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Abstract

This paper is a continuation of our previous works with the same title, which deals with various characterizations
of certain univariate continuous distributions proposed in (2023-2024) after the publication of our first two papers
in (2024). These characterizations are based on: (i) a simple relationship between two truncated moments; (ii) the
hazard function; (iii) reverse hazard function and (iv) conditional expectation of a single function of the random
variable. It should be mentioned that for the characterization (i) the cumulative distribution function need not have
a closed form and depends on the solution of a first order differential equation, which provides a bridge between
probability and differential equation.

Key Words: Characterizations; Conditional expectation; Continuous distributions; Hazard function; Reverse hazard
function.

1. Introduction

In designing a stochastic model for a particular modeling problem, an investigator will be vitally interested to know if
their model fits the requirements of a specific underlying probability distribution. To this end, the investigator will rely
on the characterizations of the selected distribution. Generally speaking, the problem of characterizing a distribution
is an important problem in various fields and has recently attracted the attention of many researchers. Consequently,
various characterization results have been reported in the literature. These characterizations have been established in
many different directions. The present work deals with certain characterizations of each of the following distributions:
1) Exponentiated Odd Log-Logistics Weibull (EOLLW) distribution of Rodrigues et al. (2023a); 2) Truncated Weibull-
Exponential (TWE) distribution of Abbas et al. (2023); 3) New Extended Normal Quantile Regression (NENQR)
distribution of Rodrigues et al. (2023b); 4) New Half-Logistic Fréchet (NHLFr) distribution of Khan et al. (2023);
5) Alpha Power Exponentiated Pareto (APEP) distribution of Pimsap et al. (2023); 6) Power Exponentiated Weibull
(PEW) distribution of Rajitha and Vaishnavi (2023); 7) Left Truncated Topp-Leone (LTTL) distribution of Zaninetti
(2023); 8) Partly-Exponential (PE) distribution of Atikankul et al. (2021); 9) Generalized Lindley (GL) distribution
of Cha and Badia (2024); 10) Zubair-Kumaraswamy (Z-Kum) distribution of Manu et al. (2023a); 11) Zubair-Ikum
(Z-Ikum) distribution of Manu et al. (2023b); 12) Novel Updated Weibull (NU-Weibull) distribution of Alnssyan et al.
(2023); 13) New Flexible Weibull Extension (NFWE) distribution of Alshanbari et al. (2023b); 14) Weighted Cosine-
Weibull (WC-Weibull) distribution of Odhah et al. (2023); 15) Unit Upper Truncated Weibull (UUTW) distribution
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of Okorie et al. (2023); 16) New Modified Cosine-G (NMC-G) distribution of Alshanbari et al. (2023d); 17) Neu-
trosophic Generalized Exponential (NGE) distribution of Rao et al. (2023); 18) Neutrosophic Generalized Rayleigh
(NGR) distribution of Norouzirad et al. (2023); 19) New Modified Sine-G (NMS-G) family of distributions of Alshan-
bari et al. (2023c); 20) New Tangent-G (NT-G) family of distributions of Alshanbari et al. (2023a); 21) Scale Mixture
of Exponentials (SME) distribution of Barahona et al. (2024); 22) Modified Unit-Half-Normal (MUHN) distribution
of Alvarez et al. (2024); 23) Truncated Positive Symmetric (TPS) family of distributions of Gómez et al. (2023); 24)
Slash-Weighted Lindley (SWL) distribution of Castillo et al. (2023); 25) Modified Skew-t-Normal (MStN) distribu-
tion of Arrué et al. (2023); 26) Modified Gamma (MG) distribution of Alshehri and Kayid (2023); 27) Generalized
Alpha Power Exponentiated Inverse Exponential (GAPEIEx) distribution of Kargbo et al. (2023); 28) Exponentiated
Power Chris-Jerry (EPCJ) distribution of Obulezi et al. (2023); 29) New Generalized Odd Fréchet-Odd Exponential-G
(NGOF-OE-G) family of distributions of Sadiq et al. (2023); 30) Sabur (Sabur) distribution of Ahmad et al. (2023); 31)
Quartic Transmuted Fréchet (QTF) distribution of Moloy et al. (2024); 32) New Cubic Transmuted Power Function
(NCTPF) distribution of Hafeez et al. (2023); 33) Topp-Leone Kumarswamy Marshall-Olkin Generated (TLKMO-G)
family of distributions of Atchadé et al. (2024); 34) Modified Cubic Transformed-Rayleigh (MCT-Rayleigh) distribu-
tion of Rahman et al. (2023); 35) New Logarithmic Transformation (NLT) distribution of Alshawarbeh et al. (2024);
36) New Extension-X-Length-Baised Exponential (NEXLBE) distribution of Alamri et al. (2023); 37) Arctan Inverse
Weibull (AIW) distribution of Alrashidi (2023); 38) Right Truncated Fréchet-Inverted Weibull (RTFIW) distribution
of Nader et al. (2023); 39) Unit Gompertz-Power Series (UGPS) distribution of Yousef et al. (2024); 40) Truncated
Inverse Power Ailamujia (TIPA) distribution of El Gazar et al. (2023); 41) Generalized Doubly Bounded Exponen-
tial (GDBE) distribution of Okereke et al. (2023); 42) Burr XII-G (BXII-G) family of distributions of Al-Shomrani
and Shawky (2024); 43) Cosine Fréchet Loss (CFrL) distribution of Abonongo et al. (2024); 44) Sine Burr III Loss
(SBIIIL) distribution of Abonongo et al. (2023); 45) Exponentiated Generalized Weibull Exponential (EGWE) dis-
tribution of Abonongo and Abonongo (2024); 46) Odd Weibull Lindley (OWL) distribution of Rajitha and Anisha
(2024); 47) A Weighted Weibull (AWW) distribution of Kanwal et al. (2024); 48) Odd Exponential Logarithmic-G
(OEL-G) distribution of Hussain et al. (2024); 49) Exponentiated Alpha Power Inverted Exponential (EAPIE) dis-
tribution of Eghwerido and Eghwerido (2024); 50) Half Logistic-Truncated Exponential (HL-TEXP) distribution of
Gul et al. (2023); 51) Exponentiated XLindley (EXL) distribution of Alomari et al. (2024); 52) Modified Extended
Kumarswamy Exponential (MEKwE) distribution of Chaudhary et al. (2023a); 53) Exponentiated Inverse Chen (EIC)
distribution of Telee and Kumar (2023a); 54) Extended Kumarswamy Exponential (EKwE) distribution of Chaud-
hary et al. (2023b); 55) New Exponential-G (NE-G) class of distributions of Al Mutairi et al. (2022); 56) Inverse
Exponentiated Exponential Poisson (IEEP) distribution of Telee and Kumar (2023b);

We list below the cumulative distribution function (cdf) and probability density function (pdf) of each one of these
distributions in the same order as listed above. We will be employing the same notation for the parameters as chosen
by the original authors.

1) The cdf and pdf of (EOLLW) are given, respectively, by

F (x; ν, λ, γ, σ) =

{
1− exp

[
−
(

x
γ

)σ]}νλ

[{
1− exp

[
−
(

x
γ

)σ]}ν

+
{
exp

[
−
(

x
γ

)σ]}ν
]λ , x ≥ 0, (1)

and

f (x; ν, λ, γ, σ) =
d

dx
F (x; ν, λ, γ, σ) , x > 0, (2)

where ν, λ, γ, σ are all positive parameters.

Remark 1.1. Taking G (x) = 1− exp
[
−
(

x
γ

)σ]
, x ≥ 0, the cdf (1) can be written as

F (x; ν, λ, γ, σ) =

[
Gν (x)

Gν (x) + (1−G (x))
ν

]λ
, x ≥ 0,

which was mentioned in Remark 1.20 in Hamedani (2023) for power λ.
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2) The cdf and pdf of (TWE) are given, respectively, by

F (x; γ, λ, k) =
1− exp

{
−γ−k

(
1− e−x/λ

)k}
1− e−γ−k , x ≥ 0, (3)

and

f (x; γ, λ, k) = Ce−x/λ
(
1− e−x/λ

)k−1

P (x) , x > 0, (4)

where γ, λ, k are all positive parameters, C =
k
(
1−e−γ−k

)−1

λγk and P (x) = exp

[
−
(

1−e−x/λ

γ

)k]
.

Remarks 1.2. (a) We will characterize the cdf (3) in subsections 2.1 and 2.3 in details. (b) Also, we like to mention
that taking G (x) =

(
1− e−x/λ

)k
, x ≥ 0, the cdf (3) can be expressed as

F (x; γ, λ, k) =
1− exp

{
−γ−kG (x)

}
1− e−γ−k , x ≥ 0,

which was mentioned in Remark 1.31 in Hamedani et al. (2024b).

3) The cdf and pdf of (NENQR) are given, respectively, by

F (x; a, b, λ, σ, τ) =
Φ
(
x−w
σ

)ab[
Φ
(
x−w
σ

)a
+
{
1− Φ

(
x−w
σ

)}a]b
=

(
Φ
(
x−w
σ

)a[
Φ
(
x−w
σ

)a
+
{
1− Φ

(
x−w
σ

)}a]
)b

, x ∈ R, (5)

and

f (x; a, b, λ, σ, τ) =
d

dx
F (x; a, b, λ, σ, τ) , x ∈ R, (6)

where a > 0, b > 0, λ ∈ R, σ > 0, τ ∈ (0, 1) are parameters, Φ (x) is the cdf of the standard normal random variable

and w = λ−
√
2σ × erf−1

[
2

(
τ1/(ab)

τ1/(ab)+(1−τ1/(ab))
1/a

)
− 1

]
.

Remark 1.3. Taking G (x) = Φ
(
x−w
σ

)
, x ∈ R, the cdf (5) can be written as

F (x; a, b, λ, σ, τ) =

[
G (x)

a

G (x)
a
+ (1−G (x))

a

]b
, x ∈ R,

which was mentioned in Remark 1.20 in Hamedani (2023) for power b.

