Pak j.stat.oper.res. Vol.21 No. 2 2025 pp 237-271 DOI: https://doi.org/10.18187/pjsor.v21i2.4653

Pakistan Journal of Statistics and Gperation Research

Introduced Univariate Continuous Distributions I1

Characterizations of Certain (2023-2024) E 1 E

n
n
G.G. Hamedani'*, Amin Roshani?, Partha Jyoti Hazarika3 I

*Corresponding author E

1. Department of Mathematical and Statistical Sciences, Marquette University, Milwaukee, WI 53201-1881, USA,
gholamhoss.hamedani @ marquette.edu

2. Department of Statistics, Lorestan University, Khorramabad, Iran, roshani.amin @ gmail.com

3. Department of Statistics, Dibrugarh University, Assam, India, parthajhazarika@ gmail.com

Abstract

This paper is a continuation of our previous work with the same title, which deals with various characterizations of
certain univariate continuous distributions proposed in (2023-2024) after the publication of our first paper in (2024).
These characterizations are based on: (i) a simple relationship between two truncated moments; (i) the hazard
function; (747) reverse hazard function and (iv) conditional expectation of a single function of the random variable. It
should be mentioned that for the characterization (4) the cumulative distribution function need not have a closed form
and depends on the solution of a first order differential equation, which provides a bridge between probability and
differential equation.
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1. Introduction

In designing a stochastic model for a particular modeling problem, an investigator will be vitally interested to know
if their model fits the requirements of a specific underlying probability distribution. To this end, the investigator
will rely on the characterizations of the selected distribution. Generally speaking, the problem of characterizing a
distribution is an important problem in various fields and has recently attracted the attention of many researchers.
Consequently, various characterization results have been reported in the literature. These characterizations have
been established in many different directions. The present work deals with certain characterizations of each of the
following distributions: 1) Lindley Convolution with Gamma (LCG) distribution of Biswas et al. (2023); 2) Zubair-
Exponentiated Weibull (ZEW) distribution of Alsultan (2023); 3) New Extended ”A” (NEA) distribution of Al-Saiary
(2023); 4) Type 11 Topp-Leone Generalized Inverted Exponential (TIITLGIE) distribution of Al-Saiary and Al-Jadaani
(2022); 5) Balakrishnan-Alpha-Beta-Skew-Exponential (BABSE) distribution of Shah et al. (2023); 6) Double XLind-
ley (DXL) distribution of Etaga et al. (2023); 7) Exponentiated Generalized Weibull Exponential (EGWE) distribution
of Abonongo and Abonongo (2023); 8) Exponentiated Power-Weibull (EP-W) family of distributions of Zeenalabiden
and Saracoglu (2023); 9) Ola Distribution (OD) of Al-Ta’ani and Gharaibeh (2023); 10) Odd Generalized Nadarajah-
Haghighi Log-Logistic (OGNH-LL) distribution of Alabdulhadi (2024); 11) Power Unit Gumbel Type II (PUGT?2)
distribution of Nagy et al. (2023); 12) New XLindley (NXL) distribution of Khodja et al. (2023); 13) Compound
Transmuted-Weibull (CT-W) family of distributions of Kus et al. (2023); 14) Doubly Bounded Exponential (DBE)
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distribution of Singh et al. (2023); 15) Odd Log Logistic Kumaraswamy (OLLK) distribution of Opone et al. (2023);
16) Odd Log-Logistic Power Inverse Lindley (OLL-PIL) distribution of Eltehiwy (2024); 17) Topp-Leone Odd Burr
X-G (TLOBX-G) family of distributions of Oluyede et al. (2024); 18) Modified Generalized Linear Exponential
(MGLE) distribution of Mahmoud et al. (2024); 19) Type II Exponentiated Half Logistic-Odd Burr X-G Power Series
(TII-EHL-OBX-GPS) class of distributions of Dingalo et al. (2023); 20) Odd Lomax Gompertz (OLGo) distribution
of Mazrouk et al. (2023); 21) Shifted Generalized Truncated Nadarajah-Haghighi (SGeTNH) distribution of Azimi
and Esmailian (2023); 22) Inverted Exponentiated Chen (IEC) distribution of Azimi et al. (2023); 23) Three Parame-
ter New Modified Weibull (NMW?3) distribution of Ghazal (2023); 24) Type I Heavy-Tailed Odd Power Generalized
Weibull-G (TI-HT-OPGW-G) family of distributions of Moakofi and Oluyede (2023a); 25) Type II Exponentiated
Half-Logistic Gompertz-G (TIIEHL-Gom-G) distribution of Moakofi and Oluyede (2023b); 26) New Gamma Lindley
(NGaL) distribution of Nawel et al. (2023); 27) Logistic Burr XII (LBXII) distribution of Guerra et al. (2023); 28)
Inverted Nadarajah-Haghighi Power Series (INHPS) distribution of Ahsan-ul Haq et al. (2023); 29) Marshall-Olkin
Bilal (MOB) distribution of Irshad et al. (2023); 30) Kumaraswamy Bell Exponential (KwBE) distribution of Imran
et al. (2023); 31) New Kumaraswamy Exponential (NKwE) distribution of Naz et al. (2023); 32) Generalized Topp-
Leone-G Power Series (GTL-GPS) class of distributions of Warahena-Liyanage et al. (2023); 33) New Two-Parameter
Distribution-G (ND-G) family of distributions of Aidi et al. (2023); 34) Two-Component Mixture of generalized
Rayleigh (GR) distribution of Dey et al. (2023); 35) Kumarswamy Tan Generalized (KwT-G) family of distributions
of Algawba et al. (2023); 36) Logarithmic Transformed Pareto I (LTPa-I) distribution of Aniyan and George (2023);
37) Poisson-Exponentiated Weibull (PEW) distribution of George and George (2023); 38) Exponentially Generated
Modified Chen (EGMC) distribution of Abidemi and Abiodun (2023); 39) Maxwell-Lomax (M-L) distribution of
Abiodun and Ishaq (2022); 40) Odd Beta Prime Inverted Kumaraswamy (OBPIK) distribution of Suleiman et al.
(2023a); 41) Odd Beta Prime-Burr X (OBPBX) distribution of Suleiman et al. (2023c); 42) Log Burr III (LBIII)
distribution of Ishaq et al. (2023b); 43) Odd Beta Prime-G (OBP-G) family of distributions of Suleiman et al. (2023e);
44) Log-Topp-Leone (LTL) distribution of Usman et al. (2023); 45) Odd Beta Prime Fréchet (OBPF) distribution of
Suleiman et al. (2023b); 46) Odd Beta Prime-Logistic (OBP-Logistic) distribution of Suleiman et al. (2023d); 47)
Log-Kumaraswamy (Log-Kw) distribution of Ishaq et al. (2023a); 48) Exponential-Lindley (Exp-Lindley) distribu-
tion of Sakthivel and G. (2024); 49) McDonald Generalized Power Weibull (MGPW) distribution of Sayibu et al.
(2024); 50) Generalized Complementary Exponentiated Bell-Touchard (GCEBT) distribution of Imran and Mendy
(2024); 51) Log-Lindley (Log-L) distribution of Alzawq et al. (2024); 52) MIT-Weibull (MITW) distribution of Lone
et al. (2024); 53) New Two-Parameter Weighted Exponential (NTWE) distribution of Chesneau et al. (2024); 54) Gen-
eralized Marshall-Olkin Transmuted-G (GMOT-G) family of distributions of Handique et al. (2024); 55) Truncated
Cauchy Power Kumarswamy Lomax (TCPKwL) distribution of Elbatal et al. (2024a); 56) Inverse Power Zeghdoudi
(IPZ) distribution of Elbatal et al. (2024b).

We list below the cumulative distribution function (cdf) and probability density function (pdf) of each one of these
distributions in the same order as listed above. We will be employing the same notation for the parameters as chosen

by the original authors.

1) The cdf and pdf of (LCG) are given, respectively, by

(1-2)" (24 8+ 28)

F(a;6) =1~ B , 0<z<l, (1)
and
1+ _
ras) =L arn -0 0<a<t, @
where 3 > 0 is a parameter.
2) The cdf and pdf of (ZEW) are given, respectively, by
s[1-emm*)*
e -1
F(2;0,b, A, 8) = >0, 3)

ed—1 ’

and

Characterizations of Certain (2023-2024) Introduced Univariate Continuous Distributions II 238



Pak j.stat.oper.res. Vol.21 No. 2 2025 pp 237-271 DOI: https://doi.org/10.18187/pjsor.v21i2.4653

F@60.0,8) = 1 F (@60 00), >0, @

where §, b, A\, 3 are all positive parameters.
2
Remark 1.1. Tuking G (x) = {1 — e_(b’”)x} , x> 0, the cdf (3) can be written as

eG(z) _ 1

ECETI

F(x;55b7>\’/8):

which has been characterized in Hamedani (2021).

