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Abstract

In the existing survey sampling literature, théodype estimators are an obvious choice to estntia finite
population mean when auxiliary information relatedhe study variable is readily available. Typigahuxiliary
information is incorporated into ratio-type estiorat by using conventional measures such as meagera
coefficient of kurtosis, coefficient of skewnesslasoefficient of correlation, etc. which are lesficeent when
extreme observation are present in the data. Thdy sprovides a remedy and enhances the efficiaiape
ratio-type estimators of population mean in thespnee of extreme observations by proposing dualliayx
variables-based exponential-cum-ratio class ofmedtrs which integrates both conventional and non-
conventional measures under simple random samplitiput replacement. The expression of the meaarsgu
error and theoretical efficiency conditions for posed class of estimators have been obtained fopadson
purposes. A simulation study was carried out basedontaminated normal distribution and the robesssrof the
proposed estimators has been assessed in the graxfesxtreme observations. For practical implemutgon, Ssix
real data sets have been used to compare the rparioe of the proposed estimators with competinignasirs
to support the theoretical results. The theoretical empirical results suggest that the propostcha&®rs are
more precise than usual mean as well as existifgatsrs’ ratio-type considered in this study.

Key Words: Auxiliary information; Exponential-type ratio estators; Extreme observations; Robustness;
Simple random sampling.
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Introduction

The utilization of supplementary information rethte the variable of interest is extremely popuaestimation of
population parameters, such as mean and variarigeh wesults in enhanced efficiency of the estimatt/sually,
the auxiliary information is utilized within theamework of ratio, product, and regression typerestrs for
obtaining more precise estimates of the populaiarameters. Such gain in efficiency is achievedutijzing
known supplementary conventional and non-conveatiomeasures’ information. In literature, severakja and
regression, estimators are available which utiliee additional information on an auxiliary varialolesely related
to the study variable when there exists a lineltiomship between study and auxiliary variable.t®a other hand,
Exponential estimators are ideally used when thatiomship between both study and auxiliary vaeald not
strong. Cochran (1940) considered the use of nat@hod of estimation for estimating the yields efreal
experiments. Watson (1937) and Yates (1960) inired regression estimators for estimating the aecleaf area
of palnt and average volume of timber, respectivBighl and Tuteja (1991) suggested the exponetyti-ratio
and product estimator for population mean utilizkigpwn supplementary information. Murthy (2010) eleyped
the product estimator for situation when auxiligayiable has a negative correlation with the stuatyable.

In the past decade, several the dual auxiliaryrinédion-based estimators were introduced in theesusampling
literature. Lu (2013) suggested chain-ratio andresgjon estimators that incorporates the dual sopghtary
information. Using information on two auxiliary vables, Awan and Shabbir (2014) proposed optimugneission
estimator for population mean. John and Inyang $20fhtroduced exponential ratio estimator baseddaoal
supplementary information. Lu (2017) offered agatum-product type estimator to estimate the fipidgulation
mean that integrates information of two auxiliargrimbles. Shabbir and Gupta (2017) suggested anoveg
estimator based on dual supplementary informatimfeu simple and stratified random sampling. Irfaale(2018)
proposed dual supplementary information-based réiffee-type exponential estimators for estimating finite
population mean. Some improved optimal estimatasetl on the dual supplementary information werediiced
by Javed and Irfan (2020). Robust regression methedre adopted by Grover and Kaur (2021) to provide
enhanced regression estimators of population mé&&e. interested readers may refer to Olkin (19983j,(1965),
Abu-Dayyah et al. (2003), Kadilar and Cingi (200Sigh and Tailor (2005), Lu and Yan (2014), AbAtbbas and
Riaz (2016), Abbas et al. (2018), Niaz et al. (202hd Singh and Nigam (2021) For more details wed duxiliary
information estimators.

The presence of extreme observations can affecefficiency of the ratio and regression type estors as these
are usually based on the means of the study antiaaywariables. In recent years, some robusbratid regression
type estimators have been introduced. For exardiel et al. (2018) suggested various robust rasibneators
based on non-conventional dual auxiliary informatidaman(2018) used the robust regression techniques for
improving the ratio estimators. Ali et al. (202hjroduced various robust regression type estimatoestimate the
finite population mean of sensitive variable. Budutd Zaman (2022) proposed an enhanced class o$trofitio
estimators by incorporating the estimation techaigfithe minimum covariance determinant. More wetllated to
incorporation of robust techniques and robust measin ratio method of estimation can be seen ird A al.
(2020), Zaman and Bulut (2021), Zaman et al. (2@21) the references cited therein.

The development of the exponential-type ratio estiors in the presence of outlier and extreme olbsiens have
not yet been considered in the literature, espgdiatthe context of dual auxiliary variables. Thsitudy is aimed to
suggest a robust class of exponential-type ratimators of population mean based on dual auxilemyables. For
this purpose, three robust measures namely them&ain (TM) suggested by Wang et al. (2007), Hodggsxiann
estimator (HL) discussed by Hettmansperger and MoK2011) and Deciles-mean (DM) suggested by Raah e
(2012) were considered for the construction of éx@onential-type estimators under simple randomptiam
without replacement (SRSWOR). The following notasi@re utilized:

N, Population size

n, Sample size
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f=n/N Sampling fraction

Y, X, X, The Study and auxiliary variable
Y,X,, X, Population means

y, X%, %, Sample means

Cy, Cx1, Cxz Coefficient of variations

MSE (.) Mean squared error of an estimator
?l- i-th existing estimator
?p j j-th proposed estimator

Using the above notations, the traditional rastineator for mean of the study varialflé) based on two
auxiliary variablest; andX,, is defined as:

Yy = ;5 + ;%
M= MYy 3 N2y %,
wheren, and n, are the weights such that + n, = 1. The MSE of?M is defined as:

MSE(7y) = =L 72 (€} + n3Ch + 13C% — 2011Pya1Cy Cas — 212PyazCy Caz + 214M2Ps122Crs Crz) (1.1)

n
The optimal values af; and n, are:

1'1* _ CJ?Z + pyxl Cnyl - pyxz Cnyz — Px1x2 Cxl CxZ
! Ci + Cf = 2Px1x2Cx1 Caz

Mz =1-1
So, the minimum MSE is

4 ~ 1-f & * * * * * *
MSEpin(T) = =L 72 (€2 + 03" C2 + 13°CE — 200" 0ya1 €y Cox = 215 PysaCyCrz + 200 Mz PraxzCer Gz (1.2)

n
The rest of the manuscript is prearranged as: @&ed@i presents the structure of the existing estirsatThe
proposed class of exponential-type estimators mengn Section 3. The efficiency conditions areegi in Section
4. The performance of the proposed estimators asuated through simulation and empirical studieSéttion 5
along with the robustness study. Finally, Sectigmdvides a summary and conclusions of the study.
2. Some existing two auxiliary variables-based @stators

Singh’s (2003) estimator

Singh (2003) proposed a ratio estimator for esionanf the population meah based on known population means
of the auxiliary variables which is defined as:

)
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The MSE of}z is given by:
o 1_ —
MSE(V,) = =L 72 (C2 + CA + C% = 2Py CyCor + 2011x2C1 C) (2.1)

Singh and Tailor’s (2005) estimator

A modified ratio-cum-product type estimator based kmown value of correlation coefficient of the diaxy
variables proposed by Singh and Tailor (2005) fsed as:

= <X1 + px1x2> (fz + Px1x2>
st= Y| Z =
X1t Pxixz) \X2 + Px1xz

I

The MSE of?ST is given by:

4 ~ 1_f \V4 * * * * *
MSE(er) = 2L 72 ((C} + 05C2.(05 — 2kyur) + 03C3(05 + 2(kyaz — Oikerza) ) (2.2)
C [ Cy N X " X
Wherekyxl = Pyx1 ayli kyxz = Pyx2 ayz’ kxix2 = Pxixz a; U1 = m and@z = m

Singh et al. (2005) estimator

Singh et al. (2005) proposed a ratio-cum-produtitn@tor on the basis of known population meandefduxiliary
variables to estimate the population m&ams:

- %\ (X
= (3 (5)
1

The MSE oﬂ?ss is given as:

= 1_ —
MSE(Ve;) = =L 72 (€2 + gC2 (g — 29Ksann — 2kysr) + 9CH(g + 2kyx)) (2.3)
C. C Cx
whereky,; = pyx ayl* Kyx2 = Pyxz ayz’ Kx2x1 = Pxixz aj g = ﬁ

Swain’s (2012) estimator

Swain (2012) introduced a two auxiliary variablesed difference-cum-ratio estimator for estimatafnthe
population mean, which is defined as:

S 4
Yoo = (F+n(X; — %) <_>

J?2
The MSE of}ZW is given by:

MSE(}ZW)

IR

1-f = 2 2
Ly [cyz + () ch+ B =2(2) Cpr — Gy + ;“me] (2.4)
The optimum value off can be obtained as:

Cyx1—C.
_ yx1~Cx1x2
rlopt =R ( )I

2
Cxl
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whereR =

><|I ~i

Thus, the minimum MSE d?sw can be defined as:

MSEmin(?sw) = % 72 [(ng + C)?Z - ZnyZ) - (pyxlcy - pyxZCxZ)Z] (2-5)

Olufadi’'s (2013) estimator

A new variant of ratio-cum-product estimator basadhe known means of the auxiliary variables wappsed by
Olufadi (2013), which is given by:

- (n X £ X,
=5 @R) e (E7)

The MSE ofY, is defined as:

MSE(Y,) = ZL 72 (€3 +20(1 — 20)(Pyx1CyCar — PynaCyCaz) + W*(L — 2 (Ch + € — 200122CuaC))  (2.6)

(Pyxlcxl PyxZCxZ)"'g(Cxl"' sz ZlexZCxlcxz)
29((:2 +C2 _Zlexzcxlcxz)

wheren =

Lu and Yan's (2014) estimators

Lu and Yan (2014) suggested a class of ratio etinwéth utilization the known values of coefficisrof variation,
kurtosis, and correlation on the basis of dualléaryi variable. These proposed estimators are l&sfs:

7 (X1 + Cx1> (X2 + Cx2>
=1y %, + Coy N2y %, + Cpy

= (X1 + Bo(x1)
=my

X, + ﬂz(m))
X1 + Baxr)

X + Box2)

~ X +C
=1 ( 1.32(x1) x1 +I’]2

XZ.BZ(xZ) + Cx2>
X1B2x1) + Cra

X2B20x2) + Cxz

<

2Cx2 + 52(x2)>
Cx2 + ﬁZ(xZ)

e
(
&
(oon
&
(&

X1 Cpq + ﬁz(x1)

<l

YS =

= X, +
rl_(l pyxl +I’]2

X1 + pyxl X2 + pyxz

X sz + pyxz)
Cx2 + pyxz

<A
><|

—r11y< = )+,

X1 Cxl + pyxl

+ 1y

Jon

)
= my (ch“ T g,

)

)

)

5 Xl pyxl + Cxl
ny

pyxz + sz)
xlpyxl + Cxl

x pyxz + Cx2
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- X + X +
7 .y ( _1:32(x1) pyx1> +n,7 ( _2132(762) pyx2>
X1 B2(x1) T Pyx1 X2B20x2) T Pyxz

PN .7 <X1Pyx1 + ﬁZ(x1)> 4 _<X2pyx2 + 52(x2)>
! X1Pyx1 + :Bz(xl) XoPyx2 + ﬁz(xz)

The general expression of the MSE is given as:
MSE(YL') = _f y? (CZ + an%LC)?l + I]ZRZLC)?Z 201 R1ipyx1CyCr1 — 202R2iPyx2CyCoz + 2M1M2 R1iR2iPx122Cx1Cxz - (2.7)

wherei = 1,2,3, ...,9., and the values of consta®y; and R,; are:

_ X1 X, _ X1B2(x1) _ X1Cx1
Rll - v 1R13 - v ) R14 - v ’
X1+Cx1 X1+B2(x1) X1B2(x1)+Cx1 X1Cx1+B2(x1)
_ _ X1Cx1 _ X1Ppyx1 _ X1B2(x1)
Ris = ( ) = (——>1R17 = (—— Rig= \z7—/————),
1+tPyx1 X1Cx1+Pyx1 X1Pyx1+Cx1 X1B2(x1)*+Pyx1
_ X1Pyx1 X2 _ Xo _ X2B2(x2)
R19 ( + ) X ) R22 - (— )' R23 - (— )
1Pyx1+B2(x1) 2+Cx2 X2+B2(x2) X2B2(x2)*+Cx2
R X2Cx2 X, R, = X2Cx2 R, = X2Pyx2
24 = - » V26 — 5 y V27 — v ’
X2Cx2+B2(x2) X2+Pyx2 X2Cx2+Pyx2 X2Pyx2+Cx2
R = ( X2B2(x2) ) ( X2Ppyx2 )
28 X1B2(x2)*+Pyx2 X2Pyx2+B2(x2)

The optimum values af; and n, are

R%iC,?Z + pyleliCnyl - R2ipyx2Cny2 — R1iR32iPx1x2Cx1Cx2 0 =1-n
R%iCng + R%iC§2 - ZRliRZipxleCxlcxz e !

n; =
So, the minimum MSE is defined as:
MSE, (V) = 2L 72 (C2 + 02 R%C2, + 12 R%,C2 — 211" RyiPye1 Cy Cot — 213" RaiPyxaCyCap + 210115 * RyiRoi CiC 2.8
min\ ti n ( y TH1 07y T Nz K2i0x; N1 RKqiPyx1Cylxa N2 R2iPyx2CyLlx2 N1 N2 R1iR2iPx1x2Cx1Cx2)  (2.8)
wherei = 1,2, 3, ...,9.

Yasmeen et al.’s (2016) estimator

Yasmeen et al. (2016) suggested a ratio-cum-expi@h@stimator for the estimation of the finite pdgtion mean
Y under simple random scheme that utilize the suppigary information of the means of two auxiliagriables. It

is defined as:
a = (.xl) x_z - Xz
rs = Y\x,) “P\&, +x,

The MSE of?ys is give as:
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MSE(?SS) = _f (C2 + gchgl + g CxZ ngyxlcycxl + gszleCxlcxz - gpyxZCnyz) (29)

3. The proposed class of estimators

This section presents a novel class of exponectial-ratio type estimators for estimation of finitepulation mean
based on combinations of the conventional and mmventional measures of the dual auxiliary varigblEhe
robust measures tri-mean (TM), Hodges-Lehmann (Hifd Deciles-mean (DM) are integrated within the
framework of the exponential-cum-ratio estimatoiithvan objective to enhance their robustness agaossible

outliers. The TM estimator was suggested by Wahgale (2007) and mathematically written &M =

Q)+20)+0()
4

mean is the median of the pair-wise Walsh aver@ideEmansperger and McKean, 2011). Mathematictily,HL

estimator can be determined/ds = median (w 1<l<ks N), whereX ;) andX(, are thel-th andk-th
order statistics, respectively. The DM estimatosweoposed by Rana et al. (2012) and mathematjcaltyDM is

defined asDM = M
9

including TM, HL, and DM within the framework of éhproposed exponential-cum-ratio class of estinsdtes in
their ability to remain robust in the presence mfr@me observations. The TM, HL, and DM estimatare
integrated with other conventional measures likeffoacient of variation, correlation, and kurtosis ¢nhance the
efficiency of the exponential-cum-ratio estimators.

