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Abstract

In this article, a class of Poisson-regression based estimators has been proposed for estimating the finite
population mean in simple random sampling without replacement (SRSWOR). The Poisson-regression model is
the most common method used to model count responses in many studies. The expression for bias and mean
square error (MSE) of proposed class of estimators are obtained up to first order of approximation. The proposed
estimators have been compared theoretically with the existing estimators, and the condition under which the
proposed class of estimators perform better than existing estimators have been obtained. Two real data sets are
considered to assess the performance of the proposed estimators. Numerical findings confirms that the proposed
estimators dominate over the existing estimators such as Koc (2021) and Usman et al. (2021) in terms of mean
squared error.
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1. Introduction

Ratio type estimators take advantage of the correlation between the auxiliary variable g and the study variable y.
When data on the auxiliary variable is available, the ratio estimator is a good choice for estimating the population
mean. In sampling theory, population information of the auxiliary variable, such as coefficient of variation or
kurtosis, is frequently employed to improve the efficiency of the estimation for a population mean for the ratio
estimator. However, the outlier problem, which occurs when data has extreme values, reduces efficiency because
traditional estimators are sensitive to extreme values. In order to handle this problem, Kadilar, Candan, and Cingi
(2007) adapted Huber-M estimate related to ratio estimator presented in Kadilar and Cingi (2004). They obtained the
MSE equations in order to decrease the effect of outlier problem. Oral and Kadilar (2011a, 2011b) considered
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maximum likelihood approach and they modified maximum likelihood estimators into Kadilar—Cingi estimators.
Zaman and Bulut (2019) introduced new robust ratio estimators based on the estimators given in Kadilar, Candan,
and Cingi (2007). Zaman (2019) provided some combining robust estimators for the population mean using the ratio
estimators presented in Zaman and Bulut (2019). Ali et al. (2021) developed a class of robust-regression type
estimators, by utilizing Zaman and Bulut (2019), in case of sensitive research under simple random sampling
scheme. Zaman and Bulut (2020) suggested new regression-type estimators by using robust regression estimates and
robust covariance matrices in the stratified random sampling.
Furthermore, it is problematic of using a linear regression model when the mean is large enough for the count data,
this is the situation when Poisson distribution converges to normal distribution. The regression model is the most
widely used method for modelling. The linear model links the estimated value with supplementary variables,
negative prediction values are possible. The validity of hypothesis testing in linear regression is also dependent on
the supposition of variables constant variance. These suppositions are erroneous for count data. As a result, in the
applied sciences, modelling count data, the used technique is the Poisson regression. Koc (2021) and Usman et al.
(2021) used the Poisson regression method for improving the population mean of the study variable. In this article,
we attempted to propose estimators for estimating the population mean of the study variable Y using information on
the auxiliary variable G using Poisson regression model. The mathematical properties of proposed estimators, such
as bias and mean square error were examined using large sample approximation. The proposed estimators have been
shown to outperform all other estimators tested in the literature. Numerical illustrations have also been done in
support of current investigation.
In Poisson regression, the study variable Y;(y; = 0,1,2, ...)is the number of events that occur at a particular period,
with a Poisson distribution given by
e~0iy
P(yi,6;) = y_,,l'e >0 €Y)

!
The mean and variance are same in Poisson distribution and is given by
E(Y)) =Var(Y) =6,
The L(6, y) i.e., log-likelihood of P(y;, 8;) is defined as;

n

L©,y) = ) (vln(®) - 6~ In(y,D) @
i=1

Let G be the matrix of order n x (k + 1) of the auxiliary variable. Then, the association between Y; and it row of
matrix, g; associating through d(9,), is

In(6) = & = g B 3)
Where, B = B,, By, ..., By, are the regression parameters.
Differentiating (3) with respect to B yields B which represents the maximum likelihood estimators of B.

Z(yiexp(g? B)g:) (4

For solving such k equations, we use iterative methods such as Newton-Raphson algorithms and Fisher Scoring
algorithms (see Cameron and Trivedi (1998), Montgomery et al. (2006), and Koc (2021).

2. Estimators from the literature

This section gives a brief introduction of some well-known estimators/ classes of estimators from the literature.

1. Kadilar and Cingi (2004) propose the following estimators for the estimation of population mean Y in simple
random sampling.

