 100, and 500. Figure 1, shows
that the estimator exhibits good behavior as the sample size increases.

2. Effect of censoring rate: For p = 0.5, n = 100 and TR ≈ 20%, we take CR ≈ 0%, 30% and 50%. From
Figure 2, we observe that the quality of fit improves as the percentage of censoring decreases. Indeed, the estimate
is better for a lower censoring percentage, as confirmed in Table 1.

3. Effect of truncation rate: For p = 0.5, n = 100 and CR ≈ 30%, we choose TR ≈ 0%, 20% and 60%. From
Figure 3, the quality of fit is slightly affected by the truncation percentage.

4. Effect of probability p: For n = 100, CR ≈ 30% and TR ≈ 30%, we take p = 0.25, 0.5 and 0.75. Figure 4
illustrates that, the quality of fit for both p = 0.25 and p = 0.75 values is as good as for p = 0.5.
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Figure 1: True (blue) and predicted (red) values for p = 0.5, CR ≈ 30%, TR ≈ 30%, n = 50, 100 and 500
respectively.
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Figure 2: True (blue) and predicted (red) values for p = 0.5, n = 100, TR ≈ 20%, CR ≈ 0%, 30%, 50% respectively.
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Figure 3: True (blue) and predicted (red) values for p = 0.5, n = 100, CR ≈ 30%, TR ≈ 0%, 20%, and 60%
respectively.
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Figure 4: True (blue) and predicted (red) values for n = 100, CR ≈ 30%, TR ≈ 30% and p = 0.25, 0.5, and 0.75
respectively.

Next, we generate the data with observed sample size n = 50, 100 and 500, considering different percentage of
censoring and truncation. In Table 1, we present the Global Mean Square Error (GMSE) at p = 0.25, 0.5 and
0.75, computed along B = 100 Monte Carlo trials. The GMSE for the estimator Qp,n(.) of Qp(.) is defined as

GMSE =
1

IB

I∑
i=1

B∑
k=1

(Qp,n,k(Xi)−Qp(Xi))
2, (10)

where Qp,n,k(Xi) is the value of Qp,n(Xi) at iteration k, and I is the size of the test sample.
The results, reported in Table 1 show that:

1. The GMSE decreases along with an increasing sample size n, so the estimator performs better for high
sample size.

2. For a fixed truncation rate, the quality of fit is affected by the rate of censoring, and the estimator
performance deteriorates as the percentage of censoring increases.

3. A high truncation rate slightly affects the quality of the fit.

4. The estimation quality is more affected by a high percentage of censoring than truncation. In fact, the
presence of censoring serves to mitigate the impact of truncation on the estimate.

5. The GMSE results reveal that the estimate performs well for the cases of p = 0.25 and p = 0.75 only
with small sample sizes. Otherwise, for p = 0.5, the estimation is better for n = 100 and n = 500.

6. Application to real-world data

In this section, we present a real data application in which we evaluate the performance of the proposed conditional
quantile estimator. The dataset comprising 8784 records of hourly energy consumption for the year 2016 (measured in
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Table 1: The GMSE’s values for Qp,n.

GMSE

p TR% CR% n = 50 n = 100 n = 500

0.25 20 0 0.0136 0.0061 0.0014
20 30 0.0293 0.0074 0.0019
20 50 0.1182 0.0655 0.0053
60 0 0.0101 0.0066 0.0013
60 30 0.0331 0.0076 0.0018
60 50 0.1334 0.0279 0.0031

0.5 20 0 0.0440 0.0034 0.0006
20 30 0.0633 0.0049 0.0007
20 50 0.1271 0.0396 0.0031
60 0 0.0439 0.0037 0.0007
60 30 0.0459 0.0039 0.0008
60 50 0.1385 0.0247 0.0025

0.75 20 0 0.0120 0.0043 0.0013
20 30 0.0607 0.0076 0.0021
20 50 0.1901 0.0673 0.0047
60 0 0.0319 0.0074 0.0015
60 30 0.0513 0.0089 0.0017
60 50 0.1132 0.0527 0.0048

MWh), sourced from the smart metering device of a consumer-type shopping center (a large hypermarket), and the
corresponding historical hourly temperature (measures in degrees Celsius), recorded by weather sensors at a specialized
institute. (for a more detailed description of this dataset, see Pı̂rjan et al. (2017) and Fetitah et al. (2020). We are
interested in the estimation of the conditional quantile prediction of daily peak consumption of energy, Yi, with respect
to the hourly temperature Xi (tj)j=1..24 for the day i. The full dataset of 366 days is divided into a training set
consisting of the first 351 days, and a test set comprising the remaining 15 days. From the training set, we restrict
our analysis to the peak demand electricity exceeding the one-third quantile consumption, that is we consider only
Yi > 0.848MWh, i = 1...351, this choice amounts to truncating the training dataset approximately TR = 34%, this
phenomenon can be justified by a loss of information caused by technical failures. Additionally, an electricity shortage
can occur on certain days and last for several hours. In such cases, we only have a lower limit for peak demand, but
not the exact value. On these censored days, electricity consumption is only observed up to a certain time tc ∈ [1, 24],
we thus provide a censorship rate around CR = 22%, for further insight and illustrative examples of this censorship
phenomenon, see Fetitah et al. (2020) or Boucetta et al. (2024).
Consequently the observed training sample is constructed as (Xi, Zi, Ti, δi)i=1,...,232, where δi = 1 if Zi = Yi and
δi = 0 if Zi = Ci, Ci are the censored data, and Ti = 0.848, i = 1, ..., 232. Figure 5 illustrates clearly these data.
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Figure 5: The peak electricity consumption and their corresponding observed temperature daily curves, for the training sample.
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Conditional Quantiles estimators are built using the same quadratic kernel K(.) and the same distribution H(.) as in the
simulation study. The choice of the semi-metric is based on the data, in our case we choose the Empirical L2 distance
defined by

