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Abstract

The synthesis of the computationally simple maximum likelihood algorithms for detecting and measuring the
moment of appearance and the central frequency of a fast-fluctuating Gaussian random disturbance is carried out.
Using the method of multiplicative and additive local Markov approximation of the decision-determining
statistics or its increment, the closed analytical expressions are found for the false alarm and missing probabilities
(the detection task), as well as for the conditional biases and variances of the desired estimates (the measurement
task). By statistical simulation methods, it is established that the proposed detector and measurer are operable,
and the analytical formulas describing their performance are in good agreement with the corresponding
experimental data in a wide range of parameter values of the random process being analyzed.

Key Words: Gaussian random disturbance, unknown moment of appearance and band center, maximum
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1. Introduction

In a number of applications of control theory, technical and medical diagnostics, pattern recognition, measurement
data processing, etc., it is necessary to solve the problem of statistical analysis of abrupt random disturbances of
diagnosed processes and systems (by Basseville and Benveniste. (1986)), (by Golpaiegany et al., (2019)). In
practice, the objects being diagnosed can be of a stochastic nature or be subject to external random influences. An
abrupt disturbance of such objects is often a random process that uniformly occupies the entire operating frequency
band and occurs at some a priori unknown point in time (by Trifonov et al., (1991)), (by Zakharov et al., (2001)),
(by Chernoyarov. et al., (2015)).

In (by Chernoyarov. et al., (2025)), a technique for detecting a fast-fluctuating bandpass Gaussian random
disturbance and measuring its unknown moment of appearance is considered. It is shown that the use of the
proposed approach makes it possible to obtain effective algorithms for processing random disturbances under
conditions of parametric a priori uncertainty. Below, based on the results obtained in (by Chernoyarov. et al.,
(2025)), the structure and characteristics of the detector and measurer of a stepwise Gaussian random disturbance
with the unknown moment of appearance and central frequency are found, assuming the rapidity of its fluctuations
and the relative uniformity of its spectral density in a specified frequency band. It is shown that the synthesized
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detector and measurer are computationally significantly simpler compared to the commonly used analogues. Using
statistical simulation methods, the operability and sufficiently high efficiency of the considered processing
algorithms are established.

2. The Problem Statement
Under a stepwise random disturbance, we understand the multiplicative combination of the form
1, x>0,

s(t)= ()6t =) )= {0’ <0

>

Here Mo is the moment of appearance (beginning) of disturbance, and é(t) is the stationary centered Gaussian
random process with the spectral density

oworsl ()25 -l

In (2), the notations are: S0 is the central frequency, Q is the bandwidth, and d is the intensity of the process é(t)
D=Qd/2n

2

which also determines its dispersion (i.e., the average power) . This type of spectral density shape
approximation can be used if the real spectral density decreases rapidly outside the bandwidth Q. Indeed, it is well
known (by Engelson. (1971)) that the resolution capability of any spectrum analyzer is of the order of the value of

2n/, To=T=%o is the analyzed signal duration. We denote the bandwidth within which the real spectral

density decreases from its maximum value to almost zero as A2, Then the conditions of applicability of the
AQ << (21/1) << Q

, where

approximation (2) can be written as

The practically important case arises when the duration of the disturbance (1) significantly exceeds the correlation
time 27/Q2 of the process E—’(Z) (i.e., the fluctuations of the process E-’(t) are “fast”), thus meaning that the following
condition is satisfied:

Ty >> 21/Q (Mo ="To Q/2n >>1) 3)

It is presupposed that interferences and registration errors can be described by Gaussian white noise n(t) with the

one-sided spectral density No . As a result, over the observation interval te [O’T ]

disturbance (1), an additive mixture of the form

x(t)=s(t) +nlr) @

, and in the presence of the random

is received, while in its absence one gets
x\t)=nlt
O=nl) )
Based on the observations (4) and (5), it is necessary to synthesize algorithms that are optimal in one sense or
another for detecting and estimating the moment of appearance and the central frequency of a random disturbance
(1), and to determine their characteristics. It is assumed that the parameters ko and S0 can take values from a priori

[AA,] [©,,0,] 0<A, <A, <T

intervals and

3. Detecting a Stepwise Random Disturbance with the Unknown Moment of Appearance and Center
Frequency
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In order to detect a random disturbance (1), the adaptive (maximum likelihood) approach is used (by Helstrom.
(2013)), (by Van Trees. et al., (2013)), (by Trifonov. et al., (1991)), (by Trifonov. et al., (1986)). For this purpose,
after applying the results of (by Chernoyarov. et al., (2025)), the expression for the decision-determining statistics
(the logarithm of the functional of the likelihood ratio (FLR)), when receiving the realization (4) in view of the
alternative (5), can be written in the form:

T _ 7»)
L0,9)=—T [ 12(,9)d— Ar-1) In(1+¢)
N0(1+q)v}|: 2n 6
Here
q=WN%

O]

t,9)= (4 hlt—1t',9)dt’
A and 9 are the current values of the unknown parameters Ao and S s y( ) 'LOX( ) ( ) , and h(t) is

H(w,9)= Jm h(t,9)exp(— ioot) de
the function belonging to the spectrum —° which satisfies the condition
|H(0,98)" = 1[(0-9)/Q]+ 10+ 98)/0]

Then a decision in favor of the hypothesis (4) or (5) is made based on a comparison of the value of

L, = max L(A,9)
re[Ar,A2 ], 9€[0,05] ®)

with the threshold ¢ selected in accordance with the accepted optimality criterion. When the threshold c¢ is exceeded
by the value of (8), it is assumed that the random disturbance (1) is present in the observed data, otherwise it is
decided that such disturbance is absent.