Tier = W G (5)
Tica = y?;i—i;f’_)(é +e,) ©)
Tics = %(G +8,(9)) 7
Tics = é;%f;é’:) (GB9) +C,) ®
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Frce = y+b(G—g)

KC5S —7_ . N\

(3¢, +£:(9))

Here, C, and 8,(g) are the population coefficient of variation and the population coefficient of kurtosis respectively

of the auxiliary variable. y and g are the sample means of the study and auxiliary variable respectively and it is

assumed that the population mean G of the auxiliary variable G is known. Here b = Sf—zy is obtained by the least
g

(¢, +5:(9) 9)

square. Where s7 and s are the sample variances of auxiliary and study variable respectively and s, is the sample
covariance between the auxiliary and study variable.
The MSE of the estimators 5-9 can be found using a first degree of approximation of the Taylor series expansion and

is as follows;
MSE(kci) = A[R2¢;S2 + 2BRyiS2 + B2S2 — 2Ry(;Syy, — 2BS,, + S2] (10)
Where i=1, 2, ...,5,B = S"—zy is obtained by least square method f = = ; n is the sample size and N is the population
Sg N
size and A =%—%
Where:
R R Y R Y R Y
Kc1 — R =73, Rgea =73 ’ KC3 =7, n
G G+C - G+ Pag)
PR 1) P L
Kca — =, |~ KC5 — A~ 4, np
GB2g) + Cg GCy + Bacgy

2. Motivated from Kadilar and Cingi (2004), Koc (2021) proposed a new way to improve the estimators by adding
Poisson regression-based ratio estimators as follows;

V.= %_G__g_)g‘ (11)
Y+t -9 -

Y2 =+ (g_ -(i-_Cg) ) (G + Cg) (12)
_ y+b(G-%)
=G R@) (G +p.(9)) (13)
9+, G~ g)
=G 1 c) O o
. = M(G_Cg + ﬁz(g)) (15)

T (96 +£.0)
The mean square error of y;,i = 1,2,..,5 is given as;
MSE(V;) = A[R2;S2 + 2BpRyciS2 + BES2 — 2Ry¢iSgy — 2BpSyy +S2],i=1,2,..,5 (16)
The value of B, can be obtained by using Poisson regression model.
3. Usman et al. (2021) proposed a regression estimator using Poisson regression model and is given as
Yy =y +bp(G—9) (17)
The mean square of ¥, is given as;
MSE(¥y) = A[S2 — 2B, S,,, + B2SZ] (18)

3. Proposed Estimators

In this section, a new efficient class of ratio-cum-regression type estimator for estimation the population mean under
SRSWOR based on Poisson regression method is proposed. Some members of the family of estimators are written in
Table 1. Expressions for bias and MSE are obtained up to first degree of approximation.

a;G

Zpi =7y Gl 4P\ (1—2_) (19)
pi =Y @G + B P G

Where, a; # 0 and 8; may be any constant or functions of some known parameters of auxiliary variable G, which
are determined such that the MSE of Z;,i = 1,2, ..., 15 is minimum.
Tablel:Some members of the proposed family of estimators using different values of @ and g
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S.No. Values Estimators
a; Bi _
— — G
1 a; = 1 ﬁl = Sg 7 <alG_ + ‘81>0z16+B1 ) <1 g‘)
=y — + —_—
p1=Y .G+ B P G
— — aG
=Y + i
Ze2 =Y a g+ B F G
— — a3G
Zea =¥ asg+ Bs T Pe G
— — asG
e =Y a,g + By F G
— — asG
Zps =y g + Be + bp _G_
— — agG
Zrs =¥ a6g + Bs T Pe G
— — _ a7G
= N\agrs) UG
— — _ agG
Zrs =¥ agg + Bs T Pe _E
9 =1 _ a9
o By = <1i—f> Sg 7 ) (@G + By \xoG+ho +b <1 g_>
po =Y @od + Bo P G
— B a10G
10 alo 1 ﬂlo — ( f )Sg B a]_OG + ﬁlO (xloégﬁlo g
1+f Zp1o =Yy = bP<1__—>
a10d + Bro G
— B a11G
ST (s I2f> % Zpis =7 (a“G +ﬁ“)auéiﬁu +bp(1-2)
=Y a1d + B F G
= 2 _ aq12G
T k= +f2f> % Zpiy =7 (a“G +512)a12é1512 +bp(1-2)
P12 =Y 129 + Bz F G
= 2 _ a;3G
13 a3 = (g Bis = (_f> S, N /a6 + Bys algéiﬁlg g
1- Ipiz =Y \\————— +bp<1——_)
139 + B3 G
= 2 _ a14G
14 Q14 = Pgy Bia (%) S, s <a14G + ﬁ14>a14éiﬁ14 b <1 g—)
Pia =Y 149 + Pra F G
= 1-2 _ a;5G
10 a15 1 ﬁlS = ( f) Sg alSG + ﬁlS alséiﬁls g
14+ 2f Zpis =7 — P<1——_)
159 + Pis G
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The Bias of the proposed estimator Zp;,i = 1,2, ..., 15 up to first order of approximation is given as,

