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Abstract

Logistic regression is widely used in many areas of knowledge. Several works compare the performance of lasso and
maximum likelihood estimation in logistic regression. However, part of these works do not perform simulation studies
and the remaining ones do not consider scenarios in which the ratio of the number of covariates to sample size is high.
In this work, we compare the discrimination performance of lasso and maximum likelihood estimation in logistic
regression using simulation studies and applications. Variable selection is done both by lasso and by stepwise when
maximum likelihood estimation is used. We consider a wide range of values for the ratio of the number of covariates
to sample size. The main conclusion of the work is that lasso has a better discrimination performance than maximum
likelihood estimation when the ratio of the number of covariates to sample size is high.
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1. Introduction

Logistic regression is a widely used model for binary responses. Part of its success lies in the fact that it has inter-
pretable parameters. The parameters in logistic regression are usually estimated by the maximum likelihood method
(Hosmer Jr et al., 2013). Stepwise is commonly used for variable selection (Gaebel et al., 2016; Miiller et al., 2020).
Lasso (Tibshirani, 1996) is an estimation method that can be used in many regression models. It is often used when
prediction is the main purpose of model development, because it usually produces better predictions than traditional
methods (Hastie et al., 2019). In addition, unlike the maximum likelihood method, it can be used when the number
of covariates is greater than the number of observations. Another interesting feature of lasso is that it also performs
variable selection, because the estimates of several parameters are usually zero.

Several works compare lasso, the maximum likelihood method and other methods using real datasets with binary
response (see for example Steyerberg et al. (2000), Greenwood et al. (2020) and Liu et al. (2021)). In general, they
concluded that lasso has a better predictive performance than maximum likelihood estimation, especially when the
sample size is small compared to the number of covariates.

Few works compare lasso and the maximum likelihood method using extensive simulation studies in logistic regres-
sion. Van Calster et al. (2020), Riley et al. (2021) and Martin et al. (2021) compared these methods and others. They
concluded that lasso and other shrinkage methods do not guarantee improved performance. However, they did not
consider scenarios in which the ratio of the number of covariates to sample size is greater than 0.2. In addition, they
focused on the estimation of the probability of the response assuming each outcome instead of studying the discrim-
ination performance of the methods. In many real problems, the goal is the latter and not the former. Finally, these
works did not evaluate the maximum likelihood method associated with a variable selection method as it is usually
used in practice. Pavlou et al. (2016) and Leeuwenberg et al. (2022) also compared lasso, the maximum likelihood
estimation and other methods in logistic regression using simulation studies. However, the authors considered only
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settings with low dimension.

In this work, we perform extensive simulation studies to compare the discrimination performance of lasso and the
combination of stepwise with maximum likelihood estimation in logistic regression models. We also include in the
analyses the combination of lasso and maximum likelihood method, in which the latter is used for parameter estimation
and the former for variable selection. In the simulation studies, we vary the ratio of number of covariates to sample
size from 0.01 to 0.5. The performance of these methods is also compared using nine real datasets.

The remainder of this paper is organized as follows. Section 2 presents the model and the methods considered in this
work. The discrimination performance of the methods are compared using Monte Carlo simulation studies and nine
real databases in Section 3 and 4, respectively. Concluding remarks are provided in Section 5.

2. Methodology

Let y1,¥2,...,Yyn be independent random variables, where each y;, ¢ = 1,2,...,n, is Bernoulli distributed with
probability of success p;. The logistic regression model for binary responses is defined as

Hi T
9(pi) =log | —— | =a+u; B, (1)
L= pi
where xz; = (21, %2, - . ,x,-][,)T is a vector of known covariates, « is an unknown intercept parameter and § =
(51, B2, -, ﬁp)T is a vector of unknown parameters (3 € RP). Logistic regression is a particular case of generalized

linear models in which the response variable is Bernoulli distributed and g¢(.) is the logit link function (McCullagh and
Nelder, 1989).

