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The Measurement Error Model (MEM) is employed tdte relationship between two or more variablesnvall
variables are subject to measurement errors. Isphbeific case of only two variables, this modekiferred to as
the Error in Variables model. This paper proposse hew estimation methods for a multiple structural
measurement error model, applicable when all viesasre subject to errors. The proposed method R dipetitive
Weighted Grouping and the Iterative Weighted Grogpiare extensions of the Wald estimation methad. T
evaluate the performance of these new estimatonspared to classical estimators-namely, the Maximum
Likelihood Estimator (MLE) and the Method of MomsrfMOM), a Monte Carlo experiment was conductece Th
simulation results showed that the proposed estirsatutperform the classical estimators in termsof mean
square error and bias. Additionally, real data ysislwas performed to assess the relationshipseeetwational
GDP, unemployment rate, and human development insiexj the proposed estimation methods. The resvésal
that, based on mean square error (MSE), the prdpos¢hods with r =3 and r =4 yield more accuratanegors
than other methods in weight case 1, while the gsed method with r =4 proves more accurate in iaigbe 2.
Furthermore, the proposed procedures demonstrasegrefficient than MLE and MOM in fitting the meld

Key Words: Measurement Error Model, Weighted Grouping Methdd)d Estimators, Iterative Estimator,
Unemployment Rate, Monte Carlo Simulat

1. Introduction

When modelling the relationship between two vagabthe structural Measurement Error Model (MEM)
(Adusumilli and Otsu, (2018); Fuller, (1987)) cam sed as an extension of the standard linearsgigremodel by
accounting for independent errors in both the rasp@nd predictor variables. This study exploresali MEMs with
vector-valued explanatory variables, i.e., model®iving more than one x variable, by employing nestimation
methods- the Repetitive Weighted Grouping and tiative Weighted Grouping, which are extensionthef\Wald
estimation method. These methods represent a roatilifin of the classical MEM model.

Consider the following equation error model:
N = a+Pudin + Pz + -+ Bulix i=12,...n ,j=12..k 1)

where
Vi = T]l+ €; and xl-]-= El]+ 511 i=1,2,...,n ,j=1,2,...,k . (2)

The measurement errai&;;, €;) are random vectors that are independent and aigtdistributed, while the latent
variableé;; is generally assumed to be independent and norrdisiiributed. However, the true distribution &f
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may deviate from normality in cases of skewnestiens, or multimodality. Therefore, using morexilele models
as alternatives to the standard one can be adwmiagCabral et al., (2020)).

The main issue in (1) is estimating the unknowrapaatersr and . (Cao et al., (2018b)) provides a comprehensive
review of this issue. Unless further prior informatis taken into consideration, standard estinmatieethods like
Maximum Likelihood Estimation (MLE) fail to accuedy estimate the unknown parameters of MEM. Coneetiy
researchers have been exploring alternative estimatethods to overcome the difficulties associatéth MLE
(Cheng and Van Ness, (1999); Adusumilli and Ot2018); Ahmad and Ahmad, (2019); Salem, (2018);drull
1987)). In this paper, an iterative estimation aralghted grouping method are proposed to fit varistructural
MEMs.

Measurement error, which occurs when an importariiale is not correctly observed, is a significastie
that frequently raises concerns about the validitan analysis. While there are numerous methodsltiess the
effects of measurement inaccuracy, these methsdgheir validity when their fundamental assumiare violated.
The problem is exacerbated when assumptions, suttose pertaining to the distribution of errontsy are difficult
or impossible to assess using the available datidel measurement error literature, an additiveghaith normally
distributed errors is typically assumed. Althouglstassumption is simple and appealing, it is ofterorrect in
practical applications (Spicker et al., (2021)).

Numerous authors have discussed various technfquestimating structural MEMs. The least squares a
MLE methods are among the most popular. The MLEhoekts applied (by Schennach and Hu, (2013)) aftemin
assumptions are considered. Madansky, (1959) alsdded a detailed explanation of how to use MLHita
straight-line model when both variables are meabkwvgh errors. Adusumilli and Otsu, (2018) offeradbroad
overview of the normal theory for structural MEMsdditionally, Al-Nasser, (2004) demonstrated thet General
Maximum Entropy (GME) method outperforms the Paitizast Squares (PLS) approach in terms of meaarsqu
of error (MSE) when analysing distributions withoelying on conventional assumptions.

Nonparametric or semiparametric approaches are riatobecause they provide flexible strategies to
mitigate the impacts of measurement error by angidissumptions about the distribution of the ecamponents.
Green, (2011) highlighted that adapting to non-radrenrors is a significant area of research. Cbatars to this field
include Yi, (2017), Schennach, (2013), and Xu et @017). On the other hand, Cao et al., (2018apgsed a
discretionary Expectation-Maximization (EM) algbrit combined with an empirical Bayesian techniqugenerate
maximum likelihood estimates for MEMSs with or witliteequation error. Similar results were achievegd@ho et al.,
(2018b)), who developed an iterative maximum liketid estimation procedure using the EM algorithm fo
heteroscedastic MEMs. An alternative estimationhoé} suggested (by Nair and Shrivastava, (1948yplves
generalized average grouping by plotting the fingtd and last-third means of all observations,valimg a more
accurate slope estimate than Wald's method. Regcenfbrmation theory has been applied (by Al-Nas$2004,
2005)). Other authors (by Al-Nasser, (2011); (Chreo al., 2007)) have proposed non-parametricrresiors of
regression functions using data contaminated bysarement errors. Furthermore, robust non-paramegtimation
procedures were suggested (by Al-Nasser et alL62@I|-Nasser, (2012); Xu et al., (2017)). Addita insights into
various estimation techniques within the contexM&Ms have been provided (by Surajit, (2015); Gdla(2010);
Carroll et al., (2006); Adusumilli and Otsu, (201Bartlett, (1949); Wiedermann et al., (2018); Greg@011)).