3) The cdf and pdf of (NEA) are given, respectively, by

U ) (1 (==10)) I .
B T Y =)

and

F@:5,0) = CF(5:6.0), >0, ©

where 5 > 0,6 > 0 are parameters.

Remark 1.2. Taking G (z) =1 —

which was mentioned in Hamedani et al. (2024).

4) The cdf and pdf of (THTLGIE) are given, respectively, by

[

2
F(x;)\,ﬁ,oz)zl—ll—{l—[l_e—h/mr] ] , x>0, @)
and

f(x;)\,e,a):%F(x;)\,H,a), x>0, )

where A, 0, « are all positive parameters.
Remark 1.3. Taking G (z) = e * & > 0, the cdf (7) can be written as

[e3%

F(z;\0,0)=1— [1— {1—[1—6‘(95)]9}1 , x>0,

which was mentioned in Remark 1.39 in Hamedani (2023).
5) The cdf and pdf of (BABSE) are given, respectively, by

F(w;a,B,A)z/xf(u;a,ﬁ,k)dw 23>0, ©)
0

and
fz;0,8,)) =Ce P (z), x>0, (10)

2
where «, 8, \ are all positive parameters, P (x) = [(1 —ax — 5:1:3)2 + 1] and C'is the normalizing constant.
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Remark 1.4. Shah et al. (2023), proposed Balakrishnan-Alpha-Beta-Skew-Laplace (BABSL) distribution. Here, we
replace ”Laplace” with ”Exponential” to have the support on (0, 00).

6) The cdf and pdf of (DXL) are given, respectively, by

F (z;0) = f(u;0)du, x>0, (11)
0
and
f(z;0)=Ce %P (x), z>0, (12)
where 6 > 0 is a parameter, P (z) =3+ 30 + 0> + z and C = % is the normalizing constant.

Remark 1.5. The pdf (12) is similar to the pdf (10).

7) The cdf and pdf of (EGWE) are given, respectively, by

a) 18
F(z;a,b,c,d,a, ) = ll—exp{—a <al;:v> }] , x>0, (13)

and

d
f(x’a7bﬁc’d7a7ﬁ):d F(m;aﬂb7c7d?a’ﬂ)7 x>0) (14)
T

where a, b, ¢, d, o, ( all positive parameters.

-1
Remark 1.6. Taking G (x) = {1 + (%) 1} ,x > 0, the cdf (13) can be written as

C

PRy
F(x;a,b,c,d,mﬁ):[1—exp{—a<1_G(Gx()x)> }] , x>0,

which was mentioned in Remark 1.10 in Hamedani (2023).

8) The cdf and pdf of (EP-W) are given, respectively, by

§
F(x;)\,é,w)lexp{lexp<()i> )}
§
:1—exp{— [exp(o\;) > —1”, x>0, (15)

F@A8Y) = S F (@A w), @0, 16)

and

where A > 0,0 = 86 > 0,7 = o > 0 are parameters.

Remark 1.7. Taking G (x) =1 — exp (—%) ,x > 0, the cdf (15) can be expressed as

Penso=1-on{- (L)) 2ng

which is a special case of the cdf mentioned in Remark 1.6.
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F(a:;m:/O fwp)du, =30,

and
f(z;8) =Ce PP (), =
where 3 > 0 is a parameter, P () = 27 + 23 + 1 and C =

Remark 1.8. The pdf (18) is similar to the pdf (12).

10) The cdf and pdf of (OGNH-LL) are given, respectively, by

S8

58
B7+63%4+5040

>0,

F(xhom8)=1—e (HET)

=1- e_[(l—k(%)ék)d
and

f(x;)\,O',T,(S) = %F(x;A,U,T,é

where A, o, T, § are all positive parameters.

Remark 1.9. Taking G (z) =1 — (1 + (’5)6)\) B ,x >0, the cdf (19) can be expressed as

)} a0

F(:E;/\,om:i) =1 _exp{_ ( G (x)

which is a special case of the cdf mentioned in Remark 1.6.

11) The cdf and pdf of (PUGT?2) are given, respectively, by

1-G(x)

_1] x>0,

)

), x>0,

F(x;6a0—7ﬂ):6_6(miéfl)_ﬁ, 0<x<1,

and

f(x:6,0,8) = Béox=""'P (),

1-0o
where d, o, 3 are all positive parameters and P (z) = (ﬁ) e_5<w‘}’fl)

12) The cdf and pdf of (NXL) are given, respectively, by

F(z;0)=1-— <;9x + 1) et

and

NSNS

f(z;0) == (14 0z)e %,

where 6 > 0 is a parameters.

13) The cdf and pdf of (CT-W) are given, respectively, by
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is the normalizing constant.

—0o

a7

(18)

19)

(20)

2L

(22)

(23)

(24)

241



Pak j.stat.oper.res. Vol.21 No. 2 2025 pp 237-271 DOI: https://doi.org/10.18187/pjsor.v21i2.4653

F(x;a,ﬁ,p)=/:f<u;a,ﬁ,p>du, 23>0, 25)

and

f(z;a,8,p) = Ba(l —p) xﬂ_le_wﬁP(x), x>0, (26)

2p(p_1)2e—awﬁ _pzefzawﬁ +2p2_pj_1
((=r(i=e =) o= -1)

Remarks 1.10. (a) The pdf (26) is similar to the pdf (52) in Hamedani et al. (2024). (b) "(p — 1)” in the equation
(10) of Kus et al. should be ”(1 — p)”.

where o > 0,8 > 0,p € (0, 1) are parameters and P (z) =

14) The cdf and pdf of (DBE) are given, respectively, by

A(x—@l)

F(.’I};)\,€1792> =1- exp [—M

}, 01 <z <0, 27

and

f(x;A,Hl,HQ):M {_M

ex , 0 <z <o, 28
(0, — 1) p (92@} 1 2 (28)

where A, 61, 05 are all positive parameters.

15) The cdf and pdf of (OLLK) are given, respectively, by

G «
F(x7a7a7b):%a OS.’L‘Sl, (29)
G(x)" +G(x)
and
d
f(x;a,a,b)Z@F(x;oz,a,b), 0<z<l, (30)
where «, a, b are all positive parameters and G (z) =1 — (1 —2*)”, 0 < 2z < 1.
Remark 1.11. The cdf (29) is similar to the cdf (1.407) in Hamedani (2023).
16) The cdf and pdf of (OLL-PIL) are given, respectively, by
0
G(z) +G(x)
and
d
where «, 3, 6 are all positive parameters and G (z) = (1 =+ (H—%) e B x> 0.
Remark 1.12. The cdf (31) is similar to the cdf (1.407) in Hamedani (2023).
17) The cdf and pdf of (TLOBX-G) are given, respectively, by
SIGHE
G (2:0)
F(z;0,0,()=|1—|1—-<1—exp —< , x>0, (33)
{ G (2 0)
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and

F(@0,0,0) = TF (@:0,0,0), >0, 64

where o > 0,6 > 0 are parameters and G (x; ¢) is a baseline cdf depending on the parameter vector (.

0
2
Remark 1.13. Taking K (z) = {1 — exp {— (%) ] } , x > 0, the cdf (33) can be expressed as

@

F(z;0,0,¢) = [1—[1—K(a:)]2] , x>0,

which was mentioned in Remark 1.3.
18) The cdf and pdf of (MGLE) are given, respectively, by

5 2
F (z;¢,b,€,0) =1 —exp {— (cx + 23:2) e“’(cx"’W )} , x>0, (35)

and
b &1 b,.2\¢
f(x;¢,0,&,0) = (c+ bx) (c:c + 2332) ¢~ (co+ia®) P(xz), z>0, (36)

wherec > 0,b > 0, > 0,¢ > 0are parameters and P (z) = (€ + ¢ (cz + gmz)) exp {— (cx + gxz) [e“"(chrng) —p— 1} }

19) The cdf and pdf of (TIH-EHL-OBX-GPS) are given, respectively, by

Cv(-G(@)

F(x;ﬁ7v,p)=1— C(’U) )

z €R, (37

and

d
f(x;ﬂvvap):%F(x;ﬂvvap)v .’EGR, (38)

, P
where 3, v, p are all positive parameters, G (z) = 1 — [%} ;v € R, H (z;8,€) is a baseline cdf, C (v) =
>0 | anv™is finite and {a, }, -, is a sequence of non-negative integers.

n=1

Remark 1.14. The version of the cdf (37) has been characterized in Hamedani (2017).