To quantitatively describe the detection efficiency, we use the false alarm (type I error) probability notated as o and
the missing (type II error) probability notated as B (by Helstrom. (2013)), (by Van Trees. et al., (2013)), (by
Trifonov. et al., (1991)), (by Trifonov. et al., (1986)).

To find the false alarm probability, the decision-determining statistics (6) is presented in the form

1
[ 22 (77, on)d7 —p(1-1)in(1+q)
! ; ©)

qT

L(,8)=L(l.n)= No(+q)

where

l:k/T, n=S/Q’ tN=t/T, uw=QT/2n (10)

are dimensionless variables. Further, the false alarm probability is written as follows:

o=P[ max L(1,8)>c|x(t):n(t)]

ZE[/N\IsKZ]»SE[@I»C:)Z] , 7\1,2 :AI,Z/T’ (:)1,2 :®1,2/Q. (11)

As in (by Trifonov. et al., (1991)), it can be shown that the functional (9) is asymptotically (at B Oo) Gaussian
random field. Then, when the condition (3) is satisfied, its complete statistical description is given by the first two

moments, namely, the mathematical expectation or signal function S(l,n)z(L(l,n)) and the correlation function
B(ll,lzam,nz)= <N(117711)N(lz’n2)> N(l,n)= L(l,n)—<L(l,n)>

(2015)), (by Trifonov. et al., (1986)), (by Chernoyarov. et al., (2014)). Here and below < > mean the operation of

of the noise function (by Chernoyarov. et al.,

averaging over all possible observations a4 (and, if it is required, at the fixed values of ko and S0 also).
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From (9), directly performing averaging operations, taking into account the inequality (3) and neglecting the values
-1

of the order M or less, for the signal function S(l,n) and the correlation function 3(11512»711:112) of the logarithm

of FLR, in the absence of random disturbance (1) in the realization of the observed data, one gets

S(I)zM(l_l)[Q/(lJF‘I)_ln(lJf‘])]’ (12)
B(ll’lzﬂhﬂlz): pqz[l—max(ll,lz)]max(0,1—|n2 —‘11|)/(1+‘I)2 ,

L1,l, [7\1,7\2]’ n,M>My € [@)1,@2]'
Now it is time to pass to the new variable in (9), (12):

7:1_1, l~e[1—1~\2,l—1~\1]. (13)

In that case,

S(F)=uila/0+q)-0(+q)]  BE.Lmim; )= ng® min(7. 7 Jmax (0.~ /1 + ) . (14)

According to (12) and (14), the Gaussian random field L(l »ﬂ) (9) in the statistical sense is equivalent to the product
o)) re[RLR] ne [6,.6,] as)

of the two statistically independent Gaussian random processes U(l ) and V(n) with the mathematical expectations
and correlation functions of the form

s, (0)= <U(7)> - u7[q/(1+q)—1n(1+‘1)], (16)

8, (5.2)=([0)- (W) @)W E)]) = na? minf 2 Y1+

>

s, =m)=1  By(nny)=([V(n) - ))[rn)-(7(ny)]) = max 0.1~ n, —ny))

, . (17)

Therefore, the probability (11) can be represented as follows:

oa=P[ max U(IN) max V(n)> c]
76[1—7\2,1—7\[] ne| 6,6,

The formula for the distribution function of a product of independent random variables is given, for example, in (by
Rohatgi. (1976)) and (by Grami. (2019)). Let

Fylx)=P[  max ull)<x1  F(y)=PL mx v(n)<y]
Te1-A, 1%, , el 8.8, (18)

are the distribution functions of the largest maxima of random processes U(l) and V(n) on the intervals

[I_AZ’I_AI] and [®1’®2], respectively. Then, according to (by Rohatgi. (1976)) and (Grami. (2019)), for the
probability a (11), it can be written

0

o =1 [ Fylef )4t 5)- [T1- 5 e/)}ar, (9
0 o0 . (19)
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From (16), it follows that the process U(Z ) (15) can be approximately represented by a Markov random process (by
Dynkin. (2006)) with the drift coefficient
s, (1) a8, (1.1

dsy (i)
K, =- =L x
1 v ( 1)

= d[~1

= u{ ln(l+q)—i}
h=1+0' I+q
v (20)

and the diffusion coefficient

_ 4By (i 5)

dj

qu

i (F q)’

—24—)8%2’71

ol

IN|=IN+0
The “minus” sign in front of the general expression in (20) means taking into account the fact that, for the
convenience of mathematical calculations, the interval of change of the variable I in (13) is chosen to be the

mirrored one instead of the real interval [1_ Apl=A, ]

The distribution function of the largest maximum of a Gaussian Markov random process with the constant drift and
diffusion coefficients is found in (by Chernoyarov. et al., (2017)). Using the results of (by Chernoyarov. et al.,

(2017)), for the probability Fy (x) (18), one obtains
17 u—x+M )
F exp| —————— |x
01 V2n ‘([ { 2012 }

u—Kym 2K u u+Kym,
x4 O] ———= |—exp 1-O ———= || ;du.
ﬂsz}\ K2 W'szk

(e2))