This article proposes two new non-parametric esgtonanethods: the repetitive weighted grouping tred
iterative weighted grouping. The performance osthmethods is demonstrated through Monte Carlolatioos and
real data applications in estimating the parametensultiple linear regression model with two inéepent variables
in the presence of measurement errors. The rabegfaper is organized as follows: Section 2 prewid review of
the Maximum Likelihood Estimation (MLE) and MethotiMoments (MOM) approaches. Section 3 detailgisly
proposed procedures, including the iterative anjlited grouping (weighted Wald-type). Section 4vgbases the
performance of these methods through Monte Canlulsttions, followed by a real data application icon 5.
Finally, Section 6 concludes the article.

2. Classical Estimation Methodsfor Multiple MEM
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This section briefly discusses the common estimnatchniques used for fitting multiple structursasurement
error models: The Maximum Likelihood Estimation (MlLand Method of Moment (MOM).

2.1 Maximum Likelihood Estimator

MLE is the most commonly used estimation methoce &ktimation problem for the simple MEM using theBJ
was initially addressed (by Lindley, (1947)) andffier elaborated (by Kendall and Stuart, (1979)n&jor drawback
of this method is that it requires the assumptibnasmality for the unknown error terms. Consideg tnodels given
in (1) and (2) written in matrix form:

n=%¢Pp Z,=z,+¢g )

where

Zy = (X, Y,); & = (8, &p).
7n: Linear predictor or the expected value of thgpoese variable.
&: Vector of explanatory variables or predictors.
B: Vector of coefficients.
Z,: Observed data vector at time t.
z,: Deterministic component or the part of the modat the predictors explained.
g;: Error term at time t.
X, andY, : The components of the observed data veZtor
6, andg, : The components of the error vectgy.

Then, under the multivariate normal distributiom (ie,~NI1(0, Z,,)) assumption, the variance-covariance is known
and given as:

L, = 8802
where
X... The covariance matrix of the error termas
a?: Variance of the error terms.
Y,.: Known matrix representing the structure of the ecavariance.

Accordingly, the unknown parameters can be estithbyefinding the first derivative of the log-likblbod function
of a random sample of size n:
n
1.2.0:3,2) = [ | [ 0N Us BF (B i Ko U O U3 0)
i=1
LogL = c~ 3 10g12mYee0?| — ;5 Tis(Ze — 20) Y& (Ze — 20)'.

Solving the first order conditions of the log likedod function, the unknown parameters can be astichas:

" . 1 ! . 1
B=|Max— Q- @Sp| |Mw-@-1 @]

where
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M,, = — (Z, — Z2)' (Z, — Z); Aisthe smallest root My, — AS,.|=0; andS,, is an unbiased estimatorXy,.

2.2 Method of Momentsfor Multiple MEM

The method of moments (MOM) is a commonly usednagke for estimating MEM. Originally introduced (Beary,
(1942)), MOM relied on sample and population mommganhd was later modified to incorporate cumulatelsis
research. Although Drio, (1951) also applied MOMis study, it has not been frequently cited. Inem@cent years,
researchers such as Cragg, (1997), Gillard and(2€96), Van Montfort, (1988), and Pal, (1980) &@xplored the
use of moments to develop optimal estimators, @adily those based on higher moments. Dunn, (2880¢loped
several slope estimators using the MOM but didomovide details on estimators based on higher mésnEnllowing
Pal, (1980), the MOM estimator for the model giueKil) can be derived by computing the deviatiohallosariables
specified in the model:

n"=n-m§=§-§ Yy =y-yadx;=x X (4)
Also, the error terms are assumed symmetricallyidiged, then

E(y'x??) = 2}21 3jE(x}x§2);i =1,2,..,m.

Therefore,

AB =B.
Hence

B=A"'B
where

A= ((a,-j)) with a;; = E(x{x]
B' = (E(y'x2),E(y'x%),.... E(y'x}2))

and

B' = (B1. Bz . Bm)-

Finally, 3 = A~'B a consistent estimator providgd| # 0; whereA and B are the sample estimates of A and B.
Therefore, unless additional information about tektionship beyond the observations is availablfdy MOM
estimators can be used, and the variances of stichagors remain unknown.

3. The New Proposed Procedures.

This article proposes two new procedures for fitnmultiple structural measurement error modelmdikvariables
are subject to errors. These new estimation metegi@nd the Wald estimation method, commonly reféto as the
grouping method which involves splitting the dat@itwo or three groups and estimating the sloghe®MEM based
on the group cente(by Wald, (1940), Gillard, (2010)). The proposed moels include a weighted grouping technique
and an iterative weighted procedure.

3.1 The Weighted Grouping Method
The weighted grouping method is utilized to avdid unpredictability of individual results and madilinearity

across explanatory variables by multiplying thegiiof each group by its sample mean in the Waldhggn and
iterative equation. The general idea behind thiegss is as follows:
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* Sort the data from smallest to largest with theiresponding valueg's, i = 1,2, ...,n.
» Split the data into r-subgroups of similar size.(the sub-sample size is k) so thra& [g]
« Compute the parameters; as:

ﬁ" _ Wiml_’im_wi(m—l)}_’i(m—l)
;=

— — , m=1,2,.... 7, = 1,2,...,n (5)
WimXim — Wi(m-1)¥Xi(m-1)

wherew,,, is the weighted group.

