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Abstract

In this article, we introduce a new generalization of the Exponentiated Exponential distribution. Various structural
mathematical properties are derived. Numerical analysis for mean, variance, skewness and kurtosis and the
dispersion index are performed. The new density can be right skewed and symmetric with "unimodal" and
"bimodal" shapes. The new hazard function can be "constant”, "monotonically decreasing”, " monotonically
increasing”, “increasing-constant”, ‘“upside-down-constant”, "decreasing-constant”. Many bivariate and
multivariate type model have been also derived. We assess the performance of the maximum likelihood method
graphically via the biases and mean squared errors. The applicability of the new life distribution is illustrated by
means of two real data sets.
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1. Introduction

A random variable (RV) Z is said to have the Exponentiated Exponential (EE) distribution (see Gupta et al. (1998))
if its probability density function (PDF) and cumulative distribution function (CDF) are given by
)

—b. -b. -1
ha,b(z) = abe z(l —e Z)a |(z>0,a>0 and b>0)’

and
Ha,b(z) = (1 - e_bz)al(z>o,a>o and b>0)’ @

respectively. We write Z ~ EE (a,b) . For a = 1, the EE reduces to the standard exponential distribution. If 1 > a,
the h,,(z) decreases monotonically with z.If a > 1,the h,,(z) attainsamode at z = %log(a). The properties
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of the EE distribution have been studied by many authors. The original paper, Gupta and Kundu (1999), provided
expressions for survival function (SF), hazard rate function (HRF), shapes of PDF and HRF, moment generating
function (MGF), stochastic orders, ordinary moments (OMs), the distribution of a sum of RVs following (1) and
distribution of extreme values (EVs). Many other authors have derived and studied the EE model, see Gupta and
Kundu ((2001a), (2001b), (2007)), Zheng (2002), Zheng and Park (2004), Kundu and Pradhan (2009), Aslam et al.
(2010), Aryal et al. (2017), Brito et al. (2017), Alizadeh et al. (2017), Cordeiro et al. (2018), Yousof et al. (2018 and
2019), Korkmaz et al. (2018), and Ibrahim et al. (2020) among others. Cordeiro et al. (2016) investigated a hew
flexible class of continuous distributions called the generalized odd log-logistic-G (GOLL-G) family with only two
extra shape parameters. In the work, we introduce a new version of the EE model using the GOLL-G family called
the generalized odd log-logistic EE (GOLLEE). For an arbitrary baseline CDF Hf(w) , the CDF of the GOLL-G

family is given by
-1

F) = ey () + [1-n ]} ®

where & = (a,B) refers to the parameter vector of the base line model. For =1 we get the OLL-G family

(Gleaton and Lynch (2006)). For a« = 1 we get the proportional reversed hazard rate G (PRHR-G) family (Gupta and
Gupta (2007)). The PDF corresponding to (3) is

aph (2 (1 - 12|

Wy = 2 4)
T {Hf(z)“ﬁ + [1 —~ Hf(z)ﬁ] }
Then, the CDF of the GOLLEE is given by
aaf
Qs
Fw(z) = : @ | —1_p—bz)
w aafs ap L=1-€
Qb,z + (1 - lez) (Qb, ) (5)
where W = (a, 8, a, b). The PDF corresponding to (5) is given by
a—1
—bz aaf—1 _ papf
P
w aaf ap\% 2 ) 6
[Qb,z + (1 - Qb‘z) ] ( )

The asymptotics of the CDF, PDF and HRF as z — ¢ are given by
Fﬂ(z) l(z—»t) ~ sz 'fﬂ(z) I(z—»t) ~ aﬁabe_bzezgﬁ_l
and
tw(z) I(z_)t) ~ aﬁabe‘bzgzgﬁ_l.
The asymptotics of CDF, PDF and HRF as z — co are given by

a—1
1= Fw(®@) | ~ [B(1 = 051" (@) | ..y ~ @B abe ™7 (1 - €} )
and

tw(2) |y ~ “abe_bZQZ;l(l - QZ,z)
The HRF for the new model can be obtained from £ (z)/[1 - Fw(z)] . Figure 1 gives some PDF plots for some