Here

M, :SU(l_/N\z):M(l—f\z)[Q/(l+Q)_1n(1+Q)]’ (512 :BU(I_/N\zJ_/N\z):qu(l—xz)/(1+4)2

>

m, =1-K, -(1-R,)=A, -A

, and

1 is the reduced length of the a priori interval of possible values of the parameter ho

®(x)= J:O exp(— t2/2)dt/\/%

(22)

is the probability integral (by Abramowitz. et al., (1964)). Thus, one gets

dFylx) _ u— x+M)exp{ M}

dx o2 j 267
<o u—Km, —exp(ZKluJ - ® u+Km, du.
VKo, K VK,

The accuracy of the formulas (21) and (23) increases with x and p increasing and . decreasing.

(23)

The distribution function of the largest maximum of a Gaussian random process with a nonzero constant
mathematical expectation and triangular correlation function (17) is obtained, for example, in (18) and (19). Using

the results of (by Shepp. (1966)) and (by Siegmund. (1986)), for the probability Fy (y ) (18), one gets
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exp{— mV(\/;_:) exp(— (x-1)° }] x>2,

0, x<2,

Fy (x) =
(24)

where v T ©,-9, . The accuracy of the formula (24) increases together with " and x.

Substituting (23) and (24) into (19), the false alarm probability can be calculated for a specified threshold c. And,

Fy(x)=0

taking into account the relation at <0 the formula (19) can be somewhat simplified by transforming it

into the following:

0

o=1 _IFV(C/x)dFU(x)_FU(O)
0 . (25
Now it is time to find the probability f of missing the moment of appearance of a random disturbance. By definition,

according to (by Helstrom. (2013)), (by Van Trees. et al., (2013)), (by Trifonov. et al., (1991)), (by Trifonov. et al.,
(1986)),

B=Pl  max  L(,9)<c|[x(t)=s(0)+n(r)]
1A, 4,].846,,] , (26)

where L(I’S) is defined in the same way as in (9), at the observations (4), while A, , ®; coincide with those
specified in (11).
Following (by Trifonov. et al., (1991)), it can be shown that in the presence of a random disturbance (1) in the

realization of the observed data, the functional L(l’ 11) (9) is asymptotically Gaussian one at Ho = Then, when
the condition (3) is satisfied, for its complete statistical description, it is enough to specify the first two moments that

S(tm)= <L(l,n)> Bll, L pm, )= <N(llaﬂ1)N(lst12)> of the

noise function N(l,n)zL(l,n)—<L(l,n)> (by Chernoyarov. et al., (2015)), (by Trifonov. et al., (1986)), (by
Chernoyarov. et al., (2014)), so that

are the signal function and the correlation function

L(,n)=S(@n)+ N(t,n) 27)

Performing averaging in (9) over all possible realizations (4) at the fixed values of the parameters o and S0 , and

-1
neglecting the terms of the infinitesimal order of M and less, one obtains

S(m)=p|q? maX(O,l—In—nol)(l—maX(loJ))/(l+q)+(1—1)(q/(1+q)—1n(1+q))J, 28)

B(llalzﬂhanz): qu[(l —max(ll,lz ))max(O,l —|n2 —n1|)+‘1(2+‘1X1—max(10a11»12 ))X
x max 0,1+ min(0,m; — 19, — 1)~ max (0,1, ~1p, 1, ~ 1)) Y (1+4)’,
where

IOZXO/T’ 710:90/9. (29)

It is presupposed that, when processing the realization (4), the condition of high a posteriori accuracy is satisfied (by

Trifonov. et al., (1986)), i.e., the output power signal-to-noise ratio (SNR) z for the algorithm (8) is quite large:
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z? 252(10:110)/<N2(10»n0)> :H(l_lo)[l_ln(l+q)/q ]2 >>1, (30)

so that the position of the maximum of the functional L(l,n) (9) is in a small §-neighborhood of the point (ZO’HO)
2
with a probability tending to 1. With an unlimited increase in the SNR z* (% 7 %), the value of the indicated

neighborhood is

8=max(|l—lo|,|n—n0|)—>0. (31)

Thus, if the condition (30) is satisfied, then d<< 1 and the following asymptotic representations are valid for the
signal function and the correlation function of the noise function (28):

2

S(lan)= S(i,ﬁ)= M[(l—lo)(q—ln(l+q))—lci—qmax(()j)_

l+¢q 1

—i( A +q)J—#_ql°)|ﬁ|} +0(3), o)

Bl )= B0 8= -0 gm0 )

- nmx(fl,fz)— q(2 + q)(max(O,ﬁl,ﬁz)— min(O,ﬁl,ﬁz))— (1 -1y )| N> _ﬁ1| ]+ 0(8)7

where F=1=1, , 1= M7 Mo and 0(6) includes the higher-order infinitesimal terms compared with 6.