» Determine the weight;,,, for two cases:
(i) Case One: compute weight as:

Witn-1) = cov(xi(m—l):y(m—l)) (6)
Wim = €OV (Xim, Vi) (7)
(if) Case Two: compute weight as:

2

= T¥im
WLm - Zi_c:l%%i (8)
Wim-1) =1 — Wi, ()]

where:

2Win + Wign—1)) = 1

Theorem: Assuming the model in (1) and (2) holds, theneator based on Weighted Grouping Method given )n (5
is unbiased estimator if and onlywf,,, = w;,,_qy in the first case, an#;,,, = w;,-1) = 0.5 in the second case
(refer to Gupta and Amanullah, (1970)).

Proof:
B' _ Wiml_’im_wi(m—l)l_’i(m—l)
: Wim%im =~ Witm-1)%i(m-1)
k
a=y- z Bi %;
i=1
5\ _ Wim¥im = Witm-1)Yi(m-1)
B () = (Bmtm i) (10)
WimXim — Wi(m-1)%Xi(m-1)
However,
E () =0, E(ei;) =0, and E (ef) = o2
Then,
5 _ Wim€im ~ Witm-1)€i(m-1)
Bi= Bi + - -
WimXim — Wi(m-1)Xi(m-1)
where

€m @Ndé€;(,,_q) are the means af,, and n;(,,_yy disturbances;.

By the theorem, whew;,,, =w;,_1), and using the results (from Raj and Koerts, (JR92e obtain:
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E (ﬁl) = ﬁi’
with associated variance given as:
1

Var ( ﬁAl) = _ _ 2 {Var(wimyim ’ Wi(m—l)yi(m—l))}
(Wimxim - Witm-1) xi(m—l)

Wi 2var i)+ Witm—1)2var (Fiom-1)) ~2Wim Witm-1) €00 (¥im Ji(m-1)) (11)

_ _ 2
(Wimxim ~ Wi(m-1) xi(m—l))

Also,

K
[E(@=E (7— Z 31'9?1')
= (a+ X, Bixi— T, Bi®) = al (12)
with
Kk
var (&) = var (37 - Z B; fi)

= var(y) + x; var( 31) = 2¢0V (Yim » Yi(m-1)) (13)

3.2 Thelterative Weighted Procedure

Meanwhile, the proposed iterative weighted procedsiran extension of the repetitive estimation meth
described (by Al-Dibi'i and Al-Nasser, (2019)). Theneral idea of this procedure can be summarigddllaws:

» Sort they values in ascending order, from smallest to laygdeng with their associate(ctl[i],xz[i])
values, wheré = 1,2...,n.

» Divide the data into-subgroups of equal size (i.e the sub-sample sikg such that- < B]
« Compute the mean for each subgrdiip;, %,;,7;);j = 1,2, ..., .

» Estimate the unknown parameters. At this stages, #inficle proposes two procedures, which are
described in the following subsections.

3.2.1 Repetitive Weighted Grouping Procedure

The idea of this procedure is to take the centelgfossible slopes (Figure 1), as has been stegéisy Al-Dibi'i
and Al-Nasser, (2019)). This can be done by ddjitire j-th slope as:

frj = Smdmi ZVen-b Y] g9 n, m=1,2, e, k=1,2,...,(7)
k] Wm]fm] —_ W(m_l)]f(m_l)] ) ) ) ) ) ) ) ) ) ) )

G]_ Gz G3 ______________________ Gr

Figure 1: All possible slopes between the subgroups
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* Finally, the unknown parameters of MEM can be estéd as:

~

b= W By and a=y-Yilh (14)

3.1.2 An Iterative Weighted Grouping Procedure

The idea in this procedure is to compute the pa@wlopes continuously and gradually from eachgsohbp
to another sub-group as illustrated in Figure Zr&fore, the j-th slope iteratively as:

frj = —mimi “ Vom0 Yn) i g, m= 1,2t k=1,2,.., (= 1) (15)

— = )
WmjXmj = W(m-1)j*(m-1)j

G; G, T Y Gy

Figure 2: Pairwise slope between the subgroups

* Finally, the unknown parameters of MEM can be estéd as:

N

L o L P
By = 5 25.111) By and &=y —YrliBk Xk (16)

4. Monte Carlo Experiment

Two random samples, consisting of inlier and outiemples, were generated using Python, each loas&6,000
iterations with a sample size of n, from the staddeormal MEM described in (1). These samples veeralyzed
under the following procedures and assumptions.

e Order the data from smallest to largest with thespective associatéd values,i = 1,2, ...,n.

where:
N = a+ P + Biéiz i=12.,n
Yi=mt €
xi; = &+ 6 i=12,..,n j=12,..k

where
X1 = &+ O
Xz = §p+ 62

+ Set the initial values as=1,B; = 2,B, = 3,0% =1, 03, =1 ando?,=1.

* Generate the error terms from a standard normalhdision.

» Consider three different data sizas: 100, 200 and 500.

« Contaminate the data with outliers. At each stepréain percentage (10%) of the observations weletet
and replaced with outliers generated accordingadallowing different cases:
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() Outliersonlyiny ; - N(0,02), 0% = 16.