4) The cdf and pdf of (NHLFr) are given, respectively, by

F (x; a, b, λ) =
G (x)

2−G (x)
, x ≥ 0, (7)

and

f (x; a, b, λ) =
d

dx
F (x; a, b, λ) , x > 0, (8)

where a, b, λ are all positive parameters and G (x) = 1−
(
1− e−ax−b

)λ(e−ax−b
)

.
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Remarks 1.4. (a)The cdf (7) as expressed above was mentioned in Remark 1.5 in Hamedani et al. (2024a). (b)
Similar statement can be stated for the following 4 distributions mentioned in Khan et al. (2023): New Half Logistic
Beta (NHLB); New Half Logistic Kumaraswamy (NHLKw); New Half Logistic Weibull (NHLW); New Half Logistic
Gumbel (NHLGu).

5) The cdf and pdf of (APEP) are given, respectively, by

F (x;α, a, k) =
αG(x) − 1

α− 1
, x ≥ log k, (9)

and

f (x;α, a, k) =
d

dx
F (x;α, a, k) , x > log k, (10)

where α (̸= 1) , a, k are all positive parameters and G (x) = 1− ka (e−ax).

Remark 1.5. The cdf (9) as expressed above was mentioned in Remark 1.1 in Hamedani et al. (2024b) for α = eδ .

6) The cdf and pdf of (PEW) are given, respectively, by

F (x; k, λ, β, υ) =
υG(x) − 1

υ − 1
, x ≥ 0, (11)

and

f (x; k, λ, β, υ) =
d

dx
F (x; k, λ, β, υ) , x > 0, (12)

where k, λ, β, υ (̸= 1) are all positive parameters and G (x) =
(
1− e−xk/λ

)β
.

Remark 1.6. The cdf (11) as expressed above was mentioned in Remark 1.1 in Hamedani et al. (2024b) for υ = eδ .

7) The cdf and pdf of (LTTL) are given, respectively, by

F (x;β, xl, b) =

∫ x

xl

f (u;β, xl, b) du, xl ≤ x ≤ b, (13)

and

f (x;β, xl, b) = C (b− x)P (x) , xl < x < b, (14)

where β, xl, b are all positive parameters, C = 2β

b2(1−xβ
l b

−2β(2b−xl)
β)

and P (x) =
(
−x2

b2 + 2x
bb

)β−1

.

8) The cdf and pdf of (PE) are given, respectively, by

F (x; γ, δ, τ) = 1− e−x/τ

(
δ
(
1− γe−x/δ

)
+ τ

C1

)
, x ≥ 0, (15)

and

f (x; γ, δ, τ) = Ce−x/τP (x) , x > 0, (16)

where 0 ≤ γ ≤ 1, δ > 0, 0 < τ < δ (1 + γ) are parameters, C1 = δ (1− γ) + τ, C = δ+τ
τ [δ(1−γ)+τ ] and P (x) =(

1− γe−x/δ
)
.

Remarks 1.7. (a) The pdf (16) is similar to the pdf (4). (b) We will, however, characterize cdf (16) in subsections
2.2 and 2.4.
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9) The cdf and pdf of (GL) are given, respectively, by

F (x;α, k, θ) =

∫ x

0

f (u;α, k, θ) du, x ≥ 0, (17)

and

f (x;α, k, θ) = Ce−θxP (x) , x > 0, (18)

where α > −1, k ∈ N, θ > 0 are parameters, C =
(∑k

j=0
Γ(α+1+j)
θα+1+j

)−1

and P (x) = xα
∑k

i=0 x
i.

Remark 1.8. The pdf (18) is similar to the pdf (16).

10) The cdf and pdf of (Z-Kum) are given, respectively, by

F (x; a, b) =
eaG(x) − 1

ea − 1
, 0 ≤ x ≤ 1, (19)

and

f (x; a, b) =
d

dx
F (x; a, b) , 0 < x < 1, (20)

where a > 0, b > 0 are parameters and G (x) =
(
1− (1− xa)

b
)2

.

Remark 1.9. The cdf (19) was mentioned in Remark 1.6.

11) The cdf and pdf of (Z-Ikum) are given, respectively, by

F (x;α, λ, β) =
eαG(x) − 1

eα − 1
, x ≥ 0, (21)

and

f (x;α, λ, β) =
d

dx
F (x;α, λ, β) , x > 0, (22)

where α, λ, β are all positive parameters and G (x) =

((
1− (1 + x)

−λ
)β)2

.

Remark 1.10. The cdf (21) is the similar to the cdf (19).

12) The cdf and pdf of (NU-Weibull) are given, respectively, by

F (x;α, ϕ, σ, ξ) =

∫ x

0

f (u;α, ϕ, σ, ξ) du, x ≥ 0, (23)

and

f (x;α, ϕ, σ, ξ) = g (x;σ, ξ)P (x) , x > 0, (24)

where α > 0, ϕ (|ϕ| ≥ 1) , σ > 0, ξ > 0 are parameters, G (x;σ, ξ) = 1 − e−σxξ

, x ≥ 0 is a baseline cdf with the
corresponding pdf g (x;σ, ξ) and P (x) = 1

ϕ

{
ϕ+ α [G (x;σ, ξ)]

α−1 − (α+ 1) [G (x;σ, ξ)]
α
}

.

Remark 1.11. In view of the definition of G (x;σ, ξ) = 1− e−σxξ

, x ≥ 0, the assumption ”x ∈ R” in equation 2 on
page 2 of the authors paper (Alnssyan et al., 2023) should be ”x ≥ 0”.
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13) The cdf and pdf of (NFWE) are given, respectively, by

F (x; δ1, δ2) = 1− e−eδ1x−δ2/x

exp
{
1− e−eδ1x−δ2/x

} , x ≥ 0, (25)

and

f (x; δ1, δ2) =
d

dx
F (x; δ1, δ2) , x > 0, (26)

where δ1 > 0, δ2 > 0 are parameters.

Remark 1.12. Taking G (x) = 1− e−eδ1x−δ2/x

, x ≥ 0, the cdf (25) can be written as

F (x; δ1, δ2) = 1−G (x) e−G(x), x ≥ 0,

which was mentioned in Remark 1.125 in Hamedani (2023).

14) The cdf and pdf of (WC-Weibull) are given, respectively, by

F (x; γ, θ) =
e

1−cos

π

(
1−e−γxθ

)
2−e−γxθ


− 1

e− 1
, x ≥ 0, (27)

and

f (x; γ, θ) =
d

dx
F (x; γ, θ) , x > 0, (28)

where γ > 0, θ > 0 are parameters.

Remark 1.13. Taking G (x) = 1− cos

[
π
(
1−e−γxθ

)
2−e−γxθ

]
, x ≥ 0, the cdf (27) can be expressed as

F (x; γ, θ) =
eG(x) − 1

e− 1
, x ≥ 0,

which is the same as the cdf mentioned in Remark 1.1 in Hamedani et al. (2024b) for δ = 1.

15) The cdf and pdf of (UUTW) are given, respectively, by

F (x;β, λ) = 1− 1− e−λ(1−x)β

1− e−λ
, 0 ≤ x ≤ 1, (29)

and

f (x;β, λ) =
d

dx
F (x;β, λ) , 0 < x < 1, (30)

where β > 0, λ > 0 are parameters.

Remark 1.14. Taking G (x) = 1− (1− x)
β
, 0 ≤ x ≤ 1, the cdf (29) can be written as

F (x;β, λ) =
eλG(x) − 1

eλ − 1
, 0 ≤ x ≤ 1,

which is the same as the cdf mentioned in Remark 1.1 in Hamedani et al. (2024b).

16) The cdf and pdf of (NMC-G) are given, respectively, by
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F (x; ξ) = 1−

(
1− cos

[
π
2G (x; ξ)

]
1 + cos

[
π
2G (x; ξ)

])2

, x ∈ R, (31)

and

f (x; ξ) =
d

dx
F (x; ξ) , x ∈ R, (32)

where G (x; ξ) = 1−G (x; ξ) and G (x; ξ) is a baseline cdf which depends on the parameter vector ξ.

Remark 1.15. Taking K (x) = 1−
(

1−cos[π2 G(x;ξ)]
1+cos[π2 G(x;ξ)]

)
, x ∈ R, the cdf (31) can be expressed as

F (x; ξ) = 1− (1−K (x))
2
, x ∈ R,

which is a special case of the cdf mentioned in Remark 1.3 in Hamedani et al. (2024b).

17) The cdf and pdf of (NGE) are given, respectively, by

F (xN ; δN , υN ) =

(
1− exp

{
−xN
υN

})δN

, xN ≥ 0, (33)

and

f (xN ; δN , υN ) =
d

dxN
F (xN ; δN , υN ) , xN > 0, (34)

where δN > 0, υN > 0 are parameters.

Remark 1.16. As far as the characterizations of the cdf (33) are concerned, the cdf (33) is a generalized exponential
distribution.

18) The cdf and pdf of (NGR) are given, respectively, by

F (xN ; υN , σN ) =

(
1− exp

{
−
(
xN
σN

)2
})υN

, xN ≥ 0, (35)

and

f (xN ; υN , υN ) =
d

dxN
F (xN ; δN , υN ) , xN > 0, (36)

where υN > 0, σN > 0 are parameters.

Remark 1.17. As far as the characterizations of the cdf (35) are concerned, the cdf (35) is a generalized Rayleigh
distribution.

19) The cdf and pdf of (NMS-G) are given, respectively, by

F (x;λ) = 1−

(
1− sin

[
π
2G (x;λ)

]
1 + sin

[
π
2G (x;λ)

])2

, x ∈ R, (37)

and

f (x;λ) =
d

dx
F (x;λ) , x ∈ R, (38)

where G (x;λ) is a baseline cdf which depends on the parameter vector λ.
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Remark 1.18. Taking K (x) = 1−
(

1−sin[π2 G(x;λ)]
1+sin[π2 G(x;λ)]

)
, x ∈ R, the cdf (37) can be written as

F (x;λ) = 1− (1−K (x))
2
, x ∈ R,

which is a special case of the cdf mentioned in Remark 1.3 in Hamedani et al. (2024b).

20) The cdf and pdf of (NT-G) are given, respectively, by

F (x) = 1−

(
1− tan

[
π
4G (x)

]
1 + tan

[
π
4G (x)

])2

, x ∈ R, (39)

and

f (x) =
d

dx
F (x) , x ∈ R, (40)

where G (x) is a baseline cdf.