At this stage, one can pass from the decision-determining statistics (9) to the decision-determining statistics of the
form

olf.7)= [L(l',ﬁ)—Lo]/G, (33)

where Ly = L(ZO’nO) is the asymptotically Gaussian random variable (in the case of an increasing Ho (3)) with the

characteristics (Lo) = mlg —mn(i+q))(1- ZO), <(L0 - <L0>)2> =0’ and © = IV “(1 ~1y) )

Using the representation (33), we can rewrite the missing probability (26) when receiving a random disturbance (1)
with the unknown moment of appearance and central frequency as

B=P[ max ol 7)< (= Lo /o | x(e) = s(t)+ n(t)]

le[/w\lflo,xrlo],ﬁe[?l —n0.Y2-Mo .(34)
From (32), when the conditions (30) and (31) are satisfied, for the mathematical expectation and the correlation

function of the functional © [:n (33), one gets

() =5l sl old)

< [U(il b )_ <U(i1 My )>][U(72,ﬁ2)— <U(72’ﬁz)>]> =By (71 Jz)+ By (71572)+0(8)

>

where
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¢ (7)_ L{Ali, i<0,
1 _ _ _
? I=ly (=B, 120, S,{[)=Jul—1)C/q 36)
Byl 1) -—— - mjn(‘ﬂ ‘) 220 _ [Bymin(fa) o). i > 0,
vl 1272 _l—l - - BUZ(nl’nZ)z - -
0 0’ ll 12 <0, 0, n]nz < 07 (37)

A =In(1+q)/q-1(1+q)  Bi=1-h(l+q)lg  C =q/li+q)

Ay, I <0,1, <0, 2
Azz{ 21 Vl 3 Ay = 1 . Bz=l+(1+qz)
Ay, [ >0,1,>0, (1+q)  Ap=1 (1+q)

Let U (l ), L2 (Tl) are statistically independent Gaussian random processes with the mathematical expectations (36)

<11(7)> =Sul(7) (1) =S., () (38)

5

and the correlation functions (37)
<11 (lvl )‘1 (72 )> - <‘1 (71 )> <11 (ZZ )> =By (iljZ )’ <12(ﬁ1) 1, (M,) > - <12(ﬁ1) > <12(ﬁ2) > = B, (W, 1) . (39)

If 60 (31), then, while neglecting the terms of a higher infinitesimal order than J, one can assume that the
characteristics (35) of the random field oi.m coincide with the corresponding characteristics of the sum of the

random processes l(l ) + 12( ) . Then, at sufficiently large SNRs, for the probability (34), one obtains

Td-5.5] fie[-5.5] o

—00

B~P| max ll(i)+ max tz(ﬁ)<C_LO}=C]-GWO()C)[C/TXEI(; X - uj ()du}dx

(40)

tere Wo(¥)=exp-(v-2)2/2]/V2m

El(x)zP[ max t1(7)< x]

is the probability density of the Gaussian random variable; Lo/ o,

Ie[-8.3] is the distribution function of the largest maximum of the process ll(l),
Fyp(x)=P[ max 1,(7)<x]
( ) dF‘Z( )/ dx. nel-8.3] is the distribution function of the largest maximum of the

process L2 (ﬂ) , and z is determined according to (30). The lower limit of the internal integral in (40) is taken equal to
0, since 11(0) , ( )_ and, therefore, Fll( ) 0 , Wl2( ) 0 at X<0,

From (37), (39), it is easy to see that the values of the process li(c"'), i=12 (where G =1 , G2 = n) on the

intervals [_ 8’0) and [0’6] are not correlated. Therefore, due to the asymptotic Gaussianity of this process, these
values appear to be approximately statistically independent at the finite values of p. Then, for the probabilities
Fu (x) and Folx , the following representations are valid:

Ftl(x)zFll(x)FlZ(x)’ E2(x):F21(x)F22(x)’ (41)

where
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Fy(x)=P[ max L,(7)<x] Fy(x)=P[ max Ll(f)<x]
ie-5,0) icfo.5] 42

>

le(x):p[ max lz(ﬁ)<x] Fzz(x):P[ max Lz(ﬁ)<x]
7iel-5,0) nef0,3 ]

>

Let

011(i)ZX—11(_7) vy ()= x—1, (=) Ulz(i)ZX—ll(i), Uzz(ﬁ):x_lz(v), fe[O,S]’ ﬁe[O,S]. (43)

> >

[\

0

Following (by Kailath. (1986)), it is easy to show that in the subareas 120 , n , taking into account (35)-(39),

the conditions of Doob’s theorem (by Doob. (1986)) are satisfied for the processes Ll (l ), L2 (n), i=12 (43).

According to this theorem, the processes vV , V2 (Tl) , =12 are the Markov random processes characterized, as
it follows from (38), (39), by the drift coefficients

a11=A1\/H/(1—105 012=31\/“/(l_10) anlzaﬂzzclm-(‘m)

and the diffusion coefficients

by = Ay [(L=1y) by = Ay [(1=1) by =byy =B, (45)

5 > >

respectively. Here 4 , By , A1 , Az , G and B, are determined based on (36) and (37).