The parameters of the logistic regression model can be estimated by maximum likelihood, in which estimators of
the parameters are obtained maximizing the log-likelihood of the model (1). This maximization uses a nonlinear
optimization algorithm, such as the iterative weighted least squares (McCullagh and Nelder, 1989, Section 2.5). The
log-likelihood of the model (1) is given by

n

o, B) = [yslog(m) + (1 — ) log(1 — p;)] 2

i=1

where j1; = e®+2{ 8 /(1 + ¢*+2{ 8)_ In the first method considered here, stepwise is used for variable selection and
maximum likelihood is used for parameter estimation. We denote it by StepML.
In the lasso method, the parameters are estimated by minimizing the following function:

p
—l(a, B) + A 1851, 3)
j=1

where A is a tuning parameter. In this work, we chose the tuning parameter using ten-fold cross validation (Fischetti
etal., 2017, page 614). The chosen A was the one that maximized the average of the area under the ROC curve (AUC)
in the validation datasets.

As lasso also selects covariates, it is reasonable to use it for variable selection and another method for parameter
estimation. However, to the best of our knowledge, there is no work that compares the combination of lasso and a
parameter estimation method with other techniques in logistic regression. Here, we consider the combination of lasso
for variable selection and maximum likelihood for parameter estimation. We denote this combination as LassoML.

3. Simulation studies

To compare the discrimination performance of the methods described in Section 2 in the logistic regression, we per-
formed a Monte Carlo simulation study. Following Van Calster et al. (2020), we considered a full factorial simulation
setup varying the following factors: number of covariates (p = 10, 30 and 50), outcome rate event or percentage of
successes (20% and 50%) and the correlation between predictors. The covariates were generated as random draws
from the multivariate normal distribution with mean vector composed of zeros, variance vector composed of ones and
correlations given by (—p)”_j| (Hastie et al., 2020), where ¢ and j are the ith and jth covariates, respectively, and
p = 0.5 in the half of the scenarios and p = 0.9 in the remaining ones.
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For each scenario, we considered that the 80% first covariates were noise ones (associated parameters equal to zero)
and the value of the parameter for the (0.8p + i)th covariate (i = 1,2,...,p — 0.8p) was given by (—1)(+1)(0.5).
The following sample sizes were considered: n = 100, 200, 500 and 1000. Each sample was split in training dataset
(70%) and test dataset (30%) and 500 Monte Carlo replications were considered in each scenario and sample size.
We used the Gini coefficient (GC) (Thomas et al., 2017) as the measure of the discrimination performance. This
measure is a transformation of the area under the ROC curve given by GC = 2(AUC — 0.5). The GC is usually used
to evaluate credit scoring models (Silva et al., 2022) instead of AUC, because it takes values in the interval (0, 1).
Simulation studies and applications were performed using R version 4.0.2. The analyses were conducted primarily
using the glm function and the glmnet package (version 4.0-2). The scripts used in this work are available at
https://github.com/GilAlcantara/Study_Lasso_Article.

Figure 1 presents the results of the simulations for the scenarios in which the outcome rate event (ORE) is equal to
0.5. When p = 50 and n = 100, the average GC is much higher for Lasso than for StepML (0.65 versus 0.30 when
p = 0.5). The average GC for LassoML is between the other two methods but closer to Lasso (0.55 when p = 0.5).
The difference in the discrimination performance of the methods is related especially to the value of the ratio p/n. In
general, the greater this ratio, the greater the difference in the average GC between the three methods and Lasso is
the method of best discrimination performance followed by LassoML. When p/n is less than 0.03, the three methods
present similar performancélhe difference in the average GC between the methods is slightly higher when p is changed
from 0.5 to 0.9. As the differences are small when this change is made, the level of correlations between the covariates
does not considerably affect the relative discrimination performance of the methods considered here.

Due to the high computational cost, we did not consider scenarios with p/n > 0.5 in the simulation studies. We
investigated high-dimensional settings (p/n > 2) through the two real-data applications presented in Section 4.

The results of the simulations for the scenarios in which the ORE is equal to 0.2 are shown in Figure 2. When we
change the ORE from 0.5 to 0.2, the conclusions are similar in most of the cases. However, for fixed p, n and p, in
some case, the difference between the methods is considerably greater for ORE equals to 0.2 than when it is 0.5. For
example, When p = 50, n = 500 and p = 0.9, the three methods have similar discrimination performance when the
ORE is equal to 0.5. However, for the same p, n and p and ORE equals 0.2, the average GC is considerably greater
for Lasso (0.91) than for StepML (0.75).

In addition to the average GC, Tables 3 and 4 in the Appendix also report the standard deviations (SD) of GC. Note
that, in general, the standard deviations are small. Considering this information and the fact that, in this case, the
standard errors are given by SD/ /500, Lasso is statistically significantly better than the other methods in settings in
which it presents considerably higher average GC.

