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Abstract

The present paper deals with the application of ratio type estimator to estimate population mean for small
area on current occasion in repeated surveys. The estimation of population mean for small area on current
occasion has been proposed using separate ratio-type estimator and combined ratio-type estimator. The
mean square errors (MSE) of proposed estimators have also been derived and show that the estimate based
on combined ratio-type estimator is more efficient than separate ratio-type estimator, under certain
conditions. In addition, this theoretical result is supported by an empirical study.
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1. Introduction

The early work in the small area estimation can be dated back to 1966 and 1968 when
Panse et al. (1966) and Singh (1968) examined the feasibility of using double sampling
for estimation of yield at the block level. The technique consisted in selecting a large
sample of villages and fields from the block for eye estimation of yield prior to the
harvest and combining it with results of crop cutting experiments conducted on a sub-
sample for obtaining estimates of average yield at the block level. The technique
envisaged presence of a strong positive correlation between eye estimate and the actual
yield harvested. However, this approach could not succeed due to various physical
constraints. It may be remarked that small area statistics techniques are not the substitute
for sample survey approach if the survey approach is within the budget constraints. A
comprehensive review of small area statistics was given by Purcell and Kish (1979) and
Ghosh and Rao (1994). Many studies dealing with the small area estimation problem
have been discussed by various authors viz. Sukhatme and Sukhatme (1970), Gonzalez
(1973), Cochran (1977), Ghangurde and Singh (1977), Fay and Herriot (1979),
Unnikrishan and Kunte (1995), Rao (1999), Upadhyaya and Singh (1999), Kadilar and
Cingi (2005), Singh et al. (2005), Jiang and Lahiri (2006), Singh and Vishwakarma
(2007), Chandra and Chambers (2009), Salvati et al. (2010), Tzavidis et al. (2010) and
Singh and Sisodia (2007, 2011). Information on many characteristics is required over
time for planning and making policy decision. In some of the dynamic populations, the
characteristics change rapidly over time. Such interests are reflected in periodic censuses
of human population, agriculture, livestock etc. Time interval of such censuses is quite
long. Census at smaller time interval is also not feasible because of involvement of huge
cost and time. The data on many of the characteristics, even on some of the items in
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censuses, are required at smaller time interval; for example, agricultural produce, area
under different crops, fertilizer consumption, livestock number and its products,
prevalence of rate of diseases, sex ratio, composition of families, level of education,
unemployment etc. for formulation of development programmes and to make other
important policy decisions. Thus, when a sample survey of a population is conducted
over different occasions, i.e. over a particular interval of time, the system is referred to as
successive sampling over occasions or repeated surveys. In the present paper it has been
attempted to propose the estimates of population mean for small areas on current
occasion using separate ratio-type estimator and combined ratio-type estimator and study
their properties. An empirical study is carried out to demonstrate the performance of the
proposed estimators.

2. Methodology

Consider a population of N units. Assume that the number of units remains the same but
the value of the unit changes over occasions. Further, let the variability of the population
remain the same over occasions. For simplicity, assume that a sample of size n is drawn
by the simple random sampling without replacement form the population, on the first
occasion. Out of this sample of size n, a portion m, of the sample is retained (matched) on
the second occasion and supplemented by an additional sample of size (unmatched) u
selected from the remaining (N-n) units such that size of sample on second occasion will
also be n.

For developing the relevant theory, the notation x and y will be used for the values of the
characteristics under study on the previous and current occasions, respectively. Assuming

that there are g’s (g =1, 2, ..., G) similar regions for the small areas d’s (d =1, 2, ...., D).
Further, let

X fg = sample mean for g-th group at the first occasion based on mq units that are
common to both the occasions.

)_/fg = sample mean for g-th group at the second occasion based on mg units that
are common to both the occasions.

3_/ g = sample mean for g-th group at the second occasion based on ug units that are
selected on second occasion only.

3_/_9 = sample mean for g-th group at the second occasion based on ng units.

X = sample mean for g-th group at the first occasion based on Ng UNits.

Xd = sample mean for small area, d, on the first occasion based on ngy units such

- G - N
that X¢ =Y Wy, X Where W, = N—dg
g=1 d

_ G _
Also, Yy :Zde Y 49, population mean on the second occasion for small area; d =1, 2,
g=1

D.

“ey
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Now, we proposed estimation methods for population mean Y4, based separate and
combined ratio type estimators for small areas.

