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Abstract

This paper is a continuation of our previous works with the same title, which deals with various characterizations
of certain univariate continuous distributions proposed in (2023-2024) after the publication of our first two papers
in (2024). These characterizations are based on: (i) a simple relationship between two truncated moments; (i) the
hazard function; (i4i) reverse hazard function and (7v) conditional expectation of a single function of the random
variable. It should be mentioned that for the characterization (7) the cumulative distribution function need not have
a closed form and depends on the solution of a first order differential equation, which provides a bridge between
probability and differential equation.

Key Words: Characterizations; Conditional expectation; Continuous distributions; Hazard function; Reverse hazard
function.

1. Introduction

In designing a stochastic model for a particular modeling problem, an investigator will be vitally interested to know if
their model fits the requirements of a specific underlying probability distribution. To this end, the investigator will rely
on the characterizations of the selected distribution. Generally speaking, the problem of characterizing a distribution
is an important problem in various fields and has recently attracted the attention of many researchers. Consequently,
various characterization results have been reported in the literature. These characterizations have been established in
many different directions. The present work deals with certain characterizations of each of the following distributions:
1) Exponentiated Odd Log-Logistics Weibull (EOLLW) distribution of Rodrigues et al. (2023a); 2) Truncated Weibull-
Exponential (TWE) distribution of Abbas et al. (2023); 3) New Extended Normal Quantile Regression (NENQR)
distribution of Rodrigues et al. (2023b); 4) New Half-Logistic Fréchet (NHLFr) distribution of Khan et al. (2023);
5) Alpha Power Exponentiated Pareto (APEP) distribution of Pimsap et al. (2023); 6) Power Exponentiated Weibull
(PEW) distribution of Rajitha and Vaishnavi (2023); 7) Left Truncated Topp-Leone (LTTL) distribution of Zaninetti
(2023); 8) Partly-Exponential (PE) distribution of Atikankul et al. (2021); 9) Generalized Lindley (GL) distribution
of Cha and Badia (2024); 10) Zubair-Kumaraswamy (Z-Kum) distribution of Manu et al. (2023a); 11) Zubair-Ikum
(Z-Ikum) distribution of Manu et al. (2023b); 12) Novel Updated Weibull (NU-Weibull) distribution of Alnssyan et al.
(2023); 13) New Flexible Weibull Extension (NFWE) distribution of Alshanbari et al. (2023b); 14) Weighted Cosine-
Weibull (WC-Weibull) distribution of Odhah et al. (2023); 15) Unit Upper Truncated Weibull (UUTW) distribution
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of Okorie et al. (2023); 16) New Modified Cosine-G (NMC-G) distribution of Alshanbari et al. (2023d); 17) Neu-
trosophic Generalized Exponential (NGE) distribution of Rao et al. (2023); 18) Neutrosophic Generalized Rayleigh
(NGR) distribution of Norouzirad et al. (2023); 19) New Modified Sine-G (NMS-G) family of distributions of Alshan-
bari et al. (2023c¢); 20) New Tangent-G (NT-G) family of distributions of Alshanbari et al. (2023a); 21) Scale Mixture
of Exponentials (SME) distribution of Barahona et al. (2024); 22) Modified Unit-Half-Normal (MUHN) distribution
of Alvarez et al. (2024); 23) Truncated Positive Symmetric (TPS) family of distributions of Gémez et al. (2023); 24)
Slash-Weighted Lindley (SWL) distribution of Castillo et al. (2023); 25) Modified Skew-t-Normal (MS;N) distribu-
tion of Arrué et al. (2023); 26) Modified Gamma (MG) distribution of Alshehri and Kayid (2023); 27) Generalized
Alpha Power Exponentiated Inverse Exponential (GAPEIEx) distribution of Kargbo et al. (2023); 28) Exponentiated
Power Chris-Jerry (EPCJ) distribution of Obulezi et al. (2023); 29) New Generalized Odd Fréchet-Odd Exponential-G
(NGOF-OE-G) family of distributions of Sadiq et al. (2023); 30) Sabur (Sabur) distribution of Ahmad et al. (2023); 31)
Quartic Transmuted Fréchet (QTF) distribution of Moloy et al. (2024); 32) New Cubic Transmuted Power Function
(NCTPF) distribution of Hafeez et al. (2023); 33) Topp-Leone Kumarswamy Marshall-Olkin Generated (TLKMO-G)
family of distributions of Atchadé et al. (2024); 34) Modified Cubic Transformed-Rayleigh (MCT-Rayleigh) distribu-
tion of Rahman et al. (2023); 35) New Logarithmic Transformation (NLT) distribution of Alshawarbeh et al. (2024);
36) New Extension-X-Length-Baised Exponential (NEXLBE) distribution of Alamri et al. (2023); 37) Arctan Inverse
Weibull (AIW) distribution of Alrashidi (2023); 38) Right Truncated Fréchet-Inverted Weibull (RTFIW) distribution
of Nader et al. (2023); 39) Unit Gompertz-Power Series (UGPS) distribution of Yousef et al. (2024); 40) Truncated
Inverse Power Ailamujia (TTPA) distribution of El Gazar et al. (2023); 41) Generalized Doubly Bounded Exponen-
tial (GDBE) distribution of Okereke et al. (2023); 42) Burr XII-G (BXII-G) family of distributions of Al-Shomrani
and Shawky (2024); 43) Cosine Fréchet Loss (CFrL) distribution of Abonongo et al. (2024); 44) Sine Burr III Loss
(SBIIIL) distribution of Abonongo et al. (2023); 45) Exponentiated Generalized Weibull Exponential (EGWE) dis-
tribution of Abonongo and Abonongo (2024); 46) Odd Weibull Lindley (OWL) distribution of Rajitha and Anisha
(2024); 47) A Weighted Weibull (AWW) distribution of Kanwal et al. (2024); 48) Odd Exponential Logarithmic-G
(OEL-QG) distribution of Hussain et al. (2024); 49) Exponentiated Alpha Power Inverted Exponential (EAPIE) dis-
tribution of Eghwerido and Eghwerido (2024); 50) Half Logistic-Truncated Exponential (HL-TEXP) distribution of
Gul et al. (2023); 51) Exponentiated XLindley (EXL) distribution of Alomari et al. (2024); 52) Modified Extended
Kumarswamy Exponential (MEKWE) distribution of Chaudhary et al. (2023a); 53) Exponentiated Inverse Chen (EIC)
distribution of Telee and Kumar (2023a); 54) Extended Kumarswamy Exponential (EKwE) distribution of Chaud-
hary et al. (2023b); 55) New Exponential-G (NE-G) class of distributions of Al Mutairi et al. (2022); 56) Inverse
Exponentiated Exponential Poisson (IEEP) distribution of Telee and Kumar (2023b);

We list below the cumulative distribution function (cdf) and probability density function (pdf) of each one of these
distributions in the same order as listed above. We will be employing the same notation for the parameters as chosen
by the original authors.

1) The cdf and pdf of (EOLLW) are given, respectively, by

\o1y VA
F (z;v,\,7y,0) = {1—6XP {_ <$) }} x>0, (D

(- -GV oYY

and

f(x;u,)\,'y,a):%F(x;u,)\,'y,a), x>0, (2)
where v, \, 7, o are all positive parameters.
Remark 1.1. Taking G (x) = 1 — exp {— (%)g} ,x > 0, the cdf (1) can be written as

G (x) ’
Gwri-a@y) - 7t

which was mentioned in Remark 1.20 in Hamedani (2023) for power .

F(z;v,\,7,0) = [
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2) The cdf and pdf of (TWE) are given, respectively, by

1 —exp {f'y’k (1 — eiI/A)k}

Fz;7, A k) = =

;=0 3)

and

k—1
J @A k) = Cem (1= ) P @), a>0, “)

. k(l—e’“’_k)_l 1_e—o/A k
where v, \, k are all positive parameters, C' = B and P (z) = exp |— (ef) .

Remarks 1.2. (a) We will characterize the cdf (3) in subsections 2.1 and 2.3 in details. (b) Also, we like to mention
that taking G (z) = (1 — e*m/’\)k , & >0, the cdf (3) can be expressed as

1—exp {—v_kG (x)}
1—e "

which was mentioned in Remark 1.31 in Hamedani et al. (2024b).