(i)  Outliers only inx; (8; - N(0,03,), o§1 = 16.

(i)  Outliers only inx, (8, . N(0,0%,), 03, = 16.

(iv) Outliers in bothx,and x, (8, . N(0,03,) and (8, . N(0,0%,), (03,, 03,) = (16, 16).
(v) Outliers in y,x,and x,, (62, 63, 03,) = (16, 16, 16).

The properties of these estimators were investigastng the simulated bias and mean square eetined as
10000 1 10000

1 ) o
Bias= 1000 (#. - ); MSE= - i:l(ﬂi 4) (17)

where L4; is the estimates given by one of the proposed astirs for the't sample.

Table 1-6 present the bias and MSE valueg @indp for each contaminated case across different sasigge:n =
100, 200 and 500. The simulated results indicatevieighted technique 1 outperformed technique @wthere were
no outliers, while technique 2 showed better penéoice in the presence of outliers. Overall, the liad mean
squared error (MSE) of the estimations decreasdleasample size increased. Compared to classietlads like
Maximum Likelihood Estimation (MLE) and Method ofdvhents (MOM), the newly proposed weighted grouping
procedures exhibited lower bias and MSE values.ithadlly, the study found that weighted techniqueras more
efficient than technique 1 in the presence of etsli

Table 1: The Bias and MSE éfandf for samples without outlier.

n Parameter Statistic Weight case 1 Weight case 2 Classical
Repetitive Repetitive Iterative Iterative Repetitive Repetitive Iterative Iterative
MLE MOM
r=3 r=4 r=3 r=4 r=3 r=4 r=3 r=4

Py Bias 0.0001 0.0001 0.0005 0.0001 -0.0088 -0.0045 0.0023 -0.001 -0.0014 -0.0495

MSE 0.0035 0.0026 0.0207 0.013 0.0820 0.0839 0.0518 0.0219 0.2334 0.3387

100 B, Bias -0.0186 -0.0198 0.0339 -0.02 -0.0057 0.0136 0.0488 -0.0194 0.327 0.6429
MSE 0.0737 0.0389 0.201 0.1245 0.0623 0.0512 0.0279 0.0381 0.0782 05076

B Bias -0.0295 -0.0295 0.008 -0.0296 0.0622 -0.0459 0.0066 -0.0296 -0.8378 02111

MSE 0.0873 0.0873 0.0915 0.0877 0.0592 0.0316 0.0209 0.0219 0.8187 0.6803

@ Bias -0.0001 0.0001 -0.032 0.0024 0.0022 0.0001 -0.0028 0.0021 0.0049 0.0218

MSE 0.0007 0.0007 0.0092 0.0055 0.0212 0.0264 0.0258 0.0356 0.0926 0.3036

200 B Bias -0.0098 -0.0095 0.0188 -0.0078 0.002 -0.0005 -0.0017 -0.0098 0.1817 0.3847
MSE 0.0193 0.0190 0.0707 0.0784 0.0292 0.0104 0.0206 0.0247 0.7759 0.4736

B Bias -0.0149 -0.0140 0.0037 -0.0131 0.0249 0.0093 0.0028 -0.0159 -0.8608 0.0768

MSE 0.0443 0.0440 0.0901 0.0743 0.0499 0.0185 0.0198 0.0245 0.7925 0.5327
& Bias 0.00001 0.0001 0.051 -0.0014 0.0001 0.0001 -0.001 0.0006 0.0009 0.0034

MSE 0.0001 0.0001 0.0083 0.0028 0.0041 0.0112 0.0109 0.0201 0.035 0.589

500 B, Bias -0.004 -0.0034 0.0063 -0.0055 0.0006 0.0006 0.0067 0.0069 0.1203 0.9089
MSE 0.0079 0.0078 0.0172 0.0069 0.0202 0.0102 0.0160 0.0184 0.3831 03516

B Bias -0.006 -0.0056 0.0026 -0.0013 0.0044 0.0048 0.0014 0.002 -0.8712 0.0332

MSE 0.0179 0.0166 0.0811 0.0579 0.1518 0.0116 0.0096 0.0087 0.7791 0.424

Table 2: The Bias and MSE farandf whenc?, = 16 with outliers in x.

n Par ameter Statistic Weight case 1 Weight case 2 Classical
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Repetitive Repetitive Iterative Iterative Repetitive Repetitive Iterative Iterative
MLE MOM
r=3 r=4 r=3 r=4 r=3 r=4 r=3 r=4