Bias(Zp;) = AY CZ — (¢? + Bp)Cy, (20)

2
The MSEof the proposed estimator Zp;,i = 1,2, ..., 15 up to first order of approximation is given as
MSE(Zp;) = A[S2 + R?(9? + Bp)2S% — 2R(9? + Bp)S,, | (21)
Where:
@G | 1,2,3,,15
i = = 5 11 =145,
i aiG_+ Bi _ _ _
G _ CyG _ PgyG _ G
(pl_G_+Sg' ¢2_@+Sg' (p3_,09y5+59' (P4—G+f5g,
o = PgyG 0 = PgyCyG 0, = G 0y = G
P pyGtfS, " pgyCGtfSy TTGHfA-NS, T T GH2f(1- Sy
G G G G
P9 = = N\ P10 = s N\ P11 = = f N\ P12 = 2\
G+ (E)_Sg G+ (Tf)_sg G+ (1+_2f) S G+ (1+2f) S
P13 = fol P14 = ParC P15 = ¢
= 2f ’ = 2f ’ = 1-2f
66 +(5)s PG+ ()5, G+ (52)s,

For the detailed derivation of the expression of Bias and MSE of the proposed estimator Zp;,i = 1,2, ...,15 one can
see the Appendix-A.

4. Efficiency Comparison:
In this section, we present the comparison of the proposed estimators (Zp; ,i = 1,2, ...,15)with Koc (2021) (y;,i =
1,2,...,5) and Usman et al. (2021)(yy)

4.1. Comparing the MSE of proposed estimator Zp; ,i = 1,2, ..., 15with Koc (2021) y;,i = 1,2, ...,5
Zpi,i=1,2,...,15 Perform better thany;,i=1,2,...,5 if
MSE(y;) > MSE(Zp;)
ARZciS2 + 2BpRyciS2 + BESE — 2RyiSyy — 2BpSyy + S| > A[S2 + R?(9? + Bp)?SZ — 2R(¢? + Bp)S,, |
{R&ci — R*(9f + Bp)?* + 2BpRyci + B3}SF — 2{Rkci — R(¢? + Bp) + Bp}Sgy, >0

4.1. Comparing the MSE of proposed estimator Zp; ,i = 1,2, ..., 15with Usman et al. (2021) yy
Zpi,i=1,2,...,15 Perform better than y; if
MSE(yy) > MSE(Zp;)
A[SZ — 2B S,,, + B3S2| > A[SZ + R?(@? + Bp)?S2 — 2R(¢? + Bp)S,, |
(B} — R?(9} + Bp)?)SZ + 2{R(9} + Bp) — Bp}Sy, > 0

5. Empirical Study:

To examine the performance of the proposed class of estimator Zp;,i =1,2,...,15 over the other well-known
estimators, two real data sets have been considered. The descriptions of the populations along with the values of
various parameters are listed in Table 2 and Table 3.

Population: 1

We consider the dataset collected between 2006 and 2010 from the Afyon Respiratory Disease Hospital and the
Afyon Environmental Department Air Pollution Unit, which was used by Koc (2021). The number of patients
admitted to the hospital on a weekly basis was taken as the dependent variable Y, and PM10 was taken as the
explanatory variable G.
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Table: 2The descriptive statistics of population 1 are

N =213 n =40 Y = 4.676056338 G =116.1915

C, =0.633555159 C, = 0.439846 Bacg) = — 0.6908 S, = 2.962539616
S, =51.10636 Sgy = 53.51706 pgy = 0.353 B, = 0.02049002
By, =0.004

Population: 2

We consider the dataset obtained from TUIK of 81 provinces in 2019 used by Koc (2021). The number of people
who died due to traffic accidents was taken as a dependent variable Y, and the number of motor vehicles was taken
as explanatory variable G.

