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Abstract

In this study, we introduce a novel approach fdmesting the mean of a finite population using ReahlSet
Sampling (RSS), termed the generalized exponenati@ estimator. We derive expressions for the biass mean
squared error (MSE) of the proposed estimator upéedirst order of approximation. To assess it$qgrenance,
we conduct a thorough theoretical and numericalyaisausing simulated and real data. Our resulisalestrate
that the generalized exponential ratio estimatdp@diorms both the classical ratio estimator arel éktimator
proposed by Kadilar et al. (2009) under RSS, hijting its superior efficienc
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1. Introduction

Ranked Set Sampling (RSS) was first introduced loynbfre (1952) as a method to estimate pasturel.yiel
Since its inception, RSS has attracted sustairtedeist from researchers who have further develapédefined the
technique (Muttlak and Mc Donald, 1990; Kadilar aidgi, 2005; Ozturk, 2011; Bouza, 2013; Singhlgt2007;
Singh et al.,, 2014; Kadilar, 2016; Rather and KadiR021; Rather et al., 2022; Bhushan and Kum@222
Mahdizadeh and Zamanzade, 2022; Alomair and Shal2t#8; Bhushan and Kumar, 2023, 2024; Kgityand
Rather, 2023; Kocygit and Kadilar, 2024a, 2024b). The RSS method iremlrandomly selecting sets, each
comprisingn units, from the population. Within each set, ttsiare visually ranked. The measurement process
starts by recording the value of the lowest-rankei from the first set ofi units. Subsequently, the second lowest-
ranked unit is measured from the second set, asgtbcedure continues until theth ranked unit is measured.

Mclintyre (1952) demonstrated the advantages of fR&®igh a computational comparison encompassing
five distributions. To provide a concise introdoctito the concept of RSS, consider a random varixblith a
density function F(x) andx{, xz, ..., Xxn) as the unobserved values frormunits. These values can be ranked either
through visual inspection or based on a concomianigble. In RSS, one unit is selected from eautked set,
resulting in a total ofn units chosen for quantification. For example,uh# with rank 1 is selected from the first set,
rank 2 from the second set, and so on, untiintkte ranked unit is chosen from theth set. It should be noted that
the selected rank order can be any permutation 2f.1 k. Each cycle consists af units, out of which onlyn units
are selected for quantification. This cycle carrdygeated a certain number of times € n). In the case of ranking
based on an auxiliary variabley;if, Xi) denotes thé-th judgment ordering in theth set for both the study and
auxiliary variables, respectively.

2. Estimatorsin Literature

Samawi and Muttlak (1996) introduced an estimatotttie population ratio utilizing RSS as follows:

R =
RSS n) 1)
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whergyp,) = %Z’igly[i] andx,) = %2’;:1 x(- It is worth noting that the estimator presenteéduoation (1) can also
be applied to estimate the population total andmé&gpecifically, the estimator for the populatioean can be
expressed as follows:

_ Vin] 5
=X
YrRss Zn) )
In Equation (2), we assume that the population noéa@m auxiliary variable is known. The expression for the MSE

of the estimator is given as follows:

m m m
] 1 1
MSE pnss) = — (55 = 2RSy + R3SE) = —— (Z Ty = 2R ) Ty +R? ) r,%(i)> 3)
=1 i=1 i=1

whereR = %,S,% and S7are the population variance of the auxiliary andigtvariablesSy is the population covariance
between the auxiliary and study variablegy = uyqy — X, Ty = sy — ¥, andyey = (ty — ¥) (ke — X)-
Here,Y represents the population mean of the study varisitshould be noted that the valuesuof,y andu,, ;) are
influenced by the order statistics derived fromcsfiedistributions, and these values can be refeed from Arnold

et al. (1993). Additionally, it is important to Hilight that in the absence of judgment error andienthe assumption
of identical distributions, the values @f ;) andu,;; can be considered equal (Dell and Clutter, 1972).

Kadilar et al. (2009) introduced an estimator f@3Rby adapting the estimator proposed by Pras&9)19
The estimator is defined as follows:

_ K}_l[n] — ~ —
= X = RypssX
YkRss on) KRSS _ _ 4)
whereK is a constant that makes the MSE minimum Bpgs = K? = K?ﬁ. The MSE of the estimator in (4) is
n) RSS
given as
- 1 * * % *
MSEmin (erss) = — (k*2S3 — 2RK"Sy, + R2SZ) + V2 (k™ — 1)? (5)
1 m m m
* 2 * 2
_—mzr (K ZZTy[i] — 2Rk ZTyx(i) + RZZTX(D)
i=1 i=1 i=1
where
. _ 1+yp Cy Cx_Wyx(i)
T 1vvci-wly

1 m 1 1 . .
Wyxwy = =7 Zi:l Tyx(i) andWyZ[i] = ngl rf,m. Hereyy = —, Cx, andCy are the population coefficients of

variation of thex andy, p is the correlation coefficient between the variable

3. The Suggested Estimator

Motivated by the work of Yadav and Shukla (2014] aadav (2015), we propose the following generalize
exponential ratio type estimator of the finite plapion mean of study variable under RSS,

= al|—— —a)ex =
Yoro = i [\ BVEEN ©

wherea is a constant that makes the MSE minimum.