, whereQ,, Q,,and Q; symbolizes thes} 29 and & quartiles, respectively. The HL estimator of

, Where D(;, denotes thegj-th decile forj =1,2,..,9. The justification for

Using various combinations of the conventional amh-conventional statistics of the auxiliary vatesh the
following estimators are proposed to estimate thgufation mean:

= ex
p1 1y exp x1 %, + sz
~ X, + X, +
2 = kl:)_’ exp ( 1 .Bz(xl)> + kz ( :32(x2)>
Xy + Bagxn Xy + Bax2)
- X +C +C
Y _ 1y exp( 152(x1) xl) + kz ( ﬁz(xz) x2>
x1ﬁ2(x1) + Cyq xzﬁz(xz) + Cy,
~ X,Cpr + X,Cyp +
v = kly exp( 1%x1 .Bz(xl)> + kz ( x2 :32(x2)>
%1 Cx1 + Bo(x1) X2Cxz + Bo(x2)
s — kl:)_] ex ( 1 pyxl) + kz ( pyx2>
xl + pyxl xz + pyxz
- X1Cpq + X,Cyp +
6 — klj_l exp( 1%x1 pyxl) + kz ( x2 pyx2>
xl Cxl + pyxl xZCxZ + pyxz
- +C X +C
- — kly exp( lpyxl xl) + kz ( pyxz x2>
xlpyxl + Cxl xzpyxz + sz
- X + +
o = k.7 exp( 1ﬁ2(x1) pyxl) + k5 ( ﬁz(xz) Pyx2>
X1B2(x1) + Pyx1 X2B2(x2) + Pyx2
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- X + +
7 = Ky exp ( 1Pyx1 ﬁz(x1)> + k5 ( 2Pyx2 ﬂz(xz))
X1Pyx1 + Bax1) X2Pyx2 + Baix2)
X1 +TM, (X, + TM2
Foio = kw3 exp 5+, ) TR\
5 ke X1+HL . X2+HL
p11 = Y P\ T HL, ) T Y \&, v AL,
5 ko X1+DM1 . X+DM2
pi2 = Y EP\Z oM, ) T\ &, + DM,
= X1Bax) + TM1> (Xzﬁz(xz) + TMz)
= k;yex + k,y
P13 Ly exp (x1ﬁz(x1) +TM,; 2 X2B2(x2) + TM;
X.Cpy +TM; X sz +TM,
V= k + k,y
p1s = KaY exp( %Con+TM, ) TP \F, + M,
~ e Xle1+HL + kT XCx2+HL
= ex
pis = Y EP\z e v HL, ) T \%c, + HL,
X,Cyy + DM, X sz + DM,
Ve = k +k,y
pie = K1Y exp( %.Co + DM, ) T Y \%,c, + DM,
& X1pyx1 + TM, Pyxz +TM,
=k + k,y
p7 = aY €Xp (xlpyxl +TM, 2y X2Pyx2 + TM;
- X1pyx1 + HL, X XoPyxz + HLy
=k + k,y
vie = faY €XP (xlpyxl + HL, 2y XoPyx2 + HL,
5 X1pyx1 + DM, X X2Pyx2 + DM,
=k +k,y
vio = 1Y exp( X1Pyx1 T+ DM, 2y X2Pyx2 + DM,
The MSE of the proposed estimators is given aevial!
MSE(?p]') = }72¥(C§ + %k1 p1JCf1 + k3R; 2jCi2 = k1Rp1jPyx1Cy Cor + k1Ko Rp1 jRP2Px1x2Cx1 Cxz — 2K2Rp2 Py Cy sz) (.1

where,j = 1,2,3,...,19, and the values for constaky, ; and R,,; are defined as:

N
pit Ki+Cyq /P12 X1+B2x1)/)’ p13 X1Ba(x1)+Cx1/’ p14 X1Cx1+B2(x1)

_ X1 _ X1Cx1 X1Pyx1 _ X1B2(x1)
Rp15 = (——>'Rp16 = (_C— ,Rp17: ot 'Rp18 =\—),
X1+pyx1 X1Cx1tPyx1 X1Pyx1+Cx1 X1B2(x1)tPyx1

leyxl X X1 X1
P \ZapyxatBaceny)PHO T \Kyaray )P T gy 4hLy ) TP T R DMy
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R _ X1B2(x1) R — ( X1Cxa )R — (&) R = (&)
PI3 7\ &y Boeny+TM1 ) P T \R g 4Tmy ) PIS T AR g +L, ) P16 T R Cyg DMy

R _( X1B2(x1) )R _( X1B2(x1) )R _( X1B2(x1) )R _( X )
p117 X1Bax1ytTMy ) P18 X1Baxry+HL, ) P19 X1Ba@1ytDM,) P21 X2+Cx2

X X2B2(x2) X2Cx2 X2
R = (_—) R = <_— R =(—"—),R =(=
p22 X2+PB2(x2) » P23 X2B2(x2)+Cx2 pze X2Cx2+B2(x2) ' P25 X2+Pyx2
R _ X2Cx2 R _ X2Pyx2 R _ X2B2(x2) R _ X2Pyx2
P26 7 \ Ky Cxpt PUP27 T \RopyxatCaa)” P28 T \X 1TP29 T \x
2Cx2+Pyx2 2Pyx2+Cx2 1B2(x2)*+Pyx2 2Pyx2+B2(x2)
X, X, X }?ZEZ(xZ)
oo = () Ry = (5], Ry = () Ry = (222
p210 X,+TM,) " P211 X,+HL,/ ' P212 X,+DM,) " P213 X2Baxa)tTMz )
R _ ( X2Cx2 )R _ ( X2Cx2 ) R _ ( X3Cx2 )R — X2B2(x2)
p214 }?zcxz‘l'TMz ip21s )?zcxz‘l'HLz »tp216 }?zcxz‘l'DMz ip217 XZEZ(x2)+TM2 ’

X,B X2
Ryars =( 2B2(x2) )va219 =< 2B2(x2) )

X2B2(x2)tHL2 X1B2(x2)+DM2

The optimum values ofk, and k, for the proposed estimators can be obtained bferdiftiating the MSE
expression with respect to, and k, and equating it to zero. The optimum valueskotund k, are

1 1
R;Z]’CJ?Z + 7Rp1jpyx1 Cnyl - jRpljszjpxlxz Cxlcxz - szjpyxZCnyz

1
ZR§1]'C§1 + RZZJZ]'CJ?Z - Rpljszjpxlxz Cxlcxz

ki =

ky=1-k;
So, the minimum MSE of the suggested exponent@d-tatio estimators is given as:

5 52 1-f 1, * x xy % *
MSEpin(Tyy) = V2L (€3 + 203 R2,,C3 + K3 R2,CE — " Ron Pyt Gy Cos + Ky Ky R Ryarra Con ez = 2K2 RyjpynaCyCaa)  (32)

wherej = 1,2,3, ...,19.

The proposed estimators are member of the followeeral class of estimator

~ T, (X, — % T,(X, —
Yg — K1)_’ E‘Xp _1( 1_ 1) + Kz_ _2( 2_ 2)

whereK; andK, are the weights such thkt + K, =1. T, #0, T, # 0, P;, P, are either constants or
function of the known parameters of the populatibme suitable combinations ®f, T,, P;, and P, are reported in
Table 1.
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Table 1. Some choices of constants for proposed classtiofiasrs.

Estimator T, P, T, P,
?pl 1 Cx1 1 Cya
?pZ 1 B;x1) 1 By (x2)
lc/ps B2 (x1) Cx1 By x2) Cyo
}Q’M Cx1 B 2(x1) Crz B, (x2)
l7;;5 1 Pyx1 1 Pyx2
}Q’pG Cr1 Pyx1 Cy2 Pyx2
?p7 Pyx1 Cr1 Pyx2 Cx2
?pS B;(x1) Pyx1 B3 (x2) Pyx2
}Q’p‘) Pyx1 B;(x1) Pyx2 By x2)
Y10 1 ™, 1 ™,
Yp11 1 HL, 1 HL,
Y12 1 DM, 1 DM,
?ms Ba(x1) ™, B3 (x2) ™,
Yp1a Car ™, Cez ™,
Y 1 o HL, Crz HL,
Yp16 Cey DM, Cyy DM,
?p17 Pyx1 ™, Pyx2 ™,
ls/p18 Pyx1 HL, Pyx2 HL,
?Ing Pyx1 DM, Pyx2 DM,
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The MSE of general class of exponential-type rastimators fo’ can be obtained as:

. 57 e —%
Let us definesg, = 21— , ¢, = 222
Y X1

From the definition ofe,, e; and e,,We getE(eo) = E(e;) = E(ey) =0 , whereE(e2) = ( ez | E(e?) =
( )Cygl E(e 2) = ( )C9?2a E(eoel)( )pyxl C Cxlv

, € = fz__iz than y = }7(1 + 60) fl = Xl(l + 61) and x_z = Xz(l + 62)

E(eoez)( )Pyxz CyCxaz, E(elez)( )lexz Cy1Cya,

The general estimator of suggested cl?;,smn be written in the terms af, e; and e, as:

- _ T,(X;—X,(1+e _ T, X, + P
Yg _ KIY(1+60) exp _1( 1_ 1( 1)) +K2Y(1 +€o) _ 242 2
T,(X, + X (1 +e))) + 2P, T X;(1+ e;) + P,
2 — / _Tl)?lel — 1 \
Yy = KiY(1+ep) exp\ T %o / + K,V (1 + ep) \T/
v 14161 24272
2(1 X, + P (1 ToTK+ Pl)) A Ay

?g =K, Y(1+ep) exp (—

a —
71)—1) + K, V(1 + e)(1 + aze,) "

Subtractingr from both sides and neglecting higher order temasget

P _ 1 _
(Yg - Y) =Y ((Kl + Kz)eo - EKlalel - Kzazez > + Y(Kl + Kz - 1)

= p— —_ 1
(Yg - Y) = Y (eo - EKlalel - Kzazez )
Squaring and applying expectation on both sidezbof/e equation, the attained MSE is given as:
£ S0 1-f 1
MSE(Yg) =12 r (ng + ZKlzalchgl +KFa3Csh — K1a10yx1CyCr1 + K1 Ky @102 Px152Ci1 oz — ZKzazpyxzcnyz)

For optimum value oK, and K,, putK, = 1 — K; and minimize the general class of estimators bawe:

1 1
a% C)?Z + j alpyxl Cnyl - 7 102 Px1x2 Cxl CxZ - azpyxz Cy sz

K{ =
1 2c2 2c2 C,.C
7% 0 T a0 — A1a2Px1x20x1 02
K;=1-K;
MSEmin(Yg) }7 (Cz +- K1 C;31 + Kzz*a%(::?z - Kl*alpyxlcycxl + Ky Ky 00 p21200C1 Cop — ZKz*azpyxZCnyz) (3.3)

Where a; = (T_1_X1) La, = ( T2, )

T1X1+Py (T2X2+P2)
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4. Efficiency comparisons

This section contains the theoretical conditionat teupport the results of MSEs of new developedsclaf
estimators in the comparison with usual and exgstistimators of the study.

The comparison of the MSE of the proposed clasexpbnential-type ratio estimators and the tradéiomtio
estimator is:

MSEmin(¥p;) < MSEmuin(¥ar)
1, % * * * 1, * * * *
(GR2'R21; —n2") 2 + (k3'R2y; = n3)CZ = 2 (Sha Ryrj = M) yaa Cy Car — 2(k2 " Rzj = M2 )PyaCy Crz +
1 * * * *
2 (5k1 ky Rp1jRpz; — 1112 )pxleCxlcxz <0 (4.1)
wherej = 1,2,3, ...,19.

The MSE of the proposed estimator will be minimirart the Singh’s ratio estimator (2003) if:

MSEpin(¥p;) < MSEpuin(T;)
1 * * 1 * *
(Zklz R;l] - 1) CJ?l + (k% R;Z] - 1)Cx22 - 2 (E kl Rpl] - 1) pnyCnyl - Z(kz RPZ] - 1)pyx2Cny2 +
1, *, &
2 (5k1 ky Rp1jRpy; — 1) Px1x2Cx1Cx2 <0 (4.2)
wherej = 1,2,3, ...,19.

The suggested general class of exponential-type eatimator?pjwill be more efficient than the Singh and Tailor
(2005) ratio estimator, i.e¥;,, if and only if:

MSEin(¥p;) < MSEpuin(¥sr)
1 * * * 1 * * * * 1 *
(Zklz Rp1; — 01(6; — Zkyxl)) Ch+ (Z k3 Rz — 6;(6; + 2(kyxz — 91kx1x2)) Cor—2 (Ekl Rp1jpyx1CyCr +
1, * 1, % «
Ekz szjpyxZCnyz) Cy +Ek1 kZ RpljRijpxleCxlch <0 (4-3)
wherej = 1,2,3, ...,19.

The MSE of the proposed general ratio estimatot bel least than the Singh et al. (2005) ratio-cundpct
estimator if:

MSEmin(?pj) < MSEmin (Yss)

1,,% * 1, *
(Zklz Rglj - g(g - ngx2x1 - Zkyxl)) C)?l + (k% R;zj - g(g + Zkyxz))cygz -2 (zkl Rpljpyxlcycxl +
kz*szijxzcnyz) Cy + kl*kZ*RpljszjpxlxzCxICxZ <0 (44)

wherej = 1,2,3, ...,19.

The MSE of the suggested estimator will be minintizn the Swain (2012) ratio estimator if:
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MSEmin(ij) < MSEmin(?sw)
1 * 2 * 1 * *
(22 2y = (2)°) €2+ (8 REay = 1)C2 = 2 (2 Rpsy = (2)) oy €y Car = (28" Ry = 1pyuaCy s +
1 * *
2 (g ky k, Ry1jRpy; — %) Px1x2Cx1Cx2 <0 (4.5)
wherej = 1,2,3, ...,19.
The MSE of the suggested estimators will be |deat the Olufadi (2013) estimator if:

MSEmin(?pj) < MSEmin(?y)

1 * * 1 *
(Zk% Rzzzlj - 92(1 - ZYI)Z) CJ?l + (k% R;zj - 92(1 - 21’1)2)632 -2 (Ekl Rplj + g(l - 21’])) pnyCnyl -
* 1 * *
2 (kz Ry —g(1— Zrl)) Pyx2CyCoz + 2 (; ky ky Ry1iRpy; + 97 (1 — 2r1)2) Px1x2Cx1Cx2 <0 (4.6)
wherej = 1,2,3, ...,19.

The comparison of the proposed estimator and tharldiYan (2014) ratio estimators in term of MSKjiigen as
below:

MSEpin (¥, ,-) < MSEmin(i-)

1 * * * * 1 * " «
(Zk% R;§1j - rl% R%i) C}?l + (k% R;zj - r]% R%i)C,?Z -2 (gk1 Rp1j — R1i) Pyx1Cny1 - z(kz szj -
* 1 * * * *
N, Rzi)pyxZCnyz +2 (5k1 ke Ry1jRp2; — 2 RliRZi) Pr1x2Cx1Cx2 <0 (4.7)

wherej = 1,2,3,...,19 andi = 1,2,3, ...,9. If the above condition is hold, the proposeds:kafsestimator?m will be
more precise than th% ratio estimator.

The MSE of the proposed estimator will be smalleah the Yasmeegt al. (2016) ratio estimator if:
MSEin(¥p) < MSEpnin(¥rs)

1, 9% * 1, * *
(GK2'RZ,; — 97) Ci + (K3'RZy; — 92)C% = 2 (5h1 Ryrj — 9) Pysa CyCor — (2ha Ryaj — 9)PyaaCyCrz +
(kl*kZ*RpljRPZj - gz)meszlez <0 (4.8)
wherej = 1,2,3, ...,19.
5. Performance evaluation and robustness
This section presents performance of the propo$&ss ©f estimators in comparison to the competixigtiag
estimators through simulation and empirical studMsreover, it also includes a robustness studthefproposed

estimators in presence of outliers.

5.1. Simulation study
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A simulation study is also performed to assesspéréormance of competing and suggested estimatocsirirent

section.
two nor

For this purpose, a contaminated normbil) (@stribution is utilized. The CN distribution & mixture of
mal components with a common mean such ¢hat )100% observations belongs % (y, 0?) and

(a)100% observations are taken from(y, t0?), where0 < 7 < c. The CN distribution is mostly utilized in
robustness/outlier studies. The following simulatiprocedure is used in the R language to comput& MfS
proposed estimators and their counterparts:

10,000 Random samples of size= 30 and 40 were generated from CN distribution with= 10% level
of contamination and the values of the usual meaisting and proposed estimators were obtainethfor
each of generated random sample by using theiesgjuns defined in earlier Sections.

The MSE for each of the estimator used in the sitid was obtained.

Step (i) and (ii) were repeated 30000 times to inbthe average values of the MSEs for each of the

existing and proposed estimator.

By using the above procedure, the computed MSEgiaea in Tables 2-3 and the key findings are dbsdras:

i. The proposed class of estimators turned out to bee rafficient than the usual mean and other exjstin

estimators as all members of the proposed class lbaxer values of the MSEs (cf. Tables 2 and 3).

ii. The MSEs of all the proposed estimators decreasesrereases, and vice versa (cf. Tables 2 and 3).

iii. Among all the proposed estimato%18 which is based on the HL and coefficient of catieh turned out

to be most efficient for both choicesof

Table 2. MSEs of existing estimators for simulated data set.