selected parameters value. Figure 2 gives some HRF plots for some selected parameters value. Based on Figure 1 the
GOLLEE density can be right skewed and symmetric with unimodal and bimodal PDFs. Based on Figure 2 the
GOLLEE HRF can be "constant" (¢ = 1,8 =1,a = 1,b = 1), "decreasing" (a¢ = 2.5, = 0.75,a = 1,b = 1),
"increasing" (a¢ =2, =1,a=1,b =1), "increasing-constant" (@ = 1,8 = 2.5,a = 1,b = 2), "upside-down-
constant" (¢ = 2,8 = 1,a = 1, b = 1), "decreasing-constant” (¢ = 0.5, = 0.05,a = 1,b = 1).
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Figure 1: PDF plots for some selected parameters value.
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Figure 2: HRF plots for some selected parameters value.

After some algebraic manipulations, the PDF in (6) can be rewritten as
fﬂ(z) = z ‘75 T[(a*,b) (Z)l(a*:a(1+s))' (7)
e=0

where
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z Z( 1);,2““([(#1+1)a+f2]/>’—1>< (4, +1)a ><}1)( )

;;—OEO

and 7, ) () isthe PDF of the EW model with parameters a® and b. By Integrating (7), the CDF of the GOLLEE
model is given as

FE (Z) = Z Ve H(a*,b) (2),
where H(a*,b)(z) isthe CDF of the EW model with parameters a* and b.

2. Properties
2.1 Moments
The »" OM of Z is given by

w,,=EZ) = f 7" dFy (2),

then we obtain

s lay = BT D7) ®
&h=0
where
() _p SV (a*_l)
o R+DHN A
and

=1

A+ Plpen =1 = | [ = ).
The variance (V (2)), skewness (S (2)) and kurtosis (K (Z)) can be easily derived from the well-known relationships.

2.2 Incomplete moment, MGF and dispersion index
The #™ incomplete moment, say 1, (t), of Z can be expressed from (7) as

i t
I’V’,Z(t)l(,y.>_1) = Z VSJ. z”” de(Z),
e=0 -

LDl = b7 ( + 708 ) TG, ©)

eN=0

then

where y(4,,4,) isthe incomplete gamma function such that

= A?l (=D 4y+a
Y(dy,4;) = fo o exp(=2) ds = Z-{Faldii s + 1=, = Zm“zl ,
and FM[-,-,-] refers to the confluent hypergeometrlc function. The first incomplete moment given by (9) with » =

1 as

1,,(z) = by(1+,¢7Y) z ptha),
eM=0
The MGF can be derived via (7) as

A New Lifetime Parametric Model for the Survival and Relief Times with Copulas and Properties 253



Pak.j.stat.oper.res. VVol.18 No. 1 2022 pp 249-272

Where B(4,,4,) = fol z%171 (1 — 3)%271dz is the beta function. So, the characteristic function (CF) of Z can be

easily written as

DOI: https://doi.org/10.18187/pjsor.v18i1.3930

= t’r *
— r___ (/r,a )
M,t) =r(1+ ) E b ~ Ve ooty

A r=0
Based on Gupta and Kundu (2001a) and Gupta and Kundu (2007), another formula for the MGF can be derived as

t
M,(t) = Z V.a'B (1 - E' a*),

e=0

[oe]

it
(pZ(t) = Z Ve a*B (1 - E, a*) |(1:\/—_1)

The dispersion index (Dislx) or the variance to the mean ratio of the GOLLEE model can derived as

2.3 Numerical analysis

Table 1 gives Numerical analysis for the mean, V (Z) , S(Z) , K(Z) and DisIx(Z) . Based on Table 1, we note that:
1-The skewness of the GOLLEE distribution can range in the interval (—2.7792, 8.2978). 2-The spread for the
GOLLEE kurtosis is much larger ranging from —46.275 to 35.526. 3-The DisIx (Z) can be "between 0 and 1" or

"equal 1" or more than

1.

e=0
[*3) (2,a") *
DisIx(Z) = b [3 oAl A
Zs,h:O N £hA=0

(1,a%)
St ]

Table 1: Mean, variance, skewness and kurtosis.

