Pak j.stat.oper.res. Vol.18 No.4 2022 pp 789-816 DOI: https://dx.doi.org/10.18187/pjsor.v18i4.4048

Pakistan Journal of Statistics and Gperation Research

Characterizations of Fourteen
(2021-2022) Proposed Discrete Distributions

G.G. Hamedani'*, Amin Roshani?

*Corresponding author

1. Department of Mathematical and Statistical Sciences, Marquette University, Milwaukee, WI 53201-1881, USA,
gholamhoss.hamedani @marquette.edu
2. Department of Statistics, Lorestan University, Khorramabad, Iran, roshani.amin @ gmail.com

Abstract

As we mentioned in our previous works, sometimes in real life cases, it is very difficult to obtain samples from a
continuous distribution. The observed values are generally discrete due to the fact that they are not measured in
continuum. In some cases, it may be possible to measure the observations via a continuous scale, however, they
may be recorded in a manner in which a discrete model seems more suitable. Consequently, the discrete models are
appearing quite frequently in applied fields and have attracted the attention of many researchers.

Characterizations of distributions are important to many researchers in the applied fields. An investigator will be
vitally interested to know if their model fits the requirements of a particular distribution. To this end, one will depend
on the characterizations of this distribution which provide conditions under which the underlying distribution is indeed
that particular distribution. Here, we present certain characterizations of 14 recently introduced discrete distributions.

Key Words: Discrete Univaiate Distributions; Characterizations; Hazard Function; Reverse Hazard Function; Condi-
tional Expectations.

1. Introduction

Characterizations of distributions are important to many researchers in the applied fields. An investigator will be
vitally interested to know if their model fits the requirements of a particular distribution. To this end, one will depend
on the characterizations of this distribution which provide conditions under which the underlying distribution is indeed
that particular distribution. Here, we present certain characterizations of 14 recently introduced discrete distributions.
The cumulative distribution (cdf) F', the corresponding probability mass function (pmf) f, the reverse hazard rr and
hazard hr functions of each of the 14 distributions are listed below in A)-N).

A) The cdf, pmf, reverse hazard and hazard functions of “Discrete Inverted Topp-Leone” (DITL) distribution of
(9), are given, respectively, by

(3+22)°

F(T76>:1_ (2+$)257

€N, (1)
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_B+2e@-1)" (3+22)°

I (z; , z €N, (2)
(:9) @2+ @-1)* @+2)*
(3+2(:¢71))§ _ (3+2z);
24+ (x—1))2 24-x)2
rp (o) = B G s e, 3)
1- (2+T)26
) 26
1+ 22)° (2
p ()= L2 @4 ) reEN, 4

(1+2)* (3+22)°
where 6 > 0 is a parameter and N is the set of all positive integers.

B) The cdf, pmf, reverse hazard and hazard functions of ”Size-Biased Poisson-Gamma Lindley Discrete” (SBPGL)
distribution of (14), are given, respectively, by
F(x;0,8) = ZP )(1+0)7", zeN, (5)

f(@0,8)=C0,8)P(x)(1+0)"", zeN, (6)

P(z)(1+6)""

s Pware o T "
o= — COAP LD o "

—C(0,8) Xz P(w) (1+60)7"

where 6 > 0,8 > % are parameters, N* = NU{0},C () = % and P (z) =z [(B+B0—0)x+ [ (1+0)+1].

C) The cdf, pmf, reverse hazard and hazard functions of “Discrete Kumaraswamy Marshall-Olkin Exponential”
(DKMOE) distribution of (11), are given, respectively, by

F(x;a,b,p):l—{l—[ll__j;za}}b, r € N¥, 9
A RN (R TE | S
P il =) L
)
.1y
hi (z) = {1_[11_%4} —1, zeN, (12)

b
1— x+1
{1- ==}
where @ > 0,b > 0,p € (0, 1) are parameters and @ = 1 — «.

D) The cdf, pmf, reverse hazard and hazard functions of ”Zero-Truncated Poisson Pseudo Lindley Discrete” (ZTPP-
sLD) distribution of (10), are given, respectively, by
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0B +0+ 5+ 0x)

lwmeﬂ)zl_wﬁ+ﬂ+oﬂe+n”

z €N, 13)

0(08+08—1+0x)
OB +B5+0) 0+ 1)

f(x;0,8) = xeN, (14)

0(08+5—1+0x)

_ (BBHBFO(0+D)7
re(z) = | _(08+0+5+0z)
@B+B+0)(0+1)"

z €N, 15)

(08 +B8—1+02)
hr () = 0B+ 0+ B+ 06z)

zeN, (16)

where § > 0,3 > 9%‘_1 are parameters.

E) The cdf, pmf, reverse hazard and hazard functions of ”Size-Biased Polya-Aeppli Discrete” (SBPAD) distribution
of (12), are given, respectively, by

F(x;@,p)—O(G,p){ZP(u)p"}, z €N, (17)

u=1
f(z;0,p) =C(0,p){P(2)}p*, z€N, (18)
re (@) = L@y (19)

Zi:l P (u)p*’

C0,p){P (x)} p"

" @) = T 0 Y, P )

z €N, (20)

6

where 6 > 0,p € (0, 1) are parameters, C (6, p) = pi); and

P = Y0, () (12 (62

F) The cdf, pmf, reverse hazard and hazard functions of "Poisson XGamma Discrete” (PXGD) distribution of (4),
are given, respectively, by

1 z
F(z;0)=1—- | ——— 1+6)7" N* 21
(230) <2(1+9)4>Q($)( +0)", zeN, 2D
0 792 P 0)" N
.0 — 1 r * 22
f(x;0) AL (x)(1+6)", zeN, (22)
o) Pa) (14+6)7
re(z) = () —, zeN, (23)
1= (5ekg) Q@) (1+6) ™
_ P () .
he (z) = IOR € N¥, (24)
where 6 > 0 is a parameter, P (z) = 2 (1 +0)> 4+ 0 (z 4+ 2) (z + 1) and Q (z) = 2202 + 5262 + 226 + 2603 +