F(z;v,\ k) =

x>0,

3) The cdf and pdf of (NENQR) are given, respectively, by

z—w)ab
F (z;a,b,\,0,7) = e (T)

@ (552) 4 {1 -0 (552))T
_ ® (52)° b
<[¢<H>“+{1—¢<H>}“J>’ TeR ©

o o

and

d
f(x;(z,b,)\7a,7):d—F(m;(z,b,)\7a,T)7 x € R, (6)
x

where a > 0,0 > 0,A € R,0 > 0,7 € (0, 1) are parameters, ® () is the cdf of the standard normal random variable

and w = )\ - \/QJ X erf71 |:2 ( /D )1/(1) - 1:| .

71/(ab) 4 (1—71/(ab)

Remark 1.3. Taking G (z) = ® (%=2), x € R, the cdf (5) can be written as

F(x'ab/\aT)[ G (2)" r zeR
It R RAT ] - G(x)a + (1 o G(x))a ) ’
which was mentioned in Remark 1.20 in Hamedani (2023) for power b.
4) The cdf and pdf of (NHLFr) are given, respectively, by
G (z)
F(x;a,b,\) = > 7
(':l:7a7 7A) 2—G(:L')’ :Z:—O’ ()
and
d
f(a:;a,b,/\)Z%F(x;a,b,/\), $>O, (8)

axb)*(“” )

where a, b, \ are all positive parameters and G (z) = 1 — (1 —e”
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Remarks 1.4. (a)The cdf (7) as expressed above was mentioned in Remark 1.5 in Hamedani et al. (2024a). (b)
Similar statement can be stated for the following 4 distributions mentioned in Khan et al. (2023): New Half Logistic
Beta (NHLB); New Half Logistic Kumaraswamy (NHLKw); New Half Logistic Weibull (NHLW); New Half Logistic
Gumbel (NHLGu).

5) The cdf and pdf of (APEP) are given, respectively, by

aG(a:) -1
F(z;0,a,k) = —, x> logk, 9)
a—1
and
d
f(SC;Ol,(L, k) = diF (x;a,a, k)v T > logkv (10)
T

where « (# 1) , a, k are all positive parameters and G (z) = 1 — k® (e~%%).

Remark 1.5. The cdf (9) as expressed above was mentioned in Remark 1.1 in Hamedani et al. (2024b) for o = €°.

6) The cdf and pdf of (PEW) are given, respectively, by

veE) 1
F(x;k7)‘aﬂvv):75 IEZO, (11)
v—1
and
d
f(x;k,)\,ﬁ,v)z%F(x;k‘,/\,ﬂ,v), $>Oa (12)

. B
where k, A, B, v (# 1) are all positive parameters and G (z) = (1 - e‘xk/’\) .

Remark 1.6. The cdf (11) as expressed above was mentioned in Remark 1.1 in Hamedani et al. (2024b) for v = el

7) The cdf and pdf of (LTTL) are given, respectively, by

Faifonh)= [ fubabd, o<z (13)
z
and
f(z;8,2,0) =C(b—z)P(x), z <z<b, (14)
.. p-1
where 3, x;, b are all positive parameters, C' = b2(1_x{3b722i(2b_m)5) and P (z) = (—’lf—z + %—f) .
8) The cdf and pdf of (PE) are given, respectively, by
5 (1 —~e /o
F(amém)le”f( 2= >+T>, 23>0, (15)
Cq
and
f(@;7,6,7) = Ce™"P(x), x>0, (16)

where 0 < v < 1,0 > 0,0 < 7 < §(1 4+ ~) are parameters, C; = 6 (1 —v) + 7,C = ﬁ and P (z) =
(1—76_9”/5).

Remarks 1.7. (a) The pdf (16) is similar to the pdf (4). (b) We will, however, characterize cdf (16) in subsections
2.2 and 2.4.
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9) The cdf and pdf of (GL) are given, respectively, by

F(x;a,k,@)z/ozf(u;a,k:,@)du, x>0, (17)
and
f(za,k,0)=Ce %P (z), x>0, (18)
where o > —1,k € N, 0 > 0 are parameters, C' = (Z?:o %)71 and P (z) = z* Zf:o z°,

Remark 1.8. The pdf (18) is similar to the pdf (16).

10) The cdf and pdf of (Z-Kum) are given, respectively, by

6aG(z) -1
F(x;a,b):ﬁ, 0<z<1, (19)
and
d
f(ac;a,b):d—F(nc;a,b)7 0<z<l, (20)
z

2
where a > 0,b > 0 are parameters and G (x) = (1 -(1- xa)b) .

Remark 1.9. The cdf (19) was mentioned in Remark 1.6.

11) The cdf and pdf of (Z-Ikum) are given, respectively, by

e(xG(l‘) -1
F(l’;O{, Aaﬁ) = ail’ x 2 07 (21)
et —
and
d
f(x;a,/\,ﬂ):@F(x;a,/\,B), I'>O7 (22)

B\ 2
where a, A, ( are all positive parameters and G (z) = <(1 —(1+ a:)f)‘) ) .

Remark 1.10. The cdf (21) is the similar to the cdf (19).

12) The cdf and pdf of (NU-Weibull) are given, respectively, by

F(x;avd)v g, 5) = Am f(u;a,qﬁ,a, 5) duv x> 07 (23)

and

f@a,¢,0,8) =g(x;0,§) P(x), x>0, 24)
where > 0,0 (|¢| > 1),0 > 0,€ > 0 are parameters, G (z;0,§) = 1 — e’”s, x > 0 1is a baseline cdf with the
cortesponding pdf g (x:,) and P () = {6 + (G (2:0.€))" " — (a4 1) [€ (108"}

Remark 1.11. In view of the definition of G (z;0,§) =1 — e_‘mg, x > 0, the assumption "xr € R” in equation 2 on
page 2 of the authors paper (Alnssyan et al., 2023) should be "x > 0.
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13) The cdf and pdf of (NFWE) are given, respectively, by

eieélw—d’g/w

F(I;51,52):1 x>0

_6511752/1}’ =Y

a exp {1 —e
and

fx;61,02) = %F(chél,ég), x>0,
where §; > 0,2 > 0 are parameters.

Remark 1.12. Taking G (x) =1 — 6_65”752”, x > 0, the cdf (25) can be written as

F(2:61,00) =1—G(z)e €@, z>0,

which was mentioned in Remark 1.125 in Hamedani (2023).

14) The cdf and pdf of (WC-Weibull) are given, respectively, by

(~f=)

e—1

F(x;7,0) =

and

d
7,0) = ——F (3
f(x;v,60) T (z;7,0), x>0,

where 7 > 0,60 > 0 are parameters.

Remark 1.13. Tuking G (x) =1 — cos

2—e—®

0

m(l—e 7"
(5)] ,x > 0, the cdf (27) can be expressed as
eCGl@) —1
e—1 "~

which is the same as the cdf mentioned in Remark 1.1 in Hamedani et al. (2024b) for 6 = 1.

F(x;v,0) = x>0

7

15) The cdf and pdf of (UUTW) are given, respectively, by

1— e—)\(l—r)ﬁ

F(x;@)\):l—ﬁ’

0<z<1,

and

f(gc;ﬁ,)\):%F(ﬂc;ﬁ,)\)7 0<x<1,

where 5 > 0, A > 0 are parameters.
Remark 1.14. Taking G (z) =1— (1 — m)ﬁ ,0 <z <1, the cdf (29) can be written as
e)\G(w) -1

er—1 7

which is the same as the cdf mentioned in Remark 1.1 in Hamedani et al. (2024b).

16) The cdf and pdf of (NMC-G) are given, respectively, by
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_ 2
e 1 — cos [gG(m,f)]
F(z;6)=1 (1—|—COS [gG(m,f)]) , x€R, 3D
and
f(x:6) = %F(fc;f), r €R, (32)

where G (7;¢) = 1 — G (2;¢) and G (z; €) is a baseline cdf which depends on the parameter vector €.

1—Cos[%§(m;£)]

Remark 1.15. Taklng K (QC) =1- <1+COS[72TG(:L’,§)]

) ,x € R, the cdf (31) can be expressed as

Fe:§)=1-(1-K(@)®, zck,

which is a special case of the cdf mentioned in Remark 1.3 in Hamedani et al. (2024Db).

17) The cdf and pdf of (NGE) are given, respectively, by

oN
F(zn;on,un) = (1 — exp {—:CN}) , TN =0, (33)
UN
and
d
f(zn;dn,vN) = MF(JJN;éNaUN)a rn >0, (34)

where dy > 0, vy > 0 are parameters.

Remark 1.16. As far as the characterizations of the cdf (33) are concerned, the cdf (33) is a generalized exponential
distribution.

