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Abstract

Certain characterizations of 19 recently introduced discrete distributions are presented in three directions: (¢) based
on an appropriate function of the random variable; (i¢) in terms of the reverse hazard function and (7¢7) in terms of the
hazard function. This is a continuation of our previous work with the same title.
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1. Introduction

As we mentioned in our previous works, sometimes in real life cases, it is very difficult to obtain samples from a
continuous distribution. The observed values are generally discrete due to the fact that they are not measured in
continuum. In some cases, it may be possible to measure the observations via a continuous scale, however, they
may be recorded in a manner in which a discrete model seems more suitable. Consequently, the discrete models are
appearing quite frequently in applied fields and have attracted the attention of many researchers.

Characterizations of distributions are important to many researchers in the applied fields. An investigator will be
vitally interested to know if their model fits the requirements of a particular distribution. To this end, one will depend
on the characterizations of this distribution which provide conditions under which the underlying distribution is indeed
that particular distribution.

We list below the cumulative distribution functions and probability mass functions of 19 new discrete distributions
which have been introduced after our previous paper (Hamedani et al., 2024) was published. Section 2 provides
the characterizations of these distributions based on the conditional expectations of certain functions of the random
variables. Section 3 takes up the characterizations of 1 of the 19 distributions in terms of its reverse hazard function
and Section 4 deals with the characterizations of 2 of the 19 distributions in terms of the hazard function.

The cumulative distribution (cdf), the corresponding probability mass function (pmf), the reverse hazard and hazard
functions of each of the 19 distributions are listed below in (1)-(19).

(1) The cdf, pmf, reverse hazard and hazard functions of Discretized Generalized Gompertz (DGG) distribution of Das
et al. (2023), are given, respectively, by
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A

a(z+1 0
F(z; M\ «,0) = [1 e G )71)] , x €N (1)

fz A a,0) = [1 — efé(ea(ﬁl)fl)r — [1 - eiﬁ(emfl)r, x € N*, 2)

- e—é(e”—nr

[1_6%(6&(“1)71)}‘9’ z € N*, 3)

rp(z)=1-

[1 ~ e—%(e“‘”“—l)}‘9 - [1 —~ e—é(e‘”—l)r

1— {1 - e‘%(e(’(m“)—l)}e , zEN, )

hF (m) =

where A > 0, > 0,6 > 0 are parameters, N* = N U {0}, and N is the set of all positive integers.

(2) The cdf, pmf, reverse hazard and hazard functions of Weighted Discretized Fréchet-Weibull (WDFW) distribution
of Das and Das (2023), are given, respectively, by

F(ﬂc%a,ﬁ»m,j):sz:p(wavﬁ,m,j), z € N*, )
u=0
flzso,B,m,j)=C [1 - e—(itl)] {e—ﬁa(;gl)“j _ e—ﬁ“(%)‘”}  renN, ©
[1- ] {e#" @7 ()] *
rF (x) = Zizop(u;a,ﬂ,m,j) , xeN*, 7
he (@) = L | G T S e ®)

17025=0p(u;a7ﬂ7m7j) ’ ’

where «, 3, m, j are all positive parameters, p (u; o, 3, m,j) = [1 — 67(2:':1)] {eiﬁa(ﬂl)m + eiﬁa(%)a]} , T €

N*and C = (32 p (¢, B,m, j))71 is the normalizing constant.