1002 + 86 + 2.
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G) The cdf, pmf, reverse hazard and hazard functions of “Discrete Generalized Lindley” (DGLi) distribution of (7),
are given, respectively, by

1

F(»”C;Oéﬂ?)zl—m

P(z+ 17", 2eN*, (25)

f@ion) = s [P (@) =P e+ )7, €N, 26)

ey~ A P@) P o
1—(a(l=1Inn)) " P(x+1)n=t!

a[P(z) —nP (z+1)]

hr (x) = Pz+1)n ’

z € N¥, 28)

where a > 0,7 € (0,1) are parameters and P (z 4+ 1) = (1 —Inn™™') (& — alnn + Inn) — Inn.

H) The cdf, pmf, reverse hazard and hazard functions of ” Binomial-Natural Discrete Lindley ” (BNDL) distribution
of (15), are given, respectively, by

1—p)"" B+a+p—p?)

F(x;p)=1- = , x €N, 29)
(5:7) (p+1)(2-p)*°
(1fp)x(1+x+2pfp2) .
f(xip) = ~ , xeN (30)
(p) (p+1)(2-p)~"°
_ T 2
re(z) = A-p (L +o+2—p7) , zeN, 31)

(p+1)2-p)" ™ —1-p)" " B+a+p-p?)

(1+2+2p—p?)
(1-p)B+z+p—p?)

hp (x) = x € N*, (32)

where p € (0, 1) is a parameter.

I) The cdf, pmf, reverse hazard and hazard functions of ” Transmuted Record Type Geometric ” (TRTG) distribu-
tion of (3), are given, respectively, by

F(x;0,p) =1—p~t! [1 + 6log (pzﬂ)} , x €N, (33)

f(x;0,p) = p® [p(flog (p™*') —1) —Olog (p”) + 1], =z €N, (34)
ot [p(flog (p™*t) — 1) — flog (p*) + 1] .

rr (@) = 1= p*H1 [1+ Olog (p*+1)] e 53

b (a) =1 20l @) =1 (36)

p[l+ 0log (p=+1)]’

where 6 > 0,p € (0, 1) are parameters. We will use P (z) = [p(6log (p”*1) — 1) — flog (p”) + 1] in the next
Section.

J) The cdf, pmf, reverse hazard and hazard functions of ” Quasi-Binomial ” (QB) distribution of (16), are given,
respectively, by
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F(z;¢,p,m) =) p“P(u), wel={01,..m}, (37)
u=0
f(x;6,p,m) =p"P(x), zel, (38)
_ p*P(x)
rr(x) = 722:0 P ()’ zcl, (39)
hr (z) = p°P () rel, (40)

1 =370 p"P (u)’
x—1
wherep € (0,1),m € N, —p/m < ¢ < (1 — p) /m are parameters and P (z) = (") (1 + %) (1—p—axp)" 7.

K) The cdf, pmf, reverse hazard and hazard functions of ” Binomial-Poisson Lindley Discrete ” (Bin-PLD) distri-
bution of (5), are given, respectively, by

Q () p™*!

F(z;p,0) =1~ 10

x € N, 41

oy PP ()"
f(x;p,0) = Ta+6)

. reN, 42)
0°P () p”

1+0)—Q(2) p+0 x € N¥ (43)

re(x) = (
0P (x)
- Q(z)p’

0 0% +p0+20+z6
where p € (0,1),6 > 0 are parameters, P (z) = ZFT% and Q (z) = W

hr (z) r € N*¥, (44)

L) The cdf, pmf, reverse hazard and hazard functions of ”” Discrete Odd Weibull-G ” (DOW-G) distribution of (8),
are given, respectively, by

G(z+1;®) )B

G(z+1;®) )B

G(z;®) \B
f(a;p, 8, ®) = plrdm) _ p(FETe) | p e, (46)
rr(x) = (S )’ ,x € N, (47)
1— P 1-G(z+1;®)
( G (x;®) )B
D T—G(2;®) y
hp(x) = -1, zeN¥ (48)

( G(z+1;®) )/3
P T-G(z+1;9)

where p € (0,1),5 > 0 are parameters and G (z; ®) is a baseline cdf which depends on the parameter vector
P.

M) The cdf, pmf, reverse hazard and hazard functions of ”” Discrete Exponentiated Burr-Hatke ” (DEBuH) distribu-
tion of (6), are given, respectively, by
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pm-l-l B
F (x; =(1- N* 4
(w5 p, B) ( x+2>’ r € N7, 49)
r+1 B x B
'4 '4 *
pB)=(1- (11—
raps = (1-25) - (1- ) eew 50
z \B
(1-#1)
re(z)=1- 5> r € N*, (51
(1-53)
x+2
AN N
1_2 _(1- =
hp(z>=( =) - ’”“), €N, (52)
x+1 B
1_(1_1;+2)

where p € (0,1), 8 > 0 are parameters.

N) The cdf, pmf, reverse hazard and hazard functions of ” Binomial New Poisson-Weighted Exponential ” (BN-
PWE) distribution of (1), are given, respectively, by

B x+1
a(l+6)p"

r;a,B8,0) = ———F——  x€N*, 54
f @50 5,6) (a+ B +af)”™ oY

a(1+9)B$+1
rp (.23) — (a+p+ab)” —1. @ c N*, (55)

B

1= <a+ﬂ+a0)

hp(z)=a(1+60)37, xcN* (56)

where o > 0,60 > 0, 5 € (0, 1) are parameters.