« B __a b E@2) V(2) 52) K(Z) DisIx(Z)
1 1 1 1 1 1 2 9 1

5 0709245  0.03367585  0.811776  5.306741  0.04748127
10 0.697236  0.00827721 0427330  4.524585  0.01187146
50 0.693312  0.00032907  0.086995  4.213821  0.00047464

1 2 15 15 122222 060493830 1463557  6.48105 0.4949495
5 1.060796  0.02409643 0506570  4.568689  0.0227154
10 1.054440  0.00601534  0.263991  4.305228  0.0057048
50 1.052371  0.00024048  0.0535771  4.204421  0.0002285
100 1.052305  6.1401x10°5 —2.7791700 380.8274  5.8348x107
150 1.052294  2.6725x10°5  —0.0221445 1234413  2.5397x107
300 1.052287  6.6799x10°¢  0.0088806  4.222261  6.3480x10°
5 1 075 25 0200060  0.00422373  0.9779566  5.87453 0.0202034
5 0716636  0.00908887  0.4779385  4.519582  0.0126827

20 1243380  0.01044063  0.3853573  4.819704  0.0083969

100 1.879628  0.01083027  0.3722241 4367961  0.0057619

500 2521891  0.01090973  0.3678802  4.362733  0.0043260

1000 2798061  0.01091954  0.3685512  4.297662  0.0039013

5000 3.442585  0.01092768  0.3669034  4.361500  0.0031743

15 2 01 15 00102539 0.000458083  4.608957 3552639  0.0446739
0.5 0.0565069  0.001861421  1.784471  8.381003  0.0329415

1 0.0908589  0.002442455  1.369496  6.466796  0.0268818

10 0.2324249  0.003205821  0.971558  5.162603  0.0137929

50 0.3385082  0.003288293  0.934989  5.069589  0.0097115

100 0.3846670  0.003298794  0.930406  5.058231  0.0085757

500 0.4918499  0.003307225  0.926737  5.049208  0.0067241
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125 3 2 0.1 23.74879 96.142040 1.183845 5.664692
1 2.374879 0.9614204 1.183845 5.664692
30 0.079163 0.0010682 1.183845 5.665166
50 0.047498 0.0003846 1.183843 5.380101
100 0.023749 9.6142x107° 1.255683 7.545873
200 0.011874 2.4036x107° 4172638  —25.25049
250 0.009499 1.5382x107° 8.297841  —46.27513
300 0.007916 1.0829x107° 6.624094  —21.67089
1000  0.002375 6.7918x107° -1.985067 2.809855
2000  0.001187 1.5772x10°° -0.453349 1.054604
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4.0482910
0.4048291
0.0134943
0.0080966
0.0040483
0.0020242
0.0016192
0.0013679
0.0028599
0.0013282

2.4 Moments of residual life (MRL)
The n" MRL is
M7 (£) = E(Z — )"
The n™ moment of the residual life of Z is given by
J, @ =t dFy(2)

| (z>tn=12,.)’

,,(t) =
n,Z( ) 1— Fw(t)
Therefore,
t bny(n + 1, b’t) V(n’a*)*
T = )
nz(t) 1— Fw(t) eh |(n>—1)
- eN=0
where

(na")x _ n—r a ( 1) a'—1
VE,IL =V z( t) (h+ 1)n+1( A )

2.5 Moments of the reversed residual life (MRRL)
The n™ MRRL is

I, (#) = E(t = 2)" |(Zst,t>0,n=1,2,...)’
hence

St = 2y dFy(8)
Fy(t)

H,Zn(t) =

Then, the n'* MRRL of # becomes

bny(n + 1, bt) (n,a*)**

m,,(t) = TR / oA |(n>—1)"
— eNn=0

. 0
Vg,r;) =V Z( )" (:H_l)nlﬂ ( r 1) (r)

3. Maximum likelihood method

where

Let z,,..,3, bearandom sample from the GOLLEE distribution with parameters a,b,« and S .Let W be the
4 x 1 parameter vector. For getting the maximum likelihood estimates (MLE) of W , we have the log-likelihood ()

function
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£=¢2(W)=nloga+nlogf +nloga+logh+—>b

3z + (aa[)’ — 1)

1 i

logey,;

n
= 1

n
i =

-2 Z log [Q;";ﬁ +(1- ggi)a] +(@-1) Z log(1—eg¥),
i=1 i=1

where

— _ —bzi
Qb,Zi =1 € '

The score vector components are available if needed. We can compute the maximum values of the unrestricted and
restricted log-likelihoods to obtain likelihood ratio (LR) statistics for testing some sub-models of the GOLLEE
distribution.