18) The cdf and pdf of (NGR) are given, respectively, by

2 UN
F(zn;un,0N) = <1 — exp {— (Z;N) }) , N =0, (35)
N

d
f(zn;un,uN) = . F(zn;én,vn), xn >0, (36)
TN

and

where vy > 0,0y > 0 are parameters.

Remark 1.17. As far as the characterizations of the cdf (35) are concerned, the cdf (35) is a generalized Rayleigh
distribution.

19) The cdf and pdf of (NMS-G) are given, respectively, by

2
L 1 —sin [3G (z; )]
F(x,/\)—l—<1+sin[gG(x;/\)]> . zER, 37)

and

f@N = SRy, cck, (38)

where G (x; \) is a baseline cdf which depends on the parameter vector A.
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l—sin[ G(z;A)]

- g 3
Remark 1.18. Tuking K (z) =1 <1+sin[gG(x;)\)]

) , ¢ € R, the cdf (37) can be written as

F(x;\)=1—(1—-K (), zeR,

which is a special case of the cdf mentioned in Remark 1.3 in Hamedani et al. (2024b).

20) The cdf and pdf of (NT-G) are given, respectively, by

B 1 —tan [5G ()] ’
Fle)= <1+tan[§G(x)}) » TER,
and
f@)=SF@), zek,

where G () is a baseline cdf.

1—tan[ G(z ]

Remark 1.19. Taking K (z) =1 — <M> , x € R, the cdf (39) can be expressed as
an vy xr

F(z)=1-(1-K (2))*, zeR,
which is a special case of the cdf mentioned in Remark 1.3 in Hamedani et al. (2024Db).

21) The cdf and pdf of (SME) are given, respectively, by

F(x;k,p):/ f (A, p)du, x>0,
0

and

flashp) =X P (x), x>0,

(39)

(40)

(41)

(42)

where A > 0,p > 0 are parameters, P (z) = % fol v (1 —0) " e du, b > a > 0 and T (a) is the

gamma function.

Remark 1.20. The pdf (42) is similar to the pdf (16).

22) The cdf and pdf of (MUHN) are given, respectively, by

F(z;0)= (u;0)du, 0<az<1,
0

and

2
flzo)==272P(z), 0<z<l,
o

1—x

where o > 0 is a parameter, P (z) = ¢ (L=

23) The cdf and pdf of (TPS) are given, respectively, by

F(x;a,m:/ f o m)du, x>0,
0

and

f(z;o,n) =Cgo (x;u)’ x>0,

Characterizations of Certain (2023-2024) Introduced Univariate Continuous Distributions III
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where 0 > 0, € R are parameters, go (x) is a symmetric around zero pdf with the corresponding cdf G (x) and

C=—"——.
O'G[)(%)

24) The cdf and pdf of (SWL) are given, respectively, by

F(z:0,8,p) /fua,ﬂ, v, x>0, 47)
and

f(z;a,B8,p) = Cx_(”+1)P(a:) , x>0, (48)

where «, 8, p are all positive parameters, C' = W,
and P () = ay (B +p,az)+~v(B+p+1,ax).

I'(B) is the gamma function, y (s,2) = [, t*~te~"dt
Remark 1.21. The pdf (48) is similar to the pdf (44).

25) The cdf and pdf of (MSN) are given, respectively, by

F(q:;)\,u):/' fus\v)du, x€TR, (49)
—0o0
and

flz;\v)=2t, (z) P(x), z€R, (50)

where A € R,v € N are parameters, ¢, (z) is the pdf of the t-distribution with v degrees of freedom, P (z) =

d ( \/%) and ® () is the cdf of the standard normal random variable.

Remark 1.22. The pdf (50) is similar to the pdf (24).

26) The cdf and pdf of (MG) are given, respectively, by

F(;0,8,\) / J s, BN du, x>0, 1)
and

(210, B, N) = =1 P () 0 (52)

f o, o, _F(Ck)x € x), x>0,

where a, 3, \ are all positive parameters, P (z) = exp {2® + a8z — Aze?} (1 + Bz) and T () is the gamma
function.

27) The cdf and pdf of (GAPEIEX) are given, respectively, by

—ak/z b
-1
F(z;a,a,b,k) = <O‘> Cz>0, (53)
a—1
and
d
f(z;a,a,b,k) = %F (x;,a,b,k), x>0, (54)

where « (# 1) , a, b, k are all positive parameters.

Remark 1.23. The cdf (53) is simply the b power of the cdf (9).
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28) The cdf and pdf of (EPCJ) are given, respectively, by

F (z;¢,0,a) = / f(u;e,0,)du, x>0, (55)
0
and

f(z;5¢,0,a) = Cz*le 0" p (), x>0, (56)

; o - ayc1
where ¢, 0, o are all positive parameters, C' = %‘f; and P (z) = (1 4 022“) {1 — {1 + %} e 0w } .

Remarks 1.24. (a)The pdf (56) is similar to the pdf (52). (b) We have

F(z;¢,0,0) = {1 - [1+ W} e—f’z“}c ={G(x)}°, x>0,

which is simply ¢ power of a distribution.

29) The cdf and pdf of (NGOF-OE-G) are given, respectively, by

2 - B
5(1—6’%)
F(z;0,8,67.0) =exp{ — |a| [ 1-expi ——— -’ ~1 , 220, (57
e 2z
and
d
f(x;a7656777¢):%F(l‘;aaﬂ767r}/7¢)v J)>0, (58)

where «, 3, 9, 7, ¢ are all positive parameters.

22 Y
5 <1—e_ >
Remark 1.25. Taking G (z) = | 1 —exp - , x >0, the cdf (57) can be written as

F@wﬁ@%@=m{—@(?3$@DY}7x>a

which was mentioned in Remark 1.32 in Hamedani (2023).

30) The cdf and pdf of (SABUR) are given, respectively, by

F(w;a,ﬁ)Z/Omf(U;a,ﬁ)du, x>0, (59)
and
f(z;0,8) =Ce PP (z), x>0, (60)
where o > 0, 8 > 0 are parameters, C' = a,@-fi;?-u and P (z) =a+ B+ ga:Q.

Remark 1.26. As far as characterizations are concerned, the pdf (60) is a special case of the pdf (4) for k = 1.

31) The cdf and pdf of (QTF) are given, respectively, by

FW&@ZA?meWAxZQ 61)
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and

@l

fza,B8) = aﬂaxo‘*le_@l)ap (), x>0, (62)
where « > 0,8 > 0 are parameters, P (x) = a1 + 2a2<f(%)cx + 3%672(5)& + 4a4673(%)a, a; = 2X\,a9 =
3()\2—/\1),(13 = 2()\1 —2/\2—|—)\3),a4 =1—A1+ X —2)zand \; € (0,2),)\2 € (0,2),)\3 € (0,2),0 <
)\1 + )\2 + )\3 <2.

Remark 1.27. As far as characterizations are concerned, the pdf (62) is similar to the pdf (52).

32) The cdf and pdf of (NCTPF) are given, respectively, by

& x2a x30¢

F(z;0,0,A1,2,A3) = (14 \1) ga + (A2 _Al)ﬁ — A2 gza 0<xz<0, (63)

and
d
f(x;aaea)‘la)‘27)\3) = %F (x;a,Q, )‘I,A27)‘3)7 O<z< 67 (64)
where a > 0,8 > 0, A1 € [-1,1], A € [-1,1], -2 < A1 + A2 < 1 are parameters.

Remark 1.28. The cdf (63) is a special case of the cdf (101) in Hamedani (2021) for b = 1.

33) The cdf and pdf of (TLKMO-G) are given, respectively, by
R .
F(x;a’7baaap70-): 1_{1_(M) } ) erR, (65)
1—pR(z;0)

d
—F (x;a,b,a,p,0), xz€R, (66)
dzx

where a > 0,b >> 0,a > 0,p € (0,1) are parameters, R (v;0) = 1 — R (z;0) and R (x;0) is a baseline cdf which
depends on the parameter o.

and

f (x;a, b,()é7p, O) =

Remark 1.29. Taking G (z) = (%) , € R, the cdf (65) can be expressed as

F(l’;a’b7a7p’g):{1—(1—G(1}))2b}a’ IER7

which is a special case of the cdf mentioned in Remark 1.3 in Hamedani et al. (2024b).

34) The cdf and pdf of (MCT-Rayleigh) are given, respectively, by

F (z;0,),0) :/ f(u;o,0,0)du, x>0, (67)
0
and
1 2
fz;o,0,0) = P ) (), x>0, (68)
o

22
where o > 0, A € [—1,1],6 € [0, 2] are parameters and P () = 2 (0 + 1) AeZ — 30.