Estimator n =30 n =40
Ry; Ry; MSE Ry; Ry; MSE

?M - - 60143.2 - - 49210.5
T’s - - 1141686 - - 689611
?SS - - 68489.9 - - 24650.2
?ST - - 245902 - - 132033
?sw - - 60582.7 - - 55554.9
?0 - - 46743.7 - - 22183.7
?YS - - 250825 - - 136467
?1 0.9958 0.9995 59981.2 0.9973 0.9995 49232.9
?Z 0.9747 0.9959 59088.4 0.9866 0.996 49178.9
?3 0.9994 0.9999 60109.1 0.9993 0.9999 49209.8s
?4 0.9771 0.9932 58725.7 0.9836 0.9944 48708.1
?5 0.9965 0.9993 59942.3 0.9969 0.9993 49182.3
?6 0.9968 0.9988 59874.3 0.9962 0.999 49101.2
?7 0.9955 0.9994 59969.0 0.9970 0.9994 49230.4
?8 0.9995 0.9999 60101.2 0.9992 0.9999 49200.¢
?9 0.9729 0.9954 59008.4 0.9855 0.9957 49140.&[5
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Table 3.MSEs of proposed estimators for simulated data set.
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lv") Al & Ot NJ (v} OT Lol W

Estimator n=30 n=40

/_Y\pi Ry; Ry; MSE Ry; Ry; MSE

"y‘pl 0.9958 0.9995 19674.55 0.9973 0.9995 11804.7
?pz 0.9747 0.9959 18291.02 0.9866 0.996 10974.6
?p.')' 0.9994 0.9999 19906.92 0.9993 0.9999 11944.1
LY:M 0.9771 0.9932 18419.21 0.9836 0.9944 11051.5
?ps 0.9965 0.9993 19714.20 0.9969 0.9993 11828.5
"fp6 0.9968 0.9988 19730.42 0.9962 0.999 11838.2
?W 0.9955 0.9994 19653.99 0.997 0.9994 11792.3
"fps 0.9995 0.9999 19912.58 0.9992 0.9999 11947.5
?p‘) 0.9729 0.9954 18170.38 0.9855 0.9957 10902.2
12/;;10 0.6158 0.8801 8934.82 0.6157 0.8801 5360.88
T,pll 0.5796 0.8679 8734.21 0.5796 0.8678 5240.52
12/;;12 0.5403 0.8541 8772.67 0.5403 0.8541 5263.60
T,pIB 0.9167 0.9736 14672.90 0.9167 0.9736 8803.73
f/p“ 0.6391 0.8143 9144.21 0.6391 0.8143 5486.52
12/;;15 0.6037 0.7969 8796.61 0.6037 0.7968 3166.78
T,p16 0.5649 0.7776 8732.48 0.5649 0.7776 3143.69
17;;17 0.5986 0.8665 8804.60 0.5986 0.8665 3169.66
T,pIB 0.5619 0.8531 8722.64 0.5619 0.8531 3140.15
12/;;19 0.5223 0.8381 8872.09 0.5223 0.8381 3193.95

5.2. Empirical study

For empirical performance evaluation of the proposkass of estimators and their existing countéspdy real
population datasets were considered. These datasetsobtained from Singh and Chaudhary (1986)Maochy
(1967). Table 4 presents various characteristitkede data sets which are assumed to be known.

Table 4Population characteristic of the datasets for eicgdistudy

Characteristics Pop-1 Pop-2 Pop-3 Pop-4 Pop-5
N 34 80 32 31 18
Y 856.412 | 5182.637 | 3733.500 | 5405.100 | 3368.100
c, 0.8561 0.354 0.140 0.140 0.100
n 20 20 20 20 10
X, 208.882 | 285.125 89.530 216.740 71.500
X, 119.441 | 1126.463 | 515.200 951.900 413.700
C. 0.721 0.948 0.260 0.460 0.150
C. 0.753 0.751 0.270 0.350 0.220
Py 0.449 0.915 0.950 0.940 0.890
Pyx2 0.445 0.941 0.950 0.920 0.940
Pix2 0.980 0.988 0.960 0.960 0.950
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Baceny 2.910 0.698 1.833 2.460 1.157
By 3.732 1.050 2.201 3.188 3.152
™, 162.250 | 206.937 | 85.813 | 183.375 | 72.250
™, 165.562 | 931.562 | 525.625 | 824.625 | 420.813
HL, 190.000 | 249.000 | 86.500 | 198.500 | 71.500
HL, 184.000 | 1040.500 | 506.000 | 840.000 | 418.500
DM, 223.467 | 276.189 | 86.511 | 197.556 | 71.689
DM, 206.944 | 1150.700 | 483.622 | 834.333 | 416.678

The MSEs and the percentage relative efficien@REs) have been used as a performance metri
to compare the efficiency of the suggested classstifnators over the competing estimators usetdrstudy. The
PREs of the suggested estimatans) with respect to the existing estimatges is calculated as:

MSE (e)
PRE(@,pT') = W * 100

The values of the constants involved along withKt&Es of the existing estimators and proposed estira based
on dual auxiliary information are presented in Tiables 5 and 6, respectively. The PREs of estiragiooposed in
this study with respect to their existing countetpare given in Tables 7-11. Some key resultsaperny to the
comparison are summarized as:

i. Based on the comparative MSEs and PRESs, it isnadse¢hat among all the existing estimators, the
estimatorY, turned out to be most efficient against populatipnvhile Yy stand superior than others for

population-2. Similarly,?4 was more efficient for population-3, anﬁo outperformed the other existing
competing estimators for populations 4 and 5 (ebl& 5).

ii. For all the population datasets used in this sttigy,proposed family of estimators showed substiyti
superior precision in terms of smaller MSEs as cmrao to the traditional and existing estimatorshef
mean (cf Tables 5 and 6). The proposed estlmag;)rs 160 Yp13, Yplz, andY, »17 €merged as the most
efficient for populations 1, 2, 3, 4 and 5, resp&ty (cf. Table 6).

iii. Generally, the PREs of the proposed estimators reitpect to the existing estimators remained soperi
The minimum gain in efficiency over the existindimstors remained 16% for population-1, 90% for
population-2 (except fo}f’p1 to 17,,9 which were 3% less efficient than the existrﬁg and are based on
conventional measures), 358% for population-3, 38f4gpopulation-4, and 118% for population-5, while
the maximum gain in efficiency turned out to be Z®r population-1, 17081% for population-2, 16818%
for population-3, 46579% for population-4 and 988&%population-5. is also higher than largest gdin
value of the existing estimator (cf. Tables 7-11).

iv. It is observed that all the proposed estimators ukibze the information of robust statistics likéM, HL,
and DM found to be more efficient than all othempeting estimators (cf. Tables 7-11).
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Table 5.Numerical values of th€onstants and MSEs of the existing estimators.

Estimator Population-1 Population-2 Population-3 Population-4 Population-5
?M - 10543.0 - - 67683.0 - - 4606.7 - - 21202.0 228p
?S - - 35177.3 - - 2397933 - - 589945 - - 280806 - - 58938.9
?ss - - 12187.3 - - 94272.2 - - 10431(0 - - 23830.3 - - 20740.8
T/ST - - 11697.4 - - 68492.6 - - 7463.4 - - 43858.8 - - 10384.6
?sw - - 10965.7 - - 190348 - - 5404.8 - - 26922.2 + 5982
T/O - - 11004.3 - - 67885.6 - - 5041.71 - - 5202|142 - - 1738.3
?YS - - 29706.4 - - 31117.9 - - 705888 - - 533463 : - 27136.0
’2'1 0.997| 0.996 10518.1 0.997 0.999 68397.1 0.097 0[989867.6 | 0.998 0.999 21248|0 0.998 0.999 2764.
?2 0.986| 0.982 10446.y 0.998 0.999 67967Y.9 0.980 0[99827.2 | 0.989 0.997 21312(8 0.984 0.992 2652.
?3 0.999| 0.999 10534.0 0.995 0.999 688859 0.098 0[98885.6 | 0.999 0.999 21223|8 0.968 0.999 2766.
?4 0.981| 0.976f 10410.L 0.997 0.998 67843.8 0.927 0[98848.5| 0.976 0.991 21214{1 0.9p3 0.966 2066.
}2’5 0.998| 0.998 10527.8 0.997 0.999 68267.2 0.090 0[99863.5| 0.996 0.999 21275(3 0.988 0.998 267[7.
?6 0.997| 0.997| 10521.2 0.997 0.998 68173.4 0.960 0[99852.1| 0.991 0.997 21296(5 0.93 0.989 2188.
?7 0.992| 0.992 10488.2 0.996 0.999 68475.0 0.097 0]98865.6 | 0.999 0.999 21250(1 0.998 0.999 27622.
?8 0.999| 0.999 10537.8 0.995 0.998 68742.7 0.994 0[99829.5| 0.998 0.999 21240{3 0.989 0.999 2689.
?9 0.970| 0.9600 10333.4 0.997 0.999 68009.7 0.079 0[98312.4| 0.98§ 0.996 21312(2 0.982 0.992 2636.