d(Xi, Xj) =

(
1

24

24∑
k=1

(Xi(tk)−Xj(tk))
2

)1/2

.

The estimators are derived by selecting both the optimal bandwidths (hKopt, hHopt) that minimizes the Mean Quantile
Loss function based on the Pinball Loss ρp(u) = u

(
p− 1{u<0}

)
, calculated on the true observed training data in the

grid over hH and hK , given by

(hKopt, hHopt) = arg min
hH ,hK

 1

232

232∑
j=1

δj(Yj −Q(j)
p,n(Xj))

(
p− 1{

δj(Yj−Q
(j)
p,n(Xj))<0

}) .

where Q
(j)
p,n(.) are the conditional quantiles estimators calculated with the cross-validation technique. The results are

given in Figure 6, which displays the prediction of the conditional quantile of peak electricity consumption for the 15
days of December, against the true peak demand (Y test), for p = 0.25, 0.5 and 0.75, respectively. It is important not to
confuse these results with those from the simulation study, in which we overlaid the estimated quantile with the true
quantile in order to evaluate the performance of our estimator. Here, we do not have the true quantile, but only the
observed sample; therefore, the analysis follows a different approach.
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Figure 6: Predicted Quantile peak electricity consumption against the true observed consumption, for p=0.25, 0.5 and 0.75, respectively

When interpreting quantile-prediction, it’s important not to mistake them for inaccurate predictions. Unlike traditional
regression models that aim to estimate the precise value of a target variable, quantile regression aim to provide a range
that captures the possible values of the data, as shown in Figure 7
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Figure 7: Predicted Interquartile range for peak electricity consumption against the true observed consumption,

To assess the quality of quantile predictions, we used two key criterion:

1. Mean Quantile Loss (MQL), measures how far our predictions are from actual values, helping us evaluate
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accuracy, calculated on the Test sample

MQL(Yi, Qp,n(Xi)) =
1

15

15∑
i=1

(Yi −Qp,n(Xi))
(
p− 1{(Yi−Qp,n(Xi))<0}

)
.

2. Empirical Coverage Probability (E.C.P), an approximation of the coverage probability which indicates how well
our predictions capture the observed outcomes, which is vital for model reliability

E.C.P =
1

15

15∑
i=1

1{Yi≤Qp,n(Xi)}.

The results are given in the Table 2

p E.C.P MQL
0.25 0.2667 0.0096
0.5 0.5333 0.0126
0.75 0.8665 0.0102

Table 2: Empirical Coverage Probability and Mean Quantile Loss for p = 0.25, 0.5, and 0.75

By examining both criteria, it is evident that the losses associated with the three predicted quantiles are low, indicating
that the model effectively captures the asymmetric nature of the quantile functions. The empirical coverage probabilities
for the first and second conditional quartiles are well-calibrated (very close to the theoretical coverage 25% and 50%,
respectively). For the third quartile, even though it appears to be overestimated, the result remains satisfactory.

7. Proofs of the main results

Note that the estimator Fn(y|x) can be rewritten as Fn(y|x) =: Ψn(x,y)
ℓn(x)

where

Ψn(x, y) :=
θn

nE
[
K
(

d(x,X1)
hK

)] n∑
i=1

δi

Ln(Zi)Gn(Zi)
K

(
d(x,Xi)

hK

)
H

(
y − Zi

hH

)
, (11)

and

ℓn(x) :=
θn

nE
[
K
(

d(x,X1)
hK

)] n∑
i=1

δi

Ln(Zi)Gn(Zi)
K

(
d(x,Xi)

hK

)
. (12)

Similarly to (11) and (12) we define the following pseudo estimators

Ψ̃n(x, y) :=
θ

nE
[
K
(

d(x,X1)
hK

)] n∑
i=1

δi

L(Zi)G(Zi)
K

(
d(x,Xi)

hK

)
H

(
y − Zi

hH

)
,

and

ℓ̃n(x) :=
θ

nE
[
K
(

d(x,X1)
hK

)] n∑
i=1

δi

L(Zi)G(Zi)
K

(
d(x,Xi)

hK

)
,

and we consider the decomposition

Fn(y|x)− F (y|x) =
1

ℓn(x)