(3) The cdf, pmf, reverse hazard and hazard functions of Poisson Epanechnikov-Exponential (PEE) distribution of
Karakaya (2023), are given, respectively, by

F(x;8)=CY f(wp), weN, )
u=0
f@:B8)=C28+1)"P(x), zeN (10)
(28+1)"" P(x) .
= N 11
_C(@28+1)""P(x) .
hp(x)—l_czizof(u;ﬁ), xr e N¥, (12)
where 3 > 0 is a parameter, P (z) =1 — 1 (ggﬁ)wﬂ and C = 2253_1.
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(4) The cdf, pmf, reverse hazard and hazard functions of Mixed Poisson Transmuted Exponential (MPTE) distribution
of Adetunji and Sabri (2023b), are given, respectively, by

F(x:0,p) =CY_ f(u0,p), zeN", (13)
u=0
f(z;0,p)=C(1+0)"P(x), zeN*, (14)
(1+6)"" P (x) .
_ £z 1
e (@) S o futp) °S v (15
hr (z) C+0) " P() z € N*, (16)

T1-C0y_ f(w6,p)

r+1 x+1
where § > 0,p € [—1, 1] are parameters, P (z) = (1 — p) + 6p [(1*9) - (fj—see) ] and C = (1i9)'

1+20

Remark 1.1. The pmf (14) is similar to the pmf (10).

(5) The cdf, pmf, reverse hazard and hazard functions of Mixed Poisson Cubic Ranked Transmuted Exponential
(MPCRTE) distribution of Adetunji and Sabri (2023a), are given, respectively, by

F(x;a,ﬂ):CZf(u;mﬂ), x e N*, (17)
u=0
f(z;0,8)=C(1+a)*P(z), xeN¥ (18)
_ (1+a) " P() .
hp(z) = GO+ "P@) g (20)

T1-0x_ f(wa,B)

x+1 x+1
where « > 0, 8 > 0 are parameters, P (z) =1 — 20 (11:2%) +38 (1?30;) and C =

-
(I+a)"
Remark 1.2. The pmf (18) is almost the same as the pmf (14).

(6) The cdf, pmf, reverse hazard and hazard functions of Poisson XLindley (PXL) distribution of Seghier et al.
(2023b), are given, respectively, by

F(z:0)=C>_ f(u;0), zeN, (21)
u=0
f(@;0)=C(1+60)""P(x), ze&N¥ (22)

o)~ (LEO TP (@)
r Zi:of(U;e) ’
B C(1+6)"P(x)
N 1—6’22201‘(1@9)7

x € N*, (23)

hr (x) r € N*¥, (24)
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where 6 > 0 is a parameter, P (z) = 6% + 30 + 3+ x and C = ﬁ.

Remark 1.3. The pmf (22) is similar to the pmf (18).

(7) The cdf, pmf, reverse hazard and hazard functions of New Discrete Ramos-Louzada (NDRL) distribution of
Ahsan-ul Haq and Zafar (2023), are given, respectively, by

F(x;v):CZf(u;U), x € N*, (25)
u=0
f(z;v) =Cuv*P(x), xeN*, (26)
__v'P(2) .
rp(z) = ST Fw0) x € N*, 27
hr (z) Cv*P () z e N, (28)

T1-0X_, f(wu)

where 0.61 < v < 1 is a parameter, P (z) = 1 + 2log (v) (log (v))* and C' = (1-v)®

(1+210g(0)) (1—v)+v(log (V)2

Remark 1.4. The pmf (26) is similar to the pmf (14) with v = (1 + 6) 1.

(8) The cdf, pmf, reverse hazard and hazard functions of Poisson Entropy-Based Weighted Exponential (PEBWE)
distribution of Alomair and Ahsan-ul Haq (2023), are given, respectively, by

(1+8(2+z)—(1+8)n(B)
(1+8)*"(1—1n(B))

(1+80+2)-(1+8)I(B) (1+B82+z)—(1+p5)N(B))

(1+8)"" (1 -(8)) (148" (1 - (8))
U480 +0)—(1+5) InB) _ (1+6(2+e)—(14+5) In(5))
(1+8) " (1-n(5)) (1+8)>7 (1I-n(5)) .
re (7) = | _ (46G+2)—(+A) n(B)) , el D

(148)*+*(1-1n(B))

(1+8(1+2)—(1+6) In(8))
L _ 1A (-(B) _ 1+ 0 +80+2)-(1+5)In(B)
F (J,‘) =7 1 1

1+4(2+2)-(1+8)In(B) 1 2 (1 1 ,
O (1+8@+a)~ 1+ h(H)

r € N*¥, (32)

where 8 > 0 is a parameter.