4. Applications

We also compared the methods considered here using nine applications. The datasets were obtained from different
areas and have different values of n, p/n and ORE. Table 1 presents the characteristics of these datasets. Note that
p/n varies from 0.001 to 4.783.

Table 1: Features of the used datasets.

Dataset n p p/n ORE (%) Reference
1 30000 23 0.001 22 Yeh and Lien (2009)
2 3656 15 0.004 15 Detrano et al. (1989)
3 392 8 0.020 33 Ramana et al. (2011)
4 123 6 0.049 50 Thrun et al. (1991)
5 569 30 0.053 37 Street et al. (1993)
6 351 34 0.097 36 Sigillito et al. (1989)
7 195 22 0.113 75 Little et al. (2007)
8 70 205 2.929 41 Zarchi et al. (2018)
9 115 550 4.783 33 Sorlie et al. (2003)

For each application, we split the dataset in training dataset (70%) and test dataset (30%) and repeated this procedure
100 times. Table 2 presents the average and standard deviation of the GC for the three methods in the test datasets.
Although the simulation study did not include high-dimensional settings (p/n > 0.5), two of the nine real-data
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Figure 1: Average Gini coefficient for scenarios with outcome rate event equals to 50%

applications correspond to such scenarios. Nevertheless, considering all nine applications, the results were generally
consistent with the patterns observed in the simulations. In particular, the differences in discrimination performance
among the methods were mainly related to the value of the ratio p/n. For the the two datasets in which p > n, the
average GC is much higher for Lasso than for StepML and LassoML has also an average GC much higher than StepML
and lower than Lasso. On the other hand, in the four datasets in which p/n is lower than 0.05, the discrimination
performance of the three methods is similar. The other three datasets have p/n between 0.05 and 0.12. In two of
them, the average GC follows the same order across the methods noted in the datasets in which p > n. However, the
differences in the average GC are lower for these datasets because p/n is not so high. The last dataset (number 7) has
an unexpected results. It presents p/n greater than 0.1, but the average GC is similar for the three methods. For the
datasets in which Lasso has a higher average GC than the other methods, it also presents a lower standard deviation of
the GC.
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Figure 2: Average Gini coefficient for scenarios with outcome rate event equals to 20%
5. Concluding remarks

In this work, we compared the discrimination performance of three methods used to fit a logistic regression model.
The considered methods are the following: lasso, the combination of stepwise for variable selection and maximum
likelihood for parameter estimation and the combination of lasso for variable selection and maximum likelihood for
parameter estimation. These methods were compared using Monte Carlo simulation studies and nine applications.
The main conclusion of the work is that lasso has a better discrimination performance than the other two methods
when the ratio of the number of covariates (p) to sample size (n) is high.

The analyses performed here suggest that the three methods have similar discrimination performance when p/n is
lower than 0.05. For values higher than 0.05, in general, the greater p/n, the greater the difference in the discrimination
performance between lasso and the other two methods. The relative performance of the methods seems to be less
affected by the outcome rate event and by the level of correlation between the covariates. However, in general, the
superiority of lasso compared to the other methods seems to be slightly higher when the outcome rate event is farther
from 0.5 and when the correlation between the covariates is higher.

Considering all the analyses performed in this work, lasso did not present a lower discrimination performance than
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Table 2: Average and standard deviation of the Gini coefficient for the nine applications.

Dataset  Method Gini coefficient
Average Standard deviation

Lasso 0.445 0.012

1 LassoML 0.446 0.012

StepML 0.445 0.012

Lasso 0.462 0.033

2 LassoML  0.461 0.033

StepML 0.460 0.033

Lasso 0.693 0.061

3 LassoML 0.694 0.061

StepML 0.690 0.061

Lasso 0.528 0.133

4 LassoML  0.530 0.181

StepML 0.529 0.132

Lasso 0.984 0.013

5 LassoML 0.967 0.034

StepML 0.892 0.038

Lasso 0.813 0.065

6 LassoML 0.784 0.075

StepML 0.710 0.095

Lasso 0.784 0.079

7 LassoML 0.776 0.089

StepML 0.781 0.102

Lasso 0.662 0.183

8 LassoML 0.591 0.197

StepML 0.243 0.239

Lasso 0.444 0.120

9 LassoML 0.335 0.164

StepML 0.115 0.145

the other methods in any application or scenario of the simulation studies. In addition, lasso is much better than the
other methods considered here when p/n is high. Therefore, if the main goal of a work is obtaining a model with good
discrimination performance, the logistic regression model should be fitted using lasso instead of maximum likelihood
estimation.
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Table 3: Average (standard deviation in parentheses) of the Gini coefficient for scenarios with outcome rate