@ Bias -0.0001 0.0001 0.0002 0.0047 0.0009 -0.0034 0.0034 0.0005 -0.008 0.1412

MSE 0.0048 0.0045 0.2862 0.2457 0.1755 0.1864 0.5892 0.5737 0.9498 0.5451

100 B Bias -0.0198 -0.0187 0.0326 -0.0195 0.0148 0.0045 0.0352 -0.0197 -0.8448 0.4498

MSE 0.0378 0.0391 0.1179 0.1300 0.1448 0.1254 0.1461 0.1460 0.9722 0.7382

B Bias -0.0295 -0.0291 0.0148 -0.0296 0.0591 0.0452 0.0152 -0.0296 01294 0.1836

MSE 0.0871 0.0870 0.2011 0.1989 0.1712 0.1663 0.1937 0.1901 0.3265 02018

P Bias -0.001 0.0001 0.0311 -0.0018 0.0004 -0.0005 0.0006 0.0058 0.055 0.0344

MSE 0.0009 0.0022 0.2349 0.2050 0.1031 0.1004 0.4022 0.3127 0349 0.2656

200 B Bias -0.0098 -0.0093 0.0166 -0.0099 0.0021 0.0011 0.0249 -0.0099 02975 03279

MSE 0.0194 0.0191 0.1081 0.995 0.1342 0.1309 0.0841 0.0711 0.2775 0583

B Bias -0.0149 0.0190 0.0042 -0.0149 0.0193 0.0044 0.0036 -0.0149 0.0004 0.0733

MSE 0.0443 0.0440 0.1701 0.1544 0.1016 0.1498 0.0914 0.0901 0.2263 0.2811

P Bias -0.0001 -0.0002 0.0001 0.0021 0.0007 -0.0004 0.0001 0.0002 0.0147 -0.0567

MSE 0.0002 0.0002 0.2209 0.1998 0.0224 0.0302 0.1292 0.1234 0.2814 02213

500 B Bias -0.004 -0.0033 0.0069 -0.004 0.0006 0.0006 0.0075 0.0069 0.2372 0241

MSE 0.0079 0.0066 0.0920 0.0900 0.0444 0.0873 0.0332 0.0311 0.2645 0.2955

B Bias -0.006 -0.005 0.0011 -0.006 0.0014 0.0064 0.0011 0.0013 -0.5327 0.0138

MSE 0.0179 0.015 0.0804 0.0778 0.0283 0.0107 0.0687 0.0581 0.1875 01794

Table 3: The Bias and MSE férandg whenc?, = 16 with outliers in x.
n Parameter Statistic Weight case 1 Weight case 2 Classical
Repetitive Repetitive Iterative Iterative Repetitive Repetitive Iterative Iterative
MLE MOM
r=3 r=4 r=3 r=4 r=3 r=4 r=3 r=4

a Bias 0.001 0.0001 -0.0662 -0.0040 0.0045 0.0026 0.0043 -0.0079 -0.0099 -0.3700
MSE 0.0073 0.0070 0.1185 0.0936 0.1502 0.1394 0.0714 0.0487 0.9089 0.6376
100 B Bias -0.0185 -0.0192 -0.0602 -0.0193 0.0075 0.0106 0.0174 -0.0193 0.1614 0.1955
MSE 0.0588 0.0419 0.1209 0.1200 0.2963 0.1995 0.0415 0.0228 0.5679 0.7781
B Bias -0.0296 -0.0274 0.0059 -0.0296 0.0268 0.0498 0.011 -0.0296 -0.0074 -0.8605
MSE 0.0874 0.0712 0.0148 0.0879 0.2785 0.2178 0.0432 0.0416 0.2595 0.4314
@ Bias 0.0001 -0.0002 -0.0078 -0.0007 0.0005 -0.0001 0.0005 -0.0014 -0.0018 -0.2851
MSE 0.0013 0.00012 0.097 0.0026 0.0817 0.1255 0.0612 0.0324 0.8886 06183
200 B Bias -0.0099 -0.0098 -0.1023 -0.0098 0.0022 0.0028 0.0197 -0.0099 0.1596 0.1693
MSE 0.0197 0.0193 0.096 0.0911 0.1924 0.1291 0.0883 0.0197 0.4712 0.6722
B Bias -0.0148 -0.0146 0.0032 -0.0149 0.0116 0.0217 0.0038 -0.0149 -0.0758 -0.6878
MSE 0.0466 0.0358 0.0023 0.0025 0.2033 0.1463 0.0213 0.0404 0.2179 0.3466
a Bias -0.0001 -0.0001 0.001 -0.0015 0.007 -0.003 0.041 -0.0011 0.0775 -0.1163
MSE 0.0001 0.0001 0.009 0.0076 0.0079 0.0035 0.0302 0.0301 0.5017 0.4216
500 B Bias -0.004 -0.0036 0.0078 -0.0085 0.0008 0.0007 0.0071 -0.004 0.2358 0.1679
MSE 0.008 0.0073 0.0513 0.0144 0.0804 0.0103 0.0282 0.0178 0.2825 0.6641
Bias -0.006 -0.0054 0.0014 0.0026 0.0051 0.0038 0.0014 -0.006 -0.9269 -0.4754
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B MSE 0.0181 0.0163 0.0019 0.0013 0.0905 0.0391 0.0201 0.0169 0.1333 0.2071
Table 4: The Bias and MSE farandf when 62,, 63,) = (16, 16) with outliers in both {xxy).
n Par ameter Statistic Weight case 1 Weight case 2 Classical
Repetitive Repetitive Iterative Iterative Repetitive Repetitive Iterative Iterative
MLE MOM
r=3 r=4 r=3 r=4 r=3 r=4 r=3 r=4
@ Bias -0.0003 0.0001 0.0071 -0.0075 0.0009 -0.0034 0.041 -0.346 -0.3903 -0.1765
MSE 0.0099 0.0088 0.4007 0.3902 0.1755 0.1864 0.5009 0.4515 0.5573 0.4166
100 B Bias -0.0198 -0.0191 0.0615 -0.0195 0.0148 0.0045 0.022 -0.0197 -0.176 0.4669
MSE 0.0392 0.0386 0.2053 0.2008 0.2448 0.2254 0.1478 0.1066 0.6702 0.5008
B Bias -0.0303 -0.0291 0.0088 -0.0299 0.0591 0.0452 0.2589 -0.0372 0.6054 -0.7889
MSE 0.0972 0.0872 0.1908 0.1524 0.1712 0.1663 0.3124 0.1946 0.6821 0.4622
@ Bias -0.0001 0.0002 0.0007 -0.0097 0.0004 -0.0005 -0.0022 -0.0052 -0.2256 -0.1529
MSE 0.0015 0.0022 0.2862 0.2481 0.1031 0.1804 0.3808 0.2526 o377 0.3547
200 B Bias -0.0098 -0.0015 0.0211 -0.0101 0.0021 0.0011 0.0244 -0.0099 -0.4022 03909
MSE 0.0193 0.0190 0.1944 0.1085 0.1342 0.1309 0.0955 0.0923 0.208 0.4425
B Bias -0.0151 -0.012 0.0038 -0.0149 0.0193 0.0044 -0.003 -0.0149 0.1096 -0.4725
MSE 0.0843 0.0818 0.1007 0.9444 0.1516 0.1498 0.0952 0.0944 05781 02472
@ Bias -0.0004 -0.0002 0.001 -0.0019 0.0007 -0.0004 0.001 -0.0012 03113 -0.0946
MSE 0.0002 0.0002 0.1992 0.1877 0.0924 0.1302 0.1933 0.1713 0.3353 0.2665
500 B Bias -0.004 -0.0033 0.0770 -0.046 0.0006 0.0006 0.0079 -0.004 0.118 o777
MSE 0.0076 0.0066 0.1356 0.9979 0.0444 0.0873 0.0259 0.0184 0173 0.2097
B Bias -0.006 -0.005 0.0026 -0.017 0.0014 0.0064 0.0014 -0.006 01554 -0.2105
MSE 0.0181 0.0151 0.0622 0.0619 0.1283 0.1107 0.0728 0.0571 0.2385 01731
Table 5: The Bias and MSE farandf whencs? = 16 with outliers in y.
n Parameter Statistic Weight case 1 Weight case 2 Classical
Repetitive Repetitive Iterative Iterative Repetitive Repetitive Iterative Iterative
MLE MOM
r=3 r=4 r=3 r=4 r=3 r=4 r=3 r=4
@ Bias 0.0001 0.0001 0.0004 -0.0012 0.0045 0.0026 0.0806 -0.3095 -0.0566 -0.3533
MSE 0.0029 0.0002 0.1921 0.1642 0.2502 0.2094 0.1321 0.1095 0.3392 0.8736
100 31 Bias -0.0192 -0.0189 0.0447 -0.0195 0.0075 0.0106 0.0276 -0.0373 0.2062 0.2733
MSE 0.0372 0.0350 0.258 0.1897 0.1963 0.1955 0.1709 0.1194 0.4143 0.3996
B Bias -0.0295 -0.0274 0.0095 -0.0296 0.0268 0.0498 0.0123 -0.0296 -0.3901 01234
MSE 0.0872 0.0821 0.1606 0.1078 0.2485 0.2178 0.1004 0.1503 0.4639 02641
@ Bias 0.0003 -0.0001 0.0201 -0.0303 0.0005 -0.0001 -0.0004 -0.0073 -0.0235 0.0061
200 MSE 0.0007 0.0001 0.0941 0.0761 0.2017 0.2055 0.0822 0.0788 01122 01229
Bias -0.0098 -0.0081 0.0201 -0.0099 0.0022 0.0028 0.02 -0.0103 0.0883 0.2431
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B MSE 0.0193 0.0176 0.123 0.1195 0.1924 0.1291 0.0723 0.0721 0.3886 0.2127