Using the relations (43), the desired distribution functions (42), as in (by Chernoyarov. et al., (2014)), (by
Chernoyarov. et al., (2014)), (by Chernoyarov. et al., (2014)), can be written in the form

F]i(x): P[ max Uli(i)> 0]= J-Wli(y’S)dy le-(x): P[ max U2i(ﬁ)> 0] :jWZi(y’ S)dy )
i3] o Aefo.s] 0 =12 (46

B > >

/

where W”( ’ ), Wai (y ’n) are the probability densities that the processes U”(l

Vi (0)= * Vi (0)= ¥ at the initial moments 1=0 and n=0 , will reach the values Vl (6) =Y, Uzi(s):y by the

0<91i(i <@ 0<vy(R)<o
I€0,8 0,5

) and V2 (ﬁ), whose values are

end of the analysis intervals (l =38 L= 8 ), while

/

The probability densities W“( > ), Wz"(y ’n), introduced in (46), can be found as the solutions of the Fokker-

Planck-Kolmogorov equations (by Dynkin. (2006)) with the drift coefficients i “i and the diffusion
coefficients i , bui (i: 1’2) under the initial conditions Wli( ,0)=5(x—y ) , WZi( ’O)= S(x—y ) and the boundary
conditions "1 0.1 ) = Wi (oo’l ) =0 , Wi (0’n)= Wai (oo’n)z O. While solving these equations using the characteristic
function method (by Dynkin. (2006)), we also take into account the specified boundary conditions by means of the
reflection method involving a change of sign, as it is described in (by Chernoyarov. et al., (2014)) and (by

Chernoyarov. et al., (2014)). Then, after integrating the solutions found and substituting the results into (42), for the
functions (40) and (41), one gets

Fy(x)= £(v.ap,50,0) f(vap0,b0,8)  Folx)= f(xsanl’bnl’s)f(x’anbbnz’5), (47)

b

Wi (¥)= @ (%, gy by18) (%, 2528+ 2 (%, 12,510,8) £ (s By )

b

if X20 and El(x):FQ(x):O, WIZ(X):O,ifx<0.Here
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a.b,8)= a8+xJ_ N [_%j (aS—xj
e )CD[‘/% ) Vb5 . (48)

2a 2ax ad—x 2 (a8+x)2
a,,8)= Lexp| -2 | L1 |y [ 2 oxp O
glva.b8)=7 eXp( b ) [\/%] bd eXp{ 265 }

and CD(x) is the probability integral (22).

>

In practice, to calculate the probability (26) by applying the formulas (40), (47), (48) is a quite difficult task, since
there is no well-founded method for determining the value of 8. However, under the conditions of a high a posteriori

accuracy, when the relations (30) and (31) are satisfied, instead of (48) in (47), and at 5_’0, one can use the
asymptotic expressions of the form (by Chernoyarov. et al., (2014))

f(x,a,6,0)=1-exp(~2ax/b) g(x,a,5,0)=(2a/b)exp(—2ax/b) (49)

’ .

Substituting (49) into (47), then (47) into (40), and then integrating the resulting expression by the variables x, u, one

obtains
B=d(c/c—z)+n(zy +21)Blc/o, 2y +215)— 11 (21 )Blc/o, 21 ) =11 (210 )Blc/ o, 2p0 ) +
+1,(22, )Ble/o.22, ) -2, (2, )Ble/5, 2, ), (50)
where
B(x,u) = expl- u(x — z—u/2)|®(x — 2 —u) (2)=222 (2 -2, |7 -22,)

El

”2(2)=Z/1212(Z/1 +2zp _22)/(211 +2zp _Z)(Zzl _Z)(le _Z),

zy; =2ay /by i=12 2y = 20y [byy =2an, [byy

b

The accuracy of the formula (50) increases when Ho (3), z (30) and c are increasing.

4. Estimating the Moment of Appearance and the Central Frequency of a Stepwise Random Disturbance

Now it is presupposed that the random disturbance (1) is present on the interval [0’ r ] with the probability 1. Based

on the observed realization (4), it is necessary to estimate the parameters ko and % . The synthesis of the estimation
algorithm is carried out based on the maximum likelihood method (by Chernoyarov et al., (2015)), (by Van Trees. et
al., (2013)), (by Trifonov. et al., (1986)). Using the representation of the logarithm of FLR (6), for the maximum

likelihood estimates (MLEs) Mo and S of the moment of appearance and the central frequency of a random
disturbance, one gets

(os8,)=  argmax  L(2,9)
re[A1.A2].9€[0,,0, ] _ (51)

In order to evaluate the performance of the algorithm (51), it is necessary to determine the characteristics of the

estimates Mo , i . As it is noted above, when fulfilling the condition (3), the functional (9) is an approximately

Gaussian random field (by Trifonov. et al., (1991)), i.e., in a statistical sense, it can be completely described by the
moment or correlation functions of the first two orders (i.e., the mathematical expectation and the correlation
function). Taking into account the last remark, the functional (9) is presented in the form of the sum (27), and the
dimensionless estimates
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lvm:(}\’m_}\’O)/T’ 1jlmz(Sm_SO)/gl'
are introduced instead of (51).

If the inequality (3) holds and the value of ¢ (7) is not too small, so that the output SNR 2 >>1 (30), then, with the

(i

probability tending to 1, the coordinates m>Mm ) of the position of the largest maximum of the decision-determining

- 2
statistics LV.n belong to a small d-neighborhood of the point (0’0). With an unlimited increase in SNR (Z~ = %),
the value of this neighborhood satisfies the relation (31). Then, the asymptotic representations (32) are valid for the

moments of the functional L(l ’ﬁ) .
Following (by Trifonov. et al., (1986)), (by Chernoyarov. et al., (2014)), (by Chernoyarov. et al., (2014)), the
ol/, 7

difference functional (33) with the characteristics (35)-(37) and the statistically independent Gaussian

random processes u{ , L2 (n) with the characteristics (38), (39) are introduced into consideration. In this case

(im,ﬁ,,,)z arg max L(l,ﬁ)= arg max U(i,ﬁ)_ (52)

As it is noted above, the characteristics (35) of the random field U(l ’n) asymptotically (at Z > (30) and 30

(31)) coincide with the corresponding characteristics of the sum of the independent random processes ulJ+1 (ﬂ) .

o, i)——1, ([ )+ 1, ()

Therefore, there is the convergence in a distribution of the form . Then, the estimates

(52) with an increasing SNR z converge in a distribution to the estimates

v;n :argmax1](i) 7, = argmax 1, (1)
Ie[-5.5] , e[-8,5]

B

while the MLEs M and S (51) converge in a distribution to the estimates T(l’" +1o ) , Q(nm +n0).