{(
Ψn(x, y)− Ψ̃n(x, y)

)
+
(
Ψ̃n(x, y)−E[Ψ̃n(x, y)]

)
+

(
E[Ψ̃n(x, y)]− F (y|x)

)}
− F (y|x)

ℓn(x)

{(
ℓn(x)− ℓ̃n(x)

)
+

(
ℓ̃n(x)−E[ℓ̃n(x)]

)
+
(
E[ℓ̃n(x)]− 1

)}
. (13)
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Proof of Proposition 4.1. The proof of Proposition 4.1 is deduced from the decomposition (13), indeed

sup
x∈Ω

sup
aV ≤y≤b

|Fn(y|x)− F (y|x)| ≤ 1

infx∈Ω |ℓn(x)|

{
sup
x∈Ω

sup
aV ≤y≤b

∣∣∣Ψn(x, y)− Ψ̃n(x, y)
∣∣∣

+ sup
x∈Ω

sup
aV ≤y≤b

∣∣∣Ψ̃n(x, y)−E[Ψ̃n(x, y)]
∣∣∣

+ sup
x∈Ω

sup
aV ≤y≤b

∣∣∣E[Ψ̃n(x, y)]− F (y|x)
∣∣∣

+ sup
x∈Ω

sup
aV ≤y≤b

|F (y|x)| sup
x∈Ω

|1− ℓn(x)|

}
,

hence, the result is a direct consequence of Lemmas 9.1–9.7 and Corollary 9.1.
Proof of Theorem 4.1.
Let x ∈ Ω, F (.|x) and Fn(.|x) are continuous, we have F (Qp(x)|x) = Fn(Qp,n(x)|x) = p. So

|F (Qp,n(x)|x)− F (Qp(x)|x)| ≤ |F (Qp,n(x)|x)− Fn(Qp,n(x)|x)|+ |Fn(Qp,n(x)|x)− F (Qp(x)|x)|
≤ |F (Qp,n(x)|x)− Fn(Qp,n(x)|x)|
≤ sup

aV ≤y≤b
|Fn(y|x)− F (y|x)| . (14)

A Taylor’s expansion of the function F (Qp,n(x)|x) in a neighborhood of Qp(x), implies that

F (Qp,n(x)|x)− F (Qp(x)|x) = (Qp,n(x)−Qp(x))f(Q
∗
p(x)|x),

where Q∗
p(x) is between Qp(x) and Qp,n(x). Then using the inequality (14) we obtain

sup
x∈Ω

|Qp,n(x)−Qp(x)||f(Q∗
p(x)|x)| ≤ sup

x∈Ω
sup

aV ≤y≤b
|Fn(y|x)− F (y|x)|. (15)

From (15), Assumption A3(ii) and Proposition 4.1 we conclude the proof of the Theorem 4.1.

8. Conclusion

It is worth recalling that the construction of the conditional quantile estimator from the conditional distribution function
follows the same principle in the case of complete data (Ferraty and Vieu, 2006), right-censored data (Horrigue and
Ould Said, 2011), and left-truncated data (Hellal and Ould Said, 2016). The fundamental difference between these
settings lies in the estimation of the conditional distribution function F (.|x). In this paper our main contribution was
to simultaneously address two forms of incomplete data, namely right censoring and left truncation. As highlighted
in Remark 3.1, the estimator we propose is not merely a combination of the methods developed for the censored and
truncated cases. Nevertheless, the results obtained are comparable to those reported in the three aforementioned settings
(see Remark 4.2) and are supported by an extensive simulation study and a real-data application.

9. Appendix

Lemma 9.1. Under Assumptions A1, A2 and A5, we have

sup
x∈Ω

∣∣∣ℓn(x)− ℓ̃n(x)
∣∣∣ = O

(√
log logn

n

)
a.s. as n → ∞.
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Proof. We write

ℓn(x)− ℓ̃n(x) =
1

nE
[
K
(

d(x,X1)
hK

)] n∑
i=1

(
δiθn

Ln(Zi)Gn(Zi)
K

(
d(x,Xi)

hK

))
− δiθ

L(Zi)G(Zi)
K

(
d(x,Xi)

hK

)

=
1

nE
[
K
(

d(x,X1)
hK

)] n∑
i=1

δiK

(
d(x,Xi)

hK

)(
θn

Ln(Zi)Gn(Zi)
− θ

L(Zi)Ḡ(Zi)

)

Replacing θ and θn by their expressions defined in (1) and (2) respectively, we get∣∣∣ℓn(x)− ℓ̃n(x)
∣∣∣ ≤ 1

nE
[
K
(

d(x,X1)
hK

)] n∑
i=1

δiK

(
d(x,Xi)

hK

)(∣∣∣∣Fn(Zi)

Cn(Zi)
− F (Zi)

C(Zi)

∣∣∣∣)