Remark 1.30. As far as characterizations are concerned, the pdf (68) is similar to the pdfs (52) and (62).
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35) The cdf and pdf of (NLT) are given, respectively, by

_ logle+ G (z;p)] -1

F(z;p) e , TER, (69)

and

d
f(xvp) = %F (x;p)v T e R? (70)

where C' = log (e + 1) — 1 and p is a parameter and G (x; p) is a baseline cdf which depends on the parameter vector
p.

Remark 1.31. As far as characterizations are concerned, the cdf (69) is similar to the cdf mentioned in Remark 1.18
in Hamedani et al. (2024b).

36) The cdf and pdf of (NEXLBE) are given, respectively, by

F(z;0,08)=1- 1_{1_(14_2)62}1 2
1-(1-a) [1—(1+%)e*ﬂ

@

;o x>0, (71)

and

d
f(:r;a,ﬂ):%F(x;a,B), I>Oa (72)
where o > 0, 8 > 0 are parameters.

1— [1—(1-5—%)(%]
1-(1—-a) [1—(1+%)e‘

2

B

Remark 1.32. Taking K (z) =1 — ( ]2> ,x > 0, the cdf (71) can be written as

F(z;o,8)=1—(1-G(x)*, x>0,

which is a special case of the cdf mentioned in Remark 1.3 in Hamedani et al. (2024b).

37) The cdf and pdf of (AIW) are given, respectively, by

8[R

F(z;0,0) = %arctan {e_(

)’
} , ©>0, (73)

and

f ) = S F (maf), @ >0, 4
where « > 0, 8 > 0 are parameters.
Remark 1.33. Taking K (z) = ef(%yi, x > 0, the cdf (73) can be written as
F (z;0,8) = %arctan [K (z)], x>0,

which was mentioned in Remark 1.384 in Hamedani (2023).

38) The cdf and pdf of (RTFIW) are given, respectively, by

F(z;0,8,b)=e @07 o<a <y, (75)

and
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f(z;a,8,b) = aﬂx_(ﬁﬂ)e*a(w_ﬁ*lj_ﬁ), 0<x<b, (76)
where «, 3, b are all positive parameters.
39) The cdf and pdf of (UGPS) are given, respectively, by

Cy(1-G(=))
C ()

and

d
f(x;é,C,7)=%F(w;£,C,v), 0<z<l, (78)

where &, ,«y are all positive parameters, G (z) = 6_5(’”74_1), 0<z<1,C(y)=>,",a,y"isfiniteand {a,},~,
is a sequence of non-negative integers. B

Remark 1.34. The version of the cdf (77) has been characterized in Hamedani (2017) and also mentioned in Remark
1.14 in Hamedani et al. (2024b).

40) The cdf and pdf of (TIPA) are given, respectively, by

Fumwnzéaﬂwmﬁm% v >0, 79)

and

3

flx;0,8) = Ca P le e "P(x), x>0, (80)
where o > 0, 8 > 0 are parameters, C = ﬁ and P () = 277,

Remark 1.35. The pdf (80) was mentioned in Remark 1.47 in Hamedani et al. (2024Db).

41) The cdf and pdf of (GDBE) are given, respectively, by

F($,a,67’7,)\):1—67)\(::5)0(7 BS-’ES’Y’ (81)
and
f(w0,8,7,0) =C(e—p)" " P(z), B<a<y, (82)
_ z—p
where « > 0,8 > 0,8 < 7,7 > 0, A > 0 are parameters, C = aA(y — ) and P (z) = %
42) The cdf and pdf of (BXII-G) are given, respectively, by
—k
F(x;a,b,c,k,g)_1{1+(wﬂ , TER, (83)
a
and
ck
faabehd=(T)o@Pe). sck 54

where a > 0,0>0,¢> 0,k > 0,§ = (01,02, ..., ap)T are parameters, G () is a baseline cdf with the corresponding
-1 —log[l-G(2)]\ " —log[1—-G()] \ ¢ —(k+1)
pdf g (z) and P (z) = i) 14 ((loell-G@) '

a

Remark 1.36. The pdf (84), as far as our characterizations are concerned, is similar to the cdf (24).
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43) The cdf and pdf of (CFrL) are given, respectively, by

F(z;a,8,0) =1 — cos [gG(x)} , x>0, (85)
and
d
f(x;aa670):%F($;aaﬁaa)a l‘>0, (86)
U(l—efo“”_[)
where «, 3, o are all positive parameters and G () =1 — ——F— 2~ x > 0.

a—log(l—e*‘”iﬁ) ’

Remark 1.37. The cdf (85), as far as our characterizations are concerned, is similar to the cdf mentioned in Remark
1.16 in Hamedani (2023).

44) The cdf and pdf of (SBIIIL) are given, respectively, by

F (z;¢,k,0) =sin [%G (x)} ,x >0, (87)

and

f@ie ko) = LF (@e ko), >0, (88)

dx
0(1—(1+m*0)”“)
U—log(l—(l-&-m*“)_k) ’

where ¢, k, o are all positive parameters and G (r) = 1 — x> 0.

Remark 1.38. The cdf (87), as far as our characterizations are concerned, was mentioned in Remark 1.7 in Hamedani
et al. (2024a).

45) The cdf and pdf of (EGWE) are given, respectively, by
F (z;a,b,e,d, 0, B) =[G (x)]B7 x>0, (89)
and
d
f(a:;a,b,c,d,oz,ﬂ)z@F(I;a,b,c,d,a,,ﬁ), $>0, (90)
abx

where a, b, ¢, d, o, 3 are all positive parameters and G (z) = 1 — exp {—a (T)d} sz > 0.

Remark 1.39. The cdf (89), as far as our characterizations are concerned, is the [3 power of a cdf which was
characterized in Hamedani (2016).

46) The cdf and pdf of (OWL) are given, respectively, by

0+1 “
. —1_ N (P N S >
F (z;0,),0) =1 exp{ )\<9+1+0x€ 1) }, x>0, 91)
and
f(x0,0,0)=C(0+1+0z) > P(x), x>0, (92)

where o, \, 0 are all positive parameters, C' = a\§? (6 + 1) and
a—1 et
P(z) = {(1 +z) e (efﬁeze_gz - 1) }GXP {—)‘ (eflﬁe_ex - 1) }

47) The cdf and pdf of (AWW) are given, respectively, by
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F(ir;)‘a')/):/ fus A, y)du, >0,
0

and

fz;A)=C2z" e " P(z), x>0,

ol/v\1/v

where A > 0, > 0 are parameters, C' = 5uz175—117177)

48) The cdf and pdf of (OEL-G) are given, respectively, by

G(z;7)

log {1 - (1-9) e*)‘[lfcwm]}
log (0) ’

F(z;0,\,7)=1-—

x €R,

and

d
flx;0,\71)= d—F(m;@,)\,T), x € R,
x
where 6, A, T are all positive parameters and G (z; 7) is a baseline cdf.
(w;7)
Remark 1.40. Taking K (v) =1 — eiA[l—GGWﬂ], x € R, the cdf (95) can be written as

log{6+(1—-0)K (x)}

F (x; —1-
(z;0,\,7) oz (0) ,

z € R,

I' (a) is a gamma functionand P (z) = z'~7 (2 —

93)

(94)

e_’\'ﬂ).

95)

(96)

which was mentioned in Remark 1.30 in Hamedani et al. (2024b) as well as in Remark 1.5 in Hamedani (2023).

49) The cdf and pdf of (EAPIE) are given, respectively, by
8 a
aexp(fg) -1
F ; ) ) = - 4 b 2 07
(z;a, B, a) ( o > x

and

d
f(x;a,ﬂ,a):d—F(x;a,B,a), fE>O,
x
where «, 3, a are all positive parameters.

Remark 1.41. The cdf (97) is not new, please see cdf (53).

50) The cdf and pdf of (HL-TEXP) are given, respectively, by

1— 679(1711)
F(z;0,a) = Ttebea & 2 a,

and

d
f(x;@,a):%F(m;Q,a), T > a,

where 6 > 0,a > 0 are parameters.

Remark 1.42. Taking G (z) = 1 — =@~ & > q, the cdf (99) can be written as
G (x)

2-G(x)’

which is a special case of the cdf mentioned in Remark 1.1 for A =v = 1.