2.1 Separate ratio-type method of estimation

Let W(;g denotes the weight of the (d,g)-th cell based on matched sample, i.e.

.M
W, = —% the ratio R 0= I—g for g-th group and also Z ;; denotes the weight of the
Md l X'.g
: U
(d,g)-th cell based on unmatched sample, i.e. Z , = U_ However, we will use weight

W,, in developing the estimator for Y based on matched and unmatched samples
_ G _
because Yo = ) Wy, Y.
g=1

Thus, a separate ratio-type estimator of the population mean on the second occasion, Ya,
based on matched samples is developed as

G y Yo ¢
y my szg — - Xg (211)
g=1 X g

To obtain the bias and MSE, letus define y |, = Y g+ &, X ; = X g+ &,, X ;= X g+

g4, Using these notations, we have E(¢,) =E(e,) = E(e;) =0,

E(e?) = (1/mg-1/Ng)S?
(L/my-1/Ng)S

2 E(e2) = (Umg-1/Ng) S°
E(e, £5) = (1/ng-1/Ng)S

2. E(€2) = (Ung-1/-Ng)S%, E(g,g,) =
E(8 g5) = (1ng -1/Ng) S

Y.g Xg? Y.g Xg'

where,

=
<

N

i (ngk : )2 1ilzg(ngk

1 k=1

x
H

N

> Vg =¥ )X g —Y.g)

=1 k=1

and S

Mc

Yo Xg
g -1

Q_

The bias and MSE of the estimator in equation (2.1.1) are respectively given by
1 1

_ G _ G _ —
B(ymd)=ZdeY.{m——n—J( 5, —PsC,.Cy, )+deg(v.g—vdg) (2.1.2)
g=1 g=1

9 g

However, if Y 4 = Yg, forall g =1, 2, ..., G, then second term of (2.1.2) will be
approximately zero, and (2.1.2) will reduce to

IR < o [ 1 1]~
B(Y )= 2 We Yo | ==~ 2 -p,c,.C, ) (2.1.3)
g-1

g ng
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_ G
MSE(y,,,) = W3 - |87 + Z Ll 2RSS, +R2S) (214)
d ] ng mg n 9 : . -9 -9 : 9

g g9

_ Yy . . . o a2
where R = Y_g, estimates of population ratio for the group g; g=1, 2, ..., G; SX_g and

2 .
Sy_g are the mean square error for g-th group of values of x and y respectively and also

C, and C, are the coefficient of variation of x4 and y4 respectively and p is the
-9 -9 .
correlation coefficient between x4 and y 4.

Another estimator of the population mean on the second occasion, Ya, independent of
Y m,» €an be made on the basis of u units selected on the second occasion i.e.

_ G _ .
Y, = 2 Wy ¥V (2.1.5)
g=1

Since, y ,, is also a biased estimator of Y. However, E(y , ) = Ya if Y g = Y for
allg=1,2, ..., G. If it is so, then

The MSE of y s given by

N

9 9

- & 1 1
MSE (y,,) =Y WJ [u___j s? (2.1.6)
g=1

Therefore, an improved estimator of population mean Y q, for small area, d, d=1, 2, ...,
D. on current occasion can be obtained by combining (2.1.1) and (2.1.5) as given below

=g Yo, F(1-04) Y, (2.1.7)

where ¢, is an arbitrary constant

Since, y, is also a biased estimator and assuming that Y 4= Y ¢q forall g=1,2, ..., G,
bias, therefore, is given as

B(Y 4) = dq 2 Wy, Y g {mi——] (C2, - p,C,,Cy,) (2.1.8)

[¢] g
The mean square error (MSE) of y ,, using (2.6) is given by

MSE (y 4); = 05 MSE(y ,,,) + (1 - ¢4)* MSE(y ,,) (2.1.9)

To obtain optimum value of ¢,, differentiating (2.1.9) with respect to ¢, and equating it
to zero as follows:

s IMSE(r, ). ]=2 4. MSE (v )21~ 6) MSECy,) =0
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From this equation, we obtain

B MSE(y,, )
by = = = (2.1.10)
MSE(y,, ) + MSE(y,)