20) The cdf and pdf of (OLGo) are given, respectively, by

Fla0.a0) —1- 14 L]l (bt (e 1)) B >0 39
(l’, 767 )_ - +B exp(fbfl (ebzfl)) ) r =V, ( )

and
F(e:60.5,0) = ©F (2:0,6.5), x>0, 0)

where 0, 3, b are all positive parameters.

Remark 1.15. Tuking G (x) =1 — exp (—b_1 (eb"” - 1)) ,x > 0, the cdf (39) can be written as

Posn-1- {11 [ LV s

which is a special case of the cdf mentioned in Remark 1.80 in Hamedani (2023).
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21) The cdf and pdf of (SGeTNH) are given, respectively, by

17(1+,\e*<179)‘*)‘1 JEECESOR

e
F (x;OQBa )\,9) = 1— el—(lJr)\)‘1 ’

x>0, 41)

and

d
f(.’IJ;O{,,B,)\,e):%F(.I?;OK,B,)\,G), .'17>9, (42)
where «, 3, A, 6 are all positive parameters.

(1+)\)o¢7(1+)\e—(m—9)l3 «

Remark 1.16. Taking G (x) = , & > 0, the cdf (41) can be expressed as

aTn°—1
eéG(x) -1
F(,’E;O{75,)\,6):ﬁ7 1‘29,
which was mentioned in Remark 1.1 for § = (1 + \)* — 1.
22) The cdf and pdf of (IEC) are given, respectively, by
AN
F(z;o,B,0) =1— {1 _ e )] . x>0, (43)
and
d
f(x;a,B,A)Z%F(x;a,B,)\), £C>07 (44)

where «, 8, A are all positive parameters.
A (1—91_[3)
Remark 1.17. Taking G () =€ i , ¢ > 0, the cdf (43) can be written as

F(x7aaﬂa)‘):1_[1_G(x)]a7 JTZO,

which is a special case of the cdf was mentioned in Remark 1.3.

23) The cdf and pdf of (NMW3) are given, respectively, by

azBefr

F(x;0,3,0)=1—¢' "¢ , x>0, (45)
and

f(z;a,8,0) = C%F (z;a,8,0), x>0, (46)
where «, 3, 0 are all positive parameters.

Remark 1.18. Tuking G (z) =1 — e*awﬁesm, x > 0, the cdf (45) can be expressed as

Faasn=1-ap{- (S0, 2

which is a special case of the cdf mentioned in Remark 1.6.

24) The cdf and pdf of (TI-HT-OPGW-G) are given, respectively, by

1 -G (x:8)
1-(1-6)G (x;

0
F(x;97a757§):1_( 5)) ’ CEGR’ (47)
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and

d
f(x;67a7ﬂ7€):ﬁF(x;97a7ﬂ7§)v .’L'ER, (48)
where 60, «, 8 are all positive parameters and G (x; £) is a baseline cdf depending on the parameter &.

Remark 1.19. The cdf (47) can be written as

' —0
F(a;0,0,8,8) =1 - {1_51_619255(?0} TR

which was mentioned in Remark 1.17 of Hamedani (2023).

25) The cdf and pdf of (TIIEHL-Gom-G) are given, respectively, by

) 4 1—-K(z)\“
and
d
fz0,7,9) = il (x;0,7,%), x€R, (50)

where a > 0, > 0 are parameters, K (z) = 1 —exp (% {1 -1-G (x;w)]fv}) ,z € Rand G (z;) is a baseline
cdf depending on the parameter .

Remark 1.20. The new version of the cdf (49) is a special case of the cdf mentioned in Remark 1.19 for 0 = 2 .

26) The cdf and pdf of (NGaL) are given, respectively, by

Fai6,0)= [ f(wop)du, =0, (51)
0
and
2 (B+Dz+1)\
:0,08) = - 0 52
where 6 > 0, 8 > 0 are parameters.
Remark 1.21. The pdf (52) can be written as
1+B8+0(1—0)—0*(B+1)z\ _p,
:0,8)=[(1- v 0
f(z;0,8) ( 7073 e x>0,

which is the old Lindley distribution.
27) The cdf and pdf of (LBXII) are given, respectively, by

F (A d,c,s) = 1—[dlog{1+<£>c}}_)\ T oaso (53)

) ) ) ) S ) — )
and
(T c—1 T\ ¢ -2
flx; N d,c,8)=C (;) (1—|—(g) ) P(x), x>0, (54)
z\¢ ° z\¢ —(A+1)
where ), d, c, s are all positive parameters, C* = A\ed~*s~! and P (x) = (+(£))D g{H(SC) }_A —
{1—[dlog{1+(§) i }
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28) The cdf and pdf of (INHPS) are given, respectively, by

A1 -G (2)

F (z;0,0,0)=1— A0) )

x>0,
and

d
f(I;Oé,A,G):diF(I;O[,)HG), I>O7
i

n=1

(55)

(56)

where a, A, 0 are all positive parameters, G (x) = 617(1+%>Q, z>0,A(0)=> ", a,0"is finite and {a, },-, isa

sequence of non-negative integers.

Remark 1.22. The version of the cdf (55) has been characterized in Hamedani (2017).

29) The cdf and pdf of (MOB) are given, respectively, by
1= (3% —207%)

(1-(-0)[se % —2e-%])

F(z;M,0) = x>0,

and

d
f(z; A, 0) = %F(I;)\ﬁ), x>0,

where A > 0,6 > 0 are parameters.

2z

Remark 1.23. Taking G (z) =1 — (36_T — 26_3%) , & > 0, the cdf (57) can be written as

, _ G (z)
FaA) =gz aam “2%

which is a special case of the cdf mentioned in Remark 1.80 in Hamedani (2023).

30) The cdf and pdf of (KwBE) are given, respectively, by

1—exp (_@w [1 _ e_“’(l—e*gg‘)}) a
1 —exp(l—ev)

b

F (z;a,b,w,0)=1— [1—

;o 20,

and

d
f(z;a,b,w,0) = d—F(x;a,ILw,H), x>0,
x
where a, b, w, 6 are all positive parameters.

1—exp<_ew[1_e—w(176—em)D a

Remark 1.24. Taking G (x) = T=exp(1=c®)

, > 0, the cdf (59) can be expressed as

F (z;a,b,w,0) :1—[1—G(3{;)]b, x>0,

which was mentioned in Hamedani et al. (2024).

31) The cdf and pdf of (NKwE) are given, respectively, by

oz Q78
F (z;a,s,w,0)=1— [17{17676&06176 ’ } } , x>0,
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and

f(z;a,8,w,0) = diF (z;a,s,w,0), x>0, (62)
x

where a, s, w, 6 are all positive parameters.

Remark 1.25. Taking G (x) = {1 — e’ezelfefem} ,x > 0, the cdf (61) can be written as

F(z;a,s,w,0)=1—[1-G(z)]°, x>0,

which was mentioned in Hamedani et al. (2024).

32) The cdf and pdf of (GTL-GPS) are given, respectively, by

C (9 {1 - (1 el (x;g))br>

10 , x€R, (63)

F(x7ﬂ79ub7£) =1-

and

b—1

f@:B.0.6,6) =C"g@C:¢) (1-C (=) P). ek (64)

where 3,0, b are all positive parameters, C (§) = >~ ; a,0™ is finite and {a, },~, is a sequence of non-negative

c (a [1—(1—62(x;5))*’}5> |

[1—(1—52(x;§))b]176

integers, C* = % ,G(x;€) and P (z) =

33) The cdf and pdf of (ND-G) are given, respectively, by

Flz;a,\€) =1— (1 +a {ggg}) exp{a [gggr} z€R, (65)

and

d
flaza A8 = —F(za,0¢), zeR, (66)
X
where o > 0, A > 0 are parameters and G (z; ) is a baseline cdf depending on the parameter vector .

Remark 1.26. The cdf (65) is not new, please see cdf (257) in Hamedani (2021).

34) The cdf and pdf of (GR) are given, respectively, by
x
F(x;a17a27A17>\27p17p2):/ f(u;a17a27>\17)\27p17p2)du7 CUZOa (67)
0
and
[ (a1, 00, A1, A2, p1,2) = Cffe_(/\w)ZP(iU)» x>0, (68)
a;—1
where a1, aa, A1, A2, p1, p2 (p1 + p2 = 1) are all positive parameters C' = 2p;a1 A} and P (z) = (1 — e[_(’\lw)ﬂ) ' +

2 < as—1
s i (o)

Remark 1.27. The pdf (68) is similar to the pdf (36).
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35) The cdf and pdf of (KwT-G) are given, respectively, by

jus . b
F(z;a,b,6) =1— {1 - efa[tan(f(lfg(m’g)))]} , zeR, (69)

and

f@ab6) = F@mabe), zek a0)

where a > 0,b > 0 are parameters and G (x; ) is a baseline cdf depending on the parameter vector .

vl
Remark 1.28. Taking K (z) =1 — (1 + (1+tan [5 (1 - G (;9))]) 1) , x € R, the cdf (69) can be expressed
as
F(z;a,b,6) =1—exp< —« K@) b x>0
» Wy Yy - p 1 _ K (l’) ) — Y
which is a special case of the cdf mentioned in Remark 1.2 in Hamedani (2023).