Table 6.Numerical values of th€onstants and MSEs of the proposed estim@;rs

Estilnator Population-1 Population-2 Population-3 Population-4 Population-5

Yy Ry | Ry | MSE | Ry | Ry | MSE | Ry | Ry | MSE | Ry | Ry | MSE | Ry | Ry | MSE
?pl 0.997| 0.996 8830.73 0.997 0.999 32105.87 0997 90.9%651.63| 0.998 0.999 3889.90 0.998 0.999 797.9
?pz 0.986| 0.985 8830.3L 0.998 0.999 3217161 0,979 60.9%63.91| 0.989 0.99FY 3752.40 0.984 0.992 789.1
?Iﬁ 0.999| 0.999 8830.88 0.995 0.999 32006.13 0.998 90.9%62.25| 0.999 0.999 3910.12 0.998 0.999 798.1
?m 0.981| 0.976/ 8830.12 0.997 0.999 32167.87 0.927 40.984.40| 0.976§ 0.991 3575.81 0.903 0.966 744.1
?ps 0.998| 0.998 8830.79 0.997 0.999 3211694 0.989 80.9%68.14| 0.996 0.999 3855.%7 0.988 0.998 791.8
?pﬁ 0.997| 0.997, 8830.76 0.997 0.999 32109.74 0,961 30.9916.20| 0.991 0.99y 3780.67 0.923 0.990 756.8
?Iﬂ 0.992| 0.992 8830.56 0.996 0.999 3208525 0.997 90.9%61.55| 0.998 0.999 3887.87 0.998 0.999 797.7
?ps 0.999| 0.999 8830.85 0.995 0.999 32020.37 0.994 90.9%60.31| 0.998 0.998 3895.60 0.989 0.999 792.9
?pg 0.970| 0.960 8829.76| 0.997| 0.999 32156.88 0.979 0.996 453|146 0.988 0|WBI2.21| 0.982 0.992 787.97
?pw 0.563| 0.546 8911.18 0.579 0.547 16346.69 0,511 50.401.64| 0.542 0.536 1143.68 0.497 0.496 591.9
?pll 0.523| 0.520 8865.04 0.534 0.519 1561521 0,509 50.%48B6.24| 0.522 0.531 1143.04 0.500 0.497 592.0
?pu 0.483| 0.491 8870.95 0.508 0.495 15152.78 0.509 60.5480.37| 0.523 0.5331142.84| 0.499| 0.498 592.18
?Im 0.789| 0.818 8832.80 0.490 0.559 15751185 0.657 30.68.7.24| 0.744| 0.786 1673.08 0.534 0.756 618}43
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?pﬂ 0.481| 0.476/ 8881.06 0.566 0.4Y6 14980.01 0.213 90.2075.37| 0.352 0.288 1969.29 0.129 0.178 596.9
?ms 0.442| 0.449 8887.08 0.5241 0.448 14379.75 0.212 60.2246.14| 0.334 0.284 1999.47 0.1830 0.179 597.0
?pm 0.403| 0.421] 8893.38 0.495 0.4243957.13| 0.212| 0.223 719.47 0.335 0.285 1985/90 0.130 0}1596.74
?p” 0.366| 0.349 8919.24 0.588 0.582 15946.71 0498 20.480.29| 0.526 0.51p 1142.96 0.468 0.4890.07
?pm 0.331| 0.325 8923.94 0.512 0.505 15301149 0.496 60.4894.29| 0.507 0.51p 1149.31 0.4{71 0.482 590.2
?mg 0.296| 0.3000 8928.84 0.486 0.480 14885.75 0.496 30.54B7.84| 0.508 0.512 1148.57 0.470 0.483 590.2
Table 7.PREs of proposed estimatd&gg with respect to existing estimators using datagpopulation-1.
Existing Proposed Estimators
setmat Y, Y2 Yo ¥ e Tps Yo Y7 Yo Yo
?M 11¢ 11¢ 11¢ 11¢ 11¢ 11¢ 11¢ 11¢ 11¢
175 39¢ 39¢ 39¢ 39¢ 39¢ 39¢ 39¢ 39¢ 39¢
T,ss 13¢ 13€ 13¢ 13¢ 13¢ 13¢ 13¢ 13¢ 13¢
?ST 132 132 132 132 132 132 132 132 132
/_Y\sw 124 124 124 124 124 124 124 124 124
T’o 12t 12t 12t 12t 12t 12t 12t 12t 12t
T’ys 33¢€ 33€ 33€ 33¢€ 33¢€ 33¢€ 33¢€ 33€ 33¢€
171 11¢ 11¢ 11¢ 11¢ 11¢ 11¢ 11¢ 11¢ 11¢
12’2 11€ 11€ 11€ 11¢ 11€ 11€ 11€ 11€ 11€
12’3 1a¢ 11¢ 11¢ 1a¢ 1a¢ 1a¢ 1a¢ 11¢ 1a¢
174 11¢ 11€ 11€ 11¢ 11¢ 11¢ 11¢ 11€ 11¢
l75 11¢ 11¢ 11¢ 11¢ 11¢ 11¢ 11¢ 11¢ 11¢
}2’6 1a¢ 11¢ 11¢ 1a¢ 1a¢ 1a¢ 1a¢ 11¢ 1a¢
}2’7 1a¢ 11¢ 11¢ 1a¢ 1a¢ 1a¢ 1a¢ 11¢ 1a¢
173 11¢ 11¢ 11¢ 11¢ 11¢ 11¢ 11¢ 11¢ 11¢
}2’9 117 117 117 117 117 117 117 117 117
Exi;ting Proposed Estimators
Esgl:qat T’pm ?pll ?mz ?ms ?p14- ?ms ?me ?p17 ?ms ?pl‘)
T,M 11¢ 1i1¢ 1a¢ 11¢ 11¢ 11¢ 11¢ 11€ 11€ 11€
175 39t 397 397 39¢ 39¢ 39¢ 39¢ 394 394 394
T,ss 137 137 137 13¢ 137 137 137 137 137 13€
T’sr 131 132 132 132 132 132 132 131 131 131
/_Y\sw 12t 124 124 124 123 123 123 123 122 122
T’o 12t 124 124 12t 124 124 124 122 122 123
T’ys 33< 33t 33t 33€ 334 334 334 33< 33< 33¢
171 11€ 11¢ 11¢ 11¢ 11€ 11€ 11€ 11€ 11€ 11€
12’2 117 11¢ 11€ 11€ 11€ 11€ 117 117 117 117
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12’3 11¢ 11¢ 11¢ 11¢ 11¢ 11¢ 11¢ 11¢ 11¢ 11¢
174 117 117 117 11¢ 117 117 117 117 117 117
}2'5 11¢ 11¢ 11¢ 11¢ 11¢ 11¢ 11¢ 11¢ 11¢ 11¢
176 11¢ 11¢ 11¢ 11¢ 11¢ 11¢ 11¢ 11¢ 11¢ 11¢
177 11¢ 11¢ 11¢ 11¢ 11¢ 11¢ 11¢ 11¢ 11¢ 117
T’s 11¢ 11¢ 11¢ 11¢ 11¢ 11¢ 11¢ 11¢ 11¢ 11¢
}2'9 11€ 117 11€ 117 11€ 11€ 11€ 11€ 11€ 11€
Table 8.PREs of proposed estimatd&gg with respect to existing estimators using datpspulation-2.