2. Characterizations Results

In this Section, we present our characterizations of the 14 distributions listed in the Introduction in three subsections:
(4) in terms of the truncated moments of certain functions of the random variables (the choice of each function depends
on the form of the pmf), (i¢) based on the reverse hazard function and (7i7) based on the hazard function. Most of the
proofs follow the same scheme, we will give all of them for the sake of completeness.

2.1. Characterizations Based on Conditional Expectation
(A) DITL Distribution
Proposition 2.1. Let X : Q — N be a random variable. The pmfof X is (2) if and only if

d

Proof. If X has pmf (2), then for k£ € N, the left-hand side of (57), using telescoping sum formula, will be

(3+2(X -1)° (3+2X)5]|X k} (3 + 2k)°

2+X-1)* @+x)* T2t n® (57)
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RS <3+2<x—1>>‘5>2_<<3+2m>5>2

( (&) w§r1{<(2+(931))26 2+2)*
2R i ((3—1—233—1)) >2_<(3+2x)5>2
B+20)° 5 |\ e+ @—1)* (2+2)%

@2+ R)” [(3B+ 2%)" _ (3+2k)°
B+’ \2+R)® ) 2+k*

Conversely, if (57) holds, then

i (3+2(z—1))° L B+20) /@)
S llerE-0)* 2ra
(3 +2k)°
=(1-F(k
( (k) TR
3+ 2k)°
_(lF(k+1)+f(k+1))E2+k)25. (58)
From (58), we also have
> (B+2x-1)" (3+22)° (3+2(k+1))°
=1-F(k+1) ——. 59
-ZH{ er-n® era] T T 7
Now, subtracting (59) from (58), yields
(3+2k)"  (3+2(k+1))°
+ k+1
2+8)* 2+ k+1)* flk+1)
(- F(kt1) (3+2k)° (3+2(k+1)°
2+E)* @2+ k+1)%
(3 +2k)°
+fk+1) |—| -
flk+1) 2+ k)*
From the above equality, we have
(3+2k)° (3+2(k+1))°
fle+1) ™ ~ @it _ (3420 B+k*
—F(k+1) %gﬁéﬁ;ﬁj 2+k)* (6428
which is the hazard function, (4) corresponding to the pmf (2), so X has pmf (2). O

(B) SBPGLD Distribution

Proposition 2.2. Ler X : Q — N* be a random variable. The pmf of X is (6) if and only if

- ~(t)
E{[P(x)r1|xgk}=(1+9)< 1-(1+9) ) (60)

0\t  P(x)1+6)"
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Proof. If X has pmf (6), then for k£ € N*, the left-hand side of (60), using finite geometric sum formula, will be

—1 a —x 1 - —x
C(6.5)(F (k)™ > (1+90) <Zk P(x)(1+9)_$>2(1+9)

=0 z=0 =0

_+0) ([ 1-@4o ™Y
0 \Si P@@+0)")

Conversely, if (60) holds, then

- - _ (1+0) [ 1-(1+0) "
> {lP@) f<x>}—F<k>{ T\ s | 61)

k—1 —(k)
. o o faxe 1-(149)
S {P@ @) =F 1){ ; (Zklp(x)(1+9)x>}

z=0

B - (1+96) 1-(1+6) "
= (F (k) f(/f)){ 7 (Z’;_éP(x)(lJrG)I)}' (62)

Now, subtracting (62) from (61), yields

-1 _ (1+0) 1—(1+6)"*+D - 1—(146)"® >}
(1P (o)1) 1 () =F () {(EZO P @) +9)_x> (Zi‘é T

(1+0) 1-(1+6)®
0 \ShiP@@a+o))]

+ f (k)

or

1 (149 1-(1+6)7"
038 (ot )

=0
:F(k)(1+9){< 1—(1+40)"* )_( 1-(1+6)7" )}
0 Yh o Px)(1+0)7° S P (+o)) [

From the above equality, we have

(1+9){( 1—(146) " *+D )_( 1—-(1+0)~* )}
f(k) 0 Eo P@)(146) S P@)(146)

rw e -2 (=)

which is the reverse hazard function, (7) corresponding to the pmf (6), so X has pmf (6). ]

(C) DKMOE Distribution

Proposition 2.3. Let X : Q — N* be a random variable. The pmf of X is (10) if and only if

Characterizations of Fourteen (2021-2022) Proposed Discrete Distributions 796



Pak j.stat.oper.res. Vol.18 No.4 2022 pp 789-816 DOI: https://dx.doi.org/10.18187/pjsor.v18i4.4048

e[ [y - [y ] )
=iy

Proof of Proposition 2.3 . If X has pmf (10), then for k£ € N*, the left-hand side of (63), using telescoping sum
formula, will be

(ol s bkl

1 —apht!
- -\ —b 2b

I 1_pk+1 - 1_pk+1

- _1 _ akarl | 1— apk+1

'1_ k+1 7 b
[l
|1 — apktl! |

Conversely, if (63) holds, then

(1F(k+1)+f(k+1)){1[1_pk+l]}b. (64)

1 —aphtt

From (64), we also have

Sl -l e

:(1—F(k+1)){1— {l_pm]}b‘ 65)

1 —aph+?