36) The cdf and pdf of (LTPa-I) are given, respectively, by

log [ﬂ —(p—1) (1 - (%)7)]

F(z;a,\,71,p)=1-— , T >N (71)
( ) log (p)
and
d
f(lE;Oé,)\,T,p):dfF(LE;Oé,A,T,p), I>)‘7 (72)
x
where «, A, T, p (# 1) are all positive parameters.
Remark 1.29. Taking G (z) =1 — (%)T , & > A the cdf (51) can be expressed as
1 —(p—-1)G
Floarp) =1— oglp—(p—1) (af)]’ Y
log (p)
which was mentioned in Remark 1.5 in Hamedani (2023).
37) The cdf and pdf of (PEW) are given, respectively, by
z1mé
F(z;7,0 ool >0 73
(.T,T, am7c)_ﬁv T =z U, ( )
and
d
f('r;7—795m74) =—F (x;T,G,m,C), T > 07 (74)

dxr

where 7,6, m, ( are all positive parameters.

» 1m0
Remark 1.30. Taking G (x) = {1 — e?] ,x >0, the cdf (73) can be written as
1—e G
1—e1 "’

which is a special case of the cdf mentioned in Remark 143 in Hamedani (2021).

F(‘T;T,eamvc): 1'207

38) The cdf and pdf of (EGMC) are given, respectively, by
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F (23, k A\ B) = {1 ~exp {k/\ (1 - exﬁ) }]
- {1 —exp {fk)\ (e“ - 1) H . x>0, (75)
and
F 235,k 0 B) = %F (5,61, 8), x>0, (76)
where s, k, \, 3 all positive parameters,

Remark 1.31. Taking G (x) =1 — e~ x>0, the cdf (75) can be written as

Plasionm = [i-en{ 0 ((EON aag

which is a special case of the cdf mentioned in Remark 1.6.

39) The cdf and pdf of (M-L) are given, respectively, by

F(x;&ﬁﬁ)=/mf(u;>\,6,9)du7 v >0, 7
0

and

flz ), B,0) =C(1+62)" ((1 + ea:)—ﬂ)f2 P(z), x>0, (78)

a2 PN
where A, 3, 6 are all positive parameters, C' = A?@% and P (x) = (%) exp <—2}\2 (%) )

Remark 1.32. The pdf (78) is similar to the pdf (54).

40) The cdf and pdf of (OBPIK) are given, respectively, by

x
F(z;a,b,¢,d) :/ f(u;a,b,e,d)du, x>0, (79)
0
and

f(x;a,b,c,d) :C(lJr:c)*(aH)P(x), x>0, (80)

[1-(14ax)=2]" "

where a, b, ¢, d are all positive parameters, C' = ﬁ%), B (¢, d) is the beta function and P (z) = { T ]b}
; 1-[1—(14z)~

1—-d-

Remark 1.33. The pdf (80) is similar to the pdf (78).

41) The cdf and pdf of (OBPBX) are given, respectively, by

F(I;G,A,a,ﬂ):/wf(u;G,A,a,ﬁ)du, >0, 81)
0

and

fx;0,Ma,p) = Cre @A’ p (), =>0, (82)
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(176_(“”/1)2 fa—1

2082 = X
= {17(1767@@2)@}04&

where 6, \, a, 3 are all positive parameters C' = %/\), B (6, \) is the beta function and P ()

B(
(176_(1/3)2)”‘ —(0+X)
LRl e e -

Remark 1.34. The pdf (82) is similar to the pdf (68).

42) The cdf and pdf of (LBIII) are given, respectively, by

Y
Fza,8.0) = (1+e7%7) 7, a>0, (83)
and

o @ —A-1
f(z;a,8,)) = afrz® te F” (1 +e P ) , x>0, (84)

where «, 5, A are all positive parameters.

Remark 1.35. The authors have x € R, which will not be correct unless they assume that o is an even number. Here
we assume x > 0, then o > 0 will be correct.

43) The cdf and pdf of (OBP-G) are given, respectively, by

F(x;¢,d,e) = /aC f(use,dye)du, xR, (85)
and
, e g(m5e) G(zie) \
f(z;e,de) =C [1—G(x;e)]2 (1—G(m;5)) P(z), zeR, (86)

h 0,d>0 C* = =1 B (c,d) is the beta function, P (z) — (8@l )™ [1 4 (G2 )]~
where ¢ > 0, @ > 0 are parameters, = Bledy (c7 )1ste eta function, (:c)— T—Glaie) + T—G(aie)

and G (x;¢) is a baseline cdf with the corresponding pdf g (z; ¢), which may depend on the parameter vector .

44) The cdf and pdf of (LTL) are given, respectively, by

F(z;a)=(1-e )", z>0, (87)
and
f(x;0) =2ae 2P (x), x>0, (88)

where o > 0 is a parameter and P (z) = (1 — e_2x)a_1.

Remarks 1.36. (a) The pdf (88) is a special case of the pdf (82). (b) We will characterize the (LTL) distribution in
Subsections 2.3 and 2.4.

45) The cdf and pdf of (OBPF) are given, respectively, by

F (250, 8.0,)) = / f (s, 8.6, \) du, x>0, (89)
0
and
flz;a,B8,0,\) = Cx_g_le_(g)eP(:v) , x>0, (90)

. - 9,@0 . . - —(a—l)(é)e B _(g)e A—1
where «, 3, 8, A are all positive parameters, C' = Blan) B (a, A) is the beta function and P (z) = e @ 1—e\= .
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Remark 1.37. The pdf (90) is similar to the pdf (16) in Hamedani et al. (2024).

46) The cdf and pdf of (OBP-Logistic) are given, respectively, by

F(m;a,b,/@s):/. f(u;a,byp, s)du, = €R, 91)
0
and
f(zia.bp,s)=Ce ()P (2), zeR, 92)
where ¢ > 0,0 > 0,4 € R, s > 0 are parameters, C' = m, B (a,b) is the beta function and P (z) =
2—p\] —(a+b
o]
Remark 1.38. The pdf (92) has a special form of the pdf (84).
47) The cdf and pdf of (Log-Kw) are given, respectively, by
F(x;a,ﬁ):l—[1—(1—6730)0‘]5, x>0, (93)
and
f@ma,B) =ape(1-e)* " [1-(1-e)""", z>0, (94)

where o > 0, 8 > 0 are parameter

48) The cdf and pdf of (Exp-Lindley) are given, respectively, by

F (z;0,\ ) /fuﬂx\a z >0, (95)
and

f(z;0,\0)=Ce P (z), x>0, (96)
where § > 0, A > 0,« > 0 are parameters C' = 911(1) and P(z) =z + 1+ O"\((H;; —(A=0)z,

Remarks 1.39. (a)The pdf (96) has the same form as the pdf (82). (b) Similar statements can be said for Gompertz-
Lindley and Log-Normal Lindley distributions mentioned in Sakthivel and G. (2024).

49) The cdf and pdf of (MGPW) are given, respectively, by

1 [1-(1+x2")7] b1
F(z;a,B,\a,b,¢) = B(ab)/ w1 —wu)"du, x>0, 97)
and
d
f(I;O[,IB,A,GJ,b,C):%F(QZ;Q,IB,A,Q,Z),C), I>O, (98)

where «, 5, A, a, b, ¢ are all positive parameters.

Remark 1.40. Taking Q (x) = [1 — (1 —+ )\xﬁ)a] ©. x>0, the cdf (97) can be written as

B(a,b

which was mentioned in Remark 1.37 in Hamedani (2023).

1 Q(x) b1
F(x;a,ﬂ,)\,a,b,c)>/ w1 —u) " du, x>0,
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50) The cdf and pdf of (GCEBT) are given, respectively, by

exp [9 (eCHa(f”) - 1)] -1

F(z;0,60,C) = R 99
(.'IT,CY, ’C) exp [0 (GC - 1)} - 1 ) HANS y ( )
and
d
fle0,0,0) = — F(2;0,0,¢), w€R, (100)
x
where a > 0,60 € R, ¢ > 0 are parameters and H (x) is a baseline cdf.
Remark 1.41. Taking G (x) = %, x € R, the cdf (99) can be expressed as
exp [0G (z)] — 1
F(r;0,0,) = —————— R
(z;,0,() opl—1 r €R,

which was mentioned in Remark 1.1.