Using the results of (by Kailath. (1986)), it is easy to demonstrate that the processes b (l) and ‘2 (T]) , possessing the
characteristics (36)-(39) at I'e [_ 5, 8] and 1€ [_ 6’6], satisfy the conditions of Doob’s theorem (by Doob. (1986)).
Therefore, in the d-neighborhood of the point (0’0) , they are Markov random processes, whose drift coefficients a

“n and diffusion coefficients by , by take the form

, 7<0, b ,i<0, =
a, = ap 5 b1: 11 g 0 —a 1’ n<0’
_a12>1207 b]251207 N n _1,ﬁ20, bn:bnl

b . . .
where 411, 412 by , bip , 1 , " are determined in the same way as in (44), (45).

Now, one can see the probability densities and the distribution functions of the magnitude and position of the largest

p(x)’ xe[Xl’XZ] with the drift coefficient Ko and the diffusion

X]

maximum of a Markov random process

. K . . . . .
coefficient = P? changing stepwise at some internal point Y0 of the interval [Xl’

Ay, X;Sx<xg, by, X, <x<x,
Kplz sz_

—ay, XgSx<X,, by, X Sx< X,
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Explicit expressions for all that are found in (by Chernoyarov. et al., (2014)). In particular, for the probability
X,, =argmax p(x

)CE[XI ,Xz]

density of the random variable , one obtains

1
Zﬁu‘P(Z§1(xO—X), pl( XI) (Xz_xo) _} X <x,

R
zsz‘P(zéz(X—xo),zgz(Xz—xo), zl( Xl) R ) Z X0 (53)

2a2 /bpt i=l, 2 R - apleZ /aP2bP1

where "
1 Jexp[-(n —0)/4] V-
‘P(yaylayZDyS): +(D X
Wapl? |l -v) 2
o 2
+ + —y&E+
y Igexp{_ (& : y) } o 25592 || 28502 || 4
0 y 2y, NEAR:
(54)
L ay =ay =a, by =b,,=b, R . . .
Assuming in (53) that p p, P P( P ), one gets the expression for the probability density of

the position of the largest maximum of a Markov random process of a diffusion type with a stepwise changing drift

Ko - I, X, <x<x,
pl =9

-1, x, <x<X,, cpo . K.,=b
0 2> and a constant diffusion coefficient =~ P2~ P .

coefficient
Using (53), for the first two moments of the random deviation X =X =% , it can be written
()= [e=xp ) wloe) e == Fy (2220, = 0). 2 g = X )R, )
X Zp2
1
__zFb(Zpl(xo X1)9Zp2(X2 —xo)s_}
“l P (55)
<Xr%:> = j(x xo) w(x)dx —ZTFV(Zgz(Xz _xo)ozm(xo Xl)st)+
X p2
1 5 1
+_2FV( (xo Xl)’Zp2(X2 _XO)’R_J’
Zpl )

where

J’pyz’yz :ljylyyJ’p)’z’yz)dy—lT\/—{expj;( )/4] (\/T]}X
XTieXp[_ (@”J’)z} (D[J%a*'yz]_exp(_h&)@[—)@@*'h] dedy,

o 4 2y, 2y,

(56)
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N bl
1 ex] 4 -
y1a)’2,Y3 jy2qjyaylsy2ay3 dy—E \/;{ p[ N )/ ]+CD[ ylzy}]x
0

0 y 1=y )
© 2
+ &ty — )&ty
XI&eXp{—(Zy) 1 O == |~ exp(- yE )0 2= || dedy.
0 y N V2,
(57)
In a general case, the calculation of the integrals (55)-(57) at the fixed values of pi , Doi , =12 i possible only

2
. . . . a’;>b, . . . . .
using numerical methods. However, if the condition ~* Pt is satisfied, then, without a noticeable loss in

accuracy, instead of (54), a simpler approximation of the form

P 0,00, y) = w, (6, )= o214

+ (2y + 1)exp[|x|y(y + 1)][1 - cD((2y + 1) |x|/2)] (58)

Z—a blzb

can be used for the function ¥ (0,002, 3) In the special case, when p P2 =7 that

corresponds to R, =1 , from (58), one obtains Wa (x,l): (D( | |/ ) I+3exp 2|x| [1 (D(3 V )]

Substituting (58) into (55)-(57) and turning the limits of integration into infinite ones, for the first two moments of

the random deviation X , one finds
<Xm > = [aﬁleZRp (Rp + 2)_ a§2bpl (2Rp + 1)1/261511152 (Rp + 1)2 ,(59)
<X2 > |a a* bR (282 +6R +5)+ a',h3 (SR2+6R + )] J2a4a% (R, +1)