Remark 1.19. Taking K (x) = 1−
(

1−tan[π4 G(x)]
1+tan[π4 G(x)]

)
, x ∈ R, the cdf (39) can be expressed as

F (x) = 1− (1−K (x))
2
, x ∈ R,

which is a special case of the cdf mentioned in Remark 1.3 in Hamedani et al. (2024b).

21) The cdf and pdf of (SME) are given, respectively, by

F (x;λ, p) =

∫ x

0

f (u;λ, p) du, x ≥ 0, (41)

and

f (x;λ, p) = λe−2λxP (x) , x > 0, (42)

where λ > 0, p > 0 are parameters, P (x) = Γ(b)
Γ(a)Γ(b−a)

∫ 1

0
υa−1 (1− υ)

b−a−1
exυdυ, b > a > 0 and Γ (a) is the

gamma function.

Remark 1.20. The pdf (42) is similar to the pdf (16).

22) The cdf and pdf of (MUHN) are given, respectively, by

F (x;σ) =

∫ x

0

f (u;σ) du, 0 ≤ x ≤ 1, (43)

and

f (x;σ) =
2

σ
x−2P (x) , 0 < x < 1, (44)

where σ > 0 is a parameter, P (x) = ϕ
(
1−x
σx

)
and ϕ (x) is the pdf of the standard normal random variable.

23) The cdf and pdf of (TPS) are given, respectively, by

F (x;σ, µ) =

∫ x

0

f (u;σ, µ) du, x ≥ 0, (45)

and

f (x;σ, µ) = Cg0

(
x− µ

σ

)
, x > 0, (46)
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where σ > 0, µ ∈ R are parameters, g0 (x) is a symmetric around zero pdf with the corresponding cdf G0 (x) and
C = 1

σG0(µ
σ )

.

24) The cdf and pdf of (SWL) are given, respectively, by

F (x;α, β, p) =

∫ x

0

f (u;α, β, p) du, x ≥ 0, (47)

and

f (x;α, β, p) = Cx−(p+1)P (x) , x > 0, (48)

where α, β, p are all positive parameters, C = p
(α+β)Γ(β)αp ,Γ (β) is the gamma function, γ (s, x) =

∫ x

0
ts−1e−tdt

and P (x) = αγ (β + p, αx) + γ (β + p+ 1, αx).

Remark 1.21. The pdf (48) is similar to the pdf (44).

25) The cdf and pdf of (MStN) are given, respectively, by

F (x;λ, ν) =

∫ x

−∞
f (u;λ, ν) du, x ∈ R, (49)

and

f (x;λ, ν) = 2tν (x)P (x) , x ∈ R, (50)

where λ ∈ R, ν ∈ N are parameters, tν (x) is the pdf of the t-distribution with ν degrees of freedom, P (x) =

Φ
(

λx√
1+x2

)
and Φ (x) is the cdf of the standard normal random variable.

Remark 1.22. The pdf (50) is similar to the pdf (24).

26) The cdf and pdf of (MG) are given, respectively, by

F (x;α, β, λ) =

∫ x

0

f (u;α, β, λ) du, x ≥ 0, (51)

and

f (x;α, β, λ) =
λα

Γ (α)
xα−1e−xα

P (x) , x > 0, (52)

where α, β, λ are all positive parameters, P (x) = exp
{
xα + αβx− λxeβx

}
(1 + βx) and Γ (α) is the gamma

function.

27) The cdf and pdf of (GAPEIEx) are given, respectively, by

F (x;α, a, b, k) =

(
αe−ak/x − 1

α− 1

)b

, x ≥ 0, (53)

and

f (x;α, a, b, k) =
d

dx
F (x;α, a, b, k) , x > 0, (54)

where α (̸= 1) , a, b, k are all positive parameters.

Remark 1.23. The cdf (53) is simply the b power of the cdf (9).
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28) The cdf and pdf of (EPCJ) are given, respectively, by

F (x; c, θ, α) =

∫ x

0

f (u; c, θ, α) du, x ≥ 0, (55)

and

f (x; c, θ, α) = Cxα−1e−θxα

P (x) , x > 0, (56)

where c, θ, α are all positive parameters, C = cαθ2

θ+2 and P (x) =
(
1 + θx2α

){
1−

[
1 + θxα(θxα+2)

θ+2

]
e−θxα

}c−1

.

Remarks 1.24. (a)The pdf (56) is similar to the pdf (52). (b) We have

F (x; c, θ, α) =

{
1−

[
1 +

θxα (θxα + 2)

θ + 2

]
e−θxα

}c

= {G (x)}c , x ≥ 0,

which is simply c power of a distribution.

29) The cdf and pdf of (NGOF-OE-G) are given, respectively, by

F (x;α, β, δ, γ, ϕ) = exp

−

α

1− exp

−
δ
(
1− e−

ϕx2

2

)
e−

ϕx2

2




−γ

− 1




β
 , x ≥ 0, (57)

and

f (x;α, β, δ, γ, ϕ) =
d

dx
F (x;α, β, δ, γ, ϕ) , x > 0, (58)

where α, β, δ, γ, ϕ are all positive parameters.

Remark 1.25. Taking G (x) =

1− exp

−
δ

(
1−e−

ϕx2

2

)
e−

ϕx2

2




γ

, x ≥ 0, the cdf (57) can be written as

F (x;α, β, δ, γ, ϕ) = exp

{
−
(
α

([
1−G (x)

G (x)

]))β
}
, x ≥ 0,

which was mentioned in Remark 1.32 in Hamedani (2023).

30) The cdf and pdf of (SABUR) are given, respectively, by

F (x;α, β) =

∫ x

0

f (u;α, β) du, x ≥ 0, (59)

and

f (x;α, β) = Ce−βxP (x) , x > 0, (60)

where α > 0, β > 0 are parameters, C = β2

αβ+β2+1 and P (x) = α+ β + β
2x

2.

Remark 1.26. As far as characterizations are concerned, the pdf (60) is a special case of the pdf (4) for k = 1.

31) The cdf and pdf of (QTF) are given, respectively, by

F (x;α, β) =

∫ x

0

f (u;α, β) du, x ≥ 0, (61)
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and

f (x;α, β) = αβαxα−1e−(
x
β )

α

P (x) , x > 0, (62)

where α > 0, β > 0 are parameters, P (x) = a1 + 2a2e
−( x

β )
α

+ 3a3e
−2( x

β )
α

+ 4a4e
−3( x

β )
α

, a1 = 2λ1, a2 =
3 (λ2 − λ1) , a3 = 2 (λ1 − 2λ2 + λ3) , a4 = 1 − λ1 + λ2 − 2λ3 and λ1 ∈ (0, 2) , λ2 ∈ (0, 2) , λ3 ∈ (0, 2) , 0 ≤
λ1 + λ2 + λ3 ≤ 2.

Remark 1.27. As far as characterizations are concerned, the pdf (62) is similar to the pdf (52).

32) The cdf and pdf of (NCTPF) are given, respectively, by

F (x;α, θ, λ1, λ2, λ3) = (1 + λ1)
xα

θα
+ (λ2 − λ1)

x2α

θ2α
− λ2

x3α

θ3α
, 0 ≤ x ≤ θ, (63)

and

f (x;α, θ, λ1, λ2, λ3) =
d

dx
F (x;α, θ, λ1, λ2, λ3) , 0 < x < θ, (64)

where α > 0, β > 0, λ1 ∈ [−1, 1] , λ2 ∈ [−1, 1] ,−2 ≤ λ1 + λ2 ≤ 1 are parameters.

Remark 1.28. The cdf (63) is a special case of the cdf (101) in Hamedani (2021) for b = 1.

33) The cdf and pdf of (TLKMO-G) are given, respectively, by

F (x; a, b, α, p, σ) =

(
1−

{
1−

(
R (x;σ)

1− pR (x;σ)

)a}2b
)α

, x ∈ R, (65)

and

f (x; a, b, α, p, σ) =
d

dx
F (x; a, b, α, p, σ) , x ∈ R, (66)

where a > 0, b >> 0, α > 0, p ∈ (0, 1) are parameters, R (x;σ) = 1−R (x;σ) and R (x;σ) is a baseline cdf which
depends on the parameter σ.

Remark 1.29. Taking G (x) =
(

R(x;σ)

1−pR(x;σ)

)a
, x ∈ R, the cdf (65) can be expressed as

F (x; a, b, α, p, σ) =
{
1− (1−G (x))

2b
}α

, x ∈ R,

which is a special case of the cdf mentioned in Remark 1.3 in Hamedani et al. (2024b).

34) The cdf and pdf of (MCT-Rayleigh) are given, respectively, by

F (x;σ, λ, θ) =

∫ x

0

f (u;σ, λ, θ) du, x ≥ 0, (67)

and

f (x;σ, λ, θ) =
1

σ
xe−

3x2

2σ2 P (x) , x > 0, (68)

where σ > 0, λ ∈ [−1, 1] , θ ∈ [0, 2] are parameters and P (x) = 2 (θ + 1)λe
x2

σ2 − 3θλ.

Remark 1.30. As far as characterizations are concerned, the pdf (68) is similar to the pdfs (52) and (62).
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35) The cdf and pdf of (NLT) are given, respectively, by

F (x; ρ) =
log [e+G (x; ρ)]− 1

C
, x ∈ R, (69)

and

f (x; ρ) =
d

dx
F (x; ρ) , x ∈ R, (70)

where C = log (e+ 1)− 1 and ρ is a parameter and G (x; ρ) is a baseline cdf which depends on the parameter vector
ρ.

Remark 1.31. As far as characterizations are concerned, the cdf (69) is similar to the cdf mentioned in Remark 1.18
in Hamedani et al. (2024b).

36) The cdf and pdf of (NEXLBE) are given, respectively, by

F (x;α, β) = 1−

 1−
[
1−

(
1 + x

β

)
e−

x
β

]2
1− (1− α)

[
1−

(
1 + x

β

)
e−

x
β

]2


α

, x ≥ 0, (71)

and

f (x;α, β) =
d

dx
F (x;α, β) , x > 0, (72)

where α > 0, β > 0 are parameters.