Existing Proposed Estimators

Estimat = = = = = = = = =
or Y1 Y2 Y3 Y4 Y5 Y6 Y, ) Yo
?M 211 21C 211 21C 211 211 211 211 21C
?s 746¢ 745¢4 749z 745¢ 746¢€ 746¢ 747¢ 748¢ 7457
T,ss 294 29: 29t 29 294 294 294 294 292
?sr 218 215 214 21z 212 212 212 214 212
T,sw 59 592 59t 592 593 593 593 594 592
}2’0 211 211 21z 211 211 211 212 21z 211
Yys 97 97 97 97 97 97 97 97 97
?1 215 21% 214 218 212 212 212 214 212
12’2 212 211 21z 211 21z 212 212 21z 211
12’3 21F 214 21¢ 214 214 21E 21E 21F 214
?4 211 211 21z 211 211 211 211 212 211
l75 218 21z 21z 212 212 212 212 212 21z
T’e 21z 212 21z 212 212 212 212 212 212
?7 218 215 214 215 212 212 212 214 212
178 214 214 21¢ 214 214 214 214 21F 214
T’e 21z 211 21z 211 212 212 212 212 211

Existing Proposed Estimators

ot | Tt | T | Fen | T | T | Tes | Ve | T | Fon | Ty
?M 414 43¢ 447 43C 452 471 48t 424 442 45k
?S 1466¢ 1535¢ 1582¢ 1522; 1600¢ 1667¢ 17181 1503: 15671 1610¢
?ss 577 604 622 59¢ 62¢ 65€ 67% 591 61€ 63<
?sr 41¢ 43¢ 452 43t 457 47€ 491 43C 44¢ 46(
?sw 1164 121¢ 125¢ 120¢ 1271 132¢ 1364 119¢ 1244 127¢
}2’0 41F 43¢ 44¢ 431 452 472 48€ 42€ 444 45€
17,,5 19C 19¢ 20t 19¢ 20¢ 21€ 228 19t 20¢ 20¢
171 41¢ 43¢ 451 434 457 47€ 49C 42¢ 447 45¢
T’z 41¢€ 43¢ 44¢ 431 454 473 487 42€ 444 457
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}2'3 421 441 45E 437 46C 47¢ 494 432 45( 463
12’4 41F 434 44¢ 431 452 472 48€ 42t 445 45€
’2’5 41¢ 437 451 43¢ 45¢€ 47t 48¢ 42¢ 44¢€ 45¢
?6 417 437 45( 43¢ 45t 474 48¢ 42¢ 44¢€ 45¢
12’7 41¢ 43¢ 452 43¢ 457 47¢€ 491 42¢ 44¢ 46(
}2’8 421 44C 454 43€ 45¢ 47¢ 49 431 44¢ 462
12’9 41€ 43¢ 44¢ 43z 454 47% 487 42€ 444 457
Table 9.PREs of proposed estimatc?;g with respect to existing estimators using datpepulation-3.

Existing Proposed Estimators

ESt(;rrnat ?pl ?pz ?IB ?M ?pS ?pG T’W T,pS T,p‘)
?M 99¢ 101¢ 997 106( 100¢ 103z 99¢ 1001 101¢
?s 1278( 1299 1276: 1358: 1287 1322: 1278: 1281¢ 1301(
?ss 226( 229¢ 2257 2401 227 233¢ 226( 226¢ 230(
?sr 1617 164 161¢ 171¢ 162¢ 167: 1617 1621 164¢
?sw 1171 1191 116¢ 124¢ 118( 1211 1171 117¢ 1192
T’o 109z 1111 1091 1161 110(¢ 113( 1092 109¢ 1112
T’ys 15291 1555! 1527! 1625( 1540¢ 1582( 1529« 1533t 15567
12’1 98¢ 100¢ 98¢ 1051 997 102¢ 99C 992 1007
}2’2 937 952 93¢ 99¢ 94t 97C 93¢ 94C 954
173 99: 101( 99z 105¢ 1001 102¢ 994 99¢€ 10117
12’4 76¢ 782 76¢ 817 77¢ 79t 76¢ 771 78%
’2’5 967 983 96¢€ 102¢ 974 100(¢ 967 97C 984
?6 87¢ 893 871 93: 884 90¢ 87¢ 88C 894
’2’7 98¢ 100¢ 98¢ 1051 997 102z 98¢ 992 1007
}2’8 981 99¢ 98C 104: 98¢ 101t 981 984 99¢
12’9 934 95( 93: 99: 941 96€ 934 937 951

Existing Proposed Estimators

S Voo | Tt | T | Ty | Y | Tos | Tpie | T | T | oo
?M 937 947 95¢ 1104 594 617 64( 921 93z 944
?s 1200( 1213: 1228 1413¢ 760¢ 7907 820( 1179: 1193t 12009
?ss 212; 214~ 2171 250( 134¢ 139¢ 145( 208t 211(¢ 213¢
?sr 151¢ 153¢ 155¢ 178¢ 963 100(¢ 1037 149: 151( 153(
T’sw 109¢ 1112 112¢ 129¢ 697 724 751 108( 109z 110¢
l2’0 102t 1031 105( 120¢ 65C 67€ 701 100¢ 102( 103:
17,,5 1435¢ 14517 1469t 1691¢ 910¢ 9461 9811 1411( 1428 1447(
’2’1 92¢ 93¢ 951 109t 58¢ 612 63¢ 912 924 93¢
172 88C 89C 901 1033 55¢ 58C 601 86% 87t 887
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}2'3 93< 943 95k 109¢ 591 61° 637 917 92¢ 94(
12’4 722 73C 73¢ 85( 45¢ 47€ 492 70¢ 71¢ 727
’2’5 90¢ 91¢ 92¢ 107( 57¢€ 59¢ 62( 892 90z 91t
?6 824 83< 844 971 522 542 56% 81C 82(C 831
12’7 92¢ 93¢ 95( 109¢ 58¢ 612 63E 912 924 93¢
}2’8 921 932 943 108¢ 584 607 63C 90t 91¢€ 92¢
12’9 871 887 89¢ 103¢ 55€ 57¢ 59¢ 862 87z 884
Table 10.PREs of proposed estimatc?;g with respect to existing estimators using datpsetilation-4.

Existing Proposed Estimators

ESt(;rrnat ?pl ?pz ?IB ?M ?pS ?pG T’W T,pS T,p‘)
?M 54E 56& 542 59¢ 55( 561 54& 544 567
?s 721¢ 748: 718z 785: 728: 742 722z 720¢ 750¢4
?ss 61z 63E 60¢ 66€ 61¢ 63C 612 612 637
?sr 112¢ 116¢ 1122 1227 113¢ 116( 112¢ 112¢ 1172
?sw 692 717 68¢ 75 69¢ 71z 692 691 71¢
T’o 134 13¢ 13: 14t 13t 13¢ 134 134 13¢
T’ys 1371 14215 1364: 1491¢ 1383¢ 1411( 13721 1369¢ 1425t
12’1 54€ 56€ 543 594 551 562 547 54E 56¢
}2’2 54¢ 56€ 54E 59¢€ 552 564 54¢ 547 57C
173 54€ 56€ 543 594 55C 561 54€ 54E 567
12’4 54E 56& 54¢ 59¢ 55( 561 54¢€ 54t 567
’2’5 547 567 544 59t 552 562 547 54¢€ 56¢
?6 547 56€ 54E 59¢€ 552 562 54¢ 547 56¢
’2’7 54¢€ 56€ 54¢ 594 551 562 547 54& 56€
}2’8 54€ 56€ 543 594 551 562 54¢€ 54E 56¢
12’9 54¢ 56€ 54E 59¢ 552 564 54¢ 547 57C