Now, subtracting (65) from (64), yields

[o-ff B e
“o-rwn[f- ][R )
(- [=)

+ f(k+1)

or
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wolpof=gml] b
oo [ g ]-[f- )

From the above equality, we have

[ 1_phk+l
flh+1) {1 — | 1=

} D
1-F(k+1) {1_[11{,“2”
)

{1 B i

1_apk+1

- 1
L [azere P
1—apk+2

which is the hazard function, (12) corresponding to the pmf (10), so X has pmf (10). O

(D) ZTPPsLD Distribution

Proposition 2.4. Let X : Q) — N be a random variable. The pmf of X is (14) if and only if

E{[96+6—1+9X]_1|X>k:}:[96+9+,8+0k]_1. (66)

Proof. If X has pmf (14), then for k € N, the left-hand side of (66), using infinite geometric sum formula, will be

0B+ B+0)O+1)F & 0 .
03+ 0+ 3+ 0k) 2 {(95+ﬂ+9>(9+1) }

x=k+1
8+ B8+0) (0 +1) 9 1 Lk
= 05+ 0+ B+ 0k <95+/3+9) {9 0+1) }
=[68+6+8+06k)]".
Conversely, if (66) holds, then
3 {[9ﬁ+5—1+9xr1 f(x)}:(1—F(k))[(95+9+5+0k)]*1
rz=k+1
=(1—Fk+1)+f(k+1))[08+0+8+0k)]". 67)
From (67), we also have
S {os+8-1+027" F@)} = (- Fh+1)[08+0+5+00k+1)]" (68)
r=k+2

Now, subtracting (68) from (67) , yields
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[(08+8—1+00k+1)]"| f(k+1)
= (U= F (k4 1) {6546+ 5400 — (65 +6+5+6(k+1)] '}
+fE+1)[68+0+5+0k)] ",

or

k410848~ 1+00k+1)]"" = [(08+0+8+0k) ]
— (1= F(k+1){[08+0+B+0k)] " —[(08+0+8+0(k+ 1)) }.

From the above equality, we have

flk+1)  [(08+0+B+0k)] " —[(08+0+5+0(k+1)"
L0840+ B+ 0k)

1—F(k+1) [08+8—1+0(k+1))]
_ 008+ B—-1+0(k+1))
~ 0B+ 0+B+0(k+1))

which is the hazard function, (16) corresponding to the pmf (14), so X has pmf (14). O]

(E) SBPAD Distribution

Proposition 2.5. Let X : Q — N be a random variable. The pmf of X is (18) if and only if

E{[P(X)]*l X < k} _ <1fp> (Ekl_;?(’;)pw). (69)

z=1

Proof. If X has pmf (18), then for k € N, the left-hand side of (69), using finite geometric sum formula, will be

k

Conversely, if (69) holds, then

> {iP@i r@) = o (1) (Zkl‘pk ) 70)

=1

From (70), we also have

P ro}=ww-ro) (%) (z‘fll ﬁ(x)p> . an

Now, subtracting (71) from (70), yields

8
Il
-
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or

f (k)

[PBI™ - (1 fp> (Z’;l‘glzk@l)pxﬂ
= F(k) {(1 fp) <Z;;_11Pp(l;)pw> - (1 fp) (E’;l_}l};k(a:l)pw) }

From the above equality, after some computation, we have

s _ (%) (kl*ﬁ@) ~(#5) (sv)

o - (%) )
P (@) S
P (k) p"'
25:1 P (z)p* 7
which is the reverse hazard function, (19) corresponding to the pmf (18), so X has pmf (18). O

(F) PXGD Distribution
Proposition 2.6. Let X : Q — N* be a random variable. The pmf of X is (22) if and only if

0
Q (k)

Proof. If X has pmf (22), then for k € N*| the left-hand side of (72), using infinite geometric sum formula, will be

k+4 oo 2 2 s
207§ <(9 )4>< Lgye o P00 S a+6)

E{[p O] X > k} - (72)

Q (k) oo \2(1+0 Q (k) w=k+1
e+ ef fa+e Y g
- Q(k) 1-(1+60)7") Q)

Conversely, if (72) holds, then

i {P@I™" @)} =0-F@) (ka)) — (1= F(k+1)+f(k+1)) () )

From (73), we also have

. L )
3 {rertsel=a-re (gis) 74

Now, subtracting (74) from (73), yields
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[p(k+1)]—1f(k+1):(1_F(k+1)){<ka)) - (Q(k0+1)>}+f(k:+1) (ka)>

pwenfpeer - (ghg)] 0o () (et}

From the above equality, after some computation, we have

or

jkry  (aly) ~ (afm) (02P<k+1>),

1-F@+U‘ﬁp@+lﬂ47<d%)* Q(k+1)

which is the hazard function, (24) corresponding to the pmf (22), so X has pmf (22). O]

(G) DGLi Distribution
Proposition 2.7. Let X : Q — N* be a random variable. The pmf of X is (26) if and only if

(L=n)P(k+1)

E{H%nyM%X+1ﬂJ|X>k}: (75)

Proof. If X has pmf (26), then for k£ € N*, the left-hand side of (75), using infinite geometric sum formula, will be

a(l-lnp & ( 1 ) ,_ _a(l-lp ( ! ) >
—k‘+1 Z — 77 = k+1 _ Z N
Pk+ 1)t 2= \1—Iny Pk+1)n L=/ 52

« hans «
T P(k+ 1) <1—n) TPkt 1)

Conversely, if (75) holds, then

z_zm{[Pu)—nP(xH)r f@)f =0 F0O) e 5T
:(1—F(kz+1)+f(k:+1))((1n);(kJrl)). (76)

From (76), we also have

PR R @b =-rE+) (o b ) )

Now, subtracting (77) from (76), yields

[P(k+1)—nP(k+2)]" fk+1)

:(l—F(k+1)){<(1—n);(k+l)> - (WM)}
+f%+U(

(1—77)P(/f+1)>’

or
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f(k+1) [[P(k+1)—nP(/f+2)]1— <(1_n)g(;€+1))]

a-rt+ 0 (mparn) - (aasere) )

From the above equality, after some computation, we have

fk+1) ((kn)%ﬂ)) B ((kn);(kw))

L= FE+D Pt 1) =P (k+2)] 7 = (

_a[P(k+1) —nP(k+2)
P(k+2)n ’

@
(1*77)P(k+1))

which is the hazard function, (28) corresponding to the pmf (26), so X has pmf (26). O]

(H) BNDL Distribution

Proposition 2.8. Let X : Q — N* be a random variable. The pmf of X is (30) if and only if

E{ C-p ]X>k}—p( @)™ (78)

1+ X +2p—p? 3+k+p—p?)
Proof. If X has pmf (30), then for k € N*| the left-hand side of (78), using infinite geometric sum formula, will be

p+1)@2-p"*? > 1 .
((1—p)k+1(3+k+p—p2)>z_§:k+l((p+1)>(1_p)
:< (p+1)@2-p"? ><(1—p)k+1)
L=p)"™ B+k+p—p?) p(p+1)
_ (2-pt*
CpB+k+p—p?)