51) The cdf and pdf of (Log-L) are given, respectively, by

log {1 —(1-p) (%) e‘aw}

Fla:f.p) =1~ log (p)

, x>0, (101)
and

F@:0.0) = S F (@:0,p), >0, (102
where 6 > 0, p > 0 are parameters.
Remark 1.42. Taking G (z) =1 — (M) e~ 0% 2 >0, the cdf (101) will reduce to the cdf mentioned in Remark

0+1
1.29.

52) The cdf and pdf of (MITW) are given, respectively, by

F(z;a,8,\) = a<1_€_(§) ) —, x>0, (103)
1-(1-a) (1fe*(f)[>

and
d

f(x;a,ﬁ,)\):%F(x;a,/B,)\), x>0, (104)

where «, 3, A are all positive parameters.
N
Remark 1.43. Tuking G (x) =1 — ef(X) , x> 0, the cdf (103) can be written as
Clo) s,

1i(1-1) (1_6—(x‘) )

[e3%

F(r;0,8,A) =

which is a special case of the cdf mentioned in Remark 1.80 in Hamedani (2023).

53) The cdf and pdf of (NTWE) are given, respectively, by

F (a0, ) = /O fwanB)du, @ >0, (105)
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and

flzx;a,8) =Ce **P(x), x>0, (106)
where o > 0, 3 > 0 are parameters, C' = “(BT'ZIF and P (z) =1— (1 + %) e~br,
Remark 1.44. The pdf (106) is similar to the pdf (96).

54) The cdf and pdf of (GMOT-G) are given, respectively, by

. B all —G(z) {1+ X —\G (2)}] 0
F(z;0,0,6,\)=1— 1—(1—a)[l—G(x){l—i—)\—)\G(:ﬂ)}J , z€eR, (107)
and

dz
where § > 0, > 0,8 > 0, A € [—1, 1] are parameters and G (z) is a baseline cdf.

Remark 1.45. Taking K (z) = G () {1+ X — AG (z)}, z € R, the cdf (107) can be expressed as

all-K(@)] |
F (x; =1-
wionas ) =1- [ LSy
1-K(x)
=1- , TeR,
st(-3) [1—K(:v>]1
which is the same as the cdf (47).
55) The cdf and pdf of (TCPKwL) are given, respectively, by
N
4 z\ "
F(z;\,0,0,8,u) = —arctan |1 — [1— 1_(1+ﬂ> , x>0, (109)
T
and
2\ ! AN A
f(x;/\,t?,a,ﬂ,,u)—0<1—|—6> 1_(1+5> P(z), x>0, (110)

a—1

ey e )

where A, 0, a, 3, 11 are all positive parameters, C' = 40°X0 ynd P (z) =

B 0 2a
" 1+{17[17(17(1+%)’“)k] }
Remark 1.46. Similar characterizations can be stated for Truncated Cauchy Power Kumaraswamy Exponential

(TCPKwE) distribution and Truncated Cauchy Power Kumaraswamy Rayleigh (TCPKwE) distribution proposed by
Elbatal et al. (2024a).

56) The cdf and pdf of (IPZ) are given, respectively, by

F(zid,w)= [ f(udw)du, = >0, (111)
0

and
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f(x;0, o.)) =Cz "™ P (x), x>0, (112)
where § > 0,w > 0 are parameters, C' = 5+2 and P (z) = 272 (1 + av).

Remark 1.47. The pdf (112) is similar to the pdf (90).

2. Characterization of Distributions

As mentioned in the Introduction, characterizations of distributions is an important area of research which has recently
attracted the attention of many researchers. This section deals with various characterizations of the distributions listed
in the Introduction. These characterizations are based on: (¢) a simple relationship between two truncated moments;
(49) the hazard function; (¢i¢) the reverse hazard function and (iv) conditional expectation of a single function of
the random variable. It should be mentioned that for the characterization (¢) the cdf need not have a closed form
and depends on the solution of a first order differential equation, which provides a bridge between probability and
differential equation.

2.1. Characterizations Based on Two Truncated Moments

In this subsection we present characterizations of the distributions mentioned in the Introduction, in details, in terms
of a simple relationship between two truncated moments. Our first characterization result employs a theorem due to
(Glénzel, 1987), see Theorem 2.1 below. Note that the result holds also when the interval H is not closed. Moreover,
as mentioned above, it could be also applied when the cdf F' does not have a closed form. As shown in (Glidnzel,
1990), this characterization is stable in the sense of weak convergence.

Theorem 2.1. Let (2, F,P) be a given probability space and let H = |[d,e] be an interval for some d < e
(d = —00, e = 00 might as well be allowed) . Let X : Q@ — H be a continuous random variable with the distribution
function F' and let q1 and qs be two real functions defined on H such that

Elg (X) [X > 2] =E[q (X) [ X >a]n(x), z€H,

is defined with some real function 1. Assume that q1,q2 € C* (H), n € C? (H) and F is twice continuously differen-
tiable and strictly monotone function on the set H. Finally, assume that the equation nq1 = q2 has no real solution in
the interior of H. Then F' is uniquely determined by the functions q1, q2 and 1), particularly

= : 77/ (U) ex —S(u U
Fw‘lchwm (| &P (75 (W) du.

(u) — g2 (u
77’ q1

where the function s is a solution of the differential equation s' = T and C' is the normalization constant,
such that [, dF = 1.

Here is our first characterization.

Proposition 2.1. Let X : Q — (0,1) be a continuous random variable and let q; (z) = (1 — )" and ¢ (z) =
q1 (z) (1 — :17)5 for 0 < x < 1. The random variable X has pdf (2) if and only if the function n defined in Theorem
2.1 has the form

1
n(x)zﬁ(l—a:)ﬂ, 0<z<l
Proof. Let X be arandom variable with pdf (2), then
LB( 1+,3 B-1 (14 5) B
1-F E X>x du = 1-— 0 1
( () g1 (X) | 915 —u) u 2+[3( x)"”, <z <l,

and
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5 1"‘5 28-1 (1+5) 23

1-F X > — duy = — (1 — 1

( (z)) E'g2 (X) | ] 15 u) u 2(2+5)( )", 0<z<l,
and finally

n(r)q (r) —q (x) = _qlé:v) (1 —x)ﬁ <0 for 0 <z <1.
Conversely, if 7 is given as above, then
!
s’ (x) = n (z) 0 (@) =B(1-2)"", 0<z<l,
= e -—ew "0

and hence
Now, in view of Theorem 2.1, X has density (2). O

Corollary 2.1. Let X : Q — (0,1) be a continuous random variable and let ¢, (x) be as in Proposition 2.1. The pdf
of X is (2) if and only if there exist functions qs and 1 defined in Theorem 2.1 satisfying the differential equation

() ¢ (x)
n(x) g1 () = g2 (z)

Corollary 2.2. The general solution of the differential equation in Corollary 2.1 is

=B(1-a2)", 0<z<l

1@ =27 |- [50-2"" @ @) w@do+ D).
where D is a constant.
Proof. If X has pdf (2), then clearly the differential equation holds. Now, if the differential equation holds, then

W (@) =B1—2)" @) —Bl-2)" (a1 (2) g2 (2),

or

1—2) 0 (2) - BA-2)" " n(z)=-B1-2)"" (01 (2)) " g2 (2),

or

a2 a @} =0 -2/ (@0 @) e @),
from which we arrive at
n(x)=(1-z)" { /ﬁ (1-2)"" (g1 (2) g2 (2)dz + D] .
O

Note that a set of functions satisfying the differential equation in Corollary 2.1, is given in Proposition 2.1 with D = 0.
However, it should also be noted that there are other triplets (g1, g2, 1) satisfying the conditions of Theorem 2.1.

Proposition 2.2. Let X : Q — (0,00) be a continuous random variable and let q; (z) = [P (2)]”" and ¢z (z) =
q1 (z) e for x > 0. The random variable X has pdf (10) if and only if the function 1 defined in Theorem 2.1 has
the form
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Proof. Let X be arandom variable with pdf (10), then

1-F@)Eqg(X)|X>z2]= / Ce Mdu = %e*)‘w, x>0,
and
o
C .
(1-F@)Elg(X)|X >2]= / Ce My = 56_2)‘“‘, x>0,
x
and finally
n(x)q (z) — g2 (z) = —(hT(x)e_’\”” <0 for > 0.
Conversely, if 77 is given as above, then
Yy M@aE@
n@)a () —g@) ’
and hence
s(xz) =Xz, xz>0.
Now, in view of Theorem 2.1, X has density (10). O]

Corollary 2.3. Let X : Q — (0,00) be a continuous random variable and let ¢, () be as in Proposition 2.2. The
pdf of X is (10) if and only if there exist functions qo and 1) defined in Theorem 2.1 satisfying the differential equation

o)

@ a (@) - @) v 0

Corollary 2.4. The general solution of the differential equation in Corollary 2.3 is

n(x) = e [— / e A (@1 (90))_1 g2 (x)dz+ D],

where D is a constant.

