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Abstract

A novel flexible probability tool for modeling extreme and zero-inflated count data with various hazard rate shapes
is introduced in this work. Numerous pertinent statistical and mathematical features are developed and examined.
Some important mathematical features are obtained, including, ordinary moments, central moment, dispersion
index, L-moments, cumulant generating function and moment generating function. A specific example is
investigated numerically and visually examined. The new class of hazard rate function offers a broad range of
flexibility, including "monotonically decreasing," "upside down," "monotonically increasing," "constant,"
"decreasing-constant," and "decreasing-constant-increasing (U-hazard rate function)". Furthermore, the new mass
function accommodates many useful forms in the field of modeling, including the "right skewed with one peak",
"right skewed with two peaks (right skewed and bimodal)", "symmetric mass function" "left skewed with one
peak". The conditional expectation of a certain function of the random variable as well as the hazard function are
used to provide relevant characterization results. For the estimation process, evaluating and comparing inferential
effectiveness, Bayesian and non-Bayesian estimation approaches are taken into consideration. We propose and
explain the Bayesian estimation method for the squared error loss function. For comparing non-Bayesian versus
Bayesian estimates, Markov chain Monte Carlo simulation experiments are carried out using the Metropolis
Hastings algorithm and the Gibbs sampler. The Bayesian and non-Bayesian approaches are compared using four
real-life applications of count data sets. By using four additional real count data applications, the significance and
adaptability of the new discrete class are demonstrated.

Keywords: Bayesian Estimation; Discretization; Metropolis-Hastings; Markov Chain Monte Carlo; Maximum
Likelihood; Cramér-von-Mises; Squared Error Loss Function; Zero-inflated Count Data

Key Words: Bayesian Estimation; Count Data; Characterizations; Discrete Family; Dispersion Index; Engineering
Applications.

1.Introduction and genesis

In recent years, discretization of known continuous probability distributions has received a great deal of attention. The
discrete Rayleigh G family of distributions, a novel discrete counterpart based on the continuous Rayleigh distribution,
is presented, and studied in this work. Moments, the cumulant generating function, the moment generating function,
the probability generating function, the central moment, and the dispersion index (Dislx) are among the pertinent
mathematical features that are calculated and analyzed. It is described how a particular variation of the new family
relates to the well-known Weibull model. There are a few traditional (non-Bayesian) estimation techniques that are
discussed and taken into consideration, including the Cramér-von-Mises estimation (CVME), the ordinary least
squared estimation (OLSE), the maximum likelihood estimation (MLE), and the weighted least squared estimation
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(WLSE). Since there are no conventional ways to acquire the conditional posteriors of the parameters, it is advised to
take samples from the joint posterior of the parameters using a hybrid Markov chain Monte Carlo method.

Additionally, the squared error loss function Bayesian estimating method is described. To compare non-Bayesian
versus Bayesian estimates, Markov chain Monte Carlo simulations are used. Both the Gibbs sampler and the
Metropolis Hastings algorithms are used. Four genuine data sets serve as illustrations of the adaptability and
significance of the new family. A better match is offered by the new family than by the sixteen rival families. Future
research and consideration might be given to a variety of particular member distributions. One may take into account
the bivariate and multivariate expansions of this new family in future study. The Rayleigh model is a continuous
probability distribution for nonnegative-valued random variables (RVs) that is used in probability and statistics
literature. It is consistent with the chi-square distribution with two degrees of freedom up to rescaling. When the total
size of a vector is correlated with its directional components, a Rayleigh distribution is commonly seen relevant. The
Rayleigh distribution may naturally appear, for illustration, when the two-dimensional analysis of wind velocity is
performed. The total wind speed (vector magnitude) will be characterized by a Rayleigh model if each component has
zero mean, equal variance, and is normally distributed. The case of random complex numbers with real and imaginary
components that are independently and identically distributed as Gaussian with equal variance and zero mean provides
a second illustration of the distribution. In that case, the complex number's absolute value has a Rayleigh distribution.

A RV X is said to have Rayleigh model if its cumulative distribution function (CDF) is given by
Fa(x) =1- exp[_(ax)z] |(x20 and @>0)"
The generated Rayleigh G (GRG) family's CDF may then be calculated as
2
Faow(@) = 1— exp {~[aH, 3 ()] } I erosor
The function H, g (-) refers to the generated odd ration function, where

Hy() = )

O',z - 1 _ Gi,—(')'

and Gy () refers to the CDF of the exponentiated base line model. Let
a? = —log(m),

then, the CDF of the discrete generated Rayleigh G family (DGR-G) can be expressed as
HZ y(x+1)
Fry(x) =1—-n"7% | (ze(0,1) and zen*=nu{0})- )
It is possible to write the corresponding reliability function (RF) as

2
wa.z(x) = n"gg(x'*l) |(TL’E(0,1) and xEN*)- @)
The probability mass function (PMF) of the discrete counterpart of the DGR-G family corresponding to (2) may be
written, thanks to Kemp (2004), as
fn,a,g(x) = Sa,a,g(x -1)- Sn,,a,g(x)-
Therefore, the PMF can be expressed as

H? HZ (41
fn,a,z(x) =n U'Z(x) —-T U'z(x ) |(nE(0,1) and xEN*)» (3)

where H, (%) refers to function of the generated odd ratio of any discrete non-negative random variable (NNRV) X.
The DGR-G family's hazard rate function (HRF) may be expressed as hy g w(x) = fr o9 (%) /Sy ow(x — 1), then

hn‘a‘z(x) =1—- n.thy,g(x+1)—H%,_z(x). @)

In the statistical literature, many discrete versions of the continuous distributions have been proposed and studied such
as a generalization of the Poisson distribution by Consul et al. (1973), the discrete Weibull distribution (DW) by
Nakagawa and Osaki (1975), the discrete Rayleigh distribution (DR) by Roy (2004), discrete half-normal distribution
by Kemp (2008), discrete Pareto distribution (DPa) by Krishna and Pundir (2009), a novel discrete geometric
distribution (DGc) by Gomez-Déniz (2010), the discrete inverse-Weibull distribution (DIW) by Jazi et al. (2010), the
discrete Lindley distribution (DLi) by Gommez-Déniz and Calderin-Ojeda (2011), the discrete generalized
exponentiated type II distribution (DGE-II) by Nekoukhou et al. (2013), the discrete inverse Rayleigh distribution
(DR) by Hussain and Ahmad (2014), the exponentiated discrete Weibull distribution (EDW) by Nekoukhou and
Bidram (2015), the discrete Lomax distribution (DLx) by Para and Jan (2016), discrete log-logistic model (DLL) by
Para and Jan (2016), the discrete Lindley type II distribution (DLi-II) by Hussain et al. (2016), the discrete Burr type
XII distribution (DBXII) by Para and Jan (2016), the exponentiated discrete Lindley distribution (EDLi) by El-
Morshedy et al. (2020), Discrete Burr-Hatke model with some properties, different estimation methods and regression
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modeling by El-Morshedy et al. (2020), Discrete generalized Burr-Hatke model with properties, different estimation
methods and characterizations by Yousof et al. (2021), The discrete inverse Burr model with characterizations,
properties, applications to count data, Bayesian and non-Bayesian estimations by Chesneau et al. (2022), among
others. Numerous current families can benefit from the use of a variety of practical discretization techniques (see
Hamedani et al. (2018a,b, 2019), Cordeiro et al. (2018), Korkmaz et al. (2018a,b), and Nascimento et al. (2019)).