Remark 1.32. Taking K (x) = 1−

(
1−
[
1−(1+ x

β )e
− x

β
]2

1−(1−α)
[
1−(1+ x

β )e
− x

β
]2
)
, x ≥ 0, the cdf (71) can be written as

F (x;α, β) = 1− (1−G (x))
α
, x ≥ 0,

which is a special case of the cdf mentioned in Remark 1.3 in Hamedani et al. (2024b).

37) The cdf and pdf of (AIW) are given, respectively, by

F (x;α, β) =
4

π
arctan

[
e−(

α
x )

β]
, x ≥ 0, (73)

and

f (x;α, β) =
d

dx
F (x;α, β) , x > 0, (74)

where α > 0, β > 0 are parameters.

Remark 1.33. Taking K (x) = e−(
α
x )

β

, x ≥ 0, the cdf (73) can be written as

F (x;α, β) =
4

π
arctan [K (x)] , x ≥ 0,

which was mentioned in Remark 1.384 in Hamedani (2023).

38) The cdf and pdf of (RTFIW) are given, respectively, by

F (x;α, β, b) = e−α(x−β−b−β), 0 ≤ x ≤ b, (75)

and
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f (x;α, β, b) = αβx−(β+1)e−α(x−β−b−β), 0 < x < b, (76)

where α, β, b are all positive parameters.

39) The cdf and pdf of (UGPS) are given, respectively, by

F (x; ξ, ζ, γ) = 1− C (γ (1−G (x)))

C (γ)
, 0 ≤ x ≤ 1, (77)

and

f (x; ξ, ζ, γ) =
d

dx
F (x; ξ, ζ, γ) , 0 < x < 1, (78)

where ξ, ζ, γ are all positive parameters,G (x) = e−ξ(x−ζ−1), 0 ≤ x ≤ 1, C (γ) =
∑∞

n=1 anγ
n is finite and {an}n≥1

is a sequence of non-negative integers.

Remark 1.34. The version of the cdf (77) has been characterized in Hamedani (2017) and also mentioned in Remark
1.14 in Hamedani et al. (2024b).

40) The cdf and pdf of (TIPA) are given, respectively, by

F (x;α, β) =

∫ x

0

f (u;α, β) du, x ≥ 0, (79)

and

f (x;α, β) = Cx−β−1e−αx−β

P (x) , x > 0, (80)

where α > 0, β > 0 are parameters, C = α2

(1+α)e−α and P (x) = x−β .

Remark 1.35. The pdf (80) was mentioned in Remark 1.47 in Hamedani et al. (2024b).

41) The cdf and pdf of (GDBE) are given, respectively, by

F (x;α, β, γ, λ) = 1− e−λ( x−β
γ−x )

α

, β ≤ x ≤ γ, (81)

and

f (x;α, β, γ, λ) = C (x− β)
α−1

P (x) , β < x < γ, (82)

where α > 0, β ≥ 0, β < γ, γ > 0, λ > 0 are parameters, C = αλ(γ − β) and P (x) = e
−λ( x−β

γ−x )
(γ−x)α+1 .

42) The cdf and pdf of (BXII-G) are given, respectively, by

F (x; a, b, c, k, ξ) = 1−
[
1 +

(
− log [1−G (x)]

a

)c]−k

, x ∈ R, (83)

and

f (x; a, b, c, k, ξ) =

(
ck

a

)
g (x)P (x) , x ∈ R, (84)

where a > 0, b > 0, c > 0, k > 0, ξ = (θ1, θ2, ..., θp)
T are parameters, G (x) is a baseline cdf with the corresponding

pdf g (x) and P (x) = 1
1−G(x)

(
− log[1−G(x)]

a

)c−1 [
1 +

(
− log[1−G(x)]

a

)c]−(k+1)

.

Remark 1.36. The pdf (84), as far as our characterizations are concerned, is similar to the cdf (24).
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43) The cdf and pdf of (CFrL) are given, respectively, by

F (x;α, β, σ) = 1− cos
[π
2
G (x)

]
, x ≥ 0, (85)

and

f (x;α, β, σ) =
d

dx
F (x;α, β, σ) , x > 0, (86)

where α, β, σ are all positive parameters and G (x) = 1−
σ
(
1−e−αx−β

)
σ−log(1−e−αx−β )

, x ≥ 0.

Remark 1.37. The cdf (85), as far as our characterizations are concerned, is similar to the cdf mentioned in Remark
1.16 in Hamedani (2023).

44) The cdf and pdf of (SBIIIL) are given, respectively, by

F (x; c, k, σ) = sin
[π
2
G (x)

]
, x ≥ 0, (87)

and

f (x; c, k, σ) =
d

dx
F (x; c, k, σ) , x > 0, (88)

where c, k, σ are all positive parameters and G (x) = 1−
σ
(
1−(1+x−c)

−k
)

σ−log(1−(1+x−c)−k)
, x ≥ 0.

Remark 1.38. The cdf (87), as far as our characterizations are concerned, was mentioned in Remark 1.7 in Hamedani
et al. (2024a).

45) The cdf and pdf of (EGWE) are given, respectively, by

F (x; a, b, c, d, α, β) = [G (x)]
β
, x ≥ 0, (89)

and

f (x; a, b, c, d, α, β) =
d

dx
F (x; a, b, c, d, α, β) , x > 0, (90)

where a, b, c, d, α, β are all positive parameters and G (x) = 1− exp
{
−α

(
abx
c

)d}
, x ≥ 0.

Remark 1.39. The cdf (89), as far as our characterizations are concerned, is the β power of a cdf which was
characterized in Hamedani (2016).

46) The cdf and pdf of (OWL) are given, respectively, by

F (x;α, λ, θ) = 1− exp

{
−λ
(

θ + 1

θ + 1 + θx
e−θx − 1

)α}
, x ≥ 0, (91)

and

f (x;α, λ, θ) = C (θ + 1 + θx)
−2
P (x) , x > 0, (92)

where α, λ, θ are all positive parameters, C = αλθ2 (θ + 1) and

P (x) =

{
(1 + x) eθx

(
θ+1

θ+1+θxe
−θx − 1

)α−1
}
exp

{
−λ
(

θ+1
θ+1+θxe

−θx − 1
)α}

.

47) The cdf and pdf of (AWW) are given, respectively, by
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F (x;λ, γ) =

∫ x

0

f (u;λ, γ) du, x ≥ 0, (93)

and

f (x;λ, γ) = Cxγ−1e−λxγ

P (x) , x > 0, (94)

where λ > 0, γ > 0 are parameters,C = 21/γλ1/γ

2(1+1/γ)−Γ(1+1/γ)
,Γ (a) is a gamma function andP (x) = x1−γ

(
2− e−λxγ)

.

48) The cdf and pdf of (OEL-G) are given, respectively, by

F (x; θ, λ, τ) = 1−
log
{
1− (1− θ) e−λ[ G(x;τ)

1−G(x;τ) ]
}

log (θ)
, x ∈ R, (95)

and

f (x; θ, λ, τ) =
d

dx
F (x; θ, λ, τ) , x ∈ R, (96)

where θ, λ, τ are all positive parameters and G (x; τ) is a baseline cdf.

Remark 1.40. Taking K (x) = 1− e−λ[ G(x;τ)
1−G(x;τ) ], x ∈ R, the cdf (95) can be written as

F (x; θ, λ, τ) = 1− log {θ + (1− θ)K (x)}
log (θ)

, x ∈ R,

which was mentioned in Remark 1.30 in Hamedani et al. (2024b) as well as in Remark 1.5 in Hamedani (2023).

49) The cdf and pdf of (EAPIE) are given, respectively, by

F (x;α, β, a) =

(
αexp(− β

x ) − 1

α− 1

)a

, x ≥ 0, (97)

and

f (x;α, β, a) =
d

dx
F (x;α, β, a) , x > 0, (98)

where α, β, a are all positive parameters.

Remark 1.41. The cdf (97) is not new, please see cdf (53).

50) The cdf and pdf of (HL-TEXP) are given, respectively, by

F (x; θ, a) =
1− e−θ(x−a)

1 + e−θ(x−a)
, x ≥ a, (99)

and

f (x; θ, a) =
d

dx
F (x; θ, a) , x > a, (100)

where θ > 0, a > 0 are parameters.

Remark 1.42. Taking G (x) = 1− e−θ(x−a), x ≥ a, the cdf (99) can be written as

F (x; θ, a) =
G (x)

2−G (x)
, x ≥ a,

which is a special case of the cdf mentioned in Remark 1.1 for λ = ν = 1.
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51) The cdf and pdf of (EXL) are given, respectively, by

F (x;α, δ) =

[
1−

(
1 +

δx

(1 + δ)

)
e−δx

]α
, x ≥ 0, (101)

and

f (x;α, δ) =
d

dx
F (x;α, δ) , x > 0, (102)

where α > 0, δ > 0 are parameters.

Remark 1.43. Taking G (x) = 1−
(
1 + δx

(1+δ)

)
e−δx, x ≥ 0, the cdf (101) can be expressed as

F (x;α, δ) = [G (x)]
α
, x ≥ 0,

which is simply α power of the cdf G (x).

52) The cdf and pdf of (MEKwE) are given, respectively, by

F (x;α, λ, β) =

∫ x

0

f (u;α, λ, β) du, x ≥ 0, (103)

and

f (x;α, λ, β) = βλeαxe−λxeαx(1−e−λx) [λxe−λx + (1 + αx)
(
1− e−λx

)]
P (x) , x > 0, (104)

where α, λ, β are all positive parameters and P (x) =
{
1− e−λxeαx(1−e−λx)

}β−1

.

53) The cdf and pdf of (EIC) are given, respectively, by

F (x;α, λ, θ) = 1−
[
1− e

λ
(
1−ex

−α
)]θ

, x ≥ 0, (105)

and

f (x;α, λ, θ) =
d

dx
F (x;α, λ, θ) , x > 0, (106)

where α, λ, θ are all positive parameters.

Remark 1.44. Taking G (x) = e
λ
(
1−ex

−α
)
, x ≥ 0, the cdf (105) can be written as

F (x;α, λ, θ) = 1− [1−G (x)]
θ
, x ≥ 0,

which was mentioned in Remark 1.3 in Hamedani et al. (2024b).