The maximum likelihood estimators and the Bayesian estimators are equivalent asymptotically (Ibragimov (1962) and
Chao (1970)), that can be expressed as

~ a.s
Vn (W W ) - 0.

—Bayesian —MLE
A direct result of the above theorem is that all asymptotic properties of the MLEs also hold for the Bayesian estimators.
Also, since the determination of the MLE is independent of the loss function and the prior measure, the asymptotic

properties of Bayesian estimators hold for all priors and loss functions in a certain class.

4. Simple type copula-based construction
4.1 Via Farlie Gumbel Morgenstern (FGM) family

First, we start with CDF for FGM family of two RVs (Z;,Z,) (see Farlie (1960), Gumbel (1960 and 1961),
Morgenstern (1956), Johnson and Kotz (1977 & 1975)) which has the following form
F/l(z1:zz)|(|l|51) = Fl(z1)F2(zz){1 +A[1 - F1(51)][1 - Fz(zz)]},
setting
ajay By

b1,31

Fi(z) = le (Z) - ajai B, ( alﬁl)al,

b1,31 b1.31

= =1—e¢ &
where 21 (al,ﬁl,al,bl), (o 1-e and

azazf,
_ _ bz,Zz
FZ(ZZ) - sz (z) - azazﬁz ( azﬁz )txzﬂ
bZ'ZZ + - sz,Zz

where EZ = (az,ﬂz,az,bz) and @, ,, =1 —e 2% then we have

ajaify azazf,
_ b1,3 ba%,
FA(Z1; ZZ) = ayaf, (1 a1, )al w28, (1 a2h, )az
le,zl + - le,zl Qb_z,Zz + - sz.Zz
ajaif
_ le,zl
ajaif a1B1\ ™
le‘z1 + (1 - le‘zl)
X .
1+2 azazf>
_ sz,Zz
azazf2 _ pa2P2 %2
sz'zz + (1 sz'zz) |

4.2 Bivariate GOLLEE type via modified FGM Copula
Due to Rodriguez-Lallena and Ubeda-Flores (2004), the modified version of the FGM copula defined by

Cy(4,2) = uz + 2p(2)d(w),
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where ud(u) = ¢(u) , and ZP(Z) = P(2) . Where the functions ¢ () and Y(2) are two absolutely continuous
functions on (0,1). Let

1 — 1
a=inf {% JIp(u): C’l(u)} <0,B=sup {%aq)(u): C’l(u)} <0,

1 — 1 —
& =inf {ﬁ oP(2): C’Z(Z)} >0,m =sup {ﬁaq;(Z): C’Z(Z)} > 0.
Then,
1 < min(Ba, ),
where
1 1
—— 0BG = w00 (u) + b (u)
uw ou
1
G (u) = {u: = (0,1)|a—6¢(u) exists},
u
and

|
C,(2) = {z: Ze (0,1)|£a¢(z) exists}.

4.2.1 Bivariate GOLLEE-FGM (Type 1) model
Consider ¢ («) and P(2) under the previous conditions. Then,

aj By ara1By

—_ bl,u bl,V
eA(u,v)—A[¢(‘u)w(z)]+[ ) s )]
le,u le,u le,v le,v
where
ajay By
— _ _ bl,u
q)(u) =Uu 1 alalﬁl + (1 _ alﬁl)al |E1>0,
bl/u bl,u
and
aja1 By
~— 72X _ bl,Z
¥(@) =2[1-—— v LA
H(-g) |
@,z b2

4.2.2 Bivariate GOLLEE-FGM (Type I1) model:
Consider the following functional form for both ¢ («¢) and Yr(Z) which satisfy all the conditions stated earlier where

¢, >0 = w1 (1 —u)'~% and Y(2)|a,50) = Z%2(1 - Z)t 4,

The corresponding bivariate copula can then be derived from
Canyn, (1, 2) = wZ[1+ Adt12%2 (1 — )21 (1 — 2)17%].