≤ 1

nE
[
K
(

d(x,X1)
hK

)] n∑
i=1

δiK

(
d(x,Xi)

hK

)(∣∣∣∣Fn (Zi)− F (Zi)

Cn (Zi)

∣∣∣∣
+ (1− F (Zi))

∣∣∣∣ 1

Cn(Zi)
− 1

C(Zi)

∣∣∣∣)
≤

(
sup

aV≤y≤b

∣∣∣∣Fn(y)− F (y)

Cn(y)

∣∣∣∣+ sup
aV ≤y≤b

∣∣∣∣ 1− F (y)

Cn(y)C(y)
(Cn(y)− C(y))

∣∣∣∣
)

×

 1

nE
[
K
(

d(x,X1)
hK

)] n∑
i=1

δiK

(
d(x,Xi)

hK

)
= : J1 × J2.

On the one hand, following Zhou and Yip (1999), we have supaV ≤y≤b |Fn(y)− F (y)| = O

(√
log logn

n

)
a.s.,

and the Law of the Iterated Logarithm (LIL) stated for the empirical d.f in the independent case gives

supaV ≤y≤b |Cn(y)− C(y)| = O

(√
log logn

n

)
a.s. as n → ∞. Furthermore, since C(y) > 0, for aV ≤ y ≤ b,

then there exists a τ0 > 0 such that C(y) ≥ τ0 > 0 and as Cn(y) → C(y)a.s, we obtain J1 = O

(√
log logn

n

)
.a.s.

In the other hand, we have

J2 =
1

nE
[
K
(

d(x,X1)
hK

)] n∑
i=1

(
δiK

(
d(x,Xi)

hK

)
−E

[
δiK

(
d(x,Xi)

hK

)])

+
1

E
[
K
(

d(x,X1)
hK

)]E [δ1K (d(x,X1)

hK

)]
= : J21 + J22. (16)

For J21, we set ∆i(x) =
1

E
[
K

(
d(x,X1)

hK

)] (δiK (d(x,Xi)
hK

)
−E

[
δiK

(
d(x,Xi)

hK

)])
. Obviously, J21 = 1

n

∑n
i=1 ∆i(x).

The main tool here is the use of an exponential inequality given by corollary A8(i) in Ferraty and Vieu (2006).
To do that, we have to evaluate the term E[|∆1(x)|m], for all m ≥ 2. By Assumptions A1 and A2(i) we have

c31B(x,hK)(X1) ≤ K

(
d(x,X1)

hK

)
≤ c41B(x,hK)(X1).

Therefore

c′ϕ(hK) ≤ E
[
K

(
d(x,X1)

hK

)]
≤ cϕ(hK), (17)
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and for l ≥ 1

E
[
Kl

(
d(x,X1)

hK

)]
≤ cl4ϕx(hK) ≤ cl4c2ϕ(hK).

Then

E

[
δ1K

l

(
d(x,X1)

hK

)]
=

∫ ∫
Kl

(
d(x, u)

hK

)
v∗
1(t|u)dPX1(u)dt

=

∫ ∫
Kl

(
d(x, u)

hK

)
L(t)G(t)

θ
f(t|u)dPX1(u)dt

≤ 1

θ
E
[
Kl

(
d(x,X1)

hK

)]
≤ cl4c2

θ
ϕ(hK) =: O(ϕ(hK)). (18)

The Newton’s binomial expansion, combined with (17) and (18) allows us to write

E [|∆1(x)|m] = E

∣∣∣∣∣∣ 1

Em
[
K
(

d(x,X1)
hK

)] m∑
j=0

Cj
mδ1K

j

(
d(x,X1)

hK

)
Em−j

[
δ1K

(
d(x,X1)

hK

)]
(−1)m−j

∣∣∣∣∣∣


≤ 1

Em
[
K
(

d(x,X1)
hK

)] m∑
j=0

Cj
mE

[
δ1

∣∣∣∣Kj

(
d(x,X1)

hK

)∣∣∣∣] ∣∣∣∣Em−j

[
δ1K

(
d(x,X1)

hK

)]∣∣∣∣
≤ c max

0≤j≤m
ϕ1−j(hK)

≤ cϕ1−m(hK).

Now, we can apply corollary A8(i) in Ferraty and Vieu (2006) with a = (ϕ(hK))−
1
2 , to get for all ε > 0

P (|J21| > ε) = P

(
1

n

∣∣∣∣∣
n∑

i=1

∆i(x)

∣∣∣∣∣ > ε

)

≤ 2 exp

{
− nε2

2a2(1 + ε)

}
.

Taking ε = ε0

√
logn

nϕ(hK) , for all ε0 > 0, we obtain

P

(
|J21| > ε0

√
log n

nϕ(hK)

)
≤ 2 exp

− ε20 log n

2
(
1 + ε0

√
logn

nϕ(hK)

)
 .