54) The cdf and pdf of (EKwE) are given, respectively, by

F (x;λ, β) =

[
1−

(
e−λx

)(1−e−λx)
]β

=
[
1− e−λx(1−e−λx)

]β
, x ≥ 0, (107)

and

f (x;λ, β) =
d

dx
F (x;λ, β) , x > 0, (108)

where λ > 0, β > 0 are parameters.
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Remark 1.45. Taking G (x) =
x(1−e−λx)

1+x(1−e−λx)
, x ≥ 0, the cdf (107) can be expressed as

F (x;λ, β) =
[
1− e−λ( G(x)

1−G(x) )
]β
, x ≥ 0,

which was mentioned in Remark 1.6.

55) The cdf and pdf of (NE-G) are given, respectively, by

F (x;α, β) =
[1 +G (x;β)]

α − 1

2α − 1
, x ∈ R, (109)

and

f (x;α, β) =
αg (x;β) [1 +G (x;β)]

α−1

2α − 1
, x ∈ R, (110)

where α > 0 is a parameter and G (x;β) is a baseline cdf with the corresponding pdf g (x;β) which depends on the
parameter vector β.

56) The cdf and pdf of (IEEP) are given, respectively, by

F (x;α, β, λ) = 1−
1− exp

{
−λ
(
1− e−β/x

)α}
1− e−λ

=
exp

{
λ[1−

(
1− e−β/x

)α
]
}
− 1

eλ − 1
, x ≥ 0, (111)

and

f (x;α, β, λ) =
d

dx
F (x;α, β, λ) , x > 0, (112)

where α, β, λ are all positive parameters.

Remark 1.46. Taking G (x) = 1−
(
1− e−β/x

)α
, x ≥ 0, the cdf (111) can be written as

F (x;α, β, λ) =
exp {λG (x)} − 1

eλ − 1
, x ≥ 0,

which was mentioned in Remark 1.1 in Hamedani et al. (2024b).

2. Characterization of Distributions

As mentioned in the Introduction, characterizations of distributions is an important area of research which has recently
attracted the attention of many researchers. This section deals with various characterizations of the distributions listed
in the Introduction. These characterizations are based on: (i) a simple relationship between two truncated moments;
(ii) the hazard function; (iii) the reverse hazard function and (iv) conditional expectation of a single function of
the random variable. It should be mentioned that for the characterization (i) the cdf need not have a closed form
and depends on the solution of a first order differential equation, which provides a bridge between probability and
differential equation.

2.1. Characterizations Based on Two Truncated Moments

In this subsection we present characterizations of the distributions mentioned in the Introduction, in details, in terms
of a simple relationship between two truncated moments. Our first characterization result employs a theorem due to
(Glänzel, 1987), see Theorem 2.1 below. Note that the result holds also when the interval H is not closed. Moreover,
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as mentioned above, it could be also applied when the cdf F does not have a closed form. As shown in (Glänzel,
1990), this characterization is stable in the sense of weak convergence.

Theorem 2.1. Let (Ω,F ,P) be a given probability space and let H = [d, e] be an interval for some d < e
(d = −∞, e = ∞ might as well be allowed) . LetX : Ω → H be a continuous random variable with the distribution
function F and let q1 and q2 be two real functions defined on H such that

E [q2 (X) | X ≥ x] = E [q1 (X) | X ≥ x] η (x) , x ∈ H,

is defined with some real function η. Assume that q1, q2 ∈ C1 (H), η ∈ C2 (H) and F is twice continuously differen-
tiable and strictly monotone function on the set H . Finally, assume that the equation ηq1 = q2 has no real solution in
the interior of H . Then F is uniquely determined by the functions q1, q2 and η, particularly

F (x) =

∫ x

a

C

∣∣∣∣ η′ (u)

η (u) q1 (u)− q2 (u)

∣∣∣∣ exp (−s (u)) du ,
where the function s is a solution of the differential equation s′ = η′ q1

η q1 − q2
and C is the normalization constant,

such that
∫
H
dF = 1.

Here is our first characterization.

Proposition 2.1. Let X : Ω → (0,∞) be a continuous random variable and let q1 (x) = [P (x)]
−1 and q2 (x) =

q1 (x)
(
1− e−x/λ

)k
for x > 0. The random variable X has pdf (4) if and only if the function η defined in Theorem

2.1 has the form

η (x) =
1

2

{
1 +

(
1− e−x/λ

)k}
, x > 0.

Proof. Let X be a random variable with pdf (4), then

(1− F (x))E [q1 (X) | X ≥ x] =

∫ ∞

x

Ce−u/λ
(
1− e−u/λ

)k−1

du

=
Cλ

k

{
1−

(
1− e−x/λ

)k}
, x > 0,

and

(1− F (x))E [q2 (X) | X ≥ x] =

∫ ∞

x

Ce−u/λ
(
1− e−u/λ

)2k−1

du

=
Cλ

2k

{
1−

(
1− e−x/λ

)2k}
, x > 0,

and finally

η (x) q1 (x)− q2 (x) =
q1 (x)

2

{
1−

(
1− e−x/λ

)k}
> 0 for x > 0.

Conversely, if η is given as above, then

s′ (x) =
η′ (x) q1 (x)

η (x) q1 (x)− q2 (x)
=

k
λe

−x/λ
(
1− e−x/λ

)k−1

1−
(
1− e−x/λ

)k , x > 0,

and hence

s (x) = − log

{
1−

(
1− e−x/λ

)k}
, x > 0.
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Now, in view of Theorem 2.1, X has density (4).

Corollary 2.1. Let X : Ω → (0,∞) be a continuous random variable and let q1 (x) be as in Proposition 2.1. The
pdf of X is (4) if and only if there exist functions q2 and η defined in Theorem 2.1 satisfying the differential equation

η′ (x) q1 (x)

η (x) q1 (x)− q2 (x)
=

k
λe

−x/λ
(
1− e−x/λ

)k−1

1−
(
1− e−x/λ

)k , x > 0.

Corollary 2.2. The general solution of the differential equation in Corollary 2.1 is

η (x) =

{
1−

(
1− e−x/λ

)k}−1 [
−
∫

k

λ
e−x/λ

(
1− e−x/λ

)k−1

(q1 (x))
−1
q2 (x) dx+D

]
,

where D is a constant.

Proof. If X has pdf (4), then clearly the differential equation holds. Now, if the differential equation holds, then

η′ (x) =

(
k
λe

−x/λ
(
1− e−x/λ

)k−1

1−
(
1− e−x/λ

)k
)
η (x)−

(
k
λe

−x/λ
(
1− e−x/λ

)k−1

1−
(
1− e−x/λ

)k
)
(q1 (x))

−1
q2 (x) ,

or

{
1−

(
1− e−x/λ

)k}
η′ (x)−

(
k

λ
e−x/λ

(
1− e−x/λ

)k−1
)
η (x)

= −
(
k

λ
e−x/λ

(
1− e−x/λ

)k−1
)
(q1 (x))

−1
q2 (x) ,

or

d

dx

{{
1−

(
1− e−x/λ

)k}
η (x)

}
= −

(
k

λ
e−x/λ

(
1− e−x/λ

)k−1
)
(q1 (x))

−1
q2 (x) ,

from which we arrive at

η (x) =

{
1−

(
1− e−x/λ

)k}−1 [
−
∫

k

λ
e−x/λ

(
1− e−x/λ

)k−1

(q1 (x))
−1
q2 (x) dx+D

]
.

Note that a set of functions satisfying the differential equation in Corollary 2.1, is given in Proposition 2.1 withD = 1
2 .

However, it should also be noted that there are other triplets (q1, q2, η) satisfying the conditions of Theorem 2.1.

Proposition 2.2. Let X : Ω → (xl, b) be a continuous random variable and let q1 (x) = [P (x)]
−1 and q2 (x) =

q1 (x) (b− x) for x ∈ (xl, b) . The random variable X has pdf (14) if and only if the function η defined in Theorem
2.1 has the form

η (x) =
2

3
(b− x) , x ∈ (xl, b) .

Proof. Let X be a random variable with pdf (14), then

(1− F (x))E [q1 (X) | X ≥ x] =

∫ b

x

C (b− u) du

=
C

2
(b− x)

2
, x ∈ (xl, b) ,

and
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(1− F (x))E [q2 (X) | X ≥ x] =

∫ b

x

C (b− u)
2
du

=
C

3
(b− x)

3
, x ∈ (xl, b) ,

and finally

η (x) q1 (x)− q2 (x) = −q1 (x)
3

(b− x) < 0 for x ∈ (xl, b) .

Conversely, if η is given as above, then

s′ (x) =
η′ (x) q1 (x)

η (x) q1 (x)− q2 (x)
=

2

b− x
, x ∈ (xl, b) ,

and hence

s (x) = −2 log (b− x) , x ∈ (xl, b) .

Now, in view of Theorem 2.1, X has density (14).

Corollary 2.3. Let X : Ω →∈ (xl, b) be a continuous random variable and let q1 (x) be as in Proposition 2.2. The
pdf of X is (14) if and only if there exist functions q2 and η defined in Theorem 2.1 satisfying the differential equation

η′ (x) q1 (x)

η (x) q1 (x)− q2 (x)
=

2

b− x
, x ∈ (xl, b) .

Corollary 2.4. The general solution of the differential equation in Corollary 2.3 is

η (x) = (b− x)
−2

[
−
∫

2 (b− x) (q1 (x))
−1
q2 (x) dx+D

]
,

where D is a constant.

Proof. If X has pdf (14), then clearly the differential equation holds. Now, if the differential equation holds, then

η′ (x) = 2 (b− x)
−1
η (x)− 2 (b− x)

−1
(q1 (x))

−1
q2 (x) ,

or

(b− x)
2
η′ (x)− 2 (b− x) η (x) = −2 (b− x) (q1 (x))

−1
q2 (x) ,

or

d

dx

{
(b− x)

2
η (x)

}
= −2 (b− x) (q1 (x))

−1
q2 (x) ,

from which we arrive at

η (x) = (b− x)
−2

[
−
∫

2 (b− x) (q1 (x))
−1
q2 (x) dx+D

]
.