Conversely, if (78) holds, then

2- p):rz+2 B 2 - p)k+2
14‘37‘5‘21)—1?2] f(x)} =(1-F(k)) (p(3+k+p—p2)>

S

rx=k+1

k2
=(1—F(k+1)+f(k+1)) <p(3(+2kf)p—p2)>' (79)

From (79), we also have

S

r=k+2

(2 . p)a:+2 B (2 B p)k+3
Mw] f(m)}(lF(k+1)) (p(3+(k+1)+p_p2)>. (80)

Now, subtracting (80) from (79), yields
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(27p)k+3
1+ (k+1)+2p—p?

fE+1)

_ (2—p)** 2-p""
_(1_F(k+1)){<p(3+k+p—p2)> - (p(3+(k+1)+p—p2)>}

B+k+p—p?)

k+2
+fk+1) (p @-p™ )

or

flk+1)

(2_p)k+3 (2_p)k+2
I+(k+1)+2p—p2) \pB+k+p—p?)

_ (2-p)** (2-p)*"
a (1_F(k+1)){<p(3+k+pp2)> B (p(3+(k+1)+Pp2) '

From the above equality, after some computation, we have

(2—p)* 2 (2—p)k+3
f(k+1) _ (P(3+k+l)—p2)) a (z)(3+(k+1)+z)—p2)>
1-F(k+1) (%) _ (%)
1+(k+1)+2p—p? p(3+k+p—p?)

- 1+ (k+1)+2p—p?
S (1-pB+k+1)+p—p?)

which is the hazard function, (32) corresponding to the pmf (30), so X has pmf (30).

(I) TRTG Distribution
Proposition 2.9. Let X : Q — N* be a random variable. The pmf of X is (34) if and only if

1
(1 =p)[1+8log (p=*1)]

E{[P(X)]*1 | X > k} =

81)

Proof. If X has pmf (34), then for k € N*| the left-hand side of (81), using infinite geometric sum formula, will be

<pk+1 (1+ 9110g (p’““))) i r= <p’“+1 (1+ 9110g (p’f“))) (igkj;

r=k+1
1

(1 —p)[1+0log (p=*+1)]’

Conversely, if (81) holds, then

i {[P @I 1 (x)} = (1= F(k) ((1 -p)[l +19 log (p’”l)])

r=k+1
1

=1-Fk+1)+f(k+1))

From (82), we also have
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oo . B - 1
T P@T @)= PG D) (i) ®9

Now, subtracting (83) from (82), yields

[P+ 17 £ (1)

= -r o0 (e o) - (T o))

1
+ f(k+1) <(1 ) [1+910g(pk+1)]> 7

or

f(k+1) [[P(’”l)]l - ((1 —p +1910g (p’““)])]

== r 0 { (o)~ (T prromse) |

From the above equality, after some computation, we have

1 1
fE+1) ((1—p>[1+elog(pk+l>}) B ((1—p>[1+9 1og(pk+2>])

1-F(k +1 -1 1
b+t P = ((1—p)[1+elog<pk+l>1)
2p + flog (pFT1) — 1
p[1+0log (p+2)]

which is the hazard function, (36) corresponding to the pmf (34), so X has pmf (34). O

(J) QB Distribution
Proposition 2.10. Let X : Q — I be a random variable. The pmf of X is (38) if and only if

. l_pk+1
EIP(X X<k;= : 84
[P | x <) TS (84

Proof. If X has pmf (38), then for k € I, the left-hand side of (84), using infinite geometric sum formula, will be

R k . 1 1 — phtl
(ZLOP””P(SU));)I) - <Z§:opmp(m)>( 1=r )

1— pk+1
(1—p)Sa_gp"P(2)

Conversely, if (84) holds, then

a -1 1—pk+1 )
P (x z)r = F(k . 85
S AP @ 1 @)} ()<(1—p>zi§_opwP<x> (85)

From (85), we also have
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=(F(/<f)—f(k))< L ) (86)
(1—p) Yo op*P ()

Now, subtracting (86) from (85), yields

. 1_pk+1 1_pk
P (k k)=F(k -
[ipen”] 7 ”{(u—mzi_opw(m)) <<1—p>Ziiéme<$>>}

1fpk
k ,
I <(1—p>2'£_épﬁ”P(ﬂf)>

or

f (k)

1 1—pF
P (k —
P <<1—p>z’;:épwp<x>>1

R
(1=p)> 4o p™P () (1—p) > o p™P ()

From the above equality, after some computation, we have

17pk-,+1 _ 17pk
f(k) ((1—p>2’;:opIP<x>) ((1—p>z,’;;3pwP(m>)
— _mk
r (k) [P (k)] - ((1—p) 21)’;53 me(w))
p*P (k)

Sneo PP (1)

which is the reverse hazard function, (39) corresponding to the pmf (38), so X has pmf (38). O]