Although there are many discrete distributions in statistical literature, the presence of discrete G families is still rare,
the fact is there are not many discrete G families in the statistical literature. Therefore, we can limit these families to
the following: discrete Gompertz G family of distributions by Eliwa et al. (2020), discrete Rayleigh G by Aboraya et
al. (2020), discrete Weibull G family by Ibrahim et al. (2021), A discrete analogue of odd Weibull-G family of
distributions with some properties, Bayesian and non-Bayesian estimation and count data modeling by El-Morshedy
etal. (2022). and A discrete exponential generalized-G family of distributions with mathematical Properties, Bayesian

and non-Bayesian estimators for modeling engineering, medical, and agriculture count data. by Eliwa et al. (2022).

Therefore, we are excited to present this new family, study it theoretically and practically, and present a deep applied

study of it based on different data in its form and nature. The following motivations are behind our decision to

introduce the DGR-G family:

L Creating new probability mass functions that can be, among other helpful forms, "symmetric," "asymmetric
and bimodal,", "right skewed with a heavy tail," "asymmetric and left skewed," and "symmetric and right
skewed." Since the probability of mass function for novel models is so flexible, we may use them to study
variety of data environments.

II. Introducing a few new, unique models that use various hazard rate functions, including "decreasing-
constant," "constant," "bathtub (U- hazard rate function)" "monotonically decreasing ", "monotonically
increasing" and "decreasing-constant"." The distribution's flexibility increases with the number of different
failure rate types. The job of many practitioners who may employ the new distribution in statistical modeling
and mathematical analysis is made easier by these forms. We have paid a lot of attention to the issue of
checking the failure rate function for this specific purpose.

1. The new distribution's flexibility depends on several factors, including the magnitude of the skew coefficient,
kurtosis coefficient, failure rate function, and variety in the PMF and failure rate functions. The probability
distribution's applicability and efficacy in statistical modeling are also critical in this context. Upon closer
inspection, we found that the innovative probability mass function was extremely versatile in these and other
areas. This inspired us to conduct a detailed analysis of this probability distribution.

Iv. Putting out new discrete models to describe real data that is "over-dispersed," "equal-dispersed," and "under-
dispersed." As will be seen, the new discrete family has demonstrated a surprising advantage in modeling
various forms of data, regardless of whether they are symmetric or asymmetric or whether they contain
outliers or not.

nn

V. Introducing novel discrete models for the analysis of zero-inflated and extreme count data.

VI Compare the estimating techniques for simulated and real-world data in order to suggest the most appropriate
technique in each situation.

VIIL. The cornerstone of a statistical model known as a zero-inflated model in statistics is a zero-inflated

probability distribution, or distribution that allows multiple zero-valued observations. For instance, the
number of insurance claims within a community for a specific type of risk would be zero-inflated if people
who are unable to file a claim because they have not acquired insurance against the risk. In this work, we are
inspired to utilize the novel family instead of the zero-inflated Poisson regression model, which is frequently
used to model and forecast zero-inflated count data.

VIII. The new family under the Weibull baseline model produced appropriate results in statistical modeling of the
bathtub hazard rate count data, and as a consequence, the new family under the Weibull baseline is advised
for modeling the bathtub hazard rate count data. Additionally, the same baseline model may adequately
explain the monotonically increasing failure rate count data.

IX. The new family was a suitable alternative to handle zero-inflated medical data with a decreasing failure rate
and certain outliers.

X. The new class was a suitable choice for modeling zero-inflated agricultural data that has a decreasing-
increasing-decreasing failure rate and contains some outliers.

XL In fact, we experimentally show that the proposed G family of distributions matches more closely four real

data sets than other sixteen extended competitive distributions with three and four parameters.
XII. Regarding the estimation and statistical inference side, other traditional (non-Bayesian) estimating techniques
are considered, such as the maximum likelihood estimation, ordinary least square estimation, and weighted-
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least square estimation. Also taken into consideration is the Bayesian estimate under the squared error loss
function. The traditional Markov chain Monte Carlo simulations are used to contrast the Bayesian and
conventional approaches. Four actual data sets are used to demonstrate and debate the applicability of the
DGR-G family. Due to the consistent Akaike information criteria, Akaike information criterion, Chi-square,
Kolmogorov-Smirnov, and its related P-value, the DGR -G family under the Weibull model case gave a
better match than many rival models.

The structure of this work is as follows. In Section 2, a few mathematical characteristics of the DGR-G family are
deduced and examined. In Section 3, several characterization findings are presented. Section 4 presents estimation
and inference techniques. In Section 5, Markov chain Monte Carlo simulations are used to contrast Bayesian and non-
Bayesian estimation techniques. Section 6 deals with four actual data examples for contrasting Bayesian and non-
Bayesian estimate techniques. In Section 7, four applications for contrasting the competing discrete models are taken
into account. Section 8 gives some concluding remarks.

2.Properties

2.1 Ordinary moments

Theorem 2.1:

Let X be an NNRV, where X ~DGR-G(1, 6, ¥) family, then the ™" moment of X can be expressed as

Urx =EX") = Z[Jﬂ —(x-1D"] ”H'Zr'z(x)kxew',ne(o,n and =1,2,3,.)" %)
Proof: Since = .
o = BXT) = ) 27 Sy (@),

Then, . =

o = EXT) = ) 7 [0 — plonten)]

o x=0
= ) = = DS - D
o x=1
= Z[x“ —(x—-1)7"] nHé'z(x)l(xEN',nE(O,l) and #=1,2,3,..)"

x=1
Then, using (5), the mean (u1 x), and u; x can be respectively written as
(oo}

’ H?
Hix = E(X) = Z T aw®) |(xEN',nE(O,1) and 7=1)
x=1

and
[ee]

H2
:ué,X = E(XZ) = Z(Zx - 1) T U'Z(x)l(xEN',nE(O,l) and 7=2)"

x=1
2.2 Central moments
The ™ central moment of X, say Uy x5 1S

-
B = EX =07 = D (=)* ()l
So, the variance (V (X)) from f:o
B = pin) = 1) (D () ool
can be derived using the ordinary moments e

! ’ 2 Hfr f 2
Uax =V(X) = Uz x — (Ih,x) = Z(Zx -Dn 2 (.ul,X) |(xEN',nE(O,1) and 7=2)"

x=1

|(xEN',nE(0,1) and r=1,2,3,...)) '

(I(xEN',T[E(O,l) and w:z))’
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The Dislx or the variance to mean ratio (VMR) of the DGR-G family can be derived as

(o] H2 e
¥, — 1) mtlor® _ H p(2)
"= |(xEN' and e(0,1))"

HE p(x)
o o¥
z=1T0 "= x=1

When describing the distribution of events or objects in time or space, the VMR is utilized. The VMR is approximately
1 if the distribution is random, that is, if it can be represented by the Poisson process or one of its multidimensional
counterparts. Greater results (VMR >1) indicate the presence of geographical or temporal clusters or "clumps."
Smaller values (1> VMR) represent a distribution that is more equal or uniform than random, or mutual "avoidance"
of occurrences or objects in time or space. The essential characteristic of the Poisson distribution—that the variance
and mean are equal—gives rise to these characteristics of VMR. The Variance/Mean Ratio test makes use of the VMR.