Table: 3 The descriptive statistics of population 2 are

N =81 n=20 Y = 82.40740741 G = 274308

C, = 1.025504149 C, = 1.90331 B2cq) = 35.77509 S, =84.50913823
S, = 522093 Sgy = 38124520.6 Pgy = 0.864077723 B, = 0.02049002
B, = 6.131E — 07

Table: 4 Mean square error of the existing and proposed estimators for population 1 and population 2
Estimators Population 1 Population 2

Y1 0.18587 334.73926

Y2 0.18549 334.73236

g 0.18648 334.60966

Va 0.18643 334.73906

Vs 0.18728 334.67116

Yu 0.17037 267.16300

Zpy 0.15599 179.62946

Zp, 0.161537 111.18094

Zp3 0.164036 193.63367

Zpy 0.166353 68.14308

Zps 0.157918 70.09819

Zpg 0.156482 86.12029

Zp; 0.1679 74.05904

Zpg 0.162312 82.08443

Zpg 0.164673 75.05373

Zp1o 0.167644 71.68617

Zp1q 0.168662 79.98185

Zp12 0.163265 75.44276

Zp13 0.156066 77.54750

£ m 0.15685 150.51009

Zp1s 0.159036 76.67033
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Table: 5The PRE of the proposed estimators with the existing estimators for population 1

Estimators V1 Y2 Y3 Ya Vs Yu
Zpq 119.15562 118.91125 119.54637 119.51546 120.05664 109.21617
Zp, 115.06181 114.82584 115.43913 115.40929 115.93188 105.46385
Zp3 113.30824 113.07587 113.67982 113.65044 114.16506 103.85656
Zpy 111.73480 111.50566 112.10122 112.07224 112.57972 102.41437
Zps 117.69937 117.45799 118.08535 118.05482 118.58939 107.88140
Zpg 118.78249 118.53890 119.17202 119.14122 119.68070 108.87417
Zpy 110.70330 110.47627 111.06634 111.03763 111.54042 101.46891
Zpg 114.51595 114.28111 114.89149 114.86179 115.38190 104.96353
Zpg 112.87475 112.64326 113.24490 113.21563 113.72828 103.45922
Zp1o 110.87500 110.64762 111.23859 111.20984 111.71341 101.62628
Zp1y 110.20446 109.97846 110.56586 110.53728 111.03780 101.01168
Zp1z 113.84959 113.61611 114.22294 114.19342 114.71050 104.35275
Zp13 119.09454 118.85030 119.48509 119.45420 119.99510 109.16019
Zp14 118.50229 118.25927 118.89090 118.86017 119.39838 108.61734
Zp1s 116.87050 116.63082 117.25376 117.22345 117.75425 107.12167

Table: 6 The PRE of the proposed estimators with the existing estimators for population 2

Estimators V1 Y2 Y3 Ya Ys Yu
Zpy 186.34986 186.34603 186.27772 186.34976 186.31196 148.73006
Zp, 301.07612 301.06991 300.95956 301.07594 301.01487 240.29569
Zp3 172.87244 172.86888 172.80552 172.87234 172.83728 137.97342
Zps 491.23001 | 491.21988 491.03983 491.22972 491.13007 392.06183
Zps 477.52910 | 477.51926 477.34423 477.52882 477.43196 381.12682
Zpe 388.68803 388.68002 388.53755 388.68780 388.60896 310.22074
Zpy 451.98973 | 451.98042 451.81475 451.98947 451.89778 360.74327
Zpg 407.79872 | 407.79032 407.64084 | 407.79849 407.71576 325.47342
Zpg 445,99949 | 445.99030 445.82683 44599924 | 445.90876 355.96233
Zp1o 466.95095 | 466.94133 466.77018 | 466.95069 466.85596 372.68416
Zp11 418.51902 | 418.51040 418.35699 418.51878 418.43388 334.02954
Zp12 443.69964 | 443.69050 443.52787 | 443.69939 443.60938 354.12676
Zp13 431.65706 | 431.64816 431.48994 | 431.65681 431.56924 | 344.51530
Zpia 222.40320 222.39862 222.31710 222.40307 222.35796 177.50505
Zp1s 436.59556 | 436.58656 436.42653 436.59531 436.50674 | 348.45683

Table 4 shows that our proposed estimators Zp;,i=1,2,..,15 have minimum MSE than Koc (2021)
yii=1,2,..,5and Usman et al. (2021)y, for both population 1 and population 2.

Table 5 presents the efficiency comparison based on percent relative efficiency of our proposed estimators
Zp;,i=1,2,..,15withy;i =1, 2, ...,5 and y using population 1. It can be seen that our proposed estimators
are more efficient thany; i = 1,2, ..., 5 and y;. Among all the proposed estimators we can also see from table
5 that the proposed estimator Zp, is more efficient using population 1.

Table 6 presents the efficiency comparison based on percent relative efficiency of our proposed estimators
Zp;,i=1,2,..,15withy;i =1, 2, ...,5 and y using population 2. It can be seen that our proposed estimators
are more efficientthany; i = 1,2, ..., 5 and y;. Among all the proposed estimators we can also see from Table
6 that the proposed estimator Z,, is more efficient using population 2.