(K) Bin-PLD Distribution
Proposition 2.11. Let X : Q — N* be a random variable. The pmf of X is (42) if and only if

92

E{[P(X)]_ X > k} - g

(87)

Proof. If X has pmf (42), then for k € N*| the left-hand side of (87), using infinite geometric sum formula, will be

(Q(<1k>+pi)+l) ((10+20>> ip - (Q(ki’““) (fjp) e —5) Q)

Conversely, if (87) holds, then
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. B B
3 {ren sl =a-ra) (c=ram)

02
From (88), we also have
oo . B - 02
3 {rertswl=a-re (c=qust): 59)

Now, subtracting (89) from (88), yields

[p(kﬂ)]—l}f(kﬂ)(1F(k+1)){<(1_§;Q(k)> - <(1_p)g(k+1)>}

+f(k+1)<(1—1(j)2@(k)>’

or

Flk+1) {[P(/%F DIt - (u_ﬁ;g(@)]

:(1—F(k+1)){<(1_§;Q(k)> B <(1_p)g(k+1)>}'

From the above equality, after some computation, we have

f(h+1) ((1—1?)2@(@) - ((1—p>g(k+1>) 2P (k+1)

1-F(k+1) [P(k—l—l)]_l—((i) Q(k+1)p’

1-p)Q(k)

which is the hazard function, (44) corresponding to the pmf (42), so X has pmf (42). O]

(L) DOW-G Distribution

Proposition 2.12. Let X : Q — N* be a random variable. The pmf of X is (46) if and only if
( G(X;®) )ﬁ ( G(X+1;®) )/3 ( G(k+1;®) )ﬂ
E D T—G(X;®) _|_p T-G(X+1;®) | X > k =p 1-G(k+1;®) . (90)

Proof. If X has pmf (46), then for k € N*| the left-hand side of (90), using telescoping sum formula, will be

_( G(k+1;®) )B o 2( G(z;®) )B 2( G(z+1;P) )6
P T—G(k+1;%) Z P T—G(x;9) — p\T-CGEFL®)
x=k+1
_(_Gk+1;®) \B o Glet1:®) B G(k+1;®) \B
=|p (1—G(k+1;¢v)) P (1—G(k+1;<l>)) :p(l—G(k:+1;{>)) .

Conversely, if (90) holds, then
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> {[p<> +p<>} f(x)}
r=k+1
— (1= F (k) (ﬁ%)ﬁ)
(1 —F(k+1)+fk+1) (p(m)ﬁ). o1)
From (91), we also have
3 {{p(%)ﬂ +p(m>’*} f(x)} —(1-F(z+1) (ﬁ%)[j) , 92)

r=k+2

Now, subtracting (92) from (91), yields

G(k+1;®) G(k+2;®)

|:p(1G(k+1;<I>))ﬁ _|_p(1G<k+2:<I>>)ﬁ] fk+ 1)

G(k+1;®) G(k+2;®)

=1-F(k+1)) {p(lcww)ﬁ _p(lcmcw)ﬁ}
+f(k+1) <p(fé’“<tifé))5> 7

or

G(k+1;®) G(k+2;®)

S )1 = (1-F(k+1) {p(lc“‘“;‘”)ﬁ —P(”"‘“"*“”)ﬁ}'

fk+1) {p(lcxk%

From the above equality, after some computation, we have

Fry ) (SR sty
1-F(k+1) (TR  prtutw
which is the hazard function, (48) corresponding to the pmf (46), so X has pmf (46). O]

(M) DEBuH Distribution
Proposition 2.13. Let X : Q — N* be a random variable. The pmf of X is (50) if and only if

pXH B X B Pt B

E 1— 1-— X<kp=(1- . 93

(1-%m) +(-) | 1x s (- 3) )
Proof. If X has pmf (50), then for k£ € N* the left-hand side of (93), using telescoping sum formula, will be

k @ 2 PN
Z - Pt B (i P B
= x4+ 2 z+1
-8 28 B
_(,_ s - pEtl _(, s
k+2 kE+2 k+2) °

Conversely, if (93) holds, then
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f(a:)}:F(k:) (1—pk+1>6. (94)

k
B
(k) - £ (k) (1— v ) . ©3)

or

ol T2 (2}

From the above equality, after some computation, we have

riy (%) -(-d) ()

F(k) (1_ pk+1>ﬁ (1_ pk+1>6’
E+2 E+2
which is the hazard function, (52) corresponding to the pmf (50), so X has pmf (50). O]

(N) BNPWE Distribution
Proposition 2.14. Let X : Q — N* be a random variable. The pmf of X is (54) if and only if

a(1+0) (a+ B+ ad)
1-8 '

E{{(a—l—ﬁ—i—a@)xﬂ} X > k;} - (96)

Proof. If X has pmf (54), then for k € N*| the left-hand side of (96), using infinite geometric sum formula, will be

[e%e) k+1 e}
> o= (CHEE0) e 3 o
r=k+1 r=k+1
k+1 k
- () easn(75)
a1 +0) (a+B+ad)t!
— T ,

Conversely, if (96) holds, then
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oo

> { [(a + B+ aa)m“} f (1’)}
r=k+1
k+1
_1-F®) <a(1+9)(a+ﬁ+a9) )
1-p
a(1+0)(a+B+ad)f!
=1-Fk+1)+f(k+1)) =5 . o7
From (97), we also have
00 k+2
S @+ s+00] @)} =0-F@+1) (O‘(l +4) (‘f+§+a9) ) - (98)
r=k+2
Now, subtracting (98) from (97), yields
((a+8+a0)] f(k+1)
(1= F(k+1) (O‘fjﬁf’)) [(a+B+a0)" — (a+B+00)+?)
+f(k+1) (W) (a+ B +ab)"
or
fE+1) [(a +B+ab)"? - (W) (a+ 5+ a&)kﬂ}
—(1-F(k+1)) (w) {(a+ﬂ+a9)k+l —(a+ B+ a@)k+2}.
From the above equality, after some computation, we have
f(kE+1) 1
which is the hazard function, (56) corresponding to the pmf (54), so X has pmf (54). ]

2.2. Characterizations of distributions based on reverse hazard

This subsection deals with three distributions listed in the Introduction. The characterization presented here is in terms
of the reverse hazard function.