Note that a set of functions satisfying the differential equation in Corollary 2.3, is given in Proposition 2.2 withD = 0.
However, it should also be noted that there are other triplets (q1, q2, η) satisfying the conditions of Theorem 2.1.

Proposition 2.3. Let X : Ω → (0,∞) be a continuous random variable and let q1 (x) = [P (x)]
−1 and q2 (x) =

q1 (x)G (x;σ, ξ) for x > 0. The random variable X has pdf (24) if and only if the function η defined in Theorem 2.1
has the form
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η (x) =
1

2
{1 +G (x;σ, ξ)} , x > 0.

Proof. Let X be a random variable with pdf (24), then

(1− F (x))E [q1 (X) | X ≥ x] =

∫ ∞

x

g (u;σ, ξ) du

= 1−G (x;σ, ξ) , x > 0,

and

(1− F (x))E [q2 (X) | X ≥ x] =

∫ ∞

x

g (u;σ, ξ)G (u;σ, ξ) du

=
1

2

{
1−G (x;σ, ξ)

2
}
, x > 0,

and finally

η (x) q1 (x)− q2 (x) =
q1 (x)

2
{1−G (x;σ, ξ)} > 0 for x > 0.

Conversely, if η is given as above, then

s′ (x) =
η′ (x) q1 (x)

η (x) q1 (x)− q2 (x)
=

g (x;σ, ξ)

1−G (x;σ, ξ)
, x > 0,

and hence

s (x) = − log {1−G (x;σ, ξ)} , x > 0.

Now, in view of Theorem 2.1, X has density (24).

Corollary 2.5. Let X : Ω →∈ (o,∞) be a continuous random variable and let q1 (x) be as in Proposition 2.3. The
pdf of X is (24) if and only if there exist functions q2 and η defined in Theorem 2.1 satisfying the differential equation

η′ (x) q1 (x)

η (x) q1 (x)− q2 (x)
=

g (x;σ, ξ)

1−G (x;σ, ξ)
, x > 0.

Corollary 2.6. The general solution of the differential equation in Corollary 2.5 is

η (x) = {1−G (x;σ, ξ)}−1

[
−
∫
g (x;σ, ξ) (q1 (x))

−1
q2 (x) dx+D

]
,

where D is a constant.

Proof. Is straightforward and hence omitted.

Note that a set of functions satisfying the differential equation in Corollary 2.5, is given in Proposition 2.3 withD = 1
2 .

However, it should also be noted that there are other triplets (q1, q2, η) satisfying the conditions of Theorem 2.1.

Proposition 2.4. Let X : Ω → (0, 1) be a continuous random variable and let q1 (x) = [P (x)]
−1 and q2 (x) =

q1 (x)x
−1 for 0 < x < 1. The random variable X has pdf (44) if and only if the function η defined in Theorem 2.1

has the form

η (x) =
1

2

{
1 + x−1

}
, 0 < x < 1.
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Proof. Let X be a random variable with pdf (44), then

(1− F (x))E [q1 (X) | X ≥ x] =

∫ 1

x

2

σ
u−2du

=
2

σ

{
x−1 − 1

}
, 0 < x < 1,

and

(1− F (x))E [q2 (X) | X ≥ x] =

∫ 1

x

2

σ
u−3du

=
1

σ

{
x−2 − 1

}
, 0 < x < 1,

and finally

η (x) q1 (x)− q2 (x) = −q1 (x)
2

{
x−1 − 1

}
< 0 for 0 < x < 1.

Conversely, if η is given as above, then

s′ (x) =
η′ (x) q1 (x)

η (x) q1 (x)− q2 (x)
=

x−2

x−1 − 1
, 0 < x < 1,

and hence

s (x) = − log
(
x−1 − 1

)
, 0 < x < 1.

Now, in view of Theorem 2.1, X has density (44).

Corollary 2.7. Let X : Ω → (0, 1) be a continuous random variable and let q1 (x) be as in Proposition 2.4. The pdf
of X is (44) if and only if there exist functions q2 and η defined in Theorem 2.1 satisfying the differential equation

η′ (x) q1 (x)

η (x) q1 (x)− q2 (x)
=

x−2

x−1 − 1
, 0 < x < 1.

Corollary 2.8. The general solution of the differential equation in Corollary 2.7 is

η (x) =
(
x−1 − 1

)−1
[
−
∫
x−2 (q1 (x))

−1
q2 (x) dx+D

]
,

where D is a constant.

Proof. Is straightforward and hence omitted.

Note that a set of functions satisfying the differential equation in Corollary 2.7, is given in Proposition 2.4 withD = 1
2 .

However, it should also be noted that there are other triplets (q1, q2, η) satisfying the conditions of Theorem 2.1.

Proposition 2.5. Let X : Ω → (0,∞) be a continuous random variable and let q1 (x) ≡ 1 and q2 (x) = G0

(
x−µ
σ

)
for x > 0. The random variable X has pdf (46) if and only if the function η defined in Theorem 2.1 has the form

η (x) =
1

2

{
1 +G0

(
x− µ

σ

)}
, x > 0.

Proof. Let X be a random variable with pdf (46), then
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(1− F (x))E [q1 (X) | X ≥ x] =

∫ ∞

x

Cg0

(
u− µ

σ

)
du

= Cσ

{
1−G0

(
x− µ

σ

)}
, x > 0,

and

(1− F (x))E [q2 (X) | X ≥ x] =

∫ ∞

x

Cg0

(
u− µ

σ

)
G0

(
u− µ

σ

)
du

=
Cσ

2

{
1−G0

(
x− µ

σ

)2
}
, x > 0,

and finally

η (x) q1 (x)− q2 (x) =
q1 (x)

2

{
1−G0

(
x− µ

σ

)}
> 0 for x > 0.

Conversely, if η is given as above, then

s′ (x) =
η′ (x) q1 (x)

η (x) q1 (x)− q2 (x)
=

g0
(
x−µ
σ

)
σ
{
1−G0

(
x−µ
σ

)} , x > 0,

and hence

s (x) = − log

(
1−G0

(
x− µ

σ

))
, x > 0.

Now, in view of Theorem 2.1, X has density (46).

Corollary 2.9. Let X : Ω → (0,∞) be a continuous random variable and let q1 (x) be as in Proposition 2.5. The
pdf of X is (46) if and only if there exist functions q2 and η defined in Theorem 2.1 satisfying the differential equation

η′ (x) q1 (x)

η (x) q1 (x)− q2 (x)
=

g0
(
x−µ
σ

)
σ
{
1−G0

(
x−µ
σ

)} , x > 0.

Corollary 2.10. The general solution of the differential equation in Corollary 2.9 is

η (x) =

{
1−G0

(
x− µ

σ

)}−1 [
−
∫

1

σ
g0

(
x− µ

σ

)
(q1 (x))

−1
q2 (x) dx+D

]
,

where D is a constant.

Proof. Is straightforward and hence omitted.

Note that a set of functions satisfying the differential equation in Corollary 2.9, is given in Proposition 2.5 withD = 1
2 .

However, it should also be noted that there are other triplets (q1, q2, η) satisfying the conditions of Theorem 2.1.

Proposition 2.6. Let X : Ω → (0,∞) be a continuous random variable and let q1 (x) = [P (x)]
−1 and q2 (x) =

q1 (x) e
−xα

for x > 0. The random variable X has pdf (52) if and only if the function η defined in Theorem 2.1 has
the form

η (x) =
1

2
e−xα

, x > 0.

Proof. Let X be a random variable with pdf (52), then
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(1− F (x))E [q1 (X) | X ≥ x] =

∫ ∞

x

λα

Γ (α)
uα−1e−uα

du

=
λα

αΓ (α)
e−xα

, x > 0,

and

(1− F (x))E [q2 (X) | X ≥ x] =

∫ ∞

x

λα

Γ (α)
uα−1e−2uα

du

=
λα

2αΓ (α)
e−2xα

, x > 0,

and finally

η (x) q1 (x)− q2 (x) = −q1 (x)
2

e−xα

< 0 for x > 0.

Conversely, if η is given as above, then

s′ (x) =
η′ (x) q1 (x)

η (x) q1 (x)− q2 (x)
= αxα−1, x > 0,

and hence

s (x) = xα, x > 0.

Now, in view of Theorem 2.1, X has density (52).

Corollary 2.11. Let X : Ω → (0,∞) be a continuous random variable and let q1 (x) be as in Proposition 2.6. The
pdf of X is (52) if and only if there exist functions q2 and η defined in Theorem 2.1 satisfying the differential equation

η′ (x) q1 (x)

η (x) q1 (x)− q2 (x)
= αxα−1, x > 0.

Corollary 2.12. The general solution of the differential equation in Corollary 2.11 is

η (x) = ex
α

[
−
∫
αxα−1e−xα

(q1 (x))
−1
q2 (x) dx+D

]
,

where D is a constant.

Proof. Is straightforward and hence omitted.

Note that a set of functions satisfying the differential equation in Corollary 2.11, is given in Proposition 2.6 with
D = 0. However, it should also be noted that there are other triplets (q1, q2, η) satisfying the conditions of Theorem
2.1.

Proposition 2.7. Let X : Ω → (0, b) be a continuous random variable and let q1 (x) = eα(x
−β−b−β) and q2 (x) =

q1 (x)x
−β for 0 < x < b. The random variable X has pdf (76) if and only if the function η defined in Theorem 2.1

has the form

η (x) =
1

2

(
x−β + b−β

)
, 0 < x < b.

Proof. Let X be a random variable with pdf (76), then
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(1− F (x))E [q1 (X) | X ≥ x] =

∫ b

x

αβu−(β+1)du

= α
(
x−β − b−β

)
, 0 < x < b,

and

(1− F (x))E [q2 (X) | X ≥ x] =

∫ b

x

αβu−(2β+1)du

=
α

2

(
x−2β − b−2β

)
, 0 < x < b,

and finally

η (x) q1 (x)− q2 (x) = −q1 (x)
2

(
x−β − b−β

)
< 0 for 0 < x < b.