Proof. The proof is similar to that Corollary 2.2. O

Note that a set of functions satisfying the differential equation in Corollary 2.3, is given in Proposition 2.2 with D = 0.
However, it should also be noted that there are other triplets (g1, g2, 1) satisfying the conditions of Theorem 2.1.
Proposition 2.3. Ler X : Q — (0,1) be a continuous random variable and let ¢, (z) = [P ()] and g, (z) =
q1 (x)x™? for 0 < x < 1. The random variable X has pdf (22) if and only if the function 1) defined in Theorem 2.1
has the form

n(x)=%(afﬁ+1), 0<a<l1.

Proof. Let X be arandom variable with pdf (22), then

(1-F(z)E[n (X) |X>m}:/1ﬁ50u’81du:50(xﬁ—1), 0<z<l,
and

oo

1
(1-—F(z))Flg2(X) | X > 2] :/ ﬁéau_w_ldu:?(:r_w—l), 0<z<l,

and finally

Characterizations of Certain (2023-2024) Introduced Univariate Continuous Distributions IT 256



Pak j.stat.oper.res. Vol.21 No. 2 2025 pp 237-271 DOI: https://doi.org/10.18187/pjsor.v21i2.4653

n(z)q (z) — g2 (x) = _qléx) (77 -1) <0 for 0<z<1.
Conversely, if 7 is given as above, then
/ —B—1
S/(J?): n (x)(h(x) :Bf‘ . 0<z<l,

n@)q () —q) =8-1
and hence

s(r)=—log(z™"-1), 0<z<l
Now, in view of Theorem 2.1, X has density (22). O

Corollary 2.5. Let X : Q — (0,1) be a continuous random variable and let g, (x) be as in Proposition 2.3. The pdf
of X is (22) if and only if there exist functions qo and 1 defined in Theorem 2.1 satisfying the differential equation

W@ e
n(@)q(z) —q@) 27F-1
Corollary 2.6. The general solution of the differential equation in Corollary 2.5 is

O<z<l1.

7Nx)=($_ﬁ—]);lLﬂ/ﬁx_ﬂJ(%lxﬁ_lqz@ﬂdx+lD,

where D is a constant.

Proof. The proof is similar to that Corollary 2.2. O

Note that a set of functions satisfying the differential equation in Corollary 2.5, is given in Proposition 2.3 with D = %
However, it should also be noted that there are other triplets (g1, ¢2,7) satisfying the conditions of Theorem 2.1.

Proposition 2.4. Let X : Q — (0, 00) be a continuous random variable and let ¢, (z) = (14 0z)~" and g3 (z) =
q1 () =% for x > 0. The random variable X has pdf (24) if and only if the function 1 defined in Theorem 2.1 has
the form
1 —0x
n(z) = 2€ 5, T> 0.
Proof. Let X be arandom variable with pdf (24), then

o0 1
(1- F (@) Elq (X) | X > 2] = / betau= e 250

and
>~ 9 —260u 1 —20x
(1-F(@)Elg(X) | X >2]= 2¢ du:Ze , x>0,
and finally
n@)q (z) — g2 (z) = _q12(a:) e % <0 for z>0.

Conversely, if 7 is given as above, then

/
o (@) = n () q1 (z) —0, =0,
n (@) q (z) — g2 (z)
and hence
s(z)y=0x, x>0
Now, in view of Theorem 2.1, X has density (24). O
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Corollary 2.7. Let X : Q — (0,00) be a continuous random variable and let ¢, (x) be as in Proposition 2.4. The
pdf of X is (24) if and only if there exist functions qo and 1 defined in Theorem 2.1 satisfying the differential equation

' () @ (x)

n(@) a1 (z) — a2 () ’

, x>0.

Corollary 2.8. The general solution of the differential equation in Corollary 2.7 is

0@ = |- [0 (@ ) @) o+ D)
where D is a constant.

Proof. The proof is similar to that Corollary 2.2. O

Note that a set of functions satisfying the differential equation in Corollary 2.7, is given in Proposition 2.4 with D = 0.
However, it should also be noted that there are other triplets (g1, g2, 1) satisfying the conditions of Theorem 2.1.

Proposition 2.5. Ler X : Q — (01,02) be a continuous random variable and let q; (x) = 1 and ¢ (x) =
exp [— ’\((02:?;1))} , for 01 < x < 6. The random variable X has pdf (28) if and only if the function 7 defined
in Theorem 2.1 has the form

1) = o |- =)

5 :l , 0 <z <0,
Proof. Let X be arandom variable with pdf (28), then

2 X (02 — 61) o [_)\(uﬂl)] i

(1—F(x))E[q1(X)|X21‘]=/ (0 —u)

x (92 - u)2

— ox _/\(37—91) z
= p{ (92—1'):|7 01 < x < 0y,
and
Pl o [0 T 2 (u—0)]
(1-F(z)Elg2(X) | X > ]*/I (02—u)2 p{ (03 — ) ]d’
_1 2)\(1’—01)
_§eXp [—M]’ 91<$<927
and finally

D(@) a1 @) - a2 1) = — 2 exp [—M

f 0.
5 (02—$)}<0’ or 01 <z <6y

Conversely, if 7 is given as above, then

/ —
d@=—t@n A0y,
n(z)q (z) — ¢z (2) (02 — )
and hence
A0z —04)
= - 0 0 .
S((E) (92—1‘) , 1< x<ts
Now, in view of Theorem 2.1, X has density (28). O]
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Corollary 2.9. Let X : Q — (01,02) be a continuous random variable and let q, (x) be as in Proposition 2.5. The
pdf of X is (28) if and only if there exist functions qo and 1 defined in Theorem 2.1 satisfying the differential equation

n (x) q1 (z) A (02 —01)
)1

n(@) g (x) — g2 (v) - (92_1,)27 01 <z <0,

Corollary 2.10. The general solution of the differential equation in Corollary 2.9 is

1) [ 0] [ At [ e

}(« ()" g2 (&) da + D ,

where D is a constant.

Proof. The proof is similar to that Corollary 2.2. O

Note that a set of functions satisfying the differential equation in Corollary 2.9, is given in Proposition 2.5 with D = 0.
However, it should also be noted that there are other triplets (g1, g2, 7) satisfying the conditions of Theorem 2.1.

Proposition 2.6. Let X : Q — (0,00) be a continuous random variable and let ¢, (z) = [P ()]

¢
q1 () ¢~ (cot+3a?) ,for x > 0. The random variable X has pdf (36) if and only if the function 7 defined in Theorem
2.1 has the form

and g3 (z) =

1 ¢
n(z) = 5@‘(“‘*‘3'”2) , =>0.

Proof. Let X be arandom variable with pdf (36), then

oo

&1 2\&
(A= F@) Bl () X 2a= [ e+ (u+gu) o (et b gy,

x

g , x>0,
and
0o £—-1
1-F(z))Elg2(X) | X > 2] = c+bu) [ cu+ éu2 3*2(‘3“*%“2)5(1%
2

_ %sz(mgzz)f, £>0,
and finally

_ o (I) —(cm+km2)£

1(2) g (@) = g2 () = ———¢ 2*°)" <0, for > 0.

Conversely, if 7 is given as above, then

/ b £-1
s (x) = "' (2) a1 (2) =¢(c+bx (cm+x2> , x>0,
O = TP a@ - Tt
and hence
b 13
s(x) = <cx—|—2x2> , >0
Now, in view of Theorem 2.1, X has density (36). O]
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Corollary 2.11. Let X : Q — (0,00) be a continuous random variable and let q; (x) be as in Proposition 2.6. The
pdf of X is (36) if and only if there exist functions qo and 1 defined in Theorem 2.1 satisfying the differential equation

n/(x)ql (m) (e o (e éx2 £—1 i
e e BICRE] G )

Corollary 2.12. The general solution of the differential equation in Corollary 2.11 is

€ ¢t b 28 1
(o) = el [/ elertn) (et ga) e (0 @) @) ot D)

where D is a constant.
Proof. The proof is similar to that Corollary 2.2. O

Note that a set of functions satisfying the differential equation in Corollary 2.11, is given in Proposition 2.6 with
D = 0. However, it should also be noted that there are other triplets (g1, ¢2,7) satisfying the conditions of Theorem
2.1.