Under A5(ii), for n large enough, we have

P

(
|J21| > ε0

√
log n

nϕ(hK)

)
≤ 2 exp{−cε20 log n}

≤ 2n−cε20 . (19)

For a suitable choice of ε0 (i.e. ε0 >
√

1
c ), the term on the right hand side of (19) is the general term of a convergent

series, then Borel-Cantelli’s lemma gives

sup
x∈Ω

|J21| = O

(√
log n

nϕ(hK)

)
a.s. as n → ∞. (20)
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For J22, using the same argument as in (18), we have

1

E
[
K
(

d(x,X1)
hK

)]E [δ1K (d(x,X1)

hK

)]
=

1

E
[
K
(

d(x,X1)
hK

)] ∫ ∫ K

(
d(x, u)

hK

)
v∗
1(t|u)dPX1(u)dt

≤ 1

θE
[
K
(

d(x,X1)
hK

)]E [K (d(x,X1)

hK

)]
= O(1),

which together with (16) and (20) give

sup
x∈Ω

|J2| = O(1) a.s. as n → ∞.

So the Lemma 9.1 is proved.

Lemma 9.2. Under Assumptions A1, A2 and A5, we have

sup
x∈Ω

∣∣∣ℓ̃n(x)−E[ℓ̃n(x)]
∣∣∣ = O

(√
log n

nϕ(hK)

)
a.s. as n → ∞.

Proof. The compact Ω can be covered by a finite number ln of balls B(xk, rn) of radius rn and centered at xk,
where Ω ⊂

⋃ln
k=1 B(xk, rn) such that lnrn ≤ M0 where M0 is a positive finite constant. For any x ∈ Ω, we set

k0(x) = arg min
1≤k≤ln

d(xk, x) and consider the following decomposition

∣∣∣ℓ̃n(x)−E[ℓ̃n(x)]
∣∣∣ ≤ ∣∣∣ℓ̃n(x)− ℓ̃n(xk0(x))

∣∣∣+ ∣∣∣ℓ̃n(xk0(x))−E[ℓ̃n(xk0(x))]
∣∣∣+ ∣∣∣E[ℓ̃n(xk0(x))]−E[ℓ̃n(x)]

∣∣∣ .
We have

sup
x∈Ω

∣∣∣ℓ̃n(x)−E[ℓ̃n(x))]
∣∣∣ ≤ max

1≤k≤ln
sup

x∈B(xk,rn)

∣∣∣ℓ̃n(x))− ℓ̃n(xk0(x))
∣∣∣+ max

1≤k≤ln

∣∣∣ℓ̃n(xk0(x))−E[ℓ̃n(xk0(x))]
∣∣∣

+ max
1≤k≤ln

sup
x∈B(xk,rn)

∣∣∣E[ℓ̃n(xk0(x))]−E[ℓ̃n(x)]
∣∣∣

= : I1 + I2 + I3.

For I1, we use similar arguments as in lemma 4.2 of Horrigue and Ould Said (2011).

∣∣∣ℓ̃n(x)− ℓ̃n(xk0(x))
∣∣∣ =

∣∣∣∣∣∣ 1n
n∑

i=1

θδi

L(Zi)G(Zi)

 K
(

d(x,Xi)
hK

)
E
[
K
(

d(x,X1)
hK

)] − K
(

d(xk0(x), Xi)

hK

)
E
[
d(xk0(x), X1)

hK

]
∣∣∣∣∣∣

≤ 1

n

n∑
i=1

θ

L(Yi)
−
G(Yi)

∣∣∣∣∣∣
K
(

d(x,Xi)
hK

)
−K

(
d(xk0(x), Xi)

hK

)
E
[
K
(

d(x,X1)
hK

)]
∣∣∣∣∣∣︸ ︷︷ ︸

I∗
1

+

∣∣∣∣∣∣
K
(

d(xk0(x), Xi)

hK

)
E
[
K
(

d(x,X1)
hK

)] −
K
(

d(xk0(x), Xi)

hK

)
E
[
K
(

d(xk0(x), X1)

hK

)]
∣∣∣∣∣∣︸ ︷︷ ︸

I∗
2

.
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On the one hand, since Assumption A2 implies that K is Lipschitz, we obtain

I∗1 ≤ c8

E
[
K
(

d(x,X1)
hK

)]
hK

∣∣d(x,Xi)− d(xk0(x), Xi)
∣∣

≤
c8d(x, xk0(x))

E
[
K
(

d(x,X1)
hK

)]
hK

, (21)

On the other hand, there exists x∗ ∈ B(xk0(x), hK), and under Assumption A2 we have

I∗2 =

∣∣∣∣∣∣
K
(

d(xk0(x),Xi)

hK

)(
E
[
K
(

d(xk0(x),X1)

hK

)]
− E

[
K
(

d(x,X1)
hK

)])
E
[
K
(

d(x,X1)
hK

)]
E
[
K
(

d(xk0(x),X1)

hK

)]
∣∣∣∣∣∣

≤

∣∣∣K (d(xk0(x), Xi)

hK

)∣∣∣
E
[
K
(

d(x,X1)
hK

)]
E
[
K
(

d(xk0(x), X1)

hK

)]E [∣∣∣∣K (d(xk0(x), X1)

hK

)
−K

(
d(x,X1)

hK

)∣∣∣∣]

≤
||K||∞ E

[∣∣∣K ′
(

d(x∗ , X1)
hK

)∣∣∣]
E
[
K
(

d(x,X1)
hK

)]
E
[
K
(

d(xk0(x), X1)

hK

)]
hK

d
(
x, xk0(x)

)
.