If R=1 (%1 = %2 =% bor =bp2 = by ), then the formulas (59) are significantly simplified and take the form

2\ _qap2 /o4
(X)=0 (x2)=13b] [8a; 60
Based on it, for the fixed values of Mo and S0 , it is easy to write down the asymptotic expressions for the
conditional biases (the systematic errors) b(km|k0,90): <km _}L°> , b(8m|7»0,90): <8”’ _9°>
V()\‘m|}"0>90): <(7\‘m _}“0)2> V(8m|7\‘0’80):<(8m _80)2>

mean square errors) , of the estimates (51):

b(’”m|)‘o’90):T<lvr’n> b(8m|7\’0’90):Q<ﬁ:n> (61)

B

and variances (the

V2o 90)=T2(07) V(9] %0,9)=22(77)

B

1/2 — =12
mv> , < " > and <n’”> R <ﬂm > are determined from (55), (59) or (55), (60) by substituting the values Ay , A
0, 0, X, X, x

Here <

, lo or , o (11), (29) instead of 0. Besides, the drift coefficients %, i and diffusion
coefficients 2t , b from (44), (45) are substituted instead of % and Do , and the relations Ry =anby [apby or

Ry =1 replace Ry . In this case, the accuracy of the formulas (55), (59), (60), (61) increases with p (10) and z (30).
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From (61), in particular, it follows that, in a general case, for the finite values of z (30), the MLE A 1S

conditionally biased while the MLE S is approximately conditionally unbiased. At the same time, with an
unlimited increase in SNR (30), the estimates (51) are asymptotically conditionally unbiased and, therefore,

consistent. Moreover, under the conditions of high a posteriori accuracy (when z~ >>1), the quality of the estimate
of the moment of appearance does not depend on an ignorance of the central frequency of the random disturbance
(1), and vice versa. It should be also noted that, in the case of small SNR z, the characteristic values of the estimates

Mo and S calculated using (59), (60), (61) may appear largely erroneous. This is due to the fact that the formulas
(59), (60), in the contrast to (55), are obtained without taking into account the restrictions on the finite lengths of a

priori intervals of possible values of the estimated parameters Mo and 80. Thus, in the case when Z >0 they
describe the characteristics of a random variable uniformly distributed over an interval whose length tends to
infinity.

5. The Statistical Simulation Results

In order to determine the errors in the found approximate formulas for the characteristics of the synthesized
algorithms of processing Gaussian random disturbances at finite SNRs, computer statistical simulation of the

detector (8) and the measurer (51) operation is performed. During the simulation, on the interval Le [0’1] (10) at the
5 =JAT  j=0,int(l/AT) -6
discrete points in time / , 7 0,int (1/ A7 , and for each value of "% O+ (k +Y 2)An ,

e =0,int (©,

®1)/ An- ) of the normalized central frequency n (10) at the specified values of L, g, lo , 0 the

¥ = W17, Qn, NT/N,
dimensionless samples Y ik y( J>5 Mk /No (6) are formed, as described in (by Chernoyarov. et al., (2014)),

(by Chernoyarov. et al., (2015)). Here 1nt(-) is the integer part of the number, and An is the discrete step of the
current normalized central frequency value change. Based on the generated samples ik
L,y = L(nAlkAn)

, following (by
Chernoyarov. et al., (2014)), (by Chernoyarov. et al., (2015)), the samples of the random field

L(n) (9) are calculated in the area [Al’Az]U [®1’®2]

moment of appearance value change (10). The discretization step for the variable
AT =0.01/p Al=An=10"

, where Al s the discrete step of the current normalized

r (10) is chosen equal to

, and for the variables / and n — equal to . As a result, the relative root-mean-square
error of the stepwise approximation of the functional L(l,n) (9) based on the generated samples, calculated
according to the technique described in (by Zakharov et al., (2001)), does not exceed 10%.

In each test performed for each generated realization L(l,n) , a decision on the presence or absence of a random

L =max L,
disturbance (1) in the observations is made by comparing the maximum sample nk with the selected
>

Lmax<C 0 i . l,=\,/T Mp =9,,/Q
threshold c: . Also, at 17", the normalized estimates ‘m =~ *m u " m (51) are found as
follows:

lm :Al +NmaXAl Mo :@l +KmaxAnﬂ

Moo Ko * Ly g > L 0 <1, Ny <int((R, = &, )/1),0 <k, Ky <int((®, -8, )/am),

In Figures. 1-4, some results obtained during the statistical simulation, as well as the corresponding theoretical

dependenc1es are presented To obtain each experlmental value, at least 5-10° realizations (4) or (5) are processed

Ri=03 A, =07 lo—(A1+A2)/2 6,-75 8,-125 o =(6,+6, )2

at the fixed . Thus, the deviation
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of the boundaries of the confidence intervals from the experimental data is not greater than 10% with the probability
of 0.9.

In Figure. 1, by solid lines the theoretical dependences of the false alarm probability o (11) on the threshold value ¢
are drawn. The curve 1 is calculated using formula (25) for M~ 100, 9= 0'25; 2 for M7 100, 9= 0'5; 3 — for

M= 500, 9= 0'25. The corresponding experimental values of the probability o are plotted with circles, triangles
and squares. In Figure. 2, the solid lines show the theoretical dependences of the missing probability (26) on the
value ¢ (7) of the normalized average power of the process (1) calculated using formula (50). The value of the
threshold c is determined from (25) using the Neyman-Pearson criterion at a selected false alarm probability of 0.01.