DisIx(X) =

2.3 The moment and cumulant generating function (MGF & CGF)
Theorem 2.2:
Let X be an NNRV, where X ~DGR-G(m, o, %) family, then the MGF of X can be obtained as

2
Moy =1+ Z{exp (tX) — explt(X — 1)]}nHJ'z(x)l(xEN',n:E(O,l) and 7=1,2,3,.)" (6)
x=1
Proof:
The MGF of our NNRV X can be derived from
My(t) = Z exp(tX) Sy (x).
x=0
Using (3) we have
My (t) = z exp(tX) [n"?r,g(x) _ T[thr‘z(x+1)]’

x=0

then

2
Me(®) = 1+ ) (exp (&) — exple(X = D™D oo neqo ) ana r123,

x=1
The first 7~ derivatives of (6), with respect to t|t = 0, yield the first # raw moments, i.e.,
7

Urx = EX") = qir My ()| (t=0 and #=1,2,3,.)»

where
[ee]
, d HE (@)
px =EX) = aMx(t)h:o = Z T | (ven* me(0,1) and #=1)
x=1
' 2y 4 N HE ()
Hax = E(X*) = EMx(t)l(mo) = Z(Zx = D e me(0,1) and #=2)»
=1
ds - M2 o)
Hyx = E(X?) = FMx(t)kt:o) = 2[395(95 =1+ U n" | en me0,1) and +=3),
x=1
and
’ 4 d* N 4 47 HZp(@)
pax = E(X*) = FMx(t)l(t:o) = Z[x — (& = D17 e me(0,1) and +=4)-
x=1
The CGF is the logarithm of the MGF. Thus, 7~ cumulant, say k,. x, can be obtained from
g Y Kr,

o
Kprx = dt_¢109 [Mx ()] | (t=0, and r=1,2,3,.)-

The 1° cumulant (i, x) is the mean (u] x), the 24 cumulant (r2,x) is the variance (Var (X)), and the 374 cumulant

(k3 x) is the same as the 374 central moment K3x = Uz, thatbeing iy x = pi y = E(X), Ko x = Hpx = Hyx — Ui’ and

Kyx = Usx = U3 x — Uy xH1x + 2u’. However the 4™ and higher order cumulants are not equal to the central

moments. In certain circumstances, theoretical solutions to issues that use cumulants instead of moments are more
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straightforward, especially when there are two or more statistically independent RV, the #~™ order cumulant of their
sum is equal to the sum of their ™ order cumulants. Moreover, the cumulants can also be obtained from
r—1
K, x| =u —Z(/’ﬂ_l)‘u’ K
X lrz1 7,X £ h—1 r—R, XN, X"
=0
It is possible to write the probability generating function as

N N v B2y
Py(s) =1+ 1‘; ST E (et me(0,1) and #=1,2,3,..)-
x=1

It has several applications in a variety of disciplines, including computer science, information theory, quantum
information, survival analysis, and econometrics. It is possible to develop and research the measure of variation of the
uncertainty of the random variable X in a separate article. It is possible to derive and use L-moments in a manner
similar to how ordinary moments are. However, a linear combination of the order statistics may also be used to
estimate the L-moments. The L-moments are there whenever the distribution's mean is present. It is possible to
construct explicit formulas for the L-moments as infinitely many weighted linear combinations of the appropriate
DGR-G order statistics' means. The predicted order statistics may be written as a linear function of the L-moments,

which can be described as
7r—1

1
fr,X = ;Z E(X,r_q:g)w(/’vl C) | =1

=0
where

werg) =(" 1)

The first four L-moments are given by:
$1x =1 (X) = E(X1.1),

1
fz,x =&X) = EE(XZ:Z - X1:2),

1
SHx=6K) = §E(X3:3 —2X53 + X1:3)
and

1
f4,x =&(X) = ZE(X4:4 —3X3.4 + 3X5.4 — X1.4).

For the Weibull base line model and based on (3), the PMF of the discrete generated Rayleigh Weibull (DGR-W)
model can be expressed as

_ _H% 4(x) H2 o(x+1)
frt,a,e (x) =mob —mol |(xEN',n€(O,1) and 0,0>0)

_ [1—exp (—xg)]a
Hj o(x) = 1—[1—exp (—x9)]°

and
2 _ {1—exp [+’

Ho o+ 1) = T
Clearly, when 8 = 1, the DGR-W model reduced to the DGR-exponential model. The PMF of the DGR-W model is
plotted in Figure 1 for a variety of parameter values. Figure 2 displays many charts of the DGR-W model's HRF for
various parameter values. Based on Figure 1, we conclude that the PMF of the DGR-W can be "right skewed with one
peak", "right skewed with two peaks (right skewed and bimodal)", "symmetric mass function" "left skewed with one
peak". Based on Figure 2, we see that the HRF of the DGR-W can be "monotonically decreasing," "upside down,"
"monotonically increasing," "constant," "decreasing-constant,” and "decreasing-constant-increasing (U- hazard rate
function)".
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Figure 1: The PMF of the DGR-W for different parameters values.

The size of the skew coefficient, kurtosis coefficient, failure rate function, and variety of the PMF and failure rate
functions are some of the aspects that affect how flexible the new distribution is. The usefulness and effectiveness of
the probability distribution in statistical modeling are also crucial in this situation. When we looked more closely, we
discovered that the novel probability mass function was quite flexible in these and other areas. This motivated us to
analyze this probability distribution in great depth.
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Figure 2: The HRF of the DGR-W for different parameters values.
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3. Characterizations Results
In this Section, we present our characterizations of the DGR-G distribution in two subsections: (i) in terms of the
truncated moments of certain function of the random variable, (ii) based on the hazard function.

3.1 Characterizations Based on Conditional Expectation
Proposition 3.1.1. Let X : 0 — Njo) be a random variable. The PMF of X is (3) if and only if

2 2 2
E{[m"o#® 4 ptox D] | x > k) = pllowrn, @
Proof. If X has PMF (3), then for k € Njg), the left-hand side of (7), using telescopmg sum formula, will be
G(k+1)% d
(1 _ F,T’O-’z(k)) Z {7-[2”‘2732(;0 _ n_ZHg-'z(x-f-l)} =1 {1 G(k+1)6} Z {T[ o—'z(x) _ nthT,z(x+1)}
x=k+1 x=k+1
— g Hew(k+1) {nzngg(kﬂ)} — Howl+1)
Conversely, if (7) holds, then

[ee)

wa 2 " Ino k 2

Lo +7T q;(x+1) +f77.',0’,z(k + 1)
From (8), we also have
2 2 2
Z { [ @ + nlow® D £ W@} = (1= Frow(k + 1)) ntor 2, 9)
x=k+2

Now, subtracting (9) from (8), yields
2 2 2 2 2
[t pltow G| £k 1) = (1= Fk + 1) {mhow®D — qlow®D )y gy (k4 1rttoe®D,

From the above equality, we have
frow(k+1) n_H(Z,'z(k+1) _ n_H,z,’z(k+2) nng_z(kﬂ)

)

1—Frow(k+1) - How(k+2) - Hew(er2)
which is the hazard function, (4) corresponding to the PMF (3), so X has PMF (3) .