Proposition 2.7. Let X : Q — (0,00) be a continuous random variable and let ¢, (x) = [P (x)]”" and ¢a (z) =

q1 () (1 + (f)c) - ,Jor @ > 0. The random variable X has pdf (54) if and only if the function n defined in Theorem
2.1 has the form

n(x) = % (1+ (f)c)il, x> 0.

s
Proof. Let X be arandom variable with pdf (54), then

and
(1-F @) Elp(X) | X > = /f e ()7 (14 (%)) aw
- E (5 w0
and finally

1@a @) - o =12 (14 (D)) <o for a0

Conversely, if 7 is given as above, then

c—1
, 7 (z) g1 (v) (£) (%)
= = y C b) > 07
) e —e@® G+ (@)
and hence
s(x) zlog{(l—i— (z)c)}, x> 0.
Now, in view of Theorem 2.1, X has density (54). O

Corollary 2.13. Let X : Q — (0,00) be a continuous random variable and let q; (x) be as in Proposition 2.7. The
pdf of X is (54) if and only if there exist functions qo and 1) defined in Theorem 2.1 satisfying the differential equation
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ROION
(@) (14 (2))

Corollary 2.14. The general solution of the differential equation in Corollary 2.13 is

1= (1 )T O T 040w nere o]

where D is a constant.

x> 0.

n(x)q (@
n(x)q (z) —

Proof. The proof is similar to that Corollary 2.2. O

Note that a set of functions satisfying the differential equation in Corollary 2.13, is given in Proposition 2.7 with
D = 0. However, it should also be noted that there are other triplets (g1, g2, ) satisfying the conditions of Theorem
2.1.

Proposition 2.8. Ler X : Q — R be a continuous random variable and let qi (z) = [P (z)]”" and ¢ () =

_ b
q1 () (1 e (x; f)) , for x € R. The random variable X has pdf (64) if and only if the function 7 defined in

Theorem 2.1 has the form

n(z) = ;{1+( (xg))} z €R.

Proof. Let X be arandom variable with pdf (64), then

o0 _ s b—1
(- F@)Ela ()X 2= [ Co@Two(1-C @) du
C*

- = {1-(1— (z; 5)) } zER,

and
(- F@)Ele() | X 20 = [T CgwoTue (1-C ) d
- Zl: {1_(1_ (@3 5))%}, z €R,
and finally

¢ (2)

n(@)q(z) — g2 (z) = B {1—(1— (xf))}>0, for x € R.

Conversely, if 7 is given as above, then

by (1:6) T (:6) (1T (w:6))
/ €, - Z;
Yy T@aE b Ceem
0 (@) a1 (7) — g2 (2) 1- (1-C @:0))
and hence
s(:r):—log{ (1— (z; g)) } x> 0.
Now, in view of Theorem 2.1, X has density (64). O]
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Corollary 2.15. Let X : Q — R be a continuous random variable and let ¢, (x) be as in Proposition 2.8. The pdf of
X is (64) if and only if there exist functions qo and 1) defined in Theorem 2.1 satisfying the differential equation

= , zeR

' (2) g1 (2) by (2;€) G (x;€) (1 -G (x;é“))b_1
n(z)q (x) — g2 () L (1 & (x;§)>b

Corollary 2.16. The general solution of the differential equation in Corollary 2.15 is

n(x) = {1 - (1 -G (J:;f))b}_l {—/bg (2;6) G (1;€) (1 -G (m;f))lFl (@1 (Jc))_1 g2 (x)dz+ D|,
where D is a constant.

Proof. The proof is similar to that Corollary 2.2. [

Note that a set of functions satisfying the differential equation in Corollary 2.15, is given in Proposition 2.8 with
D = 0. However, it should also be noted that there are other triplets (q1, g2, ) satisfying the conditions of Theorem
2.1.

Proposition 2.9. Let X : Q — (0,00) be a continuous random variable and let q, (z) = (1 + e‘ﬁza)AH and

¢ () = q1 (x) e P, for x > 0. The random variable X has pdf (84) if and only if the function 1 defined in
Theorem 2.1 has the form
1

n(x) = 56_5”“'&, x> 0.

Proof. Let X be arandom variable with pdf (84), then

1-F@)E[q@(X)|X>z]= / af e P du = Ae™F ) >0,

xT

and
> a—1_-—2Bu” A —2Bz
(1-F(z)E[g(X) | X >z]= afiu®" e du:§e , x>0,
and finally
n(x)q () — g2 (z) = _CMT(JC)e_ﬁx“ <0, for x> 0.

Conversely, if 7 is given as above, then

!/

SI(IE): n (l’)(h (LU) :OlﬁfEa_l, .’L'>0,
n(x) g1 () — g2 (2)

and hence

s(x)=px% x>0.
Now, in view of Theorem 2.1, X has density (84). O

Corollary 2.17. Let X : Q — (0,00) be a continuous random variable and let q; (x) be as in Proposition 2.9. The
pdf of X is (84) if and only if there exist functions qo and 1) defined in Theorem 2.1 satisfying the differential equation

' () @ (x)
) @

_ a—1
TPae -—ne e £20
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Corollary 2.18. The general solution of the differential equation in Corollary 2.17 is

0 (@) = 5= [ [asarte s (@ @) @)+ D).

where D is a constant.

Proof. The proof is similar to that Corollary 2.2. O

Note that a set of functions satisfying the differential equation in Corollary 2.17, is given in Proposition 2.9 with
D = 0. However, it should also be noted that there are other triplets (g1, g2, ) satisfying the conditions of Theorem
2.1.

Proposition 2.10. Let X : Q — R be a continuous random variable and let ¢ (z) = [P (z)]”" and ¢ (z) =

—1
q1 () (15;8(5_)8)) , for © € R. The random variable X has pdf (86) if and only if the function n defined in
Theorem 2.1 has the form

n(x) = Cil (ng(;;;)E))_l, z €R.

Proof. Let X be arandom variable with pdf (86), then

oo

) " —c—1
(1-F(z)E[q (X) | X > 2] :/ = i _g((;u{j)@f (1 fé(;)a)> .
O Gze) \°

_ (1—G(m,6)> , = €R,

and
I P ) Gue) \™7F
(1 - F () Blgz (X) |X23:]—/x ¢ [1—G(u;€)]2 (1_G(U35)> I
C* Glze) \ "
c+1<1—G(Jc;€)) » 2eR,
and finally

n(x)q () —q(x) = _a (@) ( G (z;¢)

—1
fi R.
1 1—G(w;€)> <0, for z €

Conversely, if 7 is given as above, then

g(zse)
S (z) = n@a@) ([1—G<x;e>]2) _ cg (z;€) ER
n(@)qu(z) — g2 (x) (153&;;.)8)) G(z;e)[1 =G (wse)] ’
and hence
G (x;e
s(x) zclog{<1_((;(m)€))}, z eR.
Now, in view of Theorem 2.1, X has density (86). L]

Corollary 2.19. Let X : Q — R be a continuous random variable and let q1 (x) be as in Proposition 2.10. The pdf
of X is (86) if and only if there exist functions qo and 1 defined in Theorem 2.1 satisfying the differential equation

n"(@aq@) cg (z;¢)
n(@)q(z) =g (x)  G(z;e)[1 -G (z;¢)]
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Corollary 2.20. The general solution of the differential equation in Corollary 2.19 is

where D is a constant.

Proof. The proof is similar to that Corollary 2.2. O

Note that a set of functions satisfying the differential equation in Corollary 2.19, is given in Proposition 2.10 with
D = 0. However, it should also be noted that there are other triplets (g1, g2, ) satisfying the conditions of Theorem
2.1.

Proposition 2.11. Ler X : Q — (0,00) be a continuous random variable and let q, (z) = [1— (1 —e™*)"] s

and g3 (z) = q1 (x) (1 — e=®)* | for x > 0. The random variable X has pdf (94) if and only if the function 1) defined
in Theorem 2.1 has the form

1 o
77(:1:):5{1+(1—67m) b, >0.
Proof. Let X be arandom variable with pdf (94), then

(1-F(2))Elq (X) |X2:v]:/waﬁe_"(l—e_“)a_lduzﬂ{l—(1—6_7‘)a}, x>0,

and
o —u —un2a—1 B o 200
(1-F(@)E[gp(X)|X>z]= afe™ (1—e™) duzi{lf(lfe ) }, x>0,
and finally
xr —r\«
n(w)ql(x)—qQ(w):qlé){1—(1—6 ) }>O, for x > 0.
Conversely, if 7 is given as above, then
/ —T (] e a—1
S/ (l‘) — n (33) q1 (33) — ae ( € )a , .1?>0,

n(x)q (x) — g2 (v) I—(1-e™)
and hence

s(x):flog{lf(lfefx)a}, xeR.
Now, in view of Theorem 2.1, X has density (94). O

Corollary 2.21. Let X : Q — (0,00) be a continuous random variable and let q; (x) be as in Proposition 2.11. The
pdf of X is (94) if and only if there exist functions qs and 1 defined in Theorem 2.1 satisfying the differential equation

W@a@ —aet(1—e)™
n (@) q () — g2 (z) 1—(1—e®)* 7

Corollary 2.22. The general solution of the differential equation in Corollary 2.21 is

x> 0.

n(x) = {1 - (1 — e_w)a}_l [—/ae‘”‘ (1 - e_““q)afl (q1 (x))f1 g2 (z)dz+ D],
where D is a constant.