Also, from Table 5 and Table 6 we see that our proposed estimators Zp; ,i = 1,2, ...,15 perform much better in
population 2 than population 1.
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6. Conclusion:

In this paper, we have proposed a class of estimators Zp;,i = 1,2,...,15 by using simple random sampling for
estimation of population mean based on the Poisson regression model. The proposed estimator was found to
generate more efficient results than estimators suggested by Koc (2021) y;i =1,2,...,5and Usman (2021)y,. A
comparative study of the proposed estimators with the existing estimators has also been presented. To evaluate the
benefits of the proposed estimator over others, a real data set was investigated in support of the current study, and it
is clear that the proposed class of estimators is more competent as compared to existing estimators in terms of
percent relative efficiency, as all values exceed 100. As a result, for count data analysis, we strongly indorse
choosing proposed class of estimators instead of existing estimator.
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Appendix-A: A detailed derivation of Bias and MSE for the proposed class of estimators in the present study.
To obtain the bias and MSE of the proposed estimator Zp;,i = 1,2, ..., 15, we write
y-Y g-G
No = v and 1=
Such that E(n,) = E(n,) = 0 and to first degree of approximation

E(ng) = }\Cﬁ ] E(T]%) = )\ng ] E(nonl) = AC‘g:y

Ql’

Now expressing the (19) in terms of ’s, we have

~ _&G _
iy aiG + ﬁi a;G+p; G(l + T]l)
Zpi =Y(1+no) (a,-G_(l )+ .81) + bp <1 - G ) (22)

Now expanding the right-hand side of Z,;,i = 1,2, ..., 15 at (22) and neglecting terms of n’s having power greater

than two we have

_ 1
Zpi =Y (1 +no) 1T —bpmy

aiG+p;

Zpi = YA + 1) + @iny) ™% — bpny]

Where:
46 12315
(pl_aiG_'i‘Bi ,1=1,4,,,,
3 G 3 C,G 3 PgyG 3 G
NS, 2T G, TGS, T Gwrs,
o= LG O L A (R
pgyG+ng pgngG+ng G+f(1—f)5g G+2f(1—f)Sg
G G G G
Vo =——7F~N Vo= 77N Pu=—F7 N PuT TN
G+ (;) Sg G+ (Tf) Sg G+ (1+2f) Sg G+ (1+2f) Sg
P13 = —CgG P14 = —pgyG_ P15 = — G
13 = = 2f ’ 14 = = 2f ’ T s 1-2f
66+ (Z)s ParC+(5)S G+ (52)Ss

3
. ;i (p; +1)
Zp; =Y(1 +1n,) [1 — i +———= é ni — bpmy

3
- pi(p;+1)
Ipi =Y [1 — @i +—————ni = ey + 1o — @{noNs — bpnomy
3
oo @i (p; +1)
Zp—Y =Y [770 = @i+ =% = bpll — 9ot — bproms (23)

Taking expectation of both sides of (23) we get the bias of Z;,i = 1,2, ..., 15up to first order of approximation as
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_ _ 3(p; +1
E(Zp—-Y)=Y [E(Uo) —@fE(my) + %E(n%) — bpE(n,) — 9ZEMony) — pr(nom)]

_ _ 3(p; +1
E(Zp—Y)=Y [E(no) —@fE(ny) + wwﬁ) — bpE(m,) — 9ZE(Mony) — pr(nom)]

. _[eipi+1
E@p—7) =7 [@Eoﬁ) ~ (0} + BP>E<n0n1)]

_[pi(p;+1
Bias(Zp;) = AY [%c; — @+ Bp)cgy] (24)

Squaring both sides (23) and neglecting terms of 7’shaving power greater than two, we have

3 2
- . pi(p;+1)
(Zpi—=Y)*=Y? [770 - <Pi2771 + %U% —bpny — ‘Pizrl(ﬂh — bpnom

(Zpi = V)? = V[0 + (f + b} + 2b, 07 )n§ — 2(7 + by)nom: ] (25)
Taking expectation of both sides (25), we get the MSE of the proposed class of estimator Z,;,i = 1,2, ...,15 to the
first degree of approximation.

E(Zp; — Y)? = MSE(Zp;) = Y2[EM3) + (9? + Bp)*E(m}) — 2(9? + by,)E(omy)]
MSE(Zp;) = A[S2 + R?(9? + Bp)2S2 — 2R(9? + Bp)S,, | (26)
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