B Bias -0.0148 -0.0119 0.0042 -0.0149 0.0116 0.0217 0.0033 -0.0149 0.3%0 0.0457

MSE 0.0466 0.0358 0.0868 0.0844 0.2033 0.1463 0.0535 0.0445 0.2832 0.1022

P Bias -0.0001 -0.0001 0.011 0.0018 0.007 -0.003 0.001 0.0028 -0.0182 0.0872

MSE 0.0001 0.0001 0.0781 0.0551 0.1979 0.1035 0.0383 0.0297 0.1081 0.1023

500 [ Bias -0.004 -0.0036 0.0074 -0.008 0.0008 0.0007 0.0045 -0.006 0.0595 0.1686
MSE 0.008 0.0078 0.0919 0.0910 0.1004 0.1103 0.0132 0.0119 0.1639 0.2108

B Bias -0.006 -0.0054 0.0015 -0.01 0.0051 0.0038 0.001 0.008 -0.2001 0.0365

MSE 0.0181 0.0163 0.0212 0.0208 0.0905 0.0891 0.0106 0.0110 0.1553 0.0016

Table 6: The Bias and MSE farandf when 63,, 6%,,62) = (16, 16, 16) with outliers in all (xx,y).

n Par ameter Statistic Weight case 1 Weight case 2 Classical
Repetitive Repetitive Iterative Iterative Repetitive Repetitive Iterative Iterative
MLE MOM
r=3 r=4 r=3 r=4 r=3 r=4 r=3 r=4

& Bias 0.0002 0.0002 -0.0042 -0.0001 0.0044 0.0081 -0.0242 -0.0001 0.1915 0.3141

MSE 0.0104 0.0107 0.4113 0.2068 0.2434 0.2299 0.5075 0.4072 0.8117 0.6594

100 B Bias -0.0188 -0.019 0.0465 -0.0194 0.0063 0.0033 -0.0532 -0.0192 -0.1953 0.7951
MSE 0.0455 0.047 0.3683 0.2004 0.1392 0.1747 0.3336 0.1812 0.8682 0.6918