From (2.8) and (2.10), we have

MSE (7 4), = MSE(y,, MSE(y,, ) 2111)
MSE(y,, )+ MSE(y,,) o

From (2.1.4), (2.1.6) and (2.1.11), we have
MSE(y 4). =

& 1 1 1 1 1 1
{;ng[%‘NgJSZ chfg[g nJ( ~20,R S, S, +RS, )}Z [u Ng] Vg
& 1 1 1 & 1 1
Wil =[Sy, + D Wig| — = IIS], —20,R S, S, +RIS: J# 2 Wg| — = IS,
; dg[ng Ng] Yg 921: dg mg ng (y‘g 9 97y, ) ; dg u, Ng Yg
(2.1.12)
For large Ng, Ni are negligible, then we have
g
¢ [nysz +(n,—m)R2SZ ~2p,R,S, S, )| ] 6 WES?,
szg Z
3 o1 myn, o1 U
MSE(y,)s =
o [nyu,SZ +u (ng -m)RES2 ~2p,R,S, S, J+myn,SE
szg
mgngug
On simplification, we get
{iw {ngs§g ru,R2s: ~2p,R 8, S, )H 6 W2S2.
dg :
_ - n,(n,-u,) = U
MSE(y ), =" o S (2.1.13)
iwz ngsy_g +ug(R-gSX_g _2p-gR-gSygSX_g)
il ngu,(n, —u,)
2 Q2 _—_c2
IfSy_g —SX_g =S°, (say) for all g, then
2
iwdz ng_ugp-29+ug(R-g_p-g) .iwdzg
— g=1 ’ ng(ng _ug) g=1 ug
MSE (y ,).= S? (2.1.14)

2 2 2 2 2
iwz ng_ugp-g+ug(R.g_p.g)
d
= n,u,(n, —uy,)
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2 - 2 :
If R, =py. When o =o; ,then (2.1.14) will reduce to

’
X_g

{ { szd
n,(n, - o Ug .
iwz ng_ugp-g
d
g=1 ’ ngug(ng_ug)

2.2 Combined ratio-type method of estimation

MSE(y ,). = (2.1.15)

In line with Hansen et al. (1946) combined ratio-type estimator, we now proposed
combined ratio-type estimator for matched samples on current occasion as:

Zdeyg B
RS — 2.2.1)

Z

and the estimate for unmatched samples on current occasion is defined earlier in (2.1.5)
as

— G —_
Yo =2 Wa Vg (2.2.2)
g=1
An improved estimator of population mean Yq, for small area d; d = 1, 2, ..., D. on

current occasion can be obtained by combining (2.2.1) and (2.2.2) given as:

Ya= 04 Y *(1-94) Y, (2.2.3)

where @, is an arbitrary constant to be obtained.

G . _ G . _ —
To obtain the bias and MSE, let us define > W,y = Ya+n,, D Wy Xg = Xa+1n,, X
g=1 g=1

=Xaq+1,, using these notations, we have E(n,) = E(n,) = E(77,) =0,

E(nyn;) Z o (Umg-UNG)S, - E(nm,) Z o Ung1Ng) S,
G ) G

E(non,) =D W (Ung-LINg)S5, , E (nf) =D W (Umg-1/INg) S,
g=1 g=1

G G
E(n2)= D Wy (1/mg-1/Ng) S2,, E(n2) = D W, (Ung-1/Ng)S?,,
g=1 g=1
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The bias and MSE of the estimator in equation (2.2.1) is given by

- _ N/ < 2 1 1 2
B(yn) = Ye 2 W, |—-—|lc2 -p,C,C, ) (2.2.4)
g=1 my, N,

where C, and C, are the coefficient of variation of xg and yq and p; is the correlation
coefficient between xgand yq .

o —_ S 2 1 1 2 & 2 1 1 (2 2c2 )
MSE(y ,,,)= > Wi | —-— syg+Zde ———18), ~2p4RS, S, +R:S;,
P n, N, P m, n

g9

B (2.2.5)
where R ;= % , estimates of population mean ratio for small area d.
d
also MSE of y , is given by
o — S 2 1 1 2
MSE (y, ) =D) Wi | ———|S? (2.2.6)
g-1 ug N, :

and applying the same procedure for (2.2.2), the bias and MSE are respectively found as
follows:

- = 1 1
B(yy) =0, Ya) Wy [m— —n—](Cig - p,gcy_gcx_g) (2.2.7)
g=1

g g
MSE of y ,, using (2.2.3) is given by

MSE(y,). = 03 MSE(y ,,) + (1 - 9,)* MSE(y ,) (22.8)