Moreover, for any x ∈ ℑ, the term d(x,Xi)
hK

is a real random variable and denote its distribution by

P
d(x,Xi)

hK (u) = P
(

d(x,Xi)
hK

≤ u
)

. We have

E
[∣∣∣∣K ′

(
d(x∗ , X1)

hK

)∣∣∣∣] =

∫ 1

0

|K ′(t)| dP
d(x∗ , X1)

hK (t)

≤ ||K ′||∞

[
P
(
d(x∗ , X1)

hK
≤ t

)]1
0

≤ ∥K ′∥∞ [P(d(x∗, X1) ≤ hK)− P(d(x∗, X1) ≤ 0)]

≤ ∥K ′∥∞ [ϕx∗(hK)− ϕx∗(0)]

≤ ∥K ′∥∞ϕx∗(hK), since ϕx∗(0) = 0.

Then

I∗2 ≤ ∥K ′∥∞∥K∥∞ϕx∗(hK)

E
[
K
(

d(x,X1)
hK

)]
E
[
K
(

d(xk0(x),X1)

hK

)]
hK

d(x, xk0(x)). (22)

From (21) and (22), we have

∣∣∣ℓ̃n(x)− ℓ̃n(xk0(x))
∣∣∣ ≤ θ

L(aV )G(b)

 c8

E
[
K
(

d(x,X1)
hK

)]
hK

d(x, xk0(x))

+
∥K ′∥∞∥K∥∞ϕx∗(hK)

E
[
K
(

d(x,X1)
hK

)]
E
[
K
(

d(xk0(x),X1)

hK

)]
hK

d(x, xk0(x))

 .

Conditional quantile estimation under LTRC model with functional regressors 646



Pak.j.stat.oper.res. Vol.21 No.4 2025 pp 631-652 DOI: http://dx.doi.org/10.18187/pjsor.v21i4.4910

Hence, from (17) and Assumption A1, we get∣∣∣ℓ̃n(x)− ℓ̃n(xk0(x))
∣∣∣ ≤ θ

L(aV )G(b)

(
c8

c′hKϕ (hK)
+

c2∥K ′∥∞∥K∥∞ϕ(hK)

c′2hK(ϕ(hK)2

)
d(x, xk0(x))

≤ θ

L(aV )G(b)

(
c8

c′hKϕ(hK)
+

c2∥K∥∞∥K ′∥∞
c′2hKϕ(hK)

)
d(x, xk0(x))

≤ θ (c8c
′ + c2∥K∥∞∥K ′∥∞)

c′2L(aV )G(b)hKϕ(hK)
rn.

Taking rn = hK

√
ϕ(hK)

n and from Assumption A2, we obtain that

∣∣∣ℓ̃n(x)− ℓ̃n(xk0(x))
∣∣∣ ≤ θ (c8c

′ + c2∥K∥∞∥K ′∥∞)

c′2L(aV )G(b)

√
1

nϕ(hK)

= O

(√
1

nϕ(hK)

)
.

Therefore

I1 = max
1≤k≤ln

sup
x∈B(xk,rn)

∣∣∣ℓ̃n(x))− ℓ̃n(xk0(x))
∣∣∣ = O

(√
1

nϕ(hK)

)
a.s. as n → ∞. (23)

For I3, and from (23) it comes that∣∣∣E[ℓ̃n(xk0(x))]−E[ℓ̃n(x)]
∣∣∣ ≤ E

[∣∣∣ℓ̃n(xk0(x))− ℓ̃n(x)
∣∣∣]

= O

(√
1

nϕ(hK)

)
.

Hence

I3 = max
1≤k≤ln

sup
x∈B(xk,rn)

∣∣∣E[ℓ̃n(xk0(x))]−E[ℓ̃n(x)]
∣∣∣ = O

(√
1

nϕ(hK)

)
a.s. as n → ∞. (24)

Now, in order to study the term I2, we set

ℓ̃n(xk0(x))−E[ℓ̃n(xk0(x))] =
1

n

n∑
i=1

Γi(xk0(x)),

where

Γi(xk0(x)) =
1

E
[
K
(

d(xk0(x), X1

hK

)] ( θδi

L(Zi)G(Zi)
K

(
d(xk0(x), Xi

hK

)

− E

[
θδ1

L(Z1)G(Z1)
K

(
d(xk0(x), X1

hK

)])
.