event equals to 50%

p=0.5 p=209
n Method p=10 p =30 p =50 p=10 p=30 p=>50
Lasso 0.339(0.221)  0.586(0.182) 0.649(0.163)  0.431(0.206) 0.771(0.128) 0.866(0.091)
100 LassoML  0.328(0.225) 0.543(0.190) 0.549(0.202) 0.417(0.212)  0.741(0.155)  0.787(0.147)
StepML 0.319(0.215)  0.307(0.203)  0.300(0.196)  0.371(0.219)  0.430(0.194)  0.519(0.181)
Lasso 0.384(0.142)  0.643(0.112)  0.720(0.102)  0.437(0.139) 0.780(0.081)  0.877(0.062)
200 LassoML  0.376(0.143) 0.628(0.114) 0.681(0.128)  0.429(0.139)  0.767(0.093)  0.854(0.094)
Step+ML  0.367(0.144)  0.583(0.126) 0.417(0.138)  0.409(0.138) 0.691(0.114)  0.572(0.109)
Lasso 0.410(0.081)  0.686(0.063) 0.770(0.055) 0.458(0.080) 0.805(0.048) 0.893(0.032)
500 LassoML  0.407(0.083) 0.679(0.065) 0.758(0.058) 0.454(0.080) 0.801(0.050)  0.888(0.035)
StepML 0.404(0.082)  0.664(0.065) 0.728(0.062)  0.444(0.082) 0.780(0.055) 0.847(0.054)
Lasso 0.427(0.058)  0.690(0.044)  0.785(0.035) 0.464(0.056) 0.808(0.034)  0.903(0.022)
1000 LassoML  0.425(0.058) 0.686(0.044) 0.779(0.037) 0.462(0.056) 0.806(0.035)  0.901(0.023)
StepML 0.422(0.057)  0.679(0.045)  0.769(0.037)  0.458(0.057) 0.796(0.036) 0.887(0.026)

Table 4: Average (standard deviation in parentheses) of the Gini coefficient for scenarios with outcome rate

event equals to 20%

p=0.5 p=09
n Method p=10 p=30 p =250 p=10 p=30 p =250
Lasso 0.287(0.264)  0.559(0.231)  0.621(0.187)  0.404(0.251) 0.789(0.145)  0.875(0.104)
100 LassoML  0.280(0.261)  0.494(0.255) 0.508(0.254)  0.391(0255)  0.739(0.191)  0.739(0.218)
StepML 0.277(0.274)  0.230(0.223)  0.254(0.285)  0.352(0.256) 0.405(0.230)  0.440(0.249)
Lasso 0.368(0.182)  0.618(0.147)  0.685(0.156)  0.442(0.175)  0.797(0.106)  0.881(0.077)
200 LassoML  0.357(0.184) 0.593(0.170) 0.607(0.154) 0.432(0.180) 0.770(0.142)  0.825(0.149)
StepML 0.347(0.184)  0.498(0.188) 0.375(0.146)  0.399(0.186)  0.547(0.207)  0.537(0.169)
Lasso 0.407(0.109)  0.683(0.081)  0.765(0.074)  0.450(0.100)  0.817(0.060)  0.910(0.037)
500 LassoML  0.402(0.110) 0.675(0.084) 0.765(0.079) 0.445(0.102) 0.812(0.063)  0.901(0.054)
StepML 0.397(0.109)  0.651(0.088) 0.715(0.073)  0.431(0.103)  0.785(0.069)  0.745(0.147)
Lasso 0.431(0.074)  0.708(0.050)  0.791(0.039)  0.471(0.072) 0.825(0.041) 0.914(0.024)
1000 LassoML  0.428(0.074) 0.703(0.052) 0.785(0.038) 0.469(0.072) 0.822(0.042) 0.912(0.025)
StepML 0.424(0.075)  0.694(0.053) 0.786(0.039) 0.462(0.073)  0.808(0.043) 0.893(0.028)
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