4.2.3 Bivariate GOLLEE -FGM (Type I11) model:

due to Ghosh and Ray (2016) the CDF of the Bivariate GOLLEE -FGM (Type I11) model can be derived from
Clu,2)=uF1(2)+ ZF () - FL(w)F1(2),

where

A New Lifetime Parametric Model for the Survival and Relief Times with Copulas and Properties 257



Pak.j.stat.oper.res. VVol.18 No. 1 2022 pp 249-272

1
Fllu)=—-—1In
(u) b,

and

1
Fl@=—-—In
(2) b,

4.3 Via Clayton copula
4.3.1 The bivariate GOLLEE extension

The bivariate extension via Clayton copula can be considered as a weighted version of the Clayton copula, which is

of the form

1 N\ag
u%
1= T
1+ ux
_ L_
gL 2P,
Z%2 -
1— T 1Z =
1+ Z

DOI: https://doi.org/10.18187/pjsor.v18i1.3930

_
|
N,

1

CW 2) [y, +12)20] = [u=@1+n2) 4 Z=Cr4m2) — q] e,
Assume that Z ~ GOLLEE (El) and Y ~ GOLLEE (W,). Then, setting

u=u, =

where @, =1- e b2% and

where ), = 1 — 7?2, Then, the associated CDF bivariate GOLLEE type distribution will be

ajai B
le,z

aq’
ez +(1-e0t%)

azazf>
sz.y

b,y

aja; By
Qb1.z

B Qazazﬁz + (1 _ Qazﬁz)az'

b,y

—(M1+n2)

H(z,y) = 1

azazf>
sz.y

ay
e+ (1-epif)

—(M1+12)

-1

sz.y

4.3.2 The Multivariate GOLLEE extension
A straightforward d -dimensional extension from

d

H(Zl;ZZ;"‘.Zd) = Z

i=1

where @, =1- e ?#3 Further future works could be allocated for studying the bivariate and the multivariate

extensions of the GOLLEE model.

5. Simulations

In this Section, we assess the performance of the maximum likelihood (ML) method. The assessment can be performed
numerically or graphically. Graphically, we can perform the simulation experiments to assess of the finite sample
behavior of the ML estimators (MLES) via the biases and mean squared errors (MSEs). The following algorithm is

considered for the assessment:

azaz P2 + (1 _ ‘1232)“2

sz.y

the above will be

a;aif;
Qbi'zi

=(

e+ (1-e

a;B; )ai

bz

+1-—d
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1
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1) Using the inversion method, we generate N=1000 samples of size n from the GOLLEE distribution using

1
N I
1 / ua \~ u
Zu=—zln 1-— 1 |u:1
\ 1+ e / —u

2) Compute the MLEs for the 1000 samples.
3) Compute the standard errors (SEs) of the MLEs for the 1000 samples. The SEs were computed by inverting the
observed information matrix.

4) Compute the biases and MSEs given for W = (a, B, a,b) . We repeated these steps for n =
50,100,150 ...,1000 with @ = 8 = a = b = 1, s0 computing biases (Biasy(n)) , MSEs (MSEy(n))
for a,8,a,b V n=50,100,150,...,1000.

Figures 3, 4, 5 and 6 gives the biases (left panel) and MSEs (right panel) for the parameters «, 8,a and b respectively.
These figures (left panels) shows how the four biases vary with respectto n and also shows how the four MSEs vary
with respect to n . The broken lines in Figure 5 corresponds to the biases being 0 . From Figures 3, 4, 5 and 6, the
biases for each parameter are generally negative and decrease to zero as n — o , the MSEs for each parameter
decrease to zeroasn — oo .

Bias of o MSE of o
2
e} =
S
& [S -
=
L
ol
= =
- =
LLI
) — (7]
fa g ] =
EER.
L i
oy |
=
[ ]
Ly
- _|
= 8
=
T T T T T T T T T T
200 400 600 800 200 400 600 800
n n

Figures 3: Biases (left panel) and MSEs (right panel) for the parameter &
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Figures 6: Biases (left panel) and MSEs (right panel) for the parameter 6.