(9) The cdf, pmf, reverse hazard and hazard functions of Poisson New XLindley (Poisson-NXL) distribution of
Seghier et al. (2023a), are given, respectively, by

2+0(3+2))

Flz:0)=1— —— = N* 33
(2;0) 263 z € N7, (33)
f(@;0)=C(0+1)""P(x), ze&N¥ (34)
_ f(=0) .
TF(x)_F(x;G)’ r e N¥, (35)
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_20(0+1)° P (x)
e (@) = (2+603+x)
6

where 6 > 0 is a parameter, C' = PTCI and P (z) = 0x + 20 + 1.

x € N*, (36)

Remark 1.5. The pmf (34) is similar to the pmf (22).

(10) The cdf, pmf, reverse hazard and hazard functions of New Discrete Bilal (NDB) distribution of Ahsan-ul Haq
et al. (2023), are given, respectively, by

F(z;A)=CY XN"P(u), zeN*, (37
u=0
f(z;)) = CN*P(x), x¢&N* (38)
rp (z) = _AP@) r € N* (39)
P ST NP (u) ’
CN\22 P (x)
hp (x) = = , x €N, (40)
F 1—C Y _ AP (u)
\3
where 0 < A < 1 is a parameter, C' = (HA)/\(ijA) and P (z) =1 — \*.

Remark 1.6. The pmf (38) is similar to the pmf (34) for A = (6 + 1) /2.

(11) The cdf, pmf, reverse hazard and hazard functions of New Weighted Poisson (NWP) distribution of Diafouka
et al. (2023), are given, respectively, by

F(z;A)=CY X‘P(u), zeN, (41)
u=0
f(z;N)=CN\*P(z), =xeN*, (42)
AP (x) .
==t g el 43
rr (z) ST AP (W) x (43)
hr () CxXP(x) x € N¥, (44)

T 1-CY_ NP (u)

where C is the normalizing constatnt, P (z) = (z + a)” (z!)"“ and X € (0,1),a € R,v > 0,a > 0 are parameters..
Remark 1.7. The pmf (42) is similar to the pmf (38).

(12) The cdf, pmf, reverse hazard and hazard functions of Compound Conway-Maxwell-Poisson (CCMP) distribution
of Merupula et al. (2023), are given, respectively, by

F(z;Av)=CY M\P(u), €N, (45)
u=0
fz; M, v)=CN°P(x), xeN*, (46)
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AP (x) .
re(x) = —Zi=o NP (0)’ x € N 47)
hp (z) CA'P (@) zeN, (48)

T 1-CY_ NP (u)

where C' = {Z;io %} P(z) = (2!)"" and A > 0,v > 0 are parameters.

Remark 1.8. The pmf (46) is similar to the pmf (10) for A = (25 + 1)71.

(13) The cdf, pmf, reverse hazard and hazard functions of Discrete Half-Logistic (DHL) distribution of Abd-Elmonem
et al. (2024), are given, respectively, by

_9 —@
F(2;0) =1 — 2% % =+l [1 - <a > e(m“)} , v €N, (49)
a

f(z;a) = 2% {e—aw |:1 _ (a ; 2) e_gg:| - — e~ a(z+1) {1 . (a ; 2) 6_(;,;-',-1)] }7 z € N*, (50)

2ap—a {efa:b [1 _ (a;Q) 67:1:] -a e—a(z+1) [1 _ (a;?) ef(rJrl)] —a}

a

rr(z) = , xeN*, (51

1— 2ae—ae—a(m+1) [1 _ (%2) e—(w-‘rl)]_

hp (z) = ~1, zeN, (52)

where a > 0 is a parameters.