3.2. Characterizations of distributions based on hazard function
Proposition 3.2.1. Let X: 2 — Ny be a random variable. The PMF of X is (3) if and only if its hazard function

satisfies the difference equation

HEyp(k+1) HE (k)

T s

l,,(k+2) T[ler'z(k+1) !

hn,cr,z(k + 1) - hrr,a,z(k)

H(Z,’Z(o)

EN, (10),
TL- O'

with the initial condition hy g (0) = -1

H%_’Z(l)

Proof. If X has PMF (3), then clearly (10) holds. Now, if (10) holds, then for every x € N, we have

U HGw(er) Ho (o) pHowl+D HGw(0)
Z {hmf"’(k +1- """’(k)} Z o 2o(k+2)  _HZ y(k+1) T T (Gwi’ P HI,()
T 7-[{1—c;(x+2)”} L
or
HE yp(x+1) n_H?,’Z(O)

hma‘z(x) - hn‘g-,z(l) = G(x+2)7 z™ chj.'q,(l),
e B

or, in view of the initial condition
HEp(x+1)

hn,o,z(x) = - 1, X € N[O]!

an,_z(xn)

which is the hazard function (4), corresponding to the PMF (3).

4.Estimation and inference

The various estimating techniques, including classical and Bayesian techniques, will be covered in this section. There
are many different types of classical techniques, some of which are based on maximizing theory and others on
minimization theory. In any event, as will be thoroughly demonstrated in theory and practice, the classical approaches
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generally differ from the Bayes method in origin and methodology of estimation. This section's two subsections
discuss Bayesian and non-Bayesian estimating methods. The first paragraph takes into account eight non-Bayesian
estimating approaches, including the MLE, OLSE, and WLSE methods. The second portion then takes into account
the Bayesian estimation technique using the well-known squared error loss function (SELF).

4.1 Non-Bayesian estimation methods

4.1.1 The MLE method

A statistical method known as maximum likelihood estimation (MLE) is used to estimate the unknown parameters of
a probability distribution that has been assumed in light of certain observed data. To do this, a likelihood function is
maximized to increase the probability of the observed data under the presumptive statistical model. The parameter
space position where the likelihood function is maximized is known as the maximum likelihood estimate. A common
method for drawing statistical conclusions is maximum likelihood because of its adaptive and transparent justification.
If the likelihood function is differentiable, then maxima can be determined using the derivative test. For instance, the
ordinary least squares estimator increases the likelihood of the linear regression model, enabling in some cases to
explicitly solve the first-order conditions of the likelihood function. However, it will frequently be necessary to utilize
numerical methods to ascertain the maximum of the probability function. From the perspective of Bayesian inference,
MLE is often equivalent to maximum of a posteriori (MAP) estimates under a uniform prior distribution on the
parameters. When likelihood serves as the goal function in frequentist inference, MLE is a special illustration of an
extremum estimator. Let X, X,,...,X,, be a random sample (RS) from the DGR-G distribution. The log-likelihood
function is given by

n
HZ (x4:) HZ (x4 +1)
t = {’(r[, g, 2,) = z log [7'[ 7% - 7% ] [(re(o,), j=1,2,..p and 4, EN*)»

which can be maximized either using the statistical programs or by solving the nonlinear system obtained from
¢(m, 0, ¥;) via differentiation. The score vector components are given below where

U(n, a,zj) = (6{’(11, 0,¥;)/0m,0¢(m,0,¥;)/0d0,0¢(, a,gj)/agj)T,

n U'p (.’/\% n) [ oW (x4,n)] _ HZ ¥ (xq,/n, + 1)7_[[ g—,zj(x¢m+1)]—1
ob(m,0,¥,)/0m = Z %)
i=1
OHZ ¥ i) H (i) OH?2 @ (3 + 1) H Gt 1)
T £ n (m) — 30 ¥y In(m)

H (x4, H? g (24p+1
By Geen) _ Moy GeintD)

]

n_H?;lllj(xim) - g—lp-(xi:n"'l)

(0, %,)/d0 = Z
i=1
and

" aH(zrlI’ (x4,n) Hq, (xim) aszr'}’ (x’L/VL + 1) H'Il (xim+1)

a(p In ( )_ a(p T In (T[)
(0, %)/0¥,; = Z

e ey Geen) _ Wy runt D) l(i=12,.p)
where
a
a O"I’I(x’Ler) - ZH(T'I’}(x’L’n) o‘ll’j(xim)t
a U‘I’](x/wn'i'l)_ZHU‘I’](x/Ln'i'l) U'I’j(xim‘i'l):
0
WHU,ZJ-(?C%WL) = ZHO',Zj(xim)W”o‘,zj(xim)'
2j —J
and
d d
6'1’ J'I’j(x¢n+1) - ZHJ'I’ (x¢41,+1) j J,gj(xlim-l_l)-
Setting

af(n, g, gj) ae(n, g, gj) 8{’(71, o, Zj)
L T
and solving them simultaneously yields the MLEs for the parameters of the DGR-G family. The Newton-Raphson

algorithms is employed for obtaining the numerical solutions in such cases.
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41.2 The CVME method
The CVME of the parameters 7,0, ¥; are obtained via minimizing the following expression with respect to 7, o
and ¥ respectively, where

1
CVM(T[O‘W N = 4’L Lt Z [Fna'l’] (Fin) — C(/M,,)] | (ze(0,1) and Zin €N

i=1
and where c([i]n) = 2; and
N 29 (i +1) 2
H (xipnt 1
CVMrow)) = Z [1 —r - c([i‘]n)] :

i=1
The, CVME:s are obtained by solving the following two non-linear equations
n

H}, (xint1)
0= Z <1 - %% — C([i]n)> w(n)(xim + 1,7, 0, 2]-),

i=1
N HZy (£in+1) [1]
0= Z 1—m —Clin) ) o) Ein + Lm0, ¥)),
i=1
and
N Zw.( 1)
H (Xint
_ Z (1 _ o c([j]n)> D) Fin + LT,0,¥)),
i=1
where
ZD'(,T)(JC4%+17T,O', )_aFnalP (x¢n)/an
zD'(11:)(7514'1,"'1 7T,O', )_aFn:a!I’J(xin)/ao-
and

w(W)(x1n+1 w,o,¥ )_aFTEJW (x4,41)/alp
are the first partial derivatives of the CDF of DGR-G distribution w1th respect to 7, o and ¥ respectively.