The application of the exponential inequality of corollary A8 in Ferraty and Vieu (2006) is based on

E
[∣∣Γ1(xk0(x))

∣∣m] =
1∣∣∣Em

[
K
(

d(xk0(x),X1)

hK

)]∣∣∣E
∣∣∣∣[ θδ1

L(Z1)G(Z1)
K

(
d(xk0(x), X1)

hK

)]

− E

[
θδ1

L(Z1)G(Z1)
K

(
d(xk0(x), X1)

hK

)]∣∣∣∣m ,
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by Newton’s binomial formula, we obtain for q ≤ m

E
[∣∣Γ1(xk0(x))

∣∣m] ≤ 1∣∣∣∣Em

[
K

(
d(xk0(x),X1)

hK

)]∣∣∣∣
{∑m

q=0 C
q
mE

[∣∣∣ θ
L(Y1)G(Y1)

K
(

d(xk0(x),X1

hK

)∣∣∣q]
×
∣∣∣E [ θ

L(Y1)G(Y1)
K
(

d(xk0(x),X1)

hK

)]∣∣∣m−q
}
.

Using the same arguments as those invoked in proof of Lemma 9.1, we get for m ≥ 2

E
[∣∣Γ1(xk0(x))

∣∣m] = O( max
0≤q≤m

(ϕ (hK))
1−q

) = O
(
(ϕ (hK))

1−m
)
.

The corollary A8(i) of Ferraty and Vieu (2006) with a = (ϕ(hK))−
1
2 gives

P

(
max

1≤k≤ln

∣∣∣ℓ̃n(xk0(x))−E[ℓ̃n(xk0(x))]
∣∣∣ > ε

)
≤

ln∑
k=1

P
(∣∣∣ℓ̃n(xk0(x))−E[ℓ̃n(xk0(x))]

∣∣∣ > ε
)

≤ lnP

(
n∑

i=1

∣∣Γi(xk0(x))
∣∣ > nε

)

≤ 2lnexp

(
− nε2

2a2(1 + ε)

)
,

hence, from Assumption A5 and for ε = ε0

√
logn

nϕ(hK) and rn = hK

√
ϕ(hK)

n , we get

P

(
max

1≤k≤ln

∣∣∣ℓ̃n(xk0(x))−E[ℓ̃n(xk0(x))]
∣∣∣ > ε

)
≤ 2M0

rn
exp

− ε20 log n

2

(
1 + ε0

(
logn

nϕ(hK)

)1/2)


≤ 2M0n
1
2

hK(ϕ(hK))
1
2

n−cε20 ≤ 2M0

hK(ϕ(hK))
1
2n

3
2

n2−cε20

≤ 2M0

(nϕ(hK))
1
2 (nhK)

n2−cε20 ,

for ε0 >
√

3
c , the term n2−cε20 is the general term of a convergent series. Therefore, Borel-Cantelli’s lemma yields that

I2 = max
1≤k≤ln

∣∣∣ℓ̃n(xk0(x))−E[ℓ̃n(xk0(x))]
∣∣∣ = O

(√
log n

nϕ(hK)

)
a.s. as n → ∞. (25)

Thus, the results (23), (24) and (25) conclude the proof.

Lemma 9.3. Under Assumptions A1, A2 and A5, we have

E[ℓ̃n(x)] = 1

Conditional quantile estimation under LTRC model with functional regressors 648



Pak.j.stat.oper.res. Vol.21 No.4 2025 pp 631-652 DOI: http://dx.doi.org/10.18187/pjsor.v21i4.4910

Proof. Using the conditional expectation, we have

E[ℓ̃n(x)] =
1

E
[
K
(

d(x,X1)
hK

)]E [ θδ1

L(Z1)G(Z1)
K

(
d(x,X1)

hK

)]

=
1

E
[
K
(

d(x,X1)
hK

)]E [K (d(x,X1)

hK

)
E

[
θδ1

L(Z1)G(Z1)
|X1

]]

=
1

E
[
K
(

d(x,X1)
hK

)] ∫ ∫ K

(
d(x, u)

hK

)
θ

L(t)G(t)
v∗
1(t|u)dPX1(u)dt.

From (6), we have

E[ℓ̃n(x)] = 1

E
[
K

(
d(x,X1)

hK

)] ∫ ∫ K
(

d(x,u)
hK

)
f(t|u)dPX1(u)dt

= 1

E
[
K

(
d(x,X1)

hK

)] ∫ K
(

d(x,u)
hK

)
dPX1(u)

and since E
[
K
(

d(x,X1)
hK

)]
=
∫
K
(

d(x,u)
hK

)
dPX1(u) we have the expected result.

Lemma 9.4. Under the same assumptions as those of Lemma 9.1, we have

sup
x∈Ω

sup
aV ≤y≤b

∣∣∣Ψn(x, y)− Ψ̃n(x, y)
∣∣∣ = O

(√
log logn

n

)
a.s. as n → ∞.

Proof. As H is a distribution function, and from Lemma 9.1 we obtain∣∣∣Ψn(x, y)− Ψ̃n(x, y)
∣∣∣ ≤ ∣∣∣ℓn(x)− ℓ̃n(x)

∣∣∣ = O

(√
log log n

n

)
a.s.

This conclude the proof.