(14) The cdf, pmf, reverse hazard and hazard functions of Discrete Gompertz-Weibull-Fréchet (DGo-WFr) distribution
of Akkanphudit (2023), are given, respectively, by
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, x €N (55)

oo foolo 0 )
i ferfe b= ) ]

where A, 6, a, 3, v, w are all positive parameters.

-1, xeN* (56)

Remark 1.9. The pmf (54) is similar to the pmf (50).

(15) The cdf, pmf, reverse hazard and hazard functions of Discrete Hypo Exponential (DHE) distribution of Krish-
nakumari and George (2023), are given, respectively, by

V(SU+ 1;¢17¢27a)

F(m;¢17¢27a): ((b (b )2 ) Z’GN*, (57)
2 — @1

£ (@561, 2, 0) = V(ﬁ1;(]517?;7&);)2(%%’%’0‘), veN, (58)
2 — @1

re (l‘) _ V(I;¢1,¢2,0L> xeN*7 (59)

CV(z+ L6, ¢2,0)

V(l’+ 1;¢17¢)27a) - V(x;¢1v¢2aa)
1 —V($+ 1;¢1,¢2,0é)

hp(x) = , = €N* (60)
where ¢1, @2, a are all positive parameters.

Remark 1.10. The pmf (58) is similar to the pmf (54).

(16) The cdf, pmf, reverse hazard and hazard functions of Poisson New X-Lindley (PNXL) distribution of Irshad et al.
(2024), are given, respectively, by

F(;0)=C)Y  f(u;6), el 61)
u=0
f(z;0)=C(0+1)"P(x), x€&N* (62)

O+1)""P(x)

—Zizof(uée) , x€N*, (63)

rp(x) =
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CH+1)"P(x)
1—022,0]‘(1“9)’
where 6 > 0 is a parameter, P (z )—20+01+1and07

x € N*, (64)

hr (z) =
a+1)
Remark 1.11. The pmf (62) is similar to the pmf (10).

(17) The cdf, pmf, reverse hazard and hazard functions of Poisson Generalized Lindley (PGL) distribution of Atikankul
(2023), are given, respectively, by

F(x;0,a) CquHa r € N*¥, (65)
u=0
f(x;0,0)=C(O+1)"P(z), xeN*, (66)
_(0+1)"P(x) .
) Futay TN “
he (@)= —C 0D P@) g (68)

1-CYr o f(u;0,0)

where 6 > 0,a > 1 are parameters, P (z) = “tot2= ”%‘?iajf)) bte=2) 1
ge
6+

(a) is the gamma function and C' =

Remark 1.12. The pmf (66) is similar to the pmf (62).

(18) The cdf, pmf, reverse hazard and hazard functions of Discrete New Generalized Rayleigh (DNGR) distribution
of Haj Ahmad et al. (2024), are given, respectively, by

1— (1 . 6_9(9“'1)2)6

F(x; =1- *
(.’L‘, 0) 6,0&) @ o — (1 B 670(w+1)2)5 , T E N 3 (69)
B B
1= (1) 1= (1= eorn?)
;67 ’ = - ’ € N*7 (70)
fi@i8b0) = a—(1- 6*99”2)[3 a—(1- 6*9(4E+1)2)5 !

(1 e “2)5 (1 e )
)= 1-(1- e—ﬁ(r+1>2) T €N, 71
@ a— 1 e~ 9(1+1)2)
1— (1 E_HT )
a— (1 e—0a? )
hp(x) = -1, xzeN*, (72)

17(176*9(144)2)
(,v—(l—e‘e(z‘*'1)2)ﬂ

Remark 1.13. The pmf (70) is similar to the pmfs (2) and (30).

rr(x

where 0, 3, v are all positive parameters.
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(19) The cdf, pmf, reverse hazard and hazard functions of Zero-and-One Inflated Cosine Geometric (ZOICG) distri-
bution of Junnumtuam et al. (2022), are given, respectively, by