In order to find the equation of ¢, which makes the MSE minimum, we should take the
derivative of the MSE with respect to ¢, and equating this equation to zero as follows:

) ) B _
ﬁ[MSE V). |=20,MSE(y ) -2 (1~ 9,) MSE(y ) =0
d

From this equation, we obtain

MSE(y,, )

Py = = = (2.2.9)
MSE(y,,, ) + MSE(y,, )
From (2.2.3) and (2.2.8), we have
_ MSE(y,. YMSE(y
MSE(y,), = 9/““) (yid) (2.2.10)
MSE(y,)+MSE(y,,)
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Putting (2.2.6), (2.2.8) in (2.2.10), we obtain

s 1 1 1 1 s 1 1
) {;vvdz[n e - L -ms, s, o )};wdz[u—N]s;g
MSE(yd)c — 9 g g g 9 g
d 1 1 s 1 1 s 1 1
2Ws [n_N]S;’g -2 [m-n](sf-e 2RSS, + RSt} W [u‘NJ‘°’59
9 9 9 9 9 ]
2.2.11)

For large N, Ni are negligible, then after simplification, the MSE of combined ratio
g
type estimator is given by

iWZ n,S2 +U,(R2S2 ~20,R,S, S, ) iwjgsjg
_ g=1 dg ng(ng _ug) g=1 u
MSE(y,), = _ (2.2.12)
iWZ n’s?, +ug(RdSX‘g —2p,ngsy‘ng'g)
g=1 ® ngug(ng _ug)
IfSy =S5 =87, (say)forall g, then
iwz ng—ugpfg,jLug(F{d—p_g)2 iwdzg
dg '
_ g=1 ng(ng _ug) g=1 ug 2
MSE(y,), = —— : S (2.2.13)
iwdz ng_ugp-g+ug(Rd_p.g)
g=1 ’ ngug(ng _ug)
If Ry =p,, when o) = o}, then
< W2 Ng _ugp-29 < Wdzg
2 Wagy 51
g=1 ng(ng _ug) g=1 ug )
MSE(y,), = S (2.2.14)

ngug(ng - ug)

¢ G nz_uzpz
2 9 9h.g
Z\ng{

The equations (2.1.15) and (2.2.14) shows that these are similar under the following
conditions R =p,, Ry =p,and o = o .

3. Efficiency comparisons

It is interesting to compare (2.1.13) and (2.2.12) and to note that the MSE of the
combined ratio estimate has the same form as that of the ratio estimate based on separate
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group except that there is now a single ratio R in place of R ;. The difference between
the mean square errors of (2.1.13) and (2.2.12) can be expressed as

MSE (y 4).- MSE (y 4), =
s, [nS +u Ris: -2p,R,S, S, )| ] e WES?,
ng(ng _Ug)

: {nzs2 +ut(R2S? ~20,R,S, S,

9%y,

ngug(ng _ug)

g=1 ng(ng_ug)

n’s. +u§(R_ng§g —2p_gR,gsy‘ng.g)
ngug(ng _ug)

{G 2 ngS;g +ug(R-ZgS>2<g _Zp-gR-gSy_ng_g )H

WZ

dg
g=1

On simplification, we get

MSE (y ).~ MSE (¥ ). =
G 4 a2 (Rd - R.g)zs)fg +2(Rd _R.g)(R.gsig _p.gsy'gsy‘g) G Wdzgsjg
szgSy.g )

n,(n, —u,) u

g=1 9=1 g
AB
(3.1)
where,
G n’S> +u’(R3S. -2p R,S, S,
Az WE g( d9x, ~“PgNady, ,g) (32)
g=1 ngug(ng_ug)
.- iWZ ns? +ulR2S2. ~2p,R S, S, ) .
g=1 “ ngug(ng_ug) .