B Bias -0.0295 -0.0296 0.022 -0.0296 -0.0138 0.0839 0.0115 -0.0296 0.1169 01741

MSE 0.0872 0.0876 0.2462 0.1877 0.1272 0.1243 0.1262 0.1106 0.6714 0.2756

@ Bias -0.0001 0.0002 0.0324 -0.013 -0.0002 -0.0018 0.0003 -0.0023 0.061 -0.3119

MSE 0.0016 0.0015 0.2899 0.1921 0.1466 0.1361 0.4970 0.1569 0.7348 05576

200 B Bias -0.0098 -0.0098 0.0215 -0.0148 0.0023 0.0023 0.0243 -0.0099 0.1463 0.6997
MSE 0.0198 0.0193 0.2798 0.1442 0.1182 0.1179 0.1210 0.1198 0.7709 0.4717

B Bias -0.0152 -0.0149 0.0041 -0.0199 0.0229 0.0133 0.0049 -0.0149 -0.103 -0.7063

MSE 0.0443 0.0440 0.1301 0.0992 0.1174 0.1130 0.0913 0.0445 0.415 0.2176

& Bias 0.0001 0.0001 0.0901 -0.0942 -0.002 -0.0001 -0.001 0.003 -0.1491 0.2984

MSE 0.0002 0.0002 0.1093 0.1892 0.004 0.0154 0.0574 0.0411 0.5395 0.2902

500 B Bias -0.004 -0.0033 0.0074 -0.006 0.0009 0.0006 0.032 -0.054 0.097 0.4496
MSE 0.0079 0.0077 0.0998 0.0979 0.0036 0.0018 0.0247 0.0183 0.4286 03317

B Bias -0.0075 -0.006 0.0014 -0.008 0.005 0.007 0.0015 -0.006 -0.1713 -0.4424

MSE 0.0225 0.0189 0.0938 0.0919 0.0962 0.0685 0.0318 0.0164 0.2774 0.1816

5. Real Data Application

In the past, a nation's overall development lewadse determined by its national income becausea w
believed that the more a nation produced, the pargress it would make both economically and sbcialowever,
we acknowledge that there may be significant diffiees between societal progress or overall develnpand GDP
growth. Over the past two decades, there has beeh discussion about the limitations of using GBRgauge of
a country's quality of life or social well-beinghd fact that a large portion of the population'aliqy of life has not
improved despite a high GDP growth rate has ledespeople to believe that the GDP measure shouékpanded
to consider human well-being and life quality.

Unemployment is a critical issue for developing rinies because it has a direct and significant chpa a
country’'s economy. It is defined as someone whdllisig and able to work but does not have a pald Meanwhile,
the unemployment rate is the most used indicataagsessing labour market conditions. It is theg@iage of people
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in the labour force who are out of work. Understagdhe patterns of unemployment rates is critihake days, and
it has piqued the interest of researchers frorfiedtls of study all over the world. For policymakeand researchers,
unemployment is important when planning a countndmetary progress.

An advanced modelling approach is required to datex the effect of the unemployment rate efficigntl
Several studies have recently relied on traditidesfing methods to estimate the effect of the yleyment rate.
Furthermore, unemployment is typically non-statign@\s a result, using traditional methods to desti@ate them
will yield unpredictable results. To address thsués associated with traditional techniques, a betpproach is
required to deal with the effect of the unemploytrrate (Shi et al., (2022)). The Human Developniedéx (HDI),

a multidimensional indicator of development, hasven to be more reasonable in comparison to themeaf GDP
growth, which is one-dimensional in income. Thisiis line with the general belief that well-being &
multidimensional concept that cannot be measureddrket production or GDP alone (Surajit, (2015p)the value
of all goods produced in a nation during a fiscahlyis used to define its GDP. It is discoverethéoone of the
economic growth and production indicators, andl&y @ crucial strategic role in employment, develept, and the
balance of payments (Volker, (2005)). In this detithe new procedures were applied to determiaedtationships
between GDP and HDI. Data were collected from tkarly Jordan’s economic report (1990-2021) (Country
Economy. Jordan - Human Development Index - HDI®Pdountryeconomy.com), (Jordan | Data (worldbana)
and are presented in Table 7.

Table 7: Yearly Dataset of HDI, GDP and UnemploytriRate of Jordan (1990-2021)

Y ear HDI GDP Unemployment Rate
1990 0.625 1166.611 16.810
1991 0.636 1155.234 19.513
1992 0.657 1335.288 19.274
1993 0.668 1334.229 19.700
1994 0.679 1414.339 17.171
1995 0.693 1466.045 14.600
1996 0.695 1463.888 13.700
1997 0.699 1494.511 13.686
1998 0.702 1600.398 13.703
1999 0.706 1619.536 13.707
2000 0.711 1651.622 13.700
2001 0.717 1720.361 14.700
2002 0.715 1802.055 15.300
2003 0.720 1876.259 14.500
2004 0.726 2044.964 14.580
2005 0.738 2183.395 14.800
2006 0.741 2513.029 14.000
2007 0.744 2735.379 13.100
2008 0.745 3455.770 12.700
2009 0.743 3559.692 12.900
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2010 0.737 3736.645 12.500
2011 0.734 3852.890 12.900
2012 0.735 3910.347 12.200
2013 0.729 4044.427 12.600
2014 0.729 4131.447 11.900
2015 0.730 4164.109 13.080
2016 0.729 4175.357 15.280
2017 0.726 4231.518 18.140
2018 0.728 4308.151 18.270
2019 0.729 4405.487 16.810
2020 0.729 4282.766 19.026
2021 0.730 4405.839 19.252

A descriptive analysis of the data is tabulate@able 8 with correlations between variables arsgmed in Table 9.
It is noted that there is a strong positive andificant correlation between GDP and HDI (r = 0./78% 0.001) and
a strong negative and significant correlation betwthe unemployment rate and HDI (r = -0.538, pGOD).