Proposition 2.15. Let X : Q — N be a random variable. The pmf of X is (18) if and only if its reverse hazard
function, v, satisfies the difference equation

k+1 k
e A Ll ©9)

SHIP(x)pr Y P(x)p

with the initial condition rp (1) = 1.

Proof. If X has pmf (18), then clearly (99) holds. Now, if (99) holds, then for every = € N, we have

et (k+1)pktt P (k) p*
re(k+1)—17r — )
2 (re (k) e ) = Z{ EP@wr z’;_lm)pw}
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or, using telescoping sum

or in view of the initial condition

P (z)p®

SR v

u=1

which is the reverse hazard function corresponding to the pmf (18).

DOI: https://dx.doi.org/10.18187/pjsor.v18i4.4048

O

Proposition 2.16. Let X : Q2 — I be a random variable. The pmf of X is (38) if and only if its reverse hazard

function, r g, satisfies the difference equation

P(k+ 1)])]“'*'1

P (k) p"

A T I P

with the initial condition rp (0) = (1 —p)™

25:1 P(z)pm,

kel, (100)

Proof. If X has pmf (38), then clearly (100) holds. Now, if (100) holds, then for every = € I \ {0}, we have

k=0 w 1

or, using telescoping sum

ai:{?"p(k-f—l)—?"p k)} = Z{ k/i;tl

ias P(k)pk }

Px)p® SF_ P(a)p

e (@) =1 (0) = g5l = (1= 2)™,
u=1
or in view of the initial condition
P(z)p"
TF (.’)3) Zi:l P (u) pu7 T e,

which is the reverse hazard function corresponding to the pmf (38).

O

Proposition 2.17. Let X : Q — N* be a random variable. The pmf of X is (50) if and only if its reverse hazard

function, r g, satisfies the difference equation

k \B k+1\ B
o (k1) —rp (k) = (- ) <1_’“;) keN, (101

with the initial condition rp (0) = 1.

Proof. If X has pmf (50), then clearly (101)holds. Now, if (101) holds, then for every = € N, we have

8
|
—

z—1

(-

i)ﬂ (1 B pk+1)/6
k+1 k+2

Z {re(k+1)—rp(k)} =
k=0

~
Il
=

or, using telescoping sum

or in view of the initial condition
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(1_ Zi1)ﬁ
71)”1 5 xr € N*,
(1-5%)

which is the reverse hazard function corresponding to the pmf (50). O

rp(z)=1-

2.3. Characterizations of distributions based on hazard function

This subsection is devoted to 10 distribution listed in the Introduction. The characterizations presented here are in
terms of the hazard function.

Proposition 2.18. Let X : Q — N* be a random variable. The pmf of X is (2) if and only if its hazard function
satisfies the difference equation

A+2(:+1)° 2+ k+1)*  (1+28)°2+k)%

hp(k+1)—hp (k)= , (102)
I+ (k+1)*B+2(k+1)°  (1+k)* (3+2k)°
x € N, with the initial condition hg (1) = (%)6 —1.
Proof. If X has pmf (2), then clearly (102) holds. Now, if (102) holds, then for every =z € N, we have
s, (1+2(k+1 ))5 2+ (k+1)%  (1+2k)°2+k)*
> {hp (k+1) = hp (k)} = Z i 2 5
= (1+( k+1)) B3+2(k+1)) (1+k)* (3+2k)
(1 Qk) (2+k) (27)
1+ k)®B+2k)° \20)
or
(1+20)° 2+2)* (27
hp (37) —hp (1) = 25 ,
(1+2)* (3+22)° 20
or, in view of the initial condition
14922V (2 25
F($)2(+x2)5(+x)5 z €N,
(1+2)" (34 2x)
which is the hazard function, (4), corresponding to the pmf (2). O

Proposition 2.19. Let X : Q) — N* be a random variable. The pmf of X is (10) if and only if its hazard function
satisfies the difference equation

hie (k+1) — hp (k) = {17 [11_5;::1”: - {17 [11_5’;}}:, z e N* (103)
R ey

—b
with the initial condition hp (0) = {1 - [ 1-p ] } —1.

1—ap

Proof. If X has pmf (10), then clearly (103) holds. Now, if (103) holds, then for every x € N* , we have
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{1-[]) {i-[=])
Z{hF(k‘f'l k) = Z k2 110 1-pr+1 11°
= u-ll) Bl
_{1—{5‘554}, L
-]} {-[=])

or

or, in view of the initial condition

U L= 1| S
ey "
1—apes+!

which is the hazard function, (12), corresponding to the pmf (10). O

Proposition 2.20. Let X : Q — N be a random variable. The pmf of X is (14) if and only if its hazard function
satisfies the difference equation
008+58—-1+6(k+1)) 6(08+0—1+0k)

ekt D) =he () = a0 5 v o+ 1)) @B+018+0k) F N (104)

with the initial condition hp (1) = %m.