Ch, z =0,
F(x;wlvw%pva): Cl+C2> le» 9 (73)
C33 4o p"P(u), x(>2)€eN*
Cly 'I:O7
F(Z‘;W1,W2,p,9): CQ» le, ) (74)

Cs3p®P (z), z(>2)eN*

f(x;wlvw%pao) *
— 7
Tr (I) F(ZC;Wl,WQ,]L 9)7 HAS N ) ( 5)
: 0
hp (z) flawnwnp6) (76)

- 1-F ($§w17w27p7 9)
where wy € (0,1),wz € (0,1),p € (0,1),0 € [0,5] are parameters, C; = wi + (1 —w; — w2) Cpg,Ca =
wy 4 (1 —wy —ws) Cpap (cos0)?,Cy = (1 —wy — ws) Cppp® (cos (Az))® and P (z) = (cos (0z))>.

Remark 1.14. The pmf (74) is similar to the pmf (46).

2. Characterizations Based on Conditional Expectation

In this Section, we present our characterizations of all the distributions listed in Section 1 in terms of the conditional
expectations of certain functions of the random variables. The choice of each function depends on the form of the pmf.
Most of the proofs follow the same scheme, we will give all of them for the sake of completeness.

2.1. Discretized Generalized Gompertz (DGG) Distribution
Proposition 2.1. Ler X : Q — N* be a random variable. The pmfof X is (2) if and only if

E { [1 _ e*%(e”(“”*l)]e + [1 - e*%(e"“l)]a | X < k} - [1 . e*%(E“(’““)*l)]a . (77)

Proof. If X has pmf (2), then for k € N*, the left-hand side of (77), using telescoping sum formula, will be

k

T S [ | R (R

=0
- et ] T et

Conversely, if (77) holds, then

5 { Hl | e—2<e‘“-1>]9] f@)} CF - 2] )

=0

From (78), we also have

k—1

> { H1 - e—%(e““*”—l)r + [1 - e—(i(e‘”—l)]"} f (a:)} = (F (k) — f (k) [1 - e—%(e“k—l)r. (79)

=0
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Now, subtracting (79) from (78), yields

0 [[m et ) 4 ot
T

From the above equality, we have

B 7%(ea(k+l)71):|9 { B a( ak 1)}9 { B a( ak 1)}9
(k) _ [1 e 1—e L 1—e
F®) [1—emdenen-n)]’ [1- 3t
which is the reverse hazard function corresponding to the pmf (2), so X has pmf (2). O

2.2. Weighted Discretized Fréchet-Weibull (WDFW) Distribution

Proposition 2.2. Let X : Q — N* be a random variable. The pmf of X is (6) if and only if

- s o —28% (1)~
Bl e (] e (wm)™ 4 o5 (%) } X k} ¢ . ®0
{H ‘ } {e e } X< Sk op (@, 8,m, ) ®0

Proof. If X has pmf (6), then for k£ € N, the left-hand side of (80), using telescoping sum formula, will be

1213{ —26%(55) ™ _ 28 ()" }:

26 (1)

x=0 Zl;:op(x;a,/é’,m,j) .
Conversely, if (80) holds, then
b s : =26 (s37)"
e @)Y 4 e ()] fa)) = F (k) ( ‘ ) : @81)
;_%H } } Sk _op (x50, B,m, )

From (81), we also have

k—1

Z { |:6_ﬁa(z+1

=0

. o o287 ()"
)Y o8 (m)” ]f(x)}—F(k1)<Zk 1 )

oo D (x50, 3,m, )

k k e (%)
— (F (k) — . 82
=7 <Z’;_ép(x;a7ﬁ,m7j)> ®

Now, subtracting (82) from (81), yields

f (k) {e_ﬁa(ﬁl)a et (B)” ,}

_ F(l{i) {( e_Qﬁa(kL-H>aj ) - ( 6_2[3"‘(%)@1 )} +f(k) < _260‘(%)(”_ >
= Zl;:op(x;a,ﬁ,maj) Zi;ép(x;a,ﬁ,m,j) Zz ép(x o B ) .