Lemma 9.5. Under Assumptions A1, A2, A3 and A4, we have

sup
x∈Ω

sup
aV ≤y≤b

∣∣∣E[Ψ̃n(x, y)]− F (y|x)
∣∣∣ = O

(
hβ1

K

)
+O

(
hβ2

H

)
a.s. as n → ∞.

Proof. From (6), we have

E[Ψ̃n(x, y)] =
1

E
[
K
(

d(x,X1)
hK

)]E [ θδ1

L(Z1)G(Z1)
K

(
d(x,X1)

hK

)
H

(
y − Z1

hH

)]

=
1

E
[
K
(

d(x,X1)
hK

)] ∫ ∫ θ

L(t)G(t)
K

(
d(x, u)

hK

)
H

(
y − t

hH

)
v∗
1(t|u)dPX1(u)dt

=
1

E
[
K
(

d(x,X1)
hK

)] ∫ K

(
d(x, u)

hK

)(∫
H

(
y − t

hH

)
f(t|u)dt

)
dPX1(u)

=
1

E
[
K
(

d(x,X1)
hK

)]E [K (d(x,X1)

hK

)
E
[
H

(
y − Y1

hH

)
|X1

]]
.

Remark that

E
[
H

(
y − Y1

hH

)
|X1

]
=

∫
R
H

(
y − t

hH

)
dF (t|X1),
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then, using an integration by part we get

E
[
H

(
y − Y1

hH

)
|X1

]
=

1

hH

∫
R
H ′
(
y − t

hH

)
F (t|X1)dt,

by applying a change of variables, we obtain

E
[
H

(
y − Y1

hH

)
|X1

]
=

∫
R
H ′(s)F (y − shH |X1)ds.

Thus, we have ∣∣∣∣E [H (y − Y1

hH

)
|X1

]
− F (y|x)

∣∣∣∣ ≤ ∫
R
H ′(s) |F (y − shH |X1)− F (y|x)| ds,

and, the condition A3 allows us to write∣∣∣∣E [H (y − Y1

hH

)
X1

]
− F (y|x)

∣∣∣∣ ≤ c7

∫
R
H ′(s)

(
d(x,X1)

β1 + |shH |β2

)
ds.

Making use of A4, we get∣∣∣E(Ψ̃n(x, y))− F (y|x)
∣∣∣ =

∣∣∣∣ 1

E
[
K

(
d(x,X1)

hK

)]E [K (d(x,X1)
hK

)]
×
(
E
[
H
(

y−Y1

hH

)
|X1

]
− F (y|x)

)∣∣∣
≤ c7

(
hβ1

K + hβ2

H

)
= O(hβ1

K + hβ2

H ).

Which completes the proof of the Lemma.

Lemma 9.6. Under Assumptions A1-A5, we have

sup
x∈Ω

sup
aV ≤y≤b

∣∣∣Ψ̃n(x, y)−E[Ψ̃n(x, y)]
∣∣∣ = O

(√
log n

nϕ(hK)

)
a.s. as n → ∞.

Proof. We follow step by step the proof of Lemma 9.2, replacing ℓ̃n(x) by Ψ̃n(x, y) and the fact that H is a
distribution function yields the result.

Lemma 9.7. Under Assumptions A1, A2 and A5, we have

sup
x∈Ω

|1− ℓn(x)| = O

(√
logn

nϕ(hK)

)
a.s. as n → ∞.

Proof. We have the following decomposition:

ℓn(x) =
(
ℓn(x)− ℓ̃n(x)

)
+
(
ℓ̃n(x)−E[ℓ̃n(x)]

)
+E[ℓ̃n(x)].

By Lemma 9.3, E[ℓ̃n(x)] = 1, then we have

sup
x∈Ω

|1− ℓn(x)| ≤ sup
x∈Ω

|ℓ̃n(x)− ℓn(x)|+ sup
x∈Ω

|E[ℓ̃n(x)]− ℓ̃n(x)|. (26)

Lemmas 9.1 and 9.2 imply that

sup
x∈Ω

|1− ℓn(x)| = O

(√
log n

nϕ(hK)

)
a.s. as n → ∞.
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Corollary 9.1. Under assumptions of Lemma 9.7 we have

∞∑
n=1

P

(
inf
x∈Ω

|ℓn(x)| <
1

2

)
< ∞.

Proof. Clearly, we have

inf
x∈Ω

|ℓn(x)| <
1

2
⇒ ∃x ∈ Ω, such that 1− ℓn(x) >

1

2
⇒ sup

x∈Ω
|1− ℓn(x)| >

1

2
.

We deduce from Lemma 9.7 and Borel-Cantelli’s lemma that

P

(
inf
x∈Ω

|ℓn(x)| <
1

2

)
≤ P

(
sup
x∈Ω

|1− ℓn(x)| >
1

2

)
,

thus, we obtain

∞∑
n=1

P

(
inf
x∈Ω

|ℓn(x)| <
1

2

)
< ∞.

The proof of the Corrollary is ended.
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