In order to find the MSE equation of the estimaitof2.6), we use the following notations:

}_/(n) = }7(1 +EO)! and f(n) = X(l +El)!
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E(go) =E(&) =0,
E(€0)? =V (33) = i [S3 — m X tho| = [0€3 - wie),
E(€)? = V(%) = ﬁ%[&? - %Z t}z((i)] =[0C% - wiy),

E(€o€y) = ié [Syx - %Z tyx(i)] = [prnyCx - Wyx(i)]-

mrYX

1 m
Whel’eWxZ[i] = = Z T)%[i]'

21%2
merX i=1

The proposed estimator can be expressed in termgi=0, 1) as

B (1+e)[( X ) o (x X(1+e1)>]
Yoro =Y +€0) | @\ F 0 P\ X+ XA +ey)

(7)
_ €
Ypro = y(1+€) [a(l +e) T+ (1 —a)exp (2 Te, )] (8)
1 1-€,+e)+(1 “Ei( S 9
Ypro = Y(1 +€o) |a(1 —€,+€7) + (1 —a) exp — (1+5 9)
Upto first degree approximation
~ N 1 1 5 ,. 3, 1 1
E(ypro - y) =YE [eo - Eel - Eael + gael + 561 - Eaeoel - 56160] (10)
The bias of the proposed estimator can be expresséallows:
e s, I,
Blas(ypm) =Y W(ga + §> Sy - E . tx(i) (11)
i=1 m
1 1 1 ) 1
i 2+ (S Lo
i=1
By squaring both sides and taking the expectati@n¢an obtain the MSE of up to the first ordergb@ximation as
follows:
_ I 1 1 z
E(¥pro — ¥) 15 Y?E [eo —€ - Eael] (12)
_ 1 1 13
MSE (Yyro) = Y7 [63 + Zazef + Zef — a€ye, — €96 + Eaef] (13)
2 (6061 - %612) (14)
Xopt) = E—z
1
_ o (€0€1)? (15)
MSEmin(ypro) = YZE [65 - %
2 (16)

m

1 - ZL 1 Tyx(0)

MSEmm(ypro)—_ ( _EZ ) 1 . >)
i=1

x i=1 x(L)

4. Efficiency Comparisons

This section aims to evaluate and compare the pedioce of the proposed estimator with both theittoachl
ratio estimator in RSS and the estimator propoyaddulilar et al. (2009). The results of the perfarmoe analysis are
presented as follows:
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(I) MSE(:)_/TRSS) - MSEmin(}_"Pro) >0
1
E(Sf — 2RSy, + R*S2) — —= (21 1T — 2RI Ty + RPEE Thy) — (17)
2
Aoz _tem 2 ) (Femitite)
mr (Sy : 1ty(i)) (SJZ’__Z{nNch(l)) >0
(i) MSE(Y pss) = MSEmin (pro) > 0,
1 _
= (p*2C2 _ * 2¢2 2(% _ 112
— (k*2S2 — 2RK"S,, + R?S2) + Y2 (k" — 1) (18)

m
1
m2 T<K ZZ 7 — 2RKk* ZTyx(l) + R? Z X(O)

1
_mzl_l yx(L))
- § 0 >0
m m 2 )

Zl 1 *x(i)

When the efficiency conditions specified in equasi@17) and (18) are satisfied, we can concludetiigaproposed
estimator demonstrates superior efficiency whenpamed to both the traditional ratio estimator inSR&d the
estimator proposed by Kadilar et al. (2009).

5. Numerical Analysis
This section presents numerical studies using iezthand simulated data to compare the performahttee
proposed estimator with other existing estimatodiféerent values of the correlation coefficients,andr.

5.1. Simulation study
A finite population of size 400 is generated frofmariate normal distribution with specified meamsl covariances
for both the auxiliary and study variables.

M  u=() = (13050 32) andp = (0.3,0.6,and 0.9)

The following steps summarize the procedure futifig the average MSE and relative efficiency (PRE)
of the estimators under study.
Setm = 3,5,7 and cycler = 5,10, 15 to obtain a sample of size= mr.

(i) Use the sample data from (i) to obtain the MSEllaha estimators under study.

(iii) Repeat steps (i) and (ii) 100 times to obtain #ldes for MSEs.

(iv) The average of the 100 values obtained in (ii))theeMSE of each estimator of population mean.

(v) The values of MSEs obtained in (iv) are used iwating the values of percent relative efficiescie
(PRESs) defined as

PRE = MSEUrRSS) o 10,
MSE (7))

wherej =y, peg @andyp,,.

Simulation studies show that the proposed estinmattprerforms other existing estimators for différeslues
of mandr. It is observed that the value of PRE )z increases with increasing correlation coefficietawever,

the value of PRE fopp,,, decreased with increasing correlation coefficidmbreover, the values of PRE for all
estimators decreased as the value of r increased.