F(z;0,a) = T > a,
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51) The cdf and pdf of (EXL) are given, respectively, by

ox _s o
) I L @ >
F (z;,0) [1 <1+(1+6)>€ } , x>0, (101)
and
d
f(z;0,0) = I F(r;0,6), x>0, (102)
T

where « > 0,6 > 0 are parameters.

Remark 1.43. Tuking G (z) =1 — (1 + (ff(;)) e=%%, 2 >0, the cdf (101) can be expressed as

F(z;0,6) =[G (x)]a ;o x>0,
which is simply o power of the cdf G (x).

52) The cdf and pdf of (MEKWE) are given, respectively, by
F (z;a,\, 8) = /Ow f(u;a, X, 8)du, x>0, (103)
and
fza, N, B) = B)\eo‘“"e_)‘mwo_efm) [)\zef)‘x +(1+az)(1- e*M)] P(z), x>0, (104)

az —ax)) A1
where «, A, 8 are all positive parameters and P (z) = {1 A ol )} .

53) The cdf and pdf of (EIC) are given, respectively, by

s 0
F(x;a,)\,ﬁ)—l—{l—e’\@_e )}, x>0, (105)

and
d
f(x;a, )‘70) = diF (1’;0&,)\,9), x>0, (106)
x
where «, A, 0 are all positive parameters.
Remark 1.44. Taking G (x) = e (1_617 ), x > 0, the cdf (105) can be written as
F(zia,\0)=1-[1-G ()", z>o0,

which was mentioned in Remark 1.3 in Hamedani et al. (2024b).

54) The cdf and pdf of (EKwWE) are given, respectively, by

a8 .
Fah )= |1- () )] =[] w s (107)
and
flz A B) = %F (x; N, B8),z >0, (108)

where A > 0, 8 > 0 are parameters.
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_ oA
(1-e77) ,x > 0, the cdf (107) can be expressed as

Remark 1.45. Taklng G (iC) = m

© B
Foh ) =[1-e )]0 a0,
which was mentioned in Remark 1.6.
55) The cdf and pdf of (NE-G) are given, respectively, by
1+G(z;8)]" -1
Fao = LEEEALZL g (109)
and
. 1 G (2 a—1
f (w0, ) = 29 (z;8) [1 + G (z; 8)] zER, (110)

20 —1 ’
where a > 0 is a parameter and G (z; ) is a baseline cdf with the corresponding pdf ¢ (x; 5) which depends on the
parameter vector 3.

56) The cdf and pdf of (IEEP) are given, respectively, by

1 fexp{f)\ (1 fe’ﬁ/“")a}

F(I,OL,[’},)\)ZI— 1 — =X
expd A1 — (1—eP/")*b -1
and
d
fr;a,8,\) = —F (z;a,8,\), x>0, (112)

dx

where «, 3, A are all positive parameters.
Remark 1.46. Taking G (z) =1— (1 — e‘ﬁ/x)a ,x > 0, the cdf (111) can be written as

exp {A\G (2)} —1
er—1 ’

which was mentioned in Remark 1.1 in Hamedani et al. (2024b).

F(‘r;a7ﬁa)‘): xZO,

2. Characterization of Distributions

As mentioned in the Introduction, characterizations of distributions is an important area of research which has recently
attracted the attention of many researchers. This section deals with various characterizations of the distributions listed
in the Introduction. These characterizations are based on: (i) a simple relationship between two truncated moments;
(i) the hazard function; (ii7) the reverse hazard function and (iv) conditional expectation of a single function of
the random variable. It should be mentioned that for the characterization (¢) the cdf need not have a closed form
and depends on the solution of a first order differential equation, which provides a bridge between probability and
differential equation.

2.1. Characterizations Based on Two Truncated Moments

In this subsection we present characterizations of the distributions mentioned in the Introduction, in details, in terms
of a simple relationship between two truncated moments. Our first characterization result employs a theorem due to
(Glénzel, 1987), see Theorem 2.1 below. Note that the result holds also when the interval H is not closed. Moreover,

Characterizations of Certain (2023-2024) Introduced Univariate Continuous Distributions III 341



Pak j.stat.oper.res. Vol. 22 No. 3 2026 pp 325-359 DOI: http://dx.doi.org/10.18187/pjsor.v22i3.4681

as mentioned above, it could be also applied when the cdf F' does not have a closed form. As shown in (Glinzel,
1990), this characterization is stable in the sense of weak convergence.

Theorem 2.1. Ler (2, F,P) be a given probability space and let H = |[d,e] be an interval for some d < e
(d = —00, e = 00 might as well be allowed) . Let X : QQ — H be a continuous random variable with the distribution
function F' and let q1 and qs be two real functions defined on H such that

Elg(X) | X 2a]=E[q(X) | X >22]n(z), ze€H,

is defined with some real function 1. Assume that q1,q2 € C* (H), n € C? (H) and F is twice continuously differen-
tiable and strictly monotone function on the set H. Finally, assume that the equation nq1 = qo has no real solution in
the interior of H. Then F' is uniquely determined by the functions q1, q2 and n, particularly

xT /
1" (u)
F (x) :/ C" exp (—s (u)) du
a n(u) @ (u) — g2 (u) ’
where the function s is a solution of the differential equation s' = 7 ;’1/ Zlqz and C' is the normalization constant,

such that fH dF = 1.

Here is our first characterization.

Proposition 2.1. Let X : Q — (0,00) be a continuous random variable and let ¢, (x) = [P (x)]”" and qa (z) =

q1 () (1 — ef‘”/)‘)k for x > 0. The random variable X has pdf (4) if and only if the function 1 defined in Theorem
2.1 has the form

0 (@) =;{1+ (1—e—w“)k}, x> 0.

Proof. Let X be arandom variable with pdf (4), then

1-F@)Ep(X) | X >a] = /:O Ce=w/A (1 - e*“/A)H du

-2l eso

and
e 2k—1
(1-F(2))E[g(X) | X > x] —/ Cle—u/A (1 efu/)\> du
_CA a2
%{1_(1_6 ) , x>0,
and finally

n(@) g (z) — g2 (z) = q1;x) {1 — (1 —e_“”/)‘)k} >0 for x> 0.

Conversely, if 7 is given as above, then

s (x) = = ;o x>0,

_ 7 (z)q1 () %e—w/)\ (1- e—w//\)k_l
n (@) (@) = a2 () 1 (1—e—o/2)F

and hence
RN
s(x):—log{l—(l—e_”“/’\) }, x> 0.
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Now, in view of Theorem 2.1, X has density (4). O

Corollary 2.1. Let X : Q — (0,00) be a continuous random variable and let ¢, (x) be as in Proposition 2.1. The
pdf of X is (4) if and only if there exist functions qo and 1) defined in Theorem 2.1 satisfying the differential equation

= , x>0.

77’ ($> q1 (x) %6_3?/)‘ (1 _ e_x/)\)k,1
n(x)q (x) — g2 (z) 1 (1— e/

Corollary 2.2. The general solution of the differential equation in Corollary 2.1 is

n(z) = {1 - (1 - ew/A>k}1 [/’;e@ﬂ (1 - e*m/A)k_l (@1 (2)) " g2 (z) dz + D} ,

where D is a constant.
Proof. 1f X has pdf (4), then clearly the differential equation holds. Now, if the differential equation holds, then

"(x) = %e—w/k (1_6—;5/,\>k1> o (ﬁe_x/k (1—€_$//\)k1> . )
7]()_< 17(1fef:r/>\)k n(z) 17(176795/)\)1@ (1 ()" q2 (2),

or

fi-(e) Y@= (fer (=) i)
— (5 (- T @) m ).

or

e @l =- G (- T @) e ).

from which we arrive at

nw={1-(1- e-x“)k}_l - e (- ) @) et ).
O

1

Note that a set of functions satisfying the differential equation in Corollary 2.1, is given in Proposition 2.1 with D = 3.

However, it should also be noted that there are other triplets (g1, g2, 1) satisfying the conditions of Theorem 2.1.

Proposition 2.2. Let X : Q — (x,b) be a continuous random variable and let qi (z) = [P (z)]™" and ¢z (z) =
q1 () (b—x) forx € (x;,b). The random variable X has pdf (14) if and only if the function 1 defined in Theorem
2.1 has the form

H@) =3 0-2), e b,

Proof. Let X be arandom variable with pdf (14), then

b

(1— F(2)) Elq (X) |X2x]=/ C(b—u)du
C
)

and
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and finally

q (z)
3

n(@)q () — g2 () = — (b—=x) <0 for = € (z,b).