Proof. The proof is similar to that Corollary 2.2. O
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Note that a set of functions satisfying the differential equation in Corollary 2.21, is given in Proposition 2.11 with
D = % However, it should also be noted that there are other triplets (g1, g2, 17) satisfying the conditions of Theorem
2.1.

Proposition 2.12. Ler X : Q — (0, 00) be a continuous random variable and let ¢, (x) = [P (x)]_1 and g3 (x) =
A

—
q1 () (1 . (1 + %) ) ,for © > 0. The random variable X has pdf (110) if and only if the function n defined

in Theorem 2.1 has the form
A
1 x\ "
=—-<1 1—11+ = 0.
n () 5 LT < ( + 5) > , T >

Proof. Let X be arandom variable with pdf (110), then

(1—FY@)EMMX)LX>xhiLwC<l+Z>Ml(l—(1+g)L>A4du
:% 1-(1—<1+2>_H>A . x>0,
and
(I—PW@)EMAX)‘X>xhiéw0<l+g>ILI(L—(L+Z>M>%_1M

CB —u 22
T

and finally

—u A
n(x)ql(x)—qQ(w)=q12(x) 1—<1—<1+Z> ) >0, for z>0.

Conversely, if 7 is given as above, then

s (x) = = , x>0,
e PR ey e
1—(1-(1+32)
and hence
z\ " *
s(z)=—log¢1l— 1_<1+5> , z€eR
Now, in view of Theorem 2.1, X has density (110). ]

Corollary 2.23. Let X : Q — (0,00) be a continuous random variable and let ¢, (x) be as in Proposition 2.12. The
pdf of X is (110) if and only if there exist functions q and n defined in Theorem 2.1 satisfying the differential equation
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A—1

ywaw ) (1 -(1+ ZY“)
) 1

0 @) —q@) 1—(1—(1+2)“>A . x>0.

Corollary 2.24. The general solution of the differential equation in Corollary 2.23 is

n(z

where D is a constant.
Proof. The proof is similar to that Corollary 2.2. O

Note that a set of functions satisfying the differential equation in Corollary 2.23, is given in Proposition 2.12 with
D= % However, it should also be noted that there are
other triplets (g¢1, g2, 1) satisfying the conditions of Theorem 2.1.

2.2. Characterization in Terms of Hazard Function

The hazard function, h g, of a twice differentiable distribution function, F, satisfies the following first order differential
equation

(@) _ ()

f@) he(z)
It should be mentioned that for many univariate continuous distributions, the above equation is the only differential
equation available in terms of the hazard function. In this subsection we present non-trivial characterizations of 5 of
the new distributions in terms of the hazard function, which are not of the above trivial form.

- hF(l‘)

Proposition 2.13. Let X : Q@ — (0, 1) be a continuous random variable. The random variable X has pdf (2) if and
only if its hazard function hp (x) satisfies the following differential equation

Wo(z)—(1—a) 'hp(x) =281 —2)" ' Q+8+28)"%, 0<z<1,

_ B(4H)

with the boundary condition lim,_,o h (z) pr

Proof. Multiplying both sides of the above equation by (1 — m)ﬁ , we have

oo he @} =280 -2 @4+ +28)7,
or
(1—2)" hp (z) = /25 (1—2)"" 2+ +28) " da,
or
B —3 B—1 11 B(4+5) 1+2)(1—2)"
hi (@)= (1=2) " [B1+8) (1 +2)(1-2)" " @+ B+28) "] = o s en)
which is the hazard function corresponding to the pdf (2). O
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Proposition 2.14. Let X : Q — (0,00) be a continuous random variable. The random variable X has pdf (24) if
and only if its hazard function hp (x) satisfies the following differential equation

Wy (z) + 00z +2) " hp (x) =62 0z +2)"", x>0,
with the boundary condition lim,_,o hp () = g.

Proposition 2.15. Let X : Q — (61,02) be a continuous random variable. The random variable X has pdf (28) if
and only if its hazard function hp (x) satisfies the following differential equation

R () —2(02 — 2) the (2) =0, 6, <z < 6,

A
0>—01°

with the boundary condition lim,_,¢, hp () =

Proposition 2.16. Let X : Q — (0,00) be a continuous random variable. The random variable X has pdf (36) if
and only if its hazard function hp (x) satisfies the following differential equation

2

-1
= (cm + gx2> % {(c + bx) (5 +¢ (cx + Zﬁ) e‘/’(""”gﬂig)) } ;

with the boundary condition lim,_,o hp (x) = 0 for £ > 1.

Wy (z) — (€ = 1) (¢ + bx) (ca: + b:c2> - hp ()

Proposition 2.17. Let X : Q — (0,00) be a continuous random variable. The random variable X has pdf (94) if
and only if its hazard function hp (x) satisfies the following differential equation

e At ==

with the boundary condition lim,_,o hp (x) = 0 for a > 1.

2.3. Characterization in Terms of the Reverse (or Reversed) Hazard Function

The reverse hazard function, rr, of a twice differentiable distribution function, F', is defined as

f(x)

=y

xr € support of F.
In this subsection we present characterizations of 3 of the new distributions in terms of the reverse hazard function.

Proposition 2.18. Let X : Q — (0, 1) be a continuous random variable. The random variable X has pdf (22) if and
only if its reverse hazard function r (x) satisfies the following differential equation

() + (B+1) z g (z) = —f%00 (0 — 1) x— 2B+ (78 + 1)0_2, 0<z<l,

with boundary condition lim,_,1 rp () = 0 for o > 1.

Proposition 2.19. Let X : Q — (0,00) be a continuous random variable. The random variable X has pdf (84) if
and only if its reverse hazard function rp (x) satisfies the following differential equation

_ . d e P
' (x) — (o= 1)z rp (z) = afra® 1dx{1—|—e—5-"f“}’ z >0,

with boundary condition rg (0) = 0 for o > 1.
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Proposition 2.20. Ler X : Q — (0,00) be a continuous random variable. The random variable X has pdf (88) if
and only if its reverse hazard function rp (x) satisfies the following differential equation

e () + 2rp (z) = =272 (1 — 6_21)72 , x>0,

with boundary condition lim,_, rr () = 0.

2.4. Characterization Based on the Conditional Expectation of Certain Function of the Random Variable

In this subsection we employ a single function > (or 1/1) of X and characterize the distribution of X in terms of the
truncated moment of v (X)) (or 11 (X)). The following propositions have already appeared in Hamedani’s previous
work (2013), so we will just state them here which can be used to characterize 6 of the new distributions listed in
Section 1.

Proposition 2.21. Let X : Q — (e, f) be a continuous random variable with cdf F . Let v (x) be a differentiable
Sfunction on (e, f) with lim,_,.+ ¢ (x) = 1. Thenfor § #1,

Elp(X) [ X zz]=6¢(x), zel(ef),
if and only if

Y(@)=1-F@) ", ze(ef)

Proposition 2.22. Let X : Q — (e, f) be a continuous random variable with c¢df F. Let ¢y () be a differentiable
function on (e, f) with lim,_, ;- ¢y (x) = 1. Then for §; # 1,

Efp(X) | X <z] =61 (x), z€(ef)

implies

Remarks 2.1.

(1 77
(A) For(e,f)=(0,1),¢1 (x) =€ (E‘Bfl) and 61 = %, Proposition 2.22 provides a characterization of the
PUGT?2 distribution.

(B) For (e, f) = (0,00), ¢ () = (30 + 1)1/6 e *andd = 9%, Proposition 2.21 provides a characterization of
the NXL distribution.

(C) For (e, f) = (61,02), ¢ (z) = exp [— Eg;_eéﬂ and 6 = %_H, Proposition 2.21 provides a characterization of
the DBE distribution.

(D) For (e, f) = (0,00), 1 (z) = (1 + e_ﬁ"ca)i1 and 61 = %—5-1’ Proposition 2.22 provides a characterization of
the LBIII distribution.

(E) For (e, f) = (0,00), ¢y (z) = (1 +e72%) and §; = a1, Proposition 2.22 provides a characterization of the
LTL distribution.

(F) For (e, f) = (0,00), ¢ (z) =1— (1+e )" and § = %, Proposition 2.21 provides a characterization of
the Log-Kw distribution.
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