4.1.3 OLSE method

Geometrically, this is described as the sum of the squared distances, measured parallel to the axis of the dependent
variable, between each data point in the set and its corresponding point on the regression surface. The better the model
fits the data, the lesser the differences. The resulting estimator may be expressed by a simple formula, especially in
the case of a basic linear regression when there is only one regressor on the right side of the regression equation. Let
Frow, (%,.,,) denote the CDF of DGR-G model and let X; < X, < :-- < X,, be the n ordered RS. The OLSEs are

obtained upon minimizing
2

OLSE(nU'I’)_Z[FnU'I'](x¢n) C(,M,L)

i=1
then, we have
N 2w i +D) g
_ Hgy . (xin+l [2]
OLSE(T[‘G‘ZI,) = Z [1 —q & — C(i,n)] ,
i=1
where C([¢]n) = — The LSEs are obtained via solving the following non-linear equations
n
H2 g (g,
0= 2 [1 -7 o Gent) _ cun)] D) (Xpn + 1,1m,0,¥)),
=1
N Gw (Fint1)
H (Xipnt
0=Z[1—7‘[ 7Ej —c(in)]w(g)(x¢n+1 m,0,%;),
—
and
n
(Xip+1)
Z[ ”'ZJ e —c(in)]w(q,)(xin+1na'l’)
i=1
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where @) (%4, + 1,7, 0,¥;), @) (X4 + 1,7,0,¥;) and D(y)) (%40 + 1,7, 0,¥;) defined above.

4.1.4 WLSE method

Weighted least squares (WLS), also known as weighted linear regression (WLR), which integrates information about
the variance of the data into the regression, is a generalization of ordinary least squares and linear regression. WLS is
yet another generalized least squares variant. The WLSE are obtained by minimizing the function WLSE (o ¥)) with

respect to, o and ¥ j
n

2
3 2
WLSE(TT,G’,gj) = Z C([i,]n) [Fn,a,gj (xi:n) C([1]4'L)]

i=1

where C([¢ o = [(1+n)?2+ n)]/[i(l + n — 4)]. The WLSEs are obtained by solving
o‘, (x4 +1)
Z Clim) [1 Y - C@@]“’(n)(’%n +1,m0,¥)),

o-,gj (%4:n+1)

c(i’”f) [1 - c(/l,/n)] w(a’)(xin + 1 m,o, j)

and

O' (xipnt+1)
Z Clim) [1 Zj - 0(1%)113(.{, Y& + Lm0, ¥)),

where @) (2., + 1,7, 0, 2]), @) (X4 + 1,m,0,%;) and w(gj)(xim + 1,7, 0,¥;) defined above.

4.2 Bayesian estimation

Before discussing how a Bayesian could estimate a population parameter, it is crucial to understand one key difference
between frequentist and Bayesian statisticians. The difference is whether a statistician considers a parameter to be an
unknowable constant or a random variable. An estimator or decision rule used in estimating theory and decision theory
that minimizes the posterior expected value of a loss function is referred to as a Bayes estimator, also known as a
Bayes action (i.e., the posterior expected loss). In other words, it maximizes the posterior expectation of the utility
function. In the context of Bayesian statistics, maximum of a posteriori estimate is a distinct method of creating an
estimator. Therefore, the numerical approximation is necessary. A set of algorithms known as Markov chain Monte
Carlo (MCMC) techniques is used in statistics to sample probability distributions. By creating a Markov chain with
the desired distribution as its equilibrium distribution and recording states from the chain, one may obtain a sample of
the desired distribution. As the number of steps rises, the sample distribution closely mimics the actual target
distribution. Several techniques are available for chain creation, most notably the Metropolis-Hastings algorithm.

Assume the beta, gamma and uniform priors for the parameters 7, o and ¥; respectively. Then,
P11 (M) ~ beta(py, Py),

P2 pp0)(0) ~ Gamma(eh,, ),
and

W3'(¢3.1ﬁ3)(£]') ~ Uniform(¢3, ¥3).
Assume that the parameters are independently distributed. The joint prior distribution p(g, 4.)(1, 0, ¥;) is given by

¢2¢1
#9 ' i(n’a’g'): o
Gt 7 (s — 03)B(1, YT ($2)
where B(:,+) is the beta function. The posterior distribution p(n, o,¥; |g) of the parameters is defined as
p(m,0,¥;|z) « likelihood function X p(g, 4., (7, 0, ¥;).
Under SELF, the Bayesian estimators of 77, o and ¥; are the means of their marginal. It is not possible to obtain the

Bayesian estimates through the above formulae. So, the numerical approximations are needed. We propose the use of
MCMC techniques namely Gibbs sampler and M-H algorithm (see Cai (2010), Chib and Greenberg (1995) and
Korkmaz et al. (2019) for more details). Since the conditional posteriors of the parameters 7, ¢ and ¥; cannot be

“texp(—o,) m1 (1 - m¥r,

A Flexible Discrete Rayleigh-G Family for Engineering and Reliability Modeling: Properties, Characterizations, Bayesian and Non-Bayesian Inference 414



Pak.j.stat.oper.res. Vol.21 No. 3 2025 pp 403-427 DOI: https://doi.org/10.18187/pjsor.v21i3.4750

obtained in any standard forms, using a hybrid MCMC for drawing sample from the marginal posterior of the
parameters is suggested. Then, the full conditional posteriors of 77, o and ¥; can be easily derived. The simulation
algorithm is given by:

1. Provide the initial values, say 7, o and ¥; then at i™ stage,

2. Using M-H algorithm, generate 7y ~ 24 (n@)ln@_l), Oti-1) ¥ (¢—1)’£)’

3. Using M-H algorithm, generate a(;y ~ p- (0(¢)|7r(¢), G(i‘l)’zf(i—n‘&)‘

4. Using M-H algorithm, generate ¥ w " P3 (ﬂj (i)ln(i)cr@,z o1y g),

4 Repeat steps 1 —4, M = 100000 times to obtain the sample of size M from the corresponding posteriors of
interest. Obtain the Bayesian estimates of 7, o and ¥; using the following formulae

1 M
~ _ 2 n
MBayesian = M_Moh -y ml ];
=1+M,

M

1
G = E (h]
0) ian = o
Bayesian M — MO . ,
=1+M,

and
M

i 3
—JBayesian )M — M, -y -
=1+Mj

respectively, where My(= 50000) is the burn-in period of the generated MCMC.

5. Simulations for comparing non-Bayesian and Bayesian estimation methods

A MCMC simulation study is conducted for the DGR-W scenario in order to evaluate and contrast the performance
of non-Bayesian and Bayesian estimates. The mean squared errors are used to accomplish the numerical assessment
(MSEjs). First, using n=50, 150, 300, and 500, we produced 1000 samples of the DGR-W distribution. In Table 1,
Table 2, and Table 3, the MSEs are derived and listed. On the basis of Tables 1, 2, and 3, we may conclude that all
approaches work well. Although in some circumstances the Bayesian approach is preferable. When n increases, all
estimate techniques perform better and gravitate toward 0. The MLE method is still the most effective and consistent
of the remaining classic methods, despite their diversity and abundance. However, most of the other classic methods
are not as efficient or consistent as the MLE method, which is why it is generally noted that the MLE and the Bayesian
methods are recommended for statistical modeling and applications. This assessment is shown in Table 1, Table 2 and
Table 3. This Section uses simulation studies to assess various estimating approaches rather than to contrast them,
however this does not exclude the use of simulation to contrast various estimation approaches. However, actual data
is frequently used to evaluate various estimating techniques, which is why we will describe four examples especially
for this function. To compare the rival models, there are further four more applications to count data.