Conversely, if ) is given as above, then

/
2
S@= MO 2,
n(z)q (x) — g2 (v) b—z
and hence
s(x)=—-2log(b—2x), x€ (x1,b).
Now, in view of Theorem 2.1, X has density (14). O

Corollary 2.3. Let X : Q —€ (z,b) be a continuous random variable and let ¢ (x) be as in Proposition 2.2. The
pdf of X is (14) if and only if there exist functions qo and 1) defined in Theorem 2.1 satisfying the differential equation

V@aE 2
n@)q (z) —q(z) b—a’

x € (z1,b).
Corollary 2.4. The general solution of the differential equation in Corollary 2.3 is

n(@) = (b— )2 [—/2<b—z> (@1 (@) g2 () da + D) ,

where D is a constant.

Proof. If X has pdf (14), then clearly the differential equation holds. Now, if the differential equation holds, then

2(0—2) ' n(@) 20 -2)" (a1 (@) g (2),

3\
—~
8
~
Il

or

or

from which we arrive at

O

Note that a set of functions satisfying the differential equation in Corollary 2.3, is given in Proposition 2.2 with D = 0.
However, it should also be noted that there are other triplets (g1, g2, 1) satisfying the conditions of Theorem 2.1.

Proposition 2.3. Let X : Q — (0,00) be a continuous random variable and let ¢, (x) = [P (x)]”" and ¢a (z) =
q1 (2) G (x;0,€) forx > 0. The random variable X has pdf (24) if and only if the function 1 defined in Theorem 2.1
has the form
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1
1(@) =5 {1+G @00}, >0
Proof. Let X be arandom variable with pdf (24), then

(1= F@) Bl (X)X 20 = [ gluogd

T

=1-G(x;0,8), x>0,

and

oo

(1-F(@)Elg(X) | X >z]= [ g(wo,§) G (u;0,8)du

N)“—‘a\

{1—G(x;a,§)2}, x>0,

and finally

n(x)q (z) —q2 (z) = (hT(gc){l—G(x;J,é)} >0 for 2 > 0.

Conversely, if 7 is given as above, then

/ .
S/ ) = n (x) q1 (x) _ 9(3?70',6) , x> O7
O = e —e®  1-G00
and hence
s(x)=—log{l — G (z;0,8}, x>0.
Now, in view of Theorem 2.1, X has density (24). ]

Corollary 2.5. Let X : Q —€ (0,00) be a continuous random variable and let ¢, (x) be as in Proposition 2.3. The
pdf of X is (24) if and only if there exist functions qo and 1 defined in Theorem 2.1 satisfying the differential equation

n"@aqx) _ g(x08)
n(@) q(z) =g (x) 1-G(x;0,8)

Corollary 2.6. The general solution of the differential equation in Corollary 2.5 is

x > 0.

10) = (1= a0 )™ |- [9@0 @ @) w0,
where D is a constant.

Proof. 1Ts straightforward and hence omitted. O

Note that a set of functions satisfying the differential equation in Corollary 2.5, is given in Proposition 2.3 with D = %
However, it should also be noted that there are other triplets (g1, g2, 7) satisfying the conditions of Theorem 2.1.

Proposition 2.4. Ler X : Q — (0,1) be a continuous random variable and let q, (z) = [P ()] and g3 (z) =
q1 ()2~ for 0 < x < 1. The random variable X has pdf (44) if and only if the function n defined in Theorem 2.1
has the form

n(x):%{l—l—m_l}, 0<az<l.
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Proof. Let X be arandom variable with pdf (44), then

(1= F @) Elan (X) | X 2a] = [ 2
2

:*{inl—l}, O<Jj<1,

g
and
)
(1= F (@) Elga (X) | X > 2] = / 2 3 du
T g
:l{x*—l}, 0<z<l,
g
and finally
1@ (@) =) =~ a1 1y <0 for 0<a <.

Conversely, if 7 is given as above, then

/ -2
n@) () —g) z7'-1
and hence
s(z)=—log(z™'—1), 0<z<Ll
Now, in view of Theorem 2.1, X has density (44). O

Corollary 2.7. Let X : Q — (0,1) be a continuous random variable and let 1 (x) be as in Proposition 2.4. The pdf
of X is (44) if and only if there exist functions qo and 1) defined in Theorem 2.1 satisfying the differential equation

—2

=— , O<z<l

n' (x) q (x) z
n@)q (z) —q(x) a1 —-1

Corollary 2.8. The general solution of the differential equation in Corollary 2.7 is

) =(z"1-1)" [—/$_2 (a1 (2)) ' g2 () dz+ D|,
where D is a constant.

Proof. Is straightforward and hence omitted. O

1

Note that a set of functions satisfying the differential equation in Corollary 2.7, is given in Proposition 2.4 with D = 3.

However, it should also be noted that there are other triplets (g1, g2, 7) satisfying the conditions of Theorem 2.1.

Proposition 2.5. Let X : Q — (0, 00) be a continuous random variable and let ¢ (x) =1 and gz () = Go (=)
for x > 0. The random variable X has pdf (46) if and only if the function 1 defined in Theorem 2.1 has the form

W(I)—;{H-Go <$Uu)}, x> 0.

Proof. Let X be arandom variable with pdf (46), then
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(1 F (1)) Elqi (X) |X>x]=/:0090 (“;“)du

CJ{lGo(x;M>}, x>0,

and
(1—F($))E[Q2(X)|XZ$U]=/:OCQO( ;“)G( “)du
-Fiea(
and finally

n@)q(z) — g2 (z) =

Conversely, if n is given as above, then

90 (5*)

{1G0 <x—u)}>0 for x > 0.
2 o

g

and hence

T o {1-Go (£

)}

x>0,

s(x)——log(l—Go <2“>) x> 0.

Now, in view of Theorem 2.1, X has density (46).

O

Corollary 2.9. Ler X : Q — (0,00) be a continuous random variable and let q, (x) be as in Proposition 2.5. The
pdf of X is (46) if and only if there exist functions qa and ) defined in Theorem 2.1 satisfying the differential equation

9 (Y
o{1-Go(54)}

0 (z) q1 (2)
n (@) q (z) — g2 (z)

z > 0.

Corollary 2.10. The general solution of the differential equation in Corollary 2.9 is

-1
T — 1 T —
o o o
where D is a constant.

Proof. Is straightforward and hence omitted.

Note that a set of functions satisfying the differential equation in Corollary 2.9, is given in Proposition 2.5 with D =

) (@ (@) g (2)de + D),

O

1
5

However, it should also be noted that there are other triplets (g1, g2, 17) satisfying the conditions of Theorem 2.1.

Proposition 2.6. Let X : 2 — (0,00) be a continuous random variable and let ¢, (x) = [P (z)]

! and ¢ (2)

q1 () e=*" for x > 0. The random variable X has pdf (52) if and only if the function n defined in Theorem 2.1 has

the form

1 o
256_1, x> 0.

Proof. Let X be arandom variable with pdf (52), then

n(z)
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o\ o
1-F E X) | X>al = a—1_—u
(1-F @) Eq (X) | X = a] / gt
PCI
~al (oz)e , =>0,
and
(1—F (@) Elg (X) | X > ] = /OO A% it g,
= I'(a)
_ AY —2x%
= ar (@ 7Y
and finally
n(x)q (x) — g (x) = 7q12(x)€ﬂa <0 for x> 0.
Conversely, if 7 is given as above, then
!
s (z) = ——2 (@)1 (*) =az® !, x>0,
@) = P a @ - ew

and hence

s(x)y=a% x>0.

Now, in view of Theorem 2.1, X has density (52).

O

Corollary 2.11. Let X : Q — (0,00) be a continuous random variable and let q, (x) be as in Proposition 2.6. The
pdf of X is (52) if and only if there exist functions qo and 1) defined in Theorem 2.1 satisfying the differential equation

W@ a(z) e
n(x)q (z) — g2 ()

, x>0.
Corollary 2.12. The general solution of the differential equation in Corollary 2.11 is
1@ =" |~ [t e (@ @) @) do 4 D).

where D is a constant.

Proof. Ts straightforward and hence omitted.

O

Note that a set of functions satisfying the differential equation in Corollary 2.11, is given in Proposition 2.6 with
D = 0. However, it should also be noted that there are other triplets (g1, ¢2,7) satisfying the conditions of Theorem

2.1.

Proposition 2.7. Ler X : Q — (0,b) be a continuous random variable and let q, () = ") and g (z) =
q1 (x) =P for 0 < x < b. The random variable X has pdf (76) if and only if the function 1 defined in Theorem 2.1

has the form
L8 -8
n(x)zi(x +b77), O0<z<b.

