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Abstract

Obeid and Kadry (2019) tried to study the product and quotient of the independent Pareto and Rayleigh random
variables. The distributions they obtained are incorrect and in fact there is no closed form distributions as discussed
here. We will mention the errors made and try to establish the correct versions of the probability density functions of
these distributions for the truncated Pareto and Rayleigh random variables.

1. Introduction and Discussion

Obeid and Kadry (2019), take the independent random variables X and Y as Pareto and Rayleigh with the pdf’s
(probability density functions)

fX (x) = cacx−(c+1), x > a, (1)

and

fY (y) =
y

b2
e−

y2

2b2 , y > 0, (2)

respectively, where a > 0, b > 0 and c > 0 are parameters.

They defined the distribution of Z = XY for c+ 1 = 2n and c+ 1 = 2n+ 1 as

FZ (z) = 1−
(a
z

)c 1

2

[
c!!bc
√

2π
]
, z ≥ 0, (3)

and

FZ (z) = 1−
(a
z

)c
2c/2bc (c/2)!, z ≥ 0, (4)

where c!! = (c+1)!

2(c+1)/2( c+1
2 )!

.

Unfortunately, neither (3) nor (4) are cdf’s (cumulative distribution functions) since as z → 0, FZ (z)→ −∞. There-
fore, all of their derivations are incorrect. One way to eliminate this problem is to assume that X and Y have truncated
form on finite intervals. Without Loss of Generality, we assume thatX and Y have the following distributions, respec-
tively,
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FX (x) = 1− x−α − β−α

1− β−α
, α > 0, 1 ≤ x ≤ β, (5)

and

FY (y) = 1− e−y
2 − e−β2

e−1 − e−β2 , 1 ≤ y ≤ β, (6)

where α > 0.

Now, Z = XY would have the range
[
1, β2

]
, and the pdf of Z has the following form (see (1), page 3; the case

ad = bc):

fZ (z) =


∫ z

1
fX(

z

x
)fY (y)

1

y
dy, 1 < z < β∫ β

z/β
fX(

z

x
)fY (y)

1

y
dy, β < z < β2

For 1 < z < β, we have

fZ (z) =
αz−(α+1)

(1− β−α)
(
e−1 − e−β2

) ∫ z

1

2yα+1e−y
2

dy

=
αz−(α+1)

(1− β−α)
(
e−1 − e−β2

) ∫ z2

1

uα/2e−udu.

Clearly,
∫ z2

1
uα/2e−udu does not have a manageable closed form and consequently FZ cannot be computed analyti-

cally.

For β < z < β2, we have

fZ (z) =
αz−(α+1)

(1− β−α)
(
e−1 − e−β2

) ∫ β

z/β

2yα+1e−y
2

dy

=
αz−(α+1)

(1− β−α)
(
e−1 − e−β2

) ∫ β2

z2/β2

uα/2e−udu.

Again,
∫ β2

z2/β2 u
α/2e−udu does not have a manageable closed form and consequently FZ cannot be computed analyt-

ically in this case either.

The pdf of Z is

fZ (z) =


αz−(α+1)

(1−β−α)(e−1−e−β2)

∫ z2
1
uα/2e−udu, 1 < z < β

αz−(α+1)

(1−β−α)(e−1−e−β2)

∫ β2

z2/β2 u
α/2e−udu, β < z < β2

Using the package MAPLE 15, we have

∫ z2

1

uα/2e−udu = 2
zα/2e−z

2/2Whitta kerM
(
α
4 ,

α
4 + 1

2 , z
2
)
− e−1/2Whitta kerM

(
α
4 ,

α
4 + 1

2 , 1
)

α+ 2

and
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∫ β2

z2/β2

uα/2e−udu = 2
βα/2e−β

2/2Whitta kerM
(
α
4 ,

α
4 + 1

2 , β
2
)
−
(
z
β

)α/2
e−z

2/(2β2)Whitta kerM
(
α
4 ,

α
4 + 1

2 ,
z2

β2

)
α+ 2

,

whereWhitta kerM (µ, ν, z) = e−z/2zν+1/2
1F1

([
1
2 + ν − µ

]
, [1 + 2ν] , z

)
is the WhittakerM function, pFq ([n] , [d] , λ) =∑∞

j=0
λjΠpi=1Γ(ni+j)Γ

−1(ni)

Γ(j+1)Πqi=1Γ(di+j)Γ−1(di)
is the generalized hypergeometric function, n = [n1, n2, ..., np] , p is the number of

operands of n,d = [d1, d2, ..., dq] , q is the number of operands of d and Γ (·) is the complete gamma function.
The WhittakerM and generalized hypergeometric functions are quickly evaluated and readily available in the standard
software such as MAPLE.

Remark 1.1. Similar derivations can be obtained for V = X
Y .

Acknowledgement

I am grateful to Professor Mustafa C. Korkmaz for bringing to my attention the last two formulas.

References

1. Glen, A. G., Leemis, L. M., and Drew, J. H. (2004). Computing the distribution of the product of two contin-
uous random variables. Computational statistics & data analysis, 44(3):451–464.

2. Obeid, N. and Kadry, S. (2019). On the product and ratio of pareto and rayleigh random variables. Pak. J. Stat,
35(4):285–300.

Remarks on the Paper ”On the product and Quotient of Pareto and Rayleigh Random Variables” 371


	1 Introduction and Discussion