Table 1: MSEs for n=0.55, 0 = 0.9 and 0=1.5

n MLE OLS WLS Bayesian
T 0.00540 0.00126 0.00183 0.00073

50 o 0.00701 0.02078 0.01465 0.00562
0 0.00696 0.00095 0.00120 0.00073

T 0.00141 0.00041 0.00070 0.00054

150 o 0.00169 0.00521 0.00197 0.00352
0 0.00169 0.00045 0.00045 0.00018

T 0.00062 0.00029 0.00048 0.00025

300 o) 0.00078 0.00256 0.00154 0.00057
0 0.00078 0.00028 0.00023 0.00004

Table 2: MSEs for n=0.4 , 6=1.2 and 0=1.2
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n MLE OLS WLS Bayesian

T 0.00429 0.00582 0.00523 0.00621

50 o 0.00686 0.03452 0.03015 0.00645
0 0.00683 0.01254 0.01245 0.02587

T 0.00142 0.00145 0.00153 0.00184

150 o 0.00226 0.00247 0.00185 0.00045
0 0.00226 0.00274 0.00295 0.00365

T 0.00065 0.00078 0.00078 0.00075

300 o 0.00103 0.00163 0.00084 0.00065
0 0.00103 0.00198 0.00193 0.00153

Table 3: MSEs for n=0.8 , 6=0.7 and 0=0.7

n MLE OLS WLS Bayesian
T 0.00105 0.00412 0.00326 0.02154

50 o 0.00426 0.00352 0.00287 0.00547
0 0.45841 0.00216 0.00356 0.00452

T 0.00032 0.00073 0.00205 0.00078

150 g 0.00135 0.00081 0.00045 0.00058
0 0.06960 0.00035 0.00088 0.00042

T 0.00016 0.00056 0.00145 0.00053

300 g 0.00070 0.00042 0.00025 0.00031
0 0.00536 0.00021 0.00064 0.00005

6. Real data modeling for comparing Bayesian and non-Bayesian methods

For the purpose of contrasting the Bayesian and non-Bayesian estimate approaches, four examples of real data sets
are provided in this section. For comparing Bayesian and non-Bayesian estimating approaches, we take into account
the Akaike information criterion (AIC) and Correct Akaike IC (CAIC) statistics.

6.1 Failure times data of 50 devices

According to Bebbington et al. (2012), this information indicates the failure rates of 50 devices submitted to a
specific life test (in weeks). Table 4 lists the estimators for the AIC and CAIC statistics, Bayesian and non-Bayesian
estimate techniques. Based on Table 4, the MLE method is the best method with Kolmogorov Smirnov (ks) test ks
=0.1672 and p-value =0.1220, then the OLS method. However, the Bayesian and WLS methods do not perform
well.

Table 4: Estimators under Bayesian and non-Bayesian estimation methods,
AIC and CAIC statistics for 50 device failure rates' data.

Method A 0 0 ks p-value
MLE 0.9923 0.2321 0.9777 0.1672 0.1220
OLS 0.9898 0.2040 0.8908 0.2098 0.0245
WLS 0.9843 0.2792 2.2852 0.2209 0.0152
Bayesian 0.9255 0.1884 2.0864 0.2684 0.0015

6.2 Failure times of 15 electronic components

In an acceleration lifetime test, this lifetime data provides the failure durations for 15 electrical components (see
Lawless (2003)). For the fifteen electrical components’ failure rates data, Table 5 lists the estimators for the
Bayesian and non-Bayesian estimating techniques, AIC and CAIC statistics. Based on Table 5, the WLS method is
the best method with ks =0.0938 and p-value =0.9994, then the OLS method and then the MLE method. However,
the Bayesian method does not perform well.
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Table 5: Estimators under Bayesian and non-Bayesian estimation methods,
AIC and CAIC statistics for the fifteen electrical components’ failure rates data.

Method ﬁ 6 o ks p-value
MLE 0.8289 0.2417 3.4122 0.1222 0.9785
OLS 0.9873 0.2288 0.9260 0.1029 0.9973
WLS 0.9224 0.2228 2.0254 0.0938 0.9994

Bayesian 0.8812 0.2146 2.0003 0.2175 0.4771

6.3 Counts of cysts of kidneys

This information shows the numbers of cysts in kidney dysmorphogenetic caused by corticosteroids and linked to
uncontrolled production of Indian hedgehog and other recognized cytogenic molecules (see Chan et al., 2009). Table
6 gives the estimators under Bayesian and non-Bayesian estimation methods, AIC and CAIC statistics for numbers
of kidney cysts. Based on Table 6, the MLE method is the best method with ks =0.7660 and p-value =0.6818, then
the Bayesian method then the WLS method. However, the OLS method does not perform well.

Table 6: Estimators under Bayesian and non-Bayesian estimation methods,
AIC and CAIC statistics for numbers of kidney cysts.

Method T 0 ) ks p-value
MLE 0.6791 0.1799 1.1202 0.7660 0.6818
OLS 0.8020 0.1539 0.8233 3.4632 0.1770
WLS 0.9903 0.1901 0.2036 2.3787 0.3044

Bayesian 0.6765 0.1729 1.1096 0.7048 0.7030

6.4 Number of European corn-borer larvae parasites

According to Bodhisuwan and Sangpoom (2016), this information reflects the quantity of parasitic European corn-
borer larvae in the field. Bodhisuwan and Sangpoom (2016) randomly chose 8 hills from 15 replications for their
stochastic biological experiment and counted the number of corn borers on each hill. Table 7 gives the estimators
under Bayesian and non-Bayesian estimation methods, AIC and CAIC statistics for number of European corn-
borer larvae parasites data. Based on Table 7, the MLE method is the best method with ks =0.8160 and p-value
=0.6650, then the Bayesian method. However, the OLS and the WLS method does not perform well.

Table 7: Estimators under Bayesian and non-Bayesian estimation methods,
AIC and CAIC statistics for number of European corn-borer larvae parasites data.

Method A 0 o ks p-value
MLE 0.0027 0.2218 3.3132 0.8160 0.6650
OLS 0.2756 0.2194 1.8667 11.1726 0.0038
WLS 0.0877 0.2062 2.2879 11.4121 0.0033
Bayesian 0.2444 0.2150 2.1242 5.8520 0.0540

7. Real data modeling for comparing the competitive models

We illustrate the flexibility and the importance of the DGR-W distributions using four real data applications. The
fitted distributions (see Table 8) are analyzed and compared using the log-likelihood function (€), AIC, CAIC, Chi-
square (yZ) with degree of freedom (d.f) and its p-value, Kolmogorov-Smirnov (K — S) and its p-value. Table 4 below
gives the competitive models.