It will be seen that (3.1) depends upon the magnitude of the variation between the group
ratio and the value of(Rgsi_g —p'gSy_gSX_g). The latter will be small, vanishing in fact

when the regression of the y on x is a straight line through the origin within each group. It
follows, therefore, that the combined estimate will have a lower precision than that based
on separate group. On the other hand, the bias in the former estimate will be smaller than
in the latter. Unless, therefore, the population ratios in the different group vary
considerably, the use of a combined ratio would provide an estimate which has a
negligible bias and whose precision is almost as high as that of the estimate based on
separate ratios.
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4. Application

The study was confined to Jorium Gram Panchayat of Faizabad district of state of Uttar
Pradesh, INDIA. A survey is conducted of the all households/farmers having milk cattle.
These households/farmers were further classified according to land holding size (category
of the households/farmers) and breeds of cattle being reared by the households. The
objectives of the study are to estimate the population mean (milk yield, litre/day) on
current occasion (2" occasion) in different categories of farmers/households. Therefore,
socio-economic classes, i.e. categories of farmers are considered as small areas. The
breeds of the cattle are considered as groups. Therefore, target population is divided into
non-overlapping small areas (categories of farmers). It is also divided into non-
overlapping groups according to breeds of the cattle. The population, however, could be
classified into different non-overlapping groups according to lactation number of cattle,
date of calving etc in order to carry out cohort studies. But in the present study, it is
confined to only breed-wise grouping i.e. indigenous cattle and exotic cattle. In small
area estimation with two-way classification of the population, it is essential assumption
that small areas must be of similar characteristics across the groups. It is expected that
categories of the farmers would be having similar characteristics across the groups, and
that is why categories of the farmers are considered as small areas in the present
empirical study. The estimates of population means (milk yield, litre/day) for small areas
(marginal farmers and other farmer’s category) on current occasion (2" occasion) have
been worked out using two ratio-type estimators as described in Section 2. The summary
statistics of the data are given in Table 1. From Table 1 the average milk yields
(litre/day), using separate ratio-type estimation method, on current occasion (likely end of
monsoon season) are 0.554 and 1.174 for marginal farmers and other farmer’s category
respectively. In the similar ways, the average milk yields (litre/day) using combined
ratio-type estimation method on current occasion (likely end of monsoon season) are
0.753 and 0.859 for marginal farmers and other farmers category respectively. The MSE
values of separate and combined ratio estimators have also been computed and are given
in Table 2. This indicates that the MSE(s) of separate ratio-type estimator is found to be
greater than the combined ratio-type estimator in case of marginal farmer’s category as
well as other farmer’s category. Also, the variation within group is considerably large and
the bias of the separate ratio estimator is greater than the combined ratio estimator.
Therefore, combined ratio-type estimator is more appropriate than the separate ratio-type
estimator.

5. Conclusion

We have derived the method of estimation of population mean using separate and
combined ratio type estimators for small area on current occasion in repeated surveys and
obtained its MSE equation. By these equations, the MSE of the proposed estimators have
been compared and by this comparison it has been found that the combined ratio type
estimator has smaller MSE than the separate ratio type estimator, a small sample in each
group is present and also bias of the separate ratio estimator is greater than the combined
ratio estimator. Therefore, combined ratio-type estimator is more efficient that separate
ratio type estimator. In the fourth coming studies, we hope to improve the proposed
estimators.
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Table 1: Data statistics of population parameters

Marginal Farmer

Other Farmer

X1=2.355
y,=0.917
R ,=0.3893843
52 =1.6271930
sy =0.7279412
p = 0.6469467
X1= 2.594

Y1=0.947
R,=0.3650732

Y, = 0.6804068

y,, = 0.9561250
¢, = 0.7837673
y,s = 0.5544385

Y, = 0.7002814
@, =0.7951316
Y, = 0.7526701
B(y,)s = 0.0026735
B(y,). = 0.0000833

X 2= 3.550
y,=1.068
R ,=0.3008451

y, = 14.8722222
s; =3.7261364
p,=0.9880312
X>=3.073

Y,=1.008
R,=0.3281250

Yo, = 0.9584618

y,, = 1.3092430
$,=0.3866321
Y,s = 1.1734707

Yo, = 0.3192090
@, = 0.4551932
Y,c = 0.8584539

B(y,)s= 0.0047015

B(Y,). = 0.0031568

S

Table 2: MSE value of proposed estimators

Separate estimator

Combined estimator

Marginal Farmer

Other Farmer

Marginal Farmer

Other Farmer

MSE(y,, ) = 0.0269951

MSE(y, ), = 0.0211579

MSE(y,, ) = 0.0606841

MSE(y,), = 0.0234624

MSE(y,, ) = 0.0252108

MSE(y,).. = 0.0200459

MSE(y,, ) = 0.0457824

MSE(y, ). = 0.0208398
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