Proof. Let X be arandom variable with pdf (76), then
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b
(1-F@)E[q(X) | X > 2 :/ afu~ By

x

:a(m_ﬁ—b_ﬁ), O<z<b,

and
b
(1= F@) Blaa(X) | X 2 0] = [ apu @ ay
—g(m_%—b_w) O<z<bd
- 2 b b
and finally
D@ a @) 0 @) =~ 1 6 p) <0 for0<a <
Conversely, if 7 is given as above, then
! —(B8+1)
S (2) = — @aq(x) Bfm D 0<z<b
n(@)q(z) —gq @) 7 F-b=F
and hence
s(z)=—log (277 =bF), 0<z<b.
Now, in view of Theorem 2.1, X has density (76). L]

Corollary 2.13. Let X : Q — (0,b) be a continuous random variable and let ¢, (x) be as in Proposition 2.7. The
pdf of X is (76) if and only if there exist functions qo and 1) defined in Theorem 2.1 satisfying the differential equation

(@ a(x) _ fa” D

,'7/
- , 0<z<b.
n(@) g (r) —gqe(x) 2P -b"F

Corollary 2.14. The general solution of the differential equation in Corollary 2.13 is

n(w) = (2 =0~ [‘/Bx_(ﬁ“’ (¢ (2)) " g2 () dz + D,
where D is a constant.

Proof. 1Is straightforward and hence omitted. O

Note that a set of functions satisfying the differential equation in Corollary 2.13, is given in Proposition 2.7 with

D = %b’ﬁ. However, it should also be noted that there are other triplets (¢, ge2,7) satisfying the conditions of

Theorem 2.1.

Proposition 2.8. Let X : Q — (8,7) be a continuous random variable and let ¢, (x) = [P (z)]” " and ¢2 (x) =
q1 (z) (x — B)* for B < x < ~y. The random variable X has pdf (82) if and only if the function 1 defined in Theorem
2.1 has the form

1@ =3 {6 -B)+ @B}, f<z<,

Proof. Let X be arandom variable with pdf (82), then
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and
(1= F@) Bl (0) | X 20 = [ €= du
=GP —@-p}, s<z<,
and finally
n(x)ql(x)—qg(x):qléx){(v—ﬁ)a—(x—ﬁ)a}>0 for B < <.

Conversely, if 7 is given as above, then

bov M @a@  a@-p)!
L 5 oy o Py s (o o) SR AN
and hence
s(x) = —log{(y—=B)" = (x = B)"}, B<z<n.
Now, in view of Theorem 2.1, X has density (82). O

Corollary 2.15. Let X : Q — (8,7) be a continuous random variable and let g1 (x) be as in Proposition 2.8. The
pdf of X is (82) if and only if there exist functions qo and n defined in Theorem 2.1 satisfying the differential equation

W@a@ _ ae-p)
n@a @) - n@ (- (@ p)

Corollary 2.16. The general solution of the differential equation in Corollary 2.15 is

B <z <.

1@ = {68 = @5 |- [l -0 @ @) 0o+ D)
where D is a constant.

Proof. Ts straightforward and hence omitted. O

Note that a set of functions satisfying the differential equation in Corollary 2.15, is given in Proposition 2.8 with
D=1L1(-p8 )>* . However, it should also be noted that there are other triplets (g1, g2, 7) satisfying the conditions of
Theorem 2.1.

Proposition 2.9. Let X : Q — (0,00) be a continuous random variable and let ¢, (z) = [P (x)]”" and ¢ (z) =

@1 () (0 +1+0x)"" forz > 0. The random variable X has pdf (92) if and only if the function ) defined in Theorem
2.1 has the form

1 _
0(x) =5 (0+1+0x) Looz>o.

Proof. Let X be arandom variable with pdf (92), then
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(1-F@)E[p(X) | X >2] = OOC(9+1+0u)_2du
:%(9—|—1+0z)_1, x>0,
and
(1—F(2)) E g (X) |X2x]:/000(9+1+9u)_3du
:2—00(9—1—1—1—936)_2, x>0,
and finally

(@) q(z) — g2 (x) = —qléx) @+1+02)" <0 for «>0.

Conversely, if 7 is given as above, then

/
s (x) = 0 (2) a1 (2) =40 9+1+9x_1, x>0,
O = TP a@-—a@m )
and hence
s(x)=log(@+1+6zx), x>0.
Now, in view of Theorem 2.1, X has density (92). O

Corollary 2.17. Let X : Q — (0,00) be a continuous random variable and let ¢, (x) be as in Proposition 2.9. The
pdf of X is (92) if and only if there exist functions qo and 1) defined in Theorem 2.1 satisfying the differential equation

7 (z) q1 (x) B - i
U(x)ql(x)—qg(x)_9(9+1+9) ) > 0.

Corollary 2.18. The general solution of the differential equation in Corollary 2.17 is
1) =0+ 1400) |~ [a@+1+00) (@ 0) " w@)do+ D]
where D is a constant.

Proof. s straightforward and hence omitted. O

Note that a set of functions satisfying the differential equation in Corollary 2.17, is given in Proposition 2.9 with
D = 0. However, it should also be noted that there are other triplets (g1, ¢2,7) satisfying the conditions of Theorem
2.1.

Proposition 2.10. Let X : Q — (0, 00) be a continuous random variable and let q, () = [P (z)]™" and ¢ (z) =
q1 () e~ " for x > 0. The random variable X has pdf (94) if and only if the function 1 defined in Theorem 2.1 has
the form

Proof. Let X be arandom variable with pdf (94), then

Characterizations of Certain (2023-2024) Introduced Univariate Continuous Distributions III 351



Pak j.stat.oper.res. Vol. 22 No. 3 2026 pp 325-359 DOI: http://dx.doi.org/10.18187/pjsor.v22i3.4681

(1-F@)Eqg(X)|X >z]= /OO Cu'te™ du

= %6*)\1’77 > 07
and
(1-F(2)Elg2(X) | X > a] :/ Cu'—te=2 gy,
C o
= - T 0
20 ¢ » #25
and finally

q1 (33) e—)\m“’

5 <0 for z >0.

n@q(z) —q () =—

Conversely, if 7 is given as above, then

!
s (J?) _ n (Z‘) a1 (Z‘) :)\’}/Z"Y—l, x>0,
n (@) q (z) — ¢z (2)
and hence
s(x)y=Az", z>0.
Now, in view of Theorem 2.1, X has density (94). O]

Corollary 2.19. Let X : Q — (0,00) be a continuous random variable and let q; (x) be as in Proposition 2.10. The
pdf of X is (94) if and only if there exist functions qo and n defined in Theorem 2.1 satisfying the differential equation

/
;7 (l‘) q1 (.%‘) _ )\,}/x’y—l7 > 0.
1

n(z)q (z) — g2 (x)
Corollary 2.20. The general solution of the differential equation in Corollary 2.19 is
_AxY y—1_—Ax” -1
1) =" |~ [ 371 (@ (@) 0o+ D).
where D is a constant.

Proof. Is straightforward and hence omitted. O

Note that a set of functions satisfying the differential equation in Corollary 2.19, is given in Proposition 2.10 with
D = 0. However, it should also be noted that
there are other triplets (g1, g2, n7) satisfying the conditions of Theorem 2.1.

Proposition 2.11. Ler X : Q — (0, 00) be a continuous random variable and let ¢, (x) = [P (x)]_l and go (x) =

q (x) g=rwe®” (1=e7>") for x > 0. The random variable X has pdf (104) if and only if the function n defined in
Theorem 2.1 has the form

Proof. Let X be arandom variable with pdf (104), then
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(1-F@)E[q (X) | X >a]= /OO BAeete e (1=7) Dy 4 (14 aw) (1 — )] du

— Bef)\:peaz(lfe_”\z)’ > 0’

and
(1 _ F(l’))E [QQ (X) | X > (E] :/ ﬂ)\eau672)\uea“(176_/\“') P\uef)\u + (1 + au) (1 _ e*)\u)] du
— ge—kaeo‘w(l—efkw)7 > O,
and finally
n(x) g (z) — g2 (x) = —QIT(x)e‘m”(l—em) <0 for z > 0.
Conversely, if 7 is given as above, then
77/ (a:) q1 (a:) az Az —Az
S/(x):n(x)ql(x)—qQ(x):/\e Aze ™ + (14 az) (1—e )], x>0,
and hence
s(z) = Aze®™ (1 - e*)“"”) , x>0.
Now, in view of Theorem 2.1, X has density (104). O

Corollary 2.21. Let X : Q — (0,00) be a continuous random variable and let ¢, (x) be as in Proposition 2.11. The
pdf of X is (104) if and only if there exist functions qo and 1 defined in Theorem 2.1 satisfying the differential equation

77/ (SC) a1 (SC) — \ze®® (1 o 67)\93)

n(z)q () — g2 (v) x> 0.