From the above equality, after some manipulations, we have
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()Y ()Y
Flk) S o plwa,Bm.g) g plwonBmeg)

F (k) (efﬁa(k¢1y” +_676@(%)”j>._ (ezﬁa(?)aj>

S8 plwsa,B,m,g)
|:1 — e_(kmi):| (e_ﬂa(ki-%—l)aj — e_ﬁa(%)aj>

k .
Yo P (x50, B,m, j)

)

which is the reverse hazard function corresponding to the pmf (6), so X has pmf (6). O

2.3. Poisson Epanechnikov-Exponential (PEE) Distribution

Proposition 2.3. Let X : Q) — N* be a random variable. The pmf of X is (10) if and only if

(1+1/28) [1 - (26 +1)"**Y
Yoo (26 +1)7" P (x)

E{[P X)X < k;} = (83)

Proof. If X has pmf (10), then for k € N, the left-hand side of (83), using finite geometric sum formula, will be

k (1+1/28) [1 (28 + 1)‘(’““)}

F(k) ') {c@s+1) "t =
P {oEs )7 = e

Conversely, if (83) holds, then

K (1+1/28) [1 — (28 + 1)*“““)}
F (k) . — .
>ae0(284+1) 7 P(x)

(84)

k-1 1 (1+1/28) [1 (28 + 1)"“}
)| z)r =F(k—
S A{P@ f@))=F( 1>( ST 05 1) P e) )

(1+1/28) [1 28+ 1)*’“}
= (F (k) — f (k) . (85)

S (28+1) " P (x)

Now, subtracting (85) from (84), yields

(1+1/28) [1 —(28+ 1)"“}

k P (x —
AL SEL(2B+ 1) P(x)

o (012 [1—@s+1)"*] (1+1/28) [1- 26+ 17"
- Sk (28+1)7" P () SFL28+1)" P (x)

From the above equality, we have
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(14+1/28)[1—(28+1)~*+1)] _ (1+1/28)[1—(28+1) ]
f (k) b _o(28+1) 77 P(x) ShZ5(28+1) " P(a) (26 + 1)"“P(k)

F (k) P (x)]_l B ((1+1/2ﬁ)[1(2ﬁ+1)k]> = Ei:o F(z: B) )

S (26+1) " P(x)

which is the reverse hazard function corresponding to the pmf (10), so X has pmf (10). O

2.4. Poisson Entropy-Based Weighted Exponential PEBWE)

Proposition 2.4. Let X : Q) — N* be a random variable. The pmf of X is (30) if and only if

d

A+AA+X)~(1+Bm(E) | (1+5(2+X)—(1+5)1n(5))] X>k}

)}

(1+ﬂ)1+X (1+6)2+X
_((A+BE2+k)—-(1+p5)n(B))
= < a +5)2+k ) . (86)
Proof. If X has pmf (30), then for k € N, the left-hand side of (86), using telescoping sum formula, will be
_ NS (w1 d (AFB+T) — (1+8)In(B)) 2_ (1+B2+2)—(1+8)In(B))
(A48 +R-+AWE) (AR - (1+HLE)
(1+ 8% (1+ 8%
_((A+BE2+k) - (1+5)In(B))
(1+8)"*" '

Conversely, if (86) holds, then

5 |

<(1+,8(1+x)—(1+ﬁ)1n(5))> N ((1+6(2+x)—(1+ﬁ)1n(6))>] f(x)}

et (1+p5)" (1+p)""

(- F®) (“*5(2 o mln(m))