Conversely, if η is given as above, then

s′ (x) =
η′ (x) q1 (x)

η (x) q1 (x)− q2 (x)
=

βx−(β+1)

x−β − b−β
, 0 < x < b,

and hence

s (x) = − log
(
x−β − b−β

)
, 0 < x < b.

Now, in view of Theorem 2.1, X has density (76).

Corollary 2.13. Let X : Ω → (0, b) be a continuous random variable and let q1 (x) be as in Proposition 2.7. The
pdf of X is (76) if and only if there exist functions q2 and η defined in Theorem 2.1 satisfying the differential equation

η′ (x) q1 (x)

η (x) q1 (x)− q2 (x)
=

βx−(β+1)

x−β − b−β
, 0 < x < b.

Corollary 2.14. The general solution of the differential equation in Corollary 2.13 is

η (x) =
(
x−β − b−β

)−1
[
−
∫
βx−(β+1) (q1 (x))

−1
q2 (x) dx+D

]
,

where D is a constant.

Proof. Is straightforward and hence omitted.

Note that a set of functions satisfying the differential equation in Corollary 2.13, is given in Proposition 2.7 with
D = 1

2b
−β . However, it should also be noted that there are other triplets (q1, q2, η) satisfying the conditions of

Theorem 2.1.

Proposition 2.8. Let X : Ω → (β, γ) be a continuous random variable and let q1 (x) = [P (x)]
−1 and q2 (x) =

q1 (x) (x− β)
α for β < x < γ. The random variable X has pdf (82) if and only if the function η defined in Theorem

2.1 has the form

η (x) =
1

2
{(γ − β)

α
+ (x− β)

α} , β < x < γ.

Proof. Let X be a random variable with pdf (82), then

Characterizations of Certain (2023-2024) Introduced Univariate Continuous Distributions III 349



Pak.j.stat.oper.res. Vol. 22 No. 3 2026 pp 325-359 DOI: http://dx.doi.org/10.18187/pjsor.v22i3.4681

(1− F (x))E [q1 (X) | X ≥ x] =

∫ γ

x

C (u− β)
α−1

du

=
C

α
{(γ − β)

α − (x− β)
α} , β < x < γ,

and

(1− F (x))E [q2 (X) | X ≥ x] =

∫ γ

x

C (u− β)
2α−1

du

=
C

2α

{
(γ − β)

2α − (x− β)
2α
}
, β < x < γ,

and finally

η (x) q1 (x)− q2 (x) =
q1 (x)

2
{(γ − β)

α − (x− β)
α} > 0 for β < x < γ.

Conversely, if η is given as above, then

s′ (x) =
η′ (x) q1 (x)

η (x) q1 (x)− q2 (x)
=

α (x− β)
α−1

{(γ − β)
α − (x− β)

α}
, β < x < γ,

and hence

s (x) = − log {(γ − β)
α − (x− β)

α} , β < x < γ.

Now, in view of Theorem 2.1, X has density (82).

Corollary 2.15. Let X : Ω → (β, γ) be a continuous random variable and let q1 (x) be as in Proposition 2.8. The
pdf of X is (82) if and only if there exist functions q2 and η defined in Theorem 2.1 satisfying the differential equation

η′ (x) q1 (x)

η (x) q1 (x)− q2 (x)
=

α (x− β)
α−1

{(γ − β)
α − (x− β)

α}
, β < x < γ.

Corollary 2.16. The general solution of the differential equation in Corollary 2.15 is

η (x) = {(γ − β)
α − (x− β)

α}−1
[
−
∫
α (x− β)

α−1
(q1 (x))

−1
q2 (x) dx+D

]
,

where D is a constant.

Proof. Is straightforward and hence omitted.

Note that a set of functions satisfying the differential equation in Corollary 2.15, is given in Proposition 2.8 with
D = 1

2 (γ − β)
2α
. However, it should also be noted that there are other triplets (q1, q2, η) satisfying the conditions of

Theorem 2.1.

Proposition 2.9. Let X : Ω → (0,∞) be a continuous random variable and let q1 (x) = [P (x)]
−1 and q2 (x) =

q1 (x) (θ + 1 + θx)
−1 for x > 0. The random variableX has pdf (92) if and only if the function η defined in Theorem

2.1 has the form

η (x) =
1

2
(θ + 1 + θx)

−1
, x > 0.

Proof. Let X be a random variable with pdf (92), then
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(1− F (x))E [q1 (X) | X ≥ x] =

∫ ∞

x

C (θ + 1 + θu)
−2
du

=
C

θ
(θ + 1 + θx)

−1
, x > 0,

and

(1− F (x))E [q2 (X) | X ≥ x] =

∫ ∞

x

C (θ + 1 + θu)
−3
du

=
C

2θ
(θ + 1 + θx)

−2
, x > 0,

and finally

η (x) q1 (x)− q2 (x) = −q1 (x)
2

(θ + 1 + θx)
−1

< 0 for x > 0.

Conversely, if η is given as above, then

s′ (x) =
η′ (x) q1 (x)

η (x) q1 (x)− q2 (x)
= θ (θ + 1 + θx)

−1
, x > 0,

and hence

s (x) = log (θ + 1 + θx) , x > 0.

Now, in view of Theorem 2.1, X has density (92).

Corollary 2.17. Let X : Ω → (0,∞) be a continuous random variable and let q1 (x) be as in Proposition 2.9. The
pdf of X is (92) if and only if there exist functions q2 and η defined in Theorem 2.1 satisfying the differential equation

η′ (x) q1 (x)

η (x) q1 (x)− q2 (x)
= θ (θ + 1 + θx)

−1
, x > 0.

Corollary 2.18. The general solution of the differential equation in Corollary 2.17 is

η (x) = (θ + 1 + θx)

[
−
∫
α (θ + 1 + θx)

−2
(q1 (x))

−1
q2 (x) dx+D

]
,

where D is a constant.

Proof. Is straightforward and hence omitted.

Note that a set of functions satisfying the differential equation in Corollary 2.17, is given in Proposition 2.9 with
D = 0. However, it should also be noted that there are other triplets (q1, q2, η) satisfying the conditions of Theorem
2.1.

Proposition 2.10. Let X : Ω → (0,∞) be a continuous random variable and let q1 (x) = [P (x)]
−1 and q2 (x) =

q1 (x) e
−λxγ

for x > 0. The random variable X has pdf (94) if and only if the function η defined in Theorem 2.1 has
the form

η (x) =
1

2
e−λxγ

, x > 0.

Proof. Let X be a random variable with pdf (94), then

Characterizations of Certain (2023-2024) Introduced Univariate Continuous Distributions III 351



Pak.j.stat.oper.res. Vol. 22 No. 3 2026 pp 325-359 DOI: http://dx.doi.org/10.18187/pjsor.v22i3.4681

(1− F (x))E [q1 (X) | X ≥ x] =

∫ ∞

x

Cuγ−1e−λuγ

du

=
C

λγ
e−λxγ

, x > 0,

and

(1− F (x))E [q2 (X) | X ≥ x] =

∫ ∞

x

Cuγ−1e−2λuγ

du

=
C

2λγ
e−2λxγ

, x > 0,

and finally

η (x) q1 (x)− q2 (x) = −q1 (x)
2

e−λxγ

< 0 for x > 0.

Conversely, if η is given as above, then

s′ (x) =
η′ (x) q1 (x)

η (x) q1 (x)− q2 (x)
= λγxγ−1, x > 0,

and hence

s (x) = λxγ , x > 0.

Now, in view of Theorem 2.1, X has density (94).

Corollary 2.19. Let X : Ω → (0,∞) be a continuous random variable and let q1 (x) be as in Proposition 2.10. The
pdf of X is (94) if and only if there exist functions q2 and η defined in Theorem 2.1 satisfying the differential equation

η′ (x) q1 (x)

η (x) q1 (x)− q2 (x)
= λγxγ−1, x > 0.

Corollary 2.20. The general solution of the differential equation in Corollary 2.19 is

η (x) = eλx
γ

[
−
∫
λγxγ−1e−λxγ

(q1 (x))
−1
q2 (x) dx+D

]
,

where D is a constant.

Proof. Is straightforward and hence omitted.

Note that a set of functions satisfying the differential equation in Corollary 2.19, is given in Proposition 2.10 with
D = 0. However, it should also be noted that
there are other triplets (q1, q2, η) satisfying the conditions of Theorem 2.1.

Proposition 2.11. Let X : Ω → (0,∞) be a continuous random variable and let q1 (x) = [P (x)]
−1 and q2 (x) =

q1 (x) e
−λxeαx(1−e−λx) for x > 0. The random variable X has pdf (104) if and only if the function η defined in

Theorem 2.1 has the form

η (x) =
1

2
e−λxeαx(1−e−λx), x > 0.

Proof. Let X be a random variable with pdf (104), then

Characterizations of Certain (2023-2024) Introduced Univariate Continuous Distributions III 352



Pak.j.stat.oper.res. Vol. 22 No. 3 2026 pp 325-359 DOI: http://dx.doi.org/10.18187/pjsor.v22i3.4681

(1− F (x))E [q1 (X) | X ≥ x] =

∫ ∞

x

βλeαue−λueαu(1−e−λu) [λue−λu + (1 + αu)
(
1− e−λu

)]
du

= βe−λxeαx(1−e−λx), x > 0,

and

(1− F (x))E [q2 (X) | X ≥ x] =

∫ ∞

x

βλeαue−2λueαu(1−e−λu) [λue−λu + (1 + αu)
(
1− e−λu

)]
du

=
β

2
e−2λxeαx(1−e−λx), x > 0,

and finally

η (x) q1 (x)− q2 (x) = −q1 (x)
2

e−λxeαx(1−e−λx) < 0 for x > 0.

Conversely, if η is given as above, then

s′ (x) =
η′ (x) q1 (x)

η (x) q1 (x)− q2 (x)
= λeαx

[
λxe−λx + (1 + αx)

(
1− e−λx

)]
, x > 0,

and hence

s (x) = λxeαx
(
1− e−λx

)
, x > 0.

Now, in view of Theorem 2.1, X has density (104).