Proof. If X has pmf (14), then clearly (104) holds. Now, if (104) holds, then for every x € N, we have

el 0(0B+B8—-1+0(k+1)) 0(08+8—1+06k)
{he(k+1) - k)} = -

O +0+5+0(k+1)  (0B+0+pB+0k)
WB+6—1+%Q 0(68+5—1+0)

T (0B+0+B8+01) (0B+0+B+0)’

or

008+ B—1+0x) 0(08+S—1+0)
hF@)_mﬂm"w5+e+ﬁ+wo“w5+9+ﬁ+m’

or, in view of the initial condition

008+ B—1+06x)

which is the hazard function, (16), corresponding to the pmf (14). O]

Proposition 2.21. Let X : Q — N* be a random variable. The pmf of X is (22) if and only if its hazard function
satisfies the difference equation

m4k+1)—hF00=92{ %}, ke N*, (105)
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with the initial condition hp (0) = %.

Proof. If X has pmf (22), then clearly (105) holds. Now, if (105) holds, then for every « € N, we have

- _ oo [PU+D) PR _ [P P()
> the 1) = b (1)) = Z{ * }_9{ }

2@ ewf =" \aw Qo)
e (o)~ (0) =2 { 70 - T

or, in view of the initial condition

hF(m)—92{gEg}, x e N,

which is the hazard function, (24), corresponding to the pmf (22). O

Proposition 2.22. Let X : Q — N* be a random variable. The pmf of X is (26) if and only if its hazard function
satisfies the difference equation
aP(k+1)—nP(k+2)] «[P(k)—nP(k+1)]
hp(k+1)—hp (k) = - , keN*, 106

a[P(0)—nP(1)]
P(1)n )

with the initial condition hg (0) =

Proof. If X has pmf (26), then clearly (106) holds. Now, if (106) holds, then for every x € N, we have

= S (alPk+ 1) =P (k+2)]  alP(k)—nP (k+1)]
kzzo{hF(kJrl)_hF(k)}_];){ P(k+2)n - Pk+1)n }

or

_a[P@)—nP@+1)] a[P(0)—nP1)]

or, in view of the initial condition

alP(z) —nP(z +1)]
Px+1)n ’

which is the hazard function, (28), corresponding to the pmf (26). O

hp (z) = r e N*,

Proposition 2.23. Let X : Q — N* be a random variable. The pmf of X is (30) if and only if its hazard function
satisfies the difference equation

(1-p) B+ (k+1)+p—p?)

2
( (1+k+2p—p?) ) (107

hp(k+1)—hp(k)_< L+ (E+1)+2p—p?) >_

(1-p)(B+k+p—p?)

1+2p—p®

with the initial condition hp (0) = =) Grr—p9)"

Proof. If X has pmf (30), then clearly (107) holds. Now, if (107) holds, then for every x € N, we have
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S (e (+ 1) — b (1)}
k=0
_( 1 )Il I+k+)+2p-p)\ [ +k+2p—p)
S \1l-p P B4+ (k+1)+p—1p?) B+Ek+p—1p? '
B - 1 (1+a+2p—p?) B (1+2p—p?)
o ) hF(O)_(1p>{<(3+:c+pp2)> ((3+pp2)>}’
or, in view of the initial condition

hF(z):<( (142 +2p—p?) ) R~

or

1-p)B+z+p—p?
which is the hazard function, (32), corresponding to the pmf (30). ]

Proposition 2.24. Let X : Q — N* be a random variable. The pmf of X is (34) if and only if its hazard function
satisfies the difference equation
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with the initial condition hr (0) =1 — m.

Proof. If X has pmf (34), then clearly (108) holds. Now, if (108) holds, then for every x € N, we have
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which is the hazard function, (36), corresponding to the pmf (34). O

=
Il

or

Proposition 2.25. Let X : Q) — N* be a random variable. The pmf of X is (42) if and only if its hazard function
satisfies the difference equation
_ 0*P(k+1) 6*P (k)

62 P(0)
Q0)p -

Proof. If X has pmf (42), then clearly (109) holds. Now, if (109) holds, then for every x € N, we have

with the initial condition hp (0) =

Characterizations of Fourteen (2021-2022) Proposed Discrete Distributions 814



Pak j.stat.oper.res. Vol.18 No.4 2022 pp 789-816 DOI: https://dx.doi.org/10.18187/pjsor.v18i4.4048

Soruen-wmn- (D)L 52850}

or

p

he (z) — hie (0) = <92> {P(x) P(O)},

or, in view of the initial condition
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which is the hazard function, (44), corresponding to the pmf (42). O

Proposition 2.26. Let X : Q — N* be a random variable. The pmf of X is (46) if and only if its hazard function
satisfies the difference equation
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Proof. If X has pmf (46), then clearly (110) holds. Now, if (110) holds, then for every x € N, we have
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which is the hazard function, (48), corresponding to the pmf (46). O

Proposition 2.27. Let X : Q — N* be a random variable. The pmf of X is (54) if and only if its hazard function
satisfies the difference equation
hp(k+1)=hp (k) =a(1+60)371, (111)

with the initial condition hp (0) = o (14 6) 7.

Proof. If X has pmf (54), then clearly (111) holds. Now, if (111) holds, then for every = € N* , then for z = 0, we
have hr (0) = a(1+6) 371 and f (0) = F (0) = a (1 + ) B~1. Now, following the proof of the Proposition 3.3.1
on page 43 of (13), we arrive at pmf (54). O]

Final Remark. After the completion of the present work, we came across the "Comment” by (17) regarding the
reparametrization of the ”Uniform Poisson-Ailamujia Discrete” (UPAD) distribution of (2), who proposed their distri-
bution as

F(z;a)=1—(1+ 204)_(“_1) , xeN

with the corresponding pmf
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flaze) =20 (1+2a) " g e N,

where o > 0 is a parameter.

Clearly, we can state the characterizations of UPAD similar to the ones in Subsections 2.1 and 2.3. (17) showed that
taking 6 (o) = 1_%30 Jthe cdf F' (z; «) can be expressed as a geometric distribution with parameter § € (0, 1) which
has been characterized in our previous work.
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