=(1-F(k+1)+f(k+1)) <(1 e j;1k)+_ﬁ)(21:’: o (ﬁ))> ' (87)
From (87), we also have

i{ <<1 +A(1 —lei;)(i: f)n (5))) . ((1 +5(2 tﬁ;ﬂ% f)ln (ﬁ)))] f@)}

Q- F+D) ((1 +8(3 +(1k>+—m<31$ B)In <5))> . 58)

Now, subtracting (88) from (87), yields
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UL+BE+R) -1 +HME)) | ((L+BE+k) —(1+5)n(5)
ey |(AEREEOZ LM, (4260 mn))]
a0 U+BE+R) -1 +HME)) (148G +k) —(1+5)n(5)
~-p ey {(CHREERZGEAMON) (2B o0 Ao )
1+82+k) —(1+8)In(8
+f(k+1)<< + 5 +<1i5>(2+t ) <>>>_

From the above equality, we have

(AR —(148) n(B)) | _ ((A+BB+k)—(145) In(5)) (L+A(21k) —(145) In(8))
reen )~ ( ) _( )

(1+p)>** A+8)*** _ a+p)=+* -1
1-F(k+1) (1+8(3+k)—(1+8) In(8)) [ A4BB+k)—(1+8) In(B)) ’
(1+5)%*" (1+8)%T*
which is the hazard function corresponding to the pmf (30), so X has pmf (30). O

2.5. Discrete Half-Logistic (DHL)

Proposition 2.5. Let X : Q — N* be a random variable. The pmf of X is (50) if and only if

E{ o—aX [1 B (a ; 2) eX] - 4 emalX+1) [1 B (a ; 2) e(X+1)]_a] | X > k}
—2a
_ <{e—2a(k+1) [1 _ <a ; 2) e—(k+1):| }) ) (89)

Proof. If X has pmf (50), then for k € N, the left-hand side of (89), using telescoping sum formula, will be

>0 —2a —2a
s § e (2] e e (2] )
rz=k+1

o W R (S R
(el

Conversely, if (89) holds, then

i{ [1 ) (a;2) } L et {1 ) (a;z) <>” f(m)}

= (1-F (k) ({e-za(k+1> {1 - (a;2> e_(k+1)] —za}>
=(1-Fk+1)+f(k+1) ({e—2a(k+1) [1 B (a ; 2) e‘(’fH)} —2a}> | o
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From (90), we also have

;|

e {1 - (a — 2) e‘“} 4 eale+l) {1 - (a — 2) e_(‘”l)} ] f (a:)}
r=k+2 a a
a—2 —2a
=(1-F(k+1)) <{e—2a(k+2) [1 _ () e—(k+2):| }) . 91)
a
Now, subtracting (91) from (90), yields
o—alk+1) [1 a <a - 2) e—(k-&-l)} L emalkt2) [1 _ (a - 2) e—(k+2)} ]
a a

— (- F(k+1) { ({62“('““) [1 - <L122> 6:”} 2}> : <{62a(k+2) {1 - (G;Q> "’UM] 2}>}
sty (feren - (£52) 0] 7).

From the above equality, we have

flk+1)

Fe+1) ({e—Qa(k-H) [1-(22)e (k+1) }) ({ —2a(k+2) —(==2) e—(k+2)]*2a})
—F(k+1) ({e 2a(k+2) [ — (=2) ¢ (k+2)] })
)
)

B e S Ea i
(et = (s2) o) ™))

which is the hazard function corresponding to the pmf (50), so X has pmf (50). [

3. Characterizations Based on Conditional Expectation

This chapter deals with 1 of the distributions listed in Section 1. The characterizations presented here are in terms of
the reverse hazard function.

3.1. Discretized Generalized Gompertz (DGG) Distribution

Proposition 3.1. Let X : Q — N* be a random variable. The pmf of X is (2) if and only if its reverse hazard
function, v, satisfies the difference equation

[1 e G 1)}0 {1 - e—%(ewwn_l)r
AR {1 - e_g(ea(kﬂ)_l)r _ {1 - e‘%(ea<k+2>_1)r7 S 92)

with the initial condition rp (0) = 1.