7.1 Failure times data of 50 devices

We compare the DGR-W model's fits to those of other rival models, including DW, EDW, DIW, EDLIi, DPa, DLi-II,
and DLL. The goodness of fit (GOF) test statistics and the MLEs, together with their accompanying standard errors
(SEs), are provided in Tables 9 and 10, respectively. For the analysis of data with a regularly distributed distribution,
statisticians have created a potent collection of tools. The "normal quantile-quantile (Q-Q) plot" is the most well-liked
one. All the quantile points would fall between the two blue lines if the data distribution precisely matched the normal
distribution. The Q-Q plot is shown in Figure 3 (left plot) for 50 device failure rates’ data. Figure 3 (right panel)
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displays a box with statistics on failure rates (50 device failure rates' data). The HRF's form can influence which model
is used for an application. The total time on test (TTT) plot is used for this purpose. It has a "convex form" for
"monotonically dropping HRF" and a "concave shape" for "monotonically increasing HRF." When the solid line and
dashed line coincide, the HRF of the data is said to be "continuous." For the DGR-W model for 50 device failure rates'
data, Figure 4 displays the TTT plot (left panel) and estimated HRF (EHRF). The DGR-W offers the finest fits versus

all competing models, according to Table 10.
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Table 8: The competitive models.

Discrete Model Abbreviation

1 Pareto DPa

2 Lomax DLx
3 Lindley DLi

4 Weibull DW

5 Rayleigh DR

6 Log-logistic DLL
7 Exponential DE

8 Burr type XII DBXII
9 Lindley type 11 DLi-II
10 Inverse Rayleigh DIR
11 Poisson (Poisson (1837)) Poisson
12 Inverse Weibull DIW
13 Exponentiated Weibull EDW
14 Exponentiated Lindley EDLIi
15 Generalized Exponentiated type 11 DGE-II
16 Negative Binomial (Dougherty (1992)) NB

Table 9: MLEs (SEs) for 50 device failure rates' data.

Model s 3 o

DGR-W 0.9923 0.2321 0.9777

(0.011006) (0.01779) (0.67611)
EDW 0.989 1.139 0.784
(0.164) (3.227) (3.053)
DW 0.981 1.023
(0.011) (0.131)
DIW 0.018 0.582
(0.013) (0.061)
DLi-II 0.969 0.058
(0.005) (0.027)
EDLIi 0.972 0.480
(0.005) (0.087)
DLLc 1.000 0.439
(0.321) (0.062)
DPa 0.739
(0.032)

Table 10: The GOF statistics for 50 device failure rates' data.
Model] -L AIC CAIC K-S p-value
DGR-W 237.5 480.9 481.5 0.167 0.122

EDW 240.2 486.7 487.2 0.195 0.045
DW 241.6 487.2 487.5 0.187 0.061
DIW 261.9 527.8 528.1 0.258 0.003
DLi-II 240.6 485.2 485.4 0.186 0.064
EDLi 240.3 484.6 484.8 0.195 0.045
DLLc 294.9 593.8 594.0 0.535 <0.001
DPa 275.9 553.7 553.8 0.335 <0.001
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Figure 3: Q-Q plot and box for the failure times data.
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Figure 4: TTT plot and EHRF for the DGR-W model for 50 device failure rates’ data.

7.2 Failure times of 15 electronic components

We compare the DGR-W model's fits to those of other rival models for this application, including DGE-II, DLx, DEx,
DIR, DR, DIW, DPa, and DBXII. Tables 11 and 12, respectively, include information on the MLEs with their SEs
and the GOF data. The Q-Q plot and box for the failure times data are shown in Figure 5. Figure 6 displays the
estimated HRF (EHRF) and total time test plots (TTT) plots for the DGR-W model for the fifteen electrical
components’ failure rates data. The DGR-W offers the finest fits versus all competing models, according to Table 12.
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Table 11: MLEs (SEs) for fifteen electrical components’ failure rates.

Model T 0 19
DGR-W 0.8289 0.2417 3.4122
(0.8065) (0.0681) (5.5934)
DGE-II 0.9563 1.491
(0.0133) (0.535)
DIW 22 %10 0.875
(7.8 x 107%) (0.164)
DLx 0.01243 104.506
(0.039) (84.409)
DBXII 0.9753 13.367
(0.051) (27.785)
DR 0.9991
(2.58 x 1074
DIR 1.8 x 107
(0.055)
DPa 0.7202
(0.061)
DE 0.9654
(0.0091)

Table 12: The GOF statistics for fifteen electrical components’ failure rates.

Model| -£ AIC CAIC K-S p-value
DGR-W 63.9 133.9 136.1 0.122 0.978
DE 65.0 134.0 136.3 0.177 0.673
DGE-II 64.4 134.8 135.8 0.129 0.937
DR 66.4 134.8 136.1 0.216 0.433

DIR 89.1 180.2 180.5 0.698 <0.0001
DIW 68.7 141.4 142.4 0.209 0.482
DLx 65.9 135.7 136.7 0.205 0.491
DB-XII 75.7 155.5 156.5 0.388 0.015
DPa 77.4 156.8 157.1 0.405 0.009
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Figure 5: Q-Q plot and box for the failure times data (fifteen electrical components’ failure rates).
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Figure 6: TTT plot and EHRF for the DGR-W model for fifteen electrical components’ failure rates.

7.3 Counts of cysts of kidneys

We compare the DGR-W distribution's fits to those of the DW, DR, DIW, DE, DLx, DLi-II, DL1i, and Poisson for this
real data set. Table 13 includes a list of the MLEs together with their SEs. The GOF data are shown in Table 14. For
numbers of kidney cysts, Figure 7 displays the TTT plot, Q-Q plot, and Box plot vs the EHRFs. The fitted PMFs and
EHRF for numbers of kidney cysts are shown in Figure 8. The DGR-W offers the finest fits versus all competing
models, according to Table 14.

Table 13: MLEs (SEs) for numbers of kidney cysts.

Model ft 0 1
DGR-W 0.6761 0.1799 1.1202
(0.4551) (0.0269) (0.7666)
DW 0.750 0.431
(0.084) (0.340)
DIW 0.581 1.049
(0.048) (0.1406)
DLi-II 0.581 0.001
(0.045) (0.058)
DLx 0.150 1.830
(0.098) (0.951)
DR 0.901
(0.009)
DE 0.581
(0.030)
DLi 0.436
(0.026)
Poisson 1.390
(0.112)
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Table 14: The GOF statistics for fifteen electrical components’ failure ratesl.

Z OF DGR-W DW DIW DR DEx DLi DLi-II DLx  Poisson
0 65 63.4 59.01 6391 11.00 46.09 40.25 46.03 61.89 27.42
1 14 16.65 19.84  20.70 26.83 26.78 29.83 26.77 21.01 38.08
2 10 9.37 10.78 8.05 29.55 15.56 18.36 15.57 9.65 26.47
3 6 5.95 6.26 4.23 22.23 9.04 10.35 9.05 5.24 12.26
4 4 4.00 4.19 2.60 12.49 5.25 5.53 5.27 3.17 4.26
5 2 2.79 2.01 1.75 5.42 3.05 2.86 3.06 2.06 1.18
6 2 1.99 1.99 1.26 1.85 1.77 1.44 1.78 1.42 0.27
7 2 1.45 1.32 0.95 0.52 1.03 0.71 1.04 1.02 0.05
8 1 1.07 0.99 0.74 0.11 0.60 0.35 0.60 0.76 0.01
9 1 0.80 0.86 0.59 0.02 0.35 0.17 0.35 0.58 0.00
10 1 0.60 0.76 0.48 0.00 0.20 0.08 0.20 0.46 0.00
11 2 0.46 1.99 4.74 0.00 0.28 0.07 0.28 2.74 0.00
-C 167.48 170.14 17293 277.78 178.77  189.1 178.8 17048  246.21
AIC 34096 34428 349.87 557.56 359.53  380.2 361.5 34496 494.42
CAIC 341.19 34439 34998 557.59 359.57 3803 361.6  345.07 494.46
x? 0.766 3.125 6463  321.07 22.88 43.48 22.89 3316  294.10
d.f 2 3 3 4 4 4 3 3 4
p-value 0.682 0373 0.091 <0.0001 0.0001 <0.0001 <0.0001 0.345 <0.0001
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Figure 7: TTT plot, Q-Q plot and Box plot versus the EHRFs for numbers of kidney cysts.
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Figure 8: The fitted PMFs and EHRF for numbers of kidney cysts.
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7.4 Number of European corn-borer larvae parasites