Existing Proposed Estimators

S Voo | Tt | T | Ty | Y | Tos | Tpie | T | T | oo
?M 185¢ 185¢ 185¢ 1267 107 106( 106¢ 185¢ 184¢ 184¢
?s 2455¢ 24567 24571 1678 1425¢ 1404 1414( 2456¢ 2443: 2444¢
?ss 208/ 208t 208t 142¢ 121( 1192 120(¢ 208t 207: 207¢
?sr 383¢ 3831 383¢ 262: 222i 219¢ 220¢ 383 381¢ 381¢
T’sw 235¢ 235t 235¢ 160¢ 1367 134¢ 135¢ 235¢ 234: 234¢
l2’0 45k 45k 45E 311 264 26( 262 45t 45 45
17,,5 4664« 4667 4667¢ 3188t 2708¢ 2668( 2686: 4667« 4641¢ 4644¢
’2’1 185¢ 185¢ 185¢ 127( 107¢ 106: 107(¢ 185¢ 184¢ 185(
172 186¢ 186¢ 186t 127¢ 108z 106¢ 107z 186¢ 185¢ 185¢
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}2'3 185¢ 1857 1857 126¢ 107¢ 1061 106¢ 1857 1847 184¢
12’4 185¢ 185¢ 185¢ 126¢ 107 1061 106¢ 185¢ 184¢ 1847
’2’5 186( 1861 186: 127 108( 106¢ 1071 1861 1851 185z
?6 1862 186: 186: 127: 1081 106¢ 107z 186: 185z 185¢
12’7 185¢ 185¢ 185¢ 127( 107¢ 106: 107( 185¢ 184¢ 185(
}2’8 1857 185¢ 185¢ 127( 107¢ 106z 107( 185¢ 184¢ 184¢
12’9 186: 186¢ 186t 127¢ 108z 106¢ 107z 186¢ 185¢ 185¢
Table 11.PREs of proposed estimatc?;g with respect to existing estimators using datpsetilation-5.

Existing Proposed Estimators

ESt(;rrnat ?pl ?pz ?IB ?M ?pS ?pG T’W T,pS T,p‘)
?M 34¢ 353 34¢ 374 351 36¢ 34¢ 351 352
?s 7381 746¢ 738t 792( 744: 778¢ 738¢ 743 748(
?ss 259¢ 262¢ 259¢ 2781 261¢ 274( 260( 261¢ 263
?sr 1301 131¢€ 1301 139¢ 1311 137z 130z 131( 131¢
?sw 1071 108¢ 107¢ 115¢ 108t 113¢ 107 108: 109(
T’o 21¢ 22C 21¢ 234 22( 23C 21¢ 21¢ 221
T’ys 3401 343¢ 340( 364¢ 342i 358¢ 3401 3422 344¢
12’1 34¢€ 35C 34¢€ 371 34¢ 36E 34¢€ 34¢ 351
}2’2 332 33€ 332 35€ 33t 351 33< 33t 337
173 347 351 347 372 34¢ 36E 347 34¢ 351
12’4 25¢ 262 25¢ 27¢ 261 273 25¢ 261 262
’2’5 33¢€ 33¢ 33t 36C 33¢ 354 33¢€ 33¢ 34C
?6 274 271 274 294 27¢€ 28¢ 274 27¢€ 27¢
’2’7 34¢€ 35C 34¢€ 371 34¢ 36& 34¢€ 34¢ 351
}2’8 337 341 337 361 34C 35E 337 33¢ 341
12’9 33C 334 33C 354 332 34¢ 331 332 33t

Existing Proposed Estimators

S Voo | Tt | T | Ty | Y | Tos | Tpie | T | T | oo
?M 47C 47C 47C 45(C 46€ 46€ 46¢€ 472 471 471
?s 995¢ 995¢ 995: 953( 987¢ 987: 9871 998¢ 998¢ 998t
?ss 3504 350z 350z 335¢4 347¢ 347¢ 347¢ 351¢ 351« 351«
?sr 175¢ 175¢ 175¢ 167¢ 174(C 173¢ 174(C 176( 175¢ 175¢
T’sw 1451 1451 1451 138¢ 143¢ 143¢ 144( 145¢ 145¢ 145¢
l2’0 294 294 294 281 291 291 291 29t 20t 294
17,,5 458t 458: 4582 438¢ 454¢ 454t 4547 459¢ 459¢ 4597
’2’1 467 467 467 447 462 462 463 46€ 46¢ 46€
172 44¢ 44¢ 44¢ 42¢ 444 444 44E 45C 44¢ 44¢
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Y, 467 467 467 447 46: 46: 464 46¢ 46¢ 46¢
Y, 34¢ 34¢ 34¢ 334 34€ 34€ 34€ 35¢ 35¢ 35¢
Ys 452 452 452 43¢ 44¢ 44¢ 44¢ 454 454 454
Y 37¢ 37¢ 37¢ 354 367 367 367 371 371 371
Y, 467 46¢ 46€ 447 462 462 462 46¢ 46¢ 46¢
Yg 454 454 454 43¢ 451 45( 451 45¢ 45¢ 45¢
Y, 44E 44E 44E 42€ 442 442 442 447 447 447

5.3. Robustness of proposed class of estimators

Since the robust measures TM, HL, and DM are liktelgemain stable in the presence of outliers giuee to gauge
their impact a robustness study was carried outdiyg the real population dataset taken from Mu(t867) that
contain an outlier. Various characteristics of thé¢aset are given as:

N = 41,Y = 6658.400, C, = 0.170, n = 20, X; = 47.410 , X, = 1721.400, Cy; = 0.560, Cy, = 0.460, pyy; =
0.980, pyyz = 0.990, Byx1) = 2.355, Baxz) = 1.915, TM; = 443.00, TM, = 1658.750, HL, = 457.750, HL,
1712.000, DM, = 455.444, andDM, = 1688.444.

The scatter diagram presented in Figure 1(a) am) dlearly shows the presence of outlier in thead&or
comparison, the MSEs of both the existing and psedoestimators were computed and given in TableTha.
results show the superior efficiency of the sugeptstass of estimators as compared to their cotopein terms of
smaller values of the MSEs. These results sugbasthe new proposed class of estimators is mdigesit when
outliers are present in the data.
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Figure 1. Scatter diagram betweéa) X; = Number of workers,Y = Output (b) X, = Fixed capital income,Y =
Output.
Table 12.The values of MSEs of the existing and suggestahatrs for outlier data.

Existing Ry; R,; MSE Proposed Ry; R,; MSE
T/M - - 62396.20 T/pl 0.999 0.999 7069.99
?S - - 990519.1 ?pz 0.995 0.999 6954.82
?ss - - 19383.97 T/p3 0.999 0.999 7091.20
T/ST - - 146974.3 ?m 0.991 0.998 6843.09
?sw - - 97262.12 T/ps 0.998 0.999 7043.92
?0 - - 18714.86 ?pé 0.996 0.999 6997.59
?YS - - 384745.2 sz 0.999 0.999 7069.22
?1 0.999 0.999 62561.13 ?ps 0.999 0.999 7080.38
?2 0.995 0.999 63095.09 12’,,9 0.995 0.999 6951.66
?3 0.999 0.999 62455.13 ?pm 0.515 0.509 723.74
?4 0.991 0.998 63458.37 ?pn 0.507 0.501 696.59
?5 0.998 0.999 62639.03 ?mz 0.509 0.505 703.13
?6 0.996 0.999 62734.35 ?pn 0.715 0.665 2305.41
?7 0.999 0.999 62565.67 ?Pl‘l' 0.373 0.323 853.64
?8 0.999 0.999 62475.45 ?ms 0.366 0.316 902.56
?9 0.995 0.999 63114.29 ?MG 0.367 0.319 876.45

- - - - ?p17 0.5106 0.507 709.36
- - - ?ms 0.502 0.499 683.80
- - - - ?pw 0.504 0.502 690.02
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6. Summary and conclusion

In this study, a new class of exponential-typeorastimators is developed based on dual auxiliarialles which
utilize information on robust measures like TM, Hind DM. The theoretical, simulated, and empiritatlies were
carried out for performance evaluation which showed the proposed class of estimators are moigesft in term
of lower MSE and higher PREs as compared to usuileaisting estimators considered in this study eValuate
the performance in presence of outliers, a robgststidy was carried out that confirmed the supefitiency of
the proposed estimators over competing estimatbesnwlata contain outliers.

The current work can be extended to other sampiofniques such as ranked set sampling and prdabil
proportional to size sampling, etc.
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