Corollary 2.22. The general solution of the differential equation in Corollary 2.21 is

n(z) = e (=) [ = [ e EMB*M +(1+az) (1-e )] x

67)\$€0¢‘T' 1fe*>\39) (ql (x))_l q2 (l’) dI+D )
where D is a constant.

Proof. Is straightforward and hence omitted. O

Note that a set of functions satisfying the differential equation in Corollary 2.21, is given in Proposition 2.11 with
D = 0. However, it should also be noted that
there are other triplets (q1, g2, 1) satisfying the conditions of Theorem 2.1.

Proposition 2.12. Ler X : Q — R be a continuous random variable and let qi (z) = [1+ G (z;8)]'™ and
g2 () = q1 () G (x; 8) for x € R. The random variable X has pdf (110) if and only if the function 1 defined in
Theorem 2.1 has the form

1) =5 1+G @A), vk

Proof. Let X be arandom variable with pdf (110), then

(=P Bl () X 24 = [ (55 stunan= (527 ) 1-Gap), cer
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and

[ a _ ) 1 o B 2
(1-F(z))Elg2(X) | X > 2] —/x (2a1>g(u,b’)G(u,ﬂ)du— 3 <2a1) {1 G (x;8) }, z € R,
and finally
() a1 (2) — go (x) = ‘“T(“””)u —G(2;8)} >0 for z €R.

Conversely, if 7 is given as above, then

/ ' (z) g1 () g (x:8)

= == 3 6 R,

S e w-a@  1-Gwh

and hence
s(z)=—-In{l-G(x;08)}, zeR.

Now, in view of Theorem 2.1, X has density (110). O

Corollary 2.23. Let X : Q@ — R be a continuous random variable and let ¢, (z) be as in Proposition 2.12. The pdf
of X is (110) if and only if there exist functions qs and 1 defined in Theorem 2.1 satisfying the differential equation

n"@a) _ g@h)
n@)q(z) =g 1-G(;p)

Corollary 2.24. The general solution of the differential equation in Corollary 2.23 is

z € R.

n(@) ={1-C:6))" [ [9@8) @ @) e @ar+ )|,

where D is a constant.
Proof. Is straightforward and hence omitted. O

Note that a set of functions satisfying the differential equation in Corollary 2.23, is given in Proposition 2.12 with
D= % However, it should also be noted that

there are other triplets (q1, g2, 1) satisfying the conditions of Theorem 2.1.

2.2. Characterization in Terms of Hazard Function

The hazard function, &, of a twice differentiable distribution function, F, satisfies the following first order differential
equation

[(@) _ Wpla)
f @) he()
It should be mentioned that for many univariate continuous distributions, the above equation is the only differential

equation available in terms of the hazard function. In this subsection we present non-trivial characterizations of 4 of
the new distributions in terms of the hazard function, which are not of the above trivial form.

Proposition 2.13. Let X : Q — (0,00) be a continuous random variable. The random variable X has pdf (16) if
and only if its hazard function hp (x) satisfies the following differential equation

hp (z) — %6_1/5 (1 — ’ye_'"”/(s)71 hr (z) = CCy (1 — ’ye_”:/‘;) % { [(5 (1 — ’ye_”:/‘;) + T:| 1} , x>0,

CCi1(1—v)

with the boundary condition lim,_,o hr (z) = e
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Proof. Multiplying both sides of the above equation by (1 — ~y~2/°) ! we have

=) e =caf {[5(1-ae=) 4]

or
(1 — sz/5>*1 he () = CCy {6 (1 B 76795/5) n 7_] -1 |

or
1= e ] 1),

which is the hazard function corresponding to the pdf (16). -

Proposition 2.14. Let X : Q — (8,7) be a continuous random variable. The random variable X has pdf (82) if
and only if its hazard function hg (x) satisfies the following differential equation

W@ +(@+1) (@ —2) " hr@) =ala-DA(y=B) (y—2) D (@-p"?, B<z<y,
with the boundary condition lim,_, g h (z) = 0 fora > 1.

Proof. 1t is similar to that of Proposition 2.13. O

Proposition 2.15. Let X : Q — (0,00) be a continuous random variable. The random variable X has pdf (92) if
and only if its hazard function hp (x) satisfies the following differential equation

(0+1)e=" a-l
d | 1+a) ( (O+1+0z) 1)
b (z) — Ohp (2) = aX0? (0 4+ 1) 97— , x>0,
b (o) = B (o) = (9 )P § L

with the boundary condition lim,_,o hp () = 0 for a > 1.

Proof. 1t is similar to that of Proposition 2.13. O

Proposition 2.16. Let X : Q) — R be a continuous random variable. The random variable X has pdf (110) if and
only if its hazard function hp (x) satisfies the following differential equation

—1)g(z;8) a1 d g9 (z;8)
Wy () — © he () = a[l + G (x; = R
with the boundary condition lim,_,o hp (z) = agi‘ﬁf).
Proof. 1t is similar to that of Proposition 2.13. O

2.3. Characterization in Terms of the Reverse (or Reversed) Hazard Function

The reverse hazard function, rr, of a twice differentiable distribution function, F', is defined as

rr(x) = i,(é)), x € support of F

In this subsection we present characterizations of 3 of the new distributions in terms of the reverse hazard function.

Proposition 2.17. Let X : Q — (0, 00) be a continuous random variable. The random variable X has pdf (4) if and
only if its reverse hazard function vy () satisfies the following differential equation
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with boundary condition lim,_, rr () = 0.
Proposition 2.18. Let X : Q2 — (0,b) be a continuous random variable. The random variable X has pdf (76) if and
only if its reverse hazard function rp (x) satisfies the following differential equation
re(@)+ B+ rp(z) =0, 0<z<b,
with boundary condition lim, _, g (z) = afb~(#+1).

Proposition 2.19. Ler X : Q) — R be a continuous random variable. The random variable X has pdf (110) if and
only if its reverse hazard function rr (x) satisfies the following differential equation

/ (a—1)g(z;8) _ Caya-1 d g9(z;8)
TF(z)—HG—MrF(x)—a[l—I—G(x,B)} dm{[lJrG(x;ﬂ)]al}’ r € R,

with boundary condition lim,_, o 77 (z) = (%) limg 00 g (x; B).

2.4. Characterization Based on the Conditional Expectation of Certain Function of the Random Variable

In this subsection we employ a single function ¢ (or /1) of X and characterize the distribution of X in terms of the
truncated moment of ¢ (X)) (or ¢ (X)). The following propositions have already appeared in Hamedani’s previous
work (2013), so we will just state them here which can be used to characterize 4 of the new distributions listed in
Section 1.

Proposition 2.20. Let X : Q — (e, f) be a continuous random variable with cdf F . Let ¢ (x) be a differentiable
Sunctionon (e, f) with lim,_, .+ ¢ (x) = 1. Thenfor § #1,

Ef(X) | X 2a]=6(2), z€l(ef),
if and only if

Y(@)=(1-F(@) ", ze(ef)

Proposition 2.21. Let X : Q — (e, f) be a continuous random variable with cdf F. Let 1)y (x) be a differentiable
function on (e, f) with limg_, ;- ¢y (x) = 1. Then for §; # 1,

Elpy (X) | X <az]=d0t1(z), x€(ef)

implies

Remarks 2.1.

R 1/7
(A) For (e, f) =(0,00),¢ () =e™* (W) and § = %ﬂ, Proposition 2.20 provides a characteriza-

tion of the PE distribution.

(B) For (e, f) = (0,b), ¢ (x) = e (@) and § = 57 Proposition 2.20 provides a characterization of the
RTFIW distribution.
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(C) For (e, f) = (B,7), ¢ (x) = e~ (5=2)" ana o = )%H, Proposition 2.20 provides a characterization of the

GDBE distribution.

[e%
(D) For (e, f) = (0,00), ¥ (x) = exp {— (Qfl':_leze*h - 1) } and 6 = )\%_1, Proposition 2.20 provides a
characterization of the OWL distribution.
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