Proof. If X has pmf (2), then clearly (92) holds. Now, if (92) holds, then for every x € N, we have

= 1o )" [ eae o)
;{TF (k+1)—rp(k)} = Z {176_%(%“1)_1)}9 - {176_%(&!(“2)_1)]9
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or, using telescoping sum

[1_6 (e 1>}

0’
[1 - e*%(e"‘“*”*l)]

rp(x) —rp(0) = —

or in view of the initial condition

[1- 2]’

i 2]

rp(x)=1- , x €N,

which is the reverse hazard function corresponding to the pmf (2). O

4. Characterizations of distributions based on hazard function

This subsection is devoted to 2 distributions listed in the Introduction. The characterizations presented here are in
terms of the hazard function.

4.1. Poisson Entropy-Based Weighted Exponential (PEBWE)

Proposition 4.1. Let X : Q — N* be a random variable. The pmf of X is (30) if and only if its hazard function
satisfies the difference equation

((1+ﬁ(2+k)—(1+6)1n(5))> ((1+ﬁ<1+k)—(1+ﬁ)ln<ﬁ)))

(1+8)°+* (1+p)'F*
hp(k+1)—hp(k — 93
rk+1) —he (k) = (<1+ﬂ<3+k> (148) lnw))) ((1+/d’(2+k)—(1+5) lnw)))’ ©3)
(14+8)*TF (1+8)>t*
2 —Iin
with the initial condition hp (0) = % -1
Proof. If X has pmf (30), then clearly (93) holds. Now, if (93) holds, then for every x € N, we have
o—1 o1 (<1+ﬁ<2+k>—<;ﬁ>ln<m>) ((1+ﬁ(1+k)—(}jrrkﬁ)1n(ﬁ)))
(1+8) (1+8)
he(k+1)—hpr(k)} = —
D {hr (k1) = hr (k) ((1+6(3+k)—(1+/3) ln(ﬂ))) ((1+B(2+k)—(1+5) lnw)))
k=0 k=0 (1+ﬁ)3+k (1+ﬂ)2+k
1+8(1+x)—(1+8) In(B))
( (+8) ) (4B -n(B)
((1+ﬁ<2+r —(14+8) In(8 ))) (1+28—-(1+p8)In(B))’
(1+8)=
or
(A+B(1+2)—(148) In(8))
he () — hp (0) = ( (1+8)'** ) _ (1+5)2 (1-In(B))
((1+5(2+z) (1+ﬁ)1n(ﬁ))) (14+28—-(14+p5)In(B))’
(1+8)77
or, in view of the initial condition
(<1+5(1+x)—qjﬁ> lnw)))
(1+p)'*® *
h = -1 N
r (@) ( (+6C+D)—(1+8) lnw))) TR
(1+8)***
which is the hazard function corresponding to the pmf (30). O
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4.2. Discrete Half-Logistic (DHL)

Proposition 4.2. Let X : Q — N* be a random variable. The pmf of X is (50) if and only if its hazard function
satisfies the difference equation

O] e e 0 SO Gl ek . L 9

hi (k+1) — he (k) = - )

(et fi— (5 e @] 7} {1 (52) o] 7}

]

_(a=2)]"®
with the initial condition hp (0) = [(=5)] —1.

(D)
Proof. If X has pmf (50), then clearly (94) holds. Now, if (94) holds, then for every = € N, we have

i: {hr (k+1) —hr (k)}
k=0

[ () e )T
|

1 (252) 67(k+2)}7‘1} {efa(kJrl) [1- (2) 67(k+1)]7‘1}

or

he (@) — i (0) = G

or, in view of the initial condition

{ern- e

h = -1, € N*,
F ($> {efa(z+1) [1 B (aT_2) ef(w+1)]_a} x

which is the hazard function corresponding to the pmf (50). O
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