Figure 1 displays plots of the PRE for the finitgoplation mean estimator at various valuema@indr. The
plot clearly illustrates that the proposed estimaimnsistently exhibits higher PRE compared to $laenawi and
Mutlak et al. (1996) estimator and the Kadilarle{2009) estimator. Notably, as the correlatiorféicient increases,
the PRE values of the proposed estimators graduddlyrease. These findings emphasize the advanggeou
performance of the proposed estimator, particulamlyscenarios with higher correlation coefficientghere it
demonstrates superior efficiency compared to ttegrative estimators.

Generalized Exponential Ratio Type Estimator fer Enite Population Mean Under Ranked Set Sampling 412



Pak.j.stat.oper.res. Vol.20 No. 3 2024 pp 409-417

DOI: http://dx.doi.org/10.18187/pjsor.v20i3.4334

Table 1: PREs of different estimators for simuladath

D 0.1 0. 0.
r 5 10 15 5 10 15 5 10 15
PRE, 100 100 100 100 100 100 100 100 100
m=3 PRE, 100.2: 100.0¢ 100.0° 100.2: 100.16! 100.1( 102.8® 101.6¢ 101.1:
PRE, 2037.00 2034.5. 2035.2. 1583.2° 1588.9: 1587.6° 1275.7' 1293.7: 1288.8
PRE,  10C 10C 10C 10C 10C 10C 10C 10C 10C
m=5 PRE, 100.1: 100.07 100.0* 100.1¢ 100.0¢ 100.0¢ 101.8: 101.9¢  100.6
PRE, 2031.3; 2032.5. 2033.2. 1584.2¢ 1582.6° 1582.5. 1275.1: 1272.3: 1271.1
PRE,  10C 10C 10C 10C 10C 10C 10C 10C 10C
m=7 PRE, 100.1( 100.0} 100.0! 100.1: 100.0¢ 100.0: 101.3¢ 100.6¢  100.4
PRE, 2033.2( 2034.5! 2034.5( 1584.0: 1582.6( 1580.8. 1278.1: 1270.9: 1264.3f
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Figure 1. PRE of estimators of the finite populatinean at different values ofandr
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5.2. Real life applicability

The real data used are from Kadilar and Cingi (2088pecially from the Marmara region (Source:itast of
Statistics of the Republic of Turkey). In the datashe survey and auxiliary variables are appdédyand number of
apple trees. The population parameters are:

N:106, n:12, m:3, rz%xy = 0.82, yl = _0.846. yz = 0, y?, = 0.84’6,
%, = —0.846,%, = 0, %, = 0.846, X = 6.97 x 1017, ¥ = 1.87 x 1016
R:-2.398,S§ =1,52=1,k=-155

Table 2 presents the MSE and PRE values for vagstisators of finite population means. The nunaric
analysis consistently shows that the proposed astimachieves the smallest MSE among all compastohators.
Furthermore, the generalized class of estimatapqsed in this study demonstrates superior perfocenaompared
to the Samawi and Mutlak et al. (1996) estimatowa#i as the Kadilar et al. (2009) estimator. Fegy@r visually
illustrates the higher efficiency of the proposedeyalized exponential ratio type estimator comgso@ther existing
estimators for estimating finite population meansler RSS. These findings provide compelling evidefoe the
superiority of the proposed estimator and its piisérto significantly enhance estimation accuracy RSS
applications.

Table 2. MSEs and PREs of different estimatorhefgopulation mean

Estimato MSE PRE
Samawi and Mutlakt, zgs) 0.43115 100.00
Kadilar et al. tygss) 0.14283 301.84
Proposed(,,p) 0.02483 1735.99

1750 |
1500
1250

w 1000

E 750

500

250

04
y_rRSS y_kRSS
Estimator

Figure 2. Plot of PREs of different estimatorsrieal data

y_prop

6. Conclusion

In conclusion, this study introduces a novel gelim¥d exponential ratio estimator for estimating fhite
population mean under RSS. By deriving bias and Mgitessions of the proposed estimator up to thedider of
approximation using Taylor's series, we establishbaist framework for population mean estimatiorR®S. Our
findings highlight the effectiveness and supenjouit the generalized exponential estimator comparexisting RSS
estimators in the literature.

Through extensive numerical analysis and compasisere demonstrate that our proposed estimator
significantly enhances the efficiency of RSS estorsm These results not only validate the utilitythee generalized
exponential ratio estimator but also underscorerngstical value in accurately estimating populatioeans in real-
world applications.

In particular, future work could explore the addaipta of the estimators presented in this articlsttatified
random samples. Drawing upon the methodologiebkstted by Samawi and Siam (2003) and Kadilar amd)iC
(2005), we anticipate that our estimators can fextfely extended to accommodate more intricatedang designs.
This advancement would cater to diverse researategts and further enhance the applicability of proposed
methods.
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