Table 8: Descriptive Statistics

Variable Min Max Mear STDEV
Unemployment Ra 11.¢ 19.7 15.1 2.t
GDF 1155.; 4405.¢ 2726.: 1242.¢
HDI .68 75 71 .03

Table 9: Correlation Matrix between the dependeatiable (HDI) and independent variables (GDP and
Unemployment rate).

Variable HDI
739"
GDP (0.000
-.538"

Unemployment Rate (0.001

Note: ** significant at 0.01 level. Values in ()mesent the p-value.

The trend of the variables within the study peidiven in Figures 3, 4 and 5.
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Figure 3: The trend of the HDI within 199024.  Figure 4: The trend of the national GDEhimi 1990-2021.
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Figure 5: The trend of the unemployment rate witt$90-2021

Moreover, the scatter plots in Figures 6 and 7 sagthat there is almost a linear relationship ketwthe variables,
Also, based on the linearity test, the result inths there is a weak linear relationship betweernvthriables (F =

0.316, P.=0.98), as shown in Figure 8. Moreoversttatter plots in Figure. 9. indicate that theelieteroscedasticity
problem in fitting the model.

é B 700
680 ?
530
660 650
640 840
520 = = 2 2
Bibsispoaisisesasaysasiiignaag :
Unemployment Rate
Figure 6: The line plot of HDI and Unemploymeate. Figure 7: The line plot of HDI aG®P
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Figure 9: The scatter plot of HDI, GDP and unempient rate

These analyses suggest that the GDP, unemployatentind HDI can be modelled as linear relatiorsshipwever,
it is believed that all variables are subject tmebecause their value is affected by severalrdtwtors. As a result,
it is suggested to consider MEM for studying thatienship between HDI, unemployment rate, and GDi¥ model
under consideration can therefore be reformulasefdliows:

HDI =a + 8; x (GDP -8;) + 5, x (Unemployment Rates,) +e.

(18)

Table 10 displays the outcomes of the estimatiothatks considered in this article: The Repetitivaghited, Iterative
weighted, MLE and MOM. The results indicate thatséd on mean square residual (MSR), the propos#tbdse
with r =3 and r =4 produced more accurate estinsat@an the other estimation methods in weight taselditionally,

the proposed method with r=4 provided more accuestimators than the other methods in weight case 2

Furthermore, the results show that the proposdthastrs using weighted technique 1, outperformexsehusing
technique 2. Overall, the proposed procedures detraiad greater efficiency than MLE and MOM inifiig the

model, as illustrated in Figures 10 and 11, whicipldy the residuals for each estimation method.

Table 10: Parameter Estimation of HDI vs GDP anértdployment rate

Weight

cast Method Criterion B4 B a MSR
Renetitive weighted — =2 5€-06 0.000¢ 0.665¢ 0.0009:
1 P 9 r=4 5€-06 0.000¢ 0.665¢ 0.0009:!
Iterative weighte( r=2 0.000: 0.045¢ -0.486¢ 0.052%
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r=4 0.000¢ 0.046: -0.688: 0.094¢

Repetitive weighted r=2 0.000: 0.019¢ -0.224¢ 0.058¢

2 r=4 0.000: 0.020:7 0.047¢ 0.016(
lterative weighted r=23 0.000: 0.024: -0.295! 0.080:

r=4 0.000: 0.043: -0.300¢ 0.033¢

Classical MLE 1.6€-05 0.002¢ 0.651 0.192¢
MOM 1.15¢05 0.0062: 0.348: 0.108:¢

a8 _ Iy -9)? - ~ -5 . ; :
Note: MSR = ‘—nl = == - , Whereyj = @ — x,81 — X,B, ,Y is a HDI observations.
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Figure 10: Residual of each estimation method fseCl
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Figure 11: Residual of each estimation method fmseC2

6. Concluding Remarks

This study proposed two new nonparametric estimatrocedures for fitting multiple structural MEMEhe
Repetitive Weighted Grouping procedure and theatiee Weighted Grouping procedure. Monte Carlo $ations
illustrate the superiority of the proposed estimtprocedures over the classical methods (MLE a@MYlacross
various sample sizes. Additionally, the resultsdate that both proposed procedures perform bietteeight case 2
compared to weight case 1, highlighting their geeatfficiency in fitting multiple structural MEMSsA key
contribution of this work is the introduction ofetbe new techniques, which were not covered inezatiudies. When
comparing these techniques to those from priorarebe(by Ahmad and Ahmad, (2019), Salem, (2018)e8nach
and Hu, (2013), Cheng and Van Ness, (1999), Adu§wand Otsu, (2018), and Fuller, (1987)) that us&idE and
MOM approaches, the proposed methods showed imgrpesformance. Furthermore, real data analysis was
conducted to explore the effects of GDP and themmbeyment rate on the HDI. The findings revealestrang
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positive relationship between GDP and HDI, whilesttong negative relationship was observed betwéen t
unemployment rate and HDI.
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