We will evaluate how well DIW, DGIW, DIR, DPa, DR, DBXII, NB, and Poisson distributions match the DGR-W
distributions. Table 15 gives the MLEs together with the matching SEs. The GOF data are shown in Table 16. For
the number of European corn-borer larvae parasites, Figure 9 displays the TTT plot, Q-Q plot, and box plot vs the
EHREFs. The fitted PMFs and EHRF for number of European corn-borer larvae parasites are shown in Figure 10.
The DGR-W offers the finest fits versus all competing models, according to Table 16.

Table 15: MLEs (SEs) for number of European
corn-borer larvae parasites.

Model ft 3] é B
DGR-W 0.0027 0.2218 33132
(0.0096) (0.0225)  (0.5337)
DGW 0.0450 2.539 2.159 0.479
(0.429) (4.703) (2.698)  (0.466)
DIW 0.3454 1.5414
(0.043) (0.156)
DBXII 0.5193 2.358
(0.051) (0.366)
NB 0.8703 9.956
(0.036) (0.096)
DIR 0.319
(0.042)
DR 0.867
(0.012)
DPa 0.3293
(0.034)
Poisson 1.4836
(0.025)

Table 16: The GOF statistics for number of European corn-borer larvae parasites.

Z OF DGR-W DIW DBXII DIR DR NB DPa Poisson
0 43 44.57 41.37 43.84 38.28 15.92 30.12 64.45 27.23
1 35 30.86 41.85 39.61 51.90 36.17 38.87 20.15 40.38
2 17 18.94 15.42 15.62 15.51 34.58 27.61 9.69 29.95
3 11 11.20 7.17 7.20 6.04 21.03 14.26 5.65 14.81
4 5 6.45 3.94 3.91 291 8.89 5.99 3.68
5 4 3.64 2.42 2.37 1.61 2.70 2.17 2.58 1.63
6 1 2.01 1.61 1.56 0.98 0.60 0.70 1.90 0.40
7 2 1.1 1.13 1.09 0.64 0.09 0.21 1.46 0.09
8 2 0.59 5.09 4.80 2.14 0.02 0.06 10.44 0.02
-t 200.31  204.810 204.293  208.440 235.23 211.52 220.63 219.19
AIC 406.61  413.621 412.587 418.881 472.45 427.05 443.24 440.38
CAIC 406.82  413.723  412.689 4180915 472.49 427.14 443.27 440.41
x2 0.816 5.511 4.664 14.274 70.688 20.367 32.462 38.478
d.f 2 3 3 4 4 3 4 4

p-value 0.665 0.138 0.198  <0.0001 <0.0001 0.0001 <0.0001  <0.0001
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Figure 9: TTT plot, Q-Q plot and box plot versus the EHRFs for data set number
of European corn-borer larvae parasites.
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Figure 10: The fitted PMFs and EHRF for data set number of European corn-borer larvae parasites.

8. Concluding remarks

In this study, we introduced and investigated the discrete generated Rayleigh G (DGR-G) family of distributions, a
novel discrete counterpart based on the continuous Rayleigh distribution. Moments, cumulant generating function, L-
moments, moment generating function, probability generating function, central moment, and dispersion index are
some of its statistical features that are derived. It is described how a Weibull distribution relates to a specific discrete
variant of the DGR-G family.

A particular case is investigated and visually examined. The new hazard rate function offers a broad range of
flexibilities, including "monotonically decreasing," "upside down", "monotonically increasing", "constant,"
"decreasing-constant" and "decreasing-constant-increasing (U- hazard rate function)". Moreover, the new probability
mass function accommodates many useful forms in the field of modeling, including the "right skewed with one peak",
"right skewed with two peaks (right skewed and bimodal)", "symmetric mass function", "left skewed with one peak".
Some pertinent characterizations results are generated and provided using the conditional expectation of a certain
function of the random variable of the hazard function. Also, the Bayesian process under the SELF is shown in detail,
it is advised to take samples from the joint posterior of the parameters as the conditional posteriors of the parameters
cannot be obtained in any conventional forms. To compare non-Bayesian versus Bayesian estimates, MCMC
simulations are run. Gibbs sampling and the M-H method are used. The Bayesian approach offers the lowest mean
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squared errors across all sample sizes. The non-Bayesian estimating techniques work admirably but fall short of the
Bayesian approach, the performance for all estimation methods (Bayesian and non-Bayesian) improves as 7 increases.

The Bayesian and non-Bayesian approaches are compared using four real-world applications of data sets. Four real
data applications are used to highlight the new discrete class's significance and adaptability. Various unique member
distributions might be considered and researched in separate studies in the future. Future research may consider the
DGR-G family's bivariate and multivariate expansions. We anticipate that the DGR-G family will draw more
applications in engineering, dependability, and other fields of study. Particularly in terms of the statistical testing of
hypotheses and validation, whether in the case of complete data or in the case of censored data, discrete distributions
still require more research and applications.

The DGR-G family offered a powerful and flexible framework for modeling count data in reliability engineering and
related fields. It stands out due to its ability to capture a wide range of hazard rate shapes, such as monotonically
decreasing, increasing, constant, bathtub-shaped, and more complex forms like decreasing-constant-increasing. This
versatility made it especially valuable for modeling failure times and events counts where the risk of occurrence
evolves over time in non-trivial ways. Unlike many traditional discrete distributions, the DGR-G family can
accommodate zero-inflation, over-dispersion, and multimodal structures commonly seen in real-world datasets. Its
probability mass function exhibits diverse shapes, including right-skewed, left-skewed, symmetric, and bimodal
forms, enhancing its applicability across various domains. The model was rigorously evaluated using both classical
and Bayesian estimation techniques, showing superior performance in terms of accuracy and robustness, particularly
in small sample sizes. When applied to real-world data from engineering, medical, and agricultural contexts, the DGR-
G family consistently outperformed 16 existing discrete models in goodness-of-fit measures. These applications
included failure times of electronic components, counts of kidney cysts, and parasitic insect populations,
demonstrating the model’s adaptability to different types of count data. The theoretical characterizations based on
truncated moments and hazard function properties further support its statistical foundation. With potential extensions
into multivariate settings and regression modeling, the DGR-G family represents a promising tool for future research
and practical use in reliability analysis and beyond.
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