Corollary 2.21. Let X : Ω → (0,∞) be a continuous random variable and let q1 (x) be as in Proposition 2.11. The
pdf of X is (104) if and only if there exist functions q2 and η defined in Theorem 2.1 satisfying the differential equation

η′ (x) q1 (x)

η (x) q1 (x)− q2 (x)
= λxeαx

(
1− e−λx

)
, x > 0.

Corollary 2.22. The general solution of the differential equation in Corollary 2.21 is

η (x) = eλxe
αx(1−e−λx)

[
−
∫
λeαx

[
λxe−λx + (1 + αx)

(
1− e−λx

)]
×

e−λxeαx(1−e−λx) (q1 (x))
−1
q2 (x) dx+D

]
,

where D is a constant.

Proof. Is straightforward and hence omitted.

Note that a set of functions satisfying the differential equation in Corollary 2.21, is given in Proposition 2.11 with
D = 0. However, it should also be noted that
there are other triplets (q1, q2, η) satisfying the conditions of Theorem 2.1.

Proposition 2.12. Let X : Ω → R be a continuous random variable and let q1 (x) = [1 +G (x;β)]
1−α and

q2 (x) = q1 (x)G (x;β) for x ∈ R. The random variable X has pdf (110) if and only if the function η defined in
Theorem 2.1 has the form

η (x) =
1

2
{1 +G (x;β)} , x ∈ R.

Proof. Let X be a random variable with pdf (110), then

(1− F (x))E [q1 (X) | X ≥ x] =

∫ ∞

x

(
α

2α − 1

)
g (u;β) du =

(
α

2α − 1

)
{1−G (x;β)} , x ∈ R,
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and

(1− F (x))E [q2 (X) | X ≥ x] =

∫ ∞

x

(
α

2α − 1

)
g (u;β)G (u;β) du =

1

2

(
α

2α − 1

){
1−G (x;β)

2
}
, x ∈ R,

and finally

η (x) q1 (x)− q2 (x) =
q1 (x)

2
{1−G (x;β)} > 0 for x ∈ R.

Conversely, if η is given as above, then

s′ (x) =
η′ (x) q1 (x)

η (x) q1 (x)− q2 (x)
=

g (x;β)

1−G (x;β)
, x ∈ R,

and hence

s (x) = − ln {1−G (x;β)} , x ∈ R.

Now, in view of Theorem 2.1, X has density (110).

Corollary 2.23. Let X : Ω → R be a continuous random variable and let q1 (x) be as in Proposition 2.12. The pdf
of X is (110) if and only if there exist functions q2 and η defined in Theorem 2.1 satisfying the differential equation

η′ (x) q1 (x)

η (x) q1 (x)− q2 (x)
=

g (x;β)

1−G (x;β)
, x ∈ R.

Corollary 2.24. The general solution of the differential equation in Corollary 2.23 is

η (x) = {1−G (x;β)}−1

[
−
∫
g (x;β) (q1 (x))

−1
q2 (x) dx+D

]
,

where D is a constant.

Proof. Is straightforward and hence omitted.

Note that a set of functions satisfying the differential equation in Corollary 2.23, is given in Proposition 2.12 with
D = 1

2 . However, it should also be noted that
there are other triplets (q1, q2, η) satisfying the conditions of Theorem 2.1.

2.2. Characterization in Terms of Hazard Function

The hazard function, hF , of a twice differentiable distribution function, F , satisfies the following first order differential
equation

f ′(x)

f (x)
=
h′F (x)

hF (x)
− hF (x).

It should be mentioned that for many univariate continuous distributions, the above equation is the only differential
equation available in terms of the hazard function. In this subsection we present non-trivial characterizations of 4 of
the new distributions in terms of the hazard function, which are not of the above trivial form.

Proposition 2.13. Let X : Ω → (0,∞) be a continuous random variable. The random variable X has pdf (16) if
and only if its hazard function hF (x) satisfies the following differential equation

h′F (x)− γ

δ
e−x/δ

(
1− γe−x/δ

)−1

hF (x) = CC1

(
1− γe−x/δ

) d

dx

{[
δ
(
1− γe−x/δ

)
+ τ
]−1
}
, x > 0,

with the boundary condition limx→0 hF (x) = CC1(1−γ)
δ(1−γ)+τ .
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Proof. Multiplying both sides of the above equation by
(
1− γ−x/δ

)−1
, we have

d

dx

{(
1− γ−x/δ

)−1

hF (x)

}
= CC1

d

dx

{[
δ
(
1− γe−x/δ

)
+ τ
]−1
}
,

or (
1− γ−x/δ

)−1

hF (x) = CC1

[
δ
(
1− γe−x/δ

)
+ τ
]−1

,

or

hF (x) = CC1

[
δ
(
1− γe−x/δ

)
+ τ
]−1 (

1− γ−x/δ
)
,

which is the hazard function corresponding to the pdf (16).

Proposition 2.14. Let X : Ω → (β, γ) be a continuous random variable. The random variable X has pdf (82) if
and only if its hazard function hF (x) satisfies the following differential equation

h′F (x) + (α+ 1) (δ − x)
−1
hF (x) = α (α− 1)λ (γ − β) (γ − x)

−(α+1)
(x− β)

α−2
, β < x < γ,

with the boundary condition limx→β hF (x) = 0 for α > 1.

Proof. It is similar to that of Proposition 2.13.

Proposition 2.15. Let X : Ω → (0,∞) be a continuous random variable. The random variable X has pdf (92) if
and only if its hazard function hF (x) satisfies the following differential equation

h′F (x)− θhF (x) = αλθ2 (θ + 1) eθx
d

dx


(1 + x)

(
(θ+1)e−θx

(θ+1+θx) − 1
)α−1

(θ + 1 + θx)
2

 , x > 0,

with the boundary condition limx→0 hF (x) = 0 for α > 1.

Proof. It is similar to that of Proposition 2.13.

Proposition 2.16. Let X : Ω → R be a continuous random variable. The random variable X has pdf (110) if and
only if its hazard function hF (x) satisfies the following differential equation

h′F (x)− (α− 1) g (x;β)

1 +G (x;β)
hF (x) = α [1 +G (x;β)]

α−1 d

dx

{
g (x;β)

2α − [1 +G (x;β)]
α

}
, x ∈ R,

with the boundary condition limx→0 hF (x) = αg(0;β)
2α−1 .

Proof. It is similar to that of Proposition 2.13.

2.3. Characterization in Terms of the Reverse (or Reversed) Hazard Function

The reverse hazard function, rF , of a twice differentiable distribution function, F , is defined as

rF (x) =
f (x)

F (x)
, x ∈ support of F

In this subsection we present characterizations of 3 of the new distributions in terms of the reverse hazard function.

Proposition 2.17. Let X : Ω → (0,∞) be a continuous random variable. The random variable X has pdf (4) if and
only if its reverse hazard function rF (x) satisfies the following differential equation
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r′F (x)− (k − 1)

λ
e−x/λ

(
1− e−x/λ

)
rF (x) =

k

λγk

(
1− e−x/λ

) d

dx


e−x/λ exp

[
−
(
(1−e−x/λ)

γ

)k
]

1− exp

[
−
(
(1−e−x/λ)

γ

)k
]
 , x > 0,

with boundary condition limx→∞ rF (x) = 0.

Proposition 2.18. Let X : Ω → (0, b) be a continuous random variable. The random variable X has pdf (76) if and
only if its reverse hazard function rF (x) satisfies the following differential equation

r′F (x) + (β + 1)x−1rF (x) = 0, 0 < x < b,

with boundary condition limx→b rF (x) = αβb−(β+1).

Proposition 2.19. Let X : Ω → R be a continuous random variable. The random variable X has pdf (110) if and
only if its reverse hazard function rF (x) satisfies the following differential equation

r′F (x)− (α− 1) g (x;β)

1 +G (x;β)
rF (x) = α [1 +G (x;β)]

α−1 d

dx

{
g (x;β)

[1 +G (x;β)]
α − 1

}
, x ∈ R,

with boundary condition limx→∞ rF (x) =
(

α2α−1

2α−1

)
limx→∞ g (x;β).

2.4. Characterization Based on the Conditional Expectation of Certain Function of the Random Variable

In this subsection we employ a single function ψ (or ψ1) of X and characterize the distribution of X in terms of the
truncated moment of ψ (X) (or ψ1 (X)). The following propositions have already appeared in Hamedani’s previous
work (2013), so we will just state them here which can be used to characterize 4 of the new distributions listed in
Section 1.

Proposition 2.20. Let X : Ω → (e, f) be a continuous random variable with cdf F . Let ψ (x) be a differentiable
function on (e, f) with limx→e+ ψ (x) = 1. Then for δ ̸= 1 ,

E [ψ (X) | X ≥ x] = δψ (x) , x ∈ (e, f) ,

if and only if

ψ (x) = (1− F (x))
1
δ−1

, x ∈ (e, f)

Proposition 2.21. Let X : Ω → (e, f) be a continuous random variable with cdf F . Let ψ1 (x) be a differentiable
function on (e, f) with limx→f− ψ1 (x) = 1. Then for δ1 ̸= 1 ,

E [ψ1 (X) | X ≤ x] = δ1ψ1 (x) , x ∈ (e, f)

implies

ψ1 (x) = (F (x))
1
δ1

−1
. x ∈ (e, f)

Remarks 2.1.

(A) For (e, f) = (0,∞) , ψ (x) = e−x

(
δ(1−γe−x/δ)

C1

)1/τ

and δ = 1
τ+1 , Proposition 2.20 provides a characteriza-

tion of the PE distribution.

(B) For (e, f) = (0, b) , ψ (x) = e−(x
−β−b−β) and δ = α

α+1 , Proposition 2.20 provides a characterization of the
RTFIW distribution.
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(C) For (e, f) = (β, γ) , ψ (x) = e−(
x−β
γ−x )

α

and δ = λ
λ+1 , Proposition 2.20 provides a characterization of the

GDBE distribution.

(D) For (e, f) = (0,∞) , ψ (x) = exp
{
−
(

θ+1
θ+1+θxe

−θx − 1
)α}

and δ = λ
λ+1 , Proposition 2.20 provides a

characterization of the OWL distribution.
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Arrué, J., Arellano, R. B., Calderin-Ojeda, E., Venegas, O., and Gómez, H. W. (2023). Likelihood based inference and
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