W=200, ) w=500, 5 u=1000

The curve 1 corresponds to . In Figure. 3, 4, by solid and dashed lines the

_ 2
theoretical ~ dependences  (61) of normalized conditional  variances Vi (q) B V(x”’ |7*0 %0 )/ T ,

_ 2
" (q)— V(S’”MO’SO )/ Q of the estimates (51) of the moment of appearance and the central frequency of a

stepwise random disturbance (1) calculated using (55) and (59) or (60). The curves 1 are plotted for M= 1000; 2 —

for H7 2000; 3— for M 24000. The dotted line in Figure. 3 demonstrates the maximum normalized conditional
~ o~ )

variance (A2 _Al) / 12~0.013 of the MLE 7”'”. The experimental values of the probability B for M~ 200, 500,

1000 and the variances '/ , M for 1=1000

squares, respectively.

o %ﬁg p “"ﬁﬂs
SR
i % 107!

, 2000, 4000 are indicated in Figure. 2-4 by circles, triangles and

s
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Figure. 1. The false alarm probability. Figure. 2. The missing probability.
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Figure. 3. The variance of the estimate of the Figure. 4. The variance of the estimate of the central
moment of appearance of the random disturbance. frequency of the random disturbance.

As it follows from Figure. 1-4, the obtained theoretical dependences (25), (50), (61) (using (55)) for the probabilities

o (11), B (2.14) and the variances V(km|k0,90)’ V(S’"MO’SO) are in good agreement with experimental data, at

least, if M0 =100 3y =200 the detection task) or Mo =300 1=1000 9201,

Ay203 A, <07 ©0,-0,25

(in the estimation task) and

. Under conditions of not too small output SNR (30), when Z>1 (when

estimating the central frequency of a stepwise disturbance) and Z > 3.5 (when estimating the moment of appearance
of a stepwise disturbance), simpler approximations based on (59), (60) can be used to calculate the variances (61) of
the corresponding estimates (51).

It should be noted that the theoretical dependencies (61) may deviate from the corresponding experimental values at

9> 2"‘3. This is due to the fact that formulas (61) have been derived by neglecting terms of the order of the

correlation time of the random disturbance (1). Consequently, when the normalized variances

_ 2 _ 2 -2
Vila)= V(k’"MO’SO )/T and ' (a)= V(S’” o 5o )/Q decrease to the magnitude of the order of * | the error of

formulas (61) becomes significant. However, the variance values presented in Figures. 3 and 4 significantly exceed
this threshold. For this reason, no deviation between experimental and theoretical variance values is observed here at
large ¢.

6. Conclusion

Using the condition of fast fluctuations in the realization of the observed data, which allows neglecting the values of
the order and less than the correlation time of the analyzed stepwise Gaussian random disturbance, a relatively
simple approximation of the decision-determining statistics (i.e, FLR logarithm) can be found. Based on this
approximation, it is possible to obtain new algorithms for detecting and estimating the moment of appearance and
the central frequency of a random disturbance. Such algorithms are computationally significantly simpler compared
to the optimal analogues synthesized based on other approaches.

In order to analytically determine the characteristics of the synthesized processing algorithms, the multiplicative or
additive local Markov approximation method can be effectively applied. This method includes the approximation of
the decision-determining statistics or its increment by the product or sum of Gaussian Markov processes of the
diffusion type. Then, by determining the drift and diffusion coefficients of the indicated Gaussian Markov processes
and solving the corresponding Fokker-Planck-Kolmogorov equations with the specified initial and boundary
conditions, one can find the closed expressions for the false alarm and missing probabilities when detecting a
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random disturbance with the unknown moment of appearance and central frequency. Such expressions are also
produced for the conditional central moments of the maximum likelihood estimates of the moment of appearance
and the central frequency of a random disturbance. Particularly important are the ones that are for the first-order
moments being the biases and for the second-order moments being the variances.

Theoretical dependencies for the characteristics of detection and estimates of the moment of appearance and the
central frequency of an abrupt random disturbance successfully describe the corresponding experimental data in the
case when the ratio of the duration of the random disturbance to its correlation time is at least 100 (when detecting)
or 500 (when estimating), and the ratio of the disturbance intensity to background noise intensity is not less than 0.1.
The calculation of the variances of the estimates of the time and frequency parameters of the disturbance can be
carried out using rather simple arithmetic operations. But it is possible only if the output voltage signal-to-noise ratio
exceeds 0.5-3.5; i.e., it is 0.5 when estimating the central frequency and 3.5 when estimating the moment of
appearance.

Ignorance of the central frequency leads to some deterioration in the quality of detection but does not reduce the
accuracy of measuring the moment of appearance of a random disturbance. In addition, the root-mean-square error
of the maximum likelihood estimate of the central frequency in the case of signal-to-noise ratios greater than 1 can
be significantly less than the root-mean-square error of the maximum likelihood estimate of the moment of
appearance.

The found expressions for the characteristics of the considered algorithms for detecting an abrupt random
disturbance and estimating its unknown moment of appearance and central frequency allow making an informed
choice between these and other algorithms depending on a relative simplicity of their practical implementation, the
information available a priori, and the requirements to the algorithm performance.
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