6. Real data applications

In this Section, we shall compare the fits of the GOLLEE distribution with those of other competitive models, namely:
exponential (E), odd-Lindley exponential (OLE), Marshall-Olkin exponential (MOE), Moment exponential (ME), The
Burr-Hatke exponential (BRHE), Generalized Marshall-Olkin exponential (GzMOE), Beta exponential (BE),
Marshall-Olkin Kumaraswamy exponential (MOKTrE), Kumaraswamy exponential (KrE), the Burr X exponential
(BrXE) and Kumaraswamy Marshall-Olkin exponential (KWMOE). Some details related to these competitive models
are available in Aboraya, M. (2019a,b), Aboraya and Butt (2019) Ibrahim et al. (2020), Al-Babtain et al. (2020)
Aboraya, M. (2021a,b) with some other useful real data sets. For comparing models, we consider the Akaike
Information Criteria (C,), the Consistent Information Criteria (C,), the Bayesian Information Criteria (C;) and

Hannan-Quinn Information Criteria (C,), the Cramér-Von Mises (C*) and the Anderson-Darling (A*). Additionally,
the Kolmogorov—-Smirnov (K.S) test and its corresponding p-value is also performed.

6.1 Modeling failure (relief) times

The first data set called the failure or relief times (in minutes). This data represents the lifetime data relating to relief
times of patients receiving an analgesic (see Gross and Clark (1975)). This data was recently analyzed by Ibrahim et
al. (2020) and Al-Babtain et al. (2020). Table 2 lists the MLEs, SEs confidence intervals (C.l.s). Table 3 lists the ¢,

, Gy, Gy, C, A",C",KS. and p-value. Figure 7 gives the total time in test test (TTT) plot for the relief times data
along with the corresponding box plot. Based on Figure 7, the HRF of the relief times is "increasing HRF" and this
data has only one EV observation. Figure 8 gives the estimated PDF, estimated CDF, estimated HRF and P-P plot for
relief times data. Figure 9 below gives Kaplan-Meier survival plot for relief times data. Based on Table 3, we conclude
that the proposed lifetime GOLLEE model is much better than the “Exponential”, “Odd Lindley-E”, “Marshall-Olkin-
E”, “Moment-E”, “Burr-Hatke-E”, “generalized Marshall-Olkin-E”, “Beta-E”, “Marshall-Olkin-Kumaraswamy-E”,
“Kumaraswamy-E”, “Burr type X-E” and “Kumaraswamy-Marshall-Olkin-E” models with ¢; = 39.62, C, = 43.60,

C; =42.28, C, = 40.39, A" = 0.255, ¢* = 0.045, K.S=0.12233 and p-value=0.9257 so the new lifetime model is a
good alternative to these models in modeling relief times data set. According to Figures 8 and 9, the GOLLEE
distribution provides adequate fits to the empirical functions.
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Table 2: MLEs, SEs, C.1.s (in parentheses) values for the relief times data.

Models Estimates
MLEs 0.52612
E(b) SEs (0.1172)
C.ls (0.3,0.8)
MLEs 0.9499
ME(b) SEs (0.150)
C.ls (0.7, 1.2)
MLEs 0.52634
BRHE(b) SEs (0.1182)
C.ls (0.4, 0.6)
MLEs 0.6044
OLE(b) SEs (0.0535)
C.ls (0.5,0.7)
MLEs 54.47,2.32
MOE(a,b) SEs (35.58), (0.37)
C.ls (0, 124.2), (1.58, 3.0)
MLEs 1.1635, 0.3207
BrXE(a,b) SEs (0.33), (0.03)
C.ls (0.5, 1.82), (0.26,0.38)
MLEs 83.756, 0.568, 3.330
KrE(a,B,b) SEs (42.361), (0.327), (1.189)
C.ls (0.7, 167), (0, 1.2), (1.00, 5.9)
MLEs 8.868, 34.826, 0.299, 4.899
KwMOE(a,B,\,b) SEs (9.15), (22.31), (0.24), (3.19)
C.ls (10.9, 46.8), (0, 78.6), (0, 0.76), (0, 11)
MLEs 0.51912, 89.4622, 3.1693
GzMOE()\,a,b) SEs (0.256), (66.278), (0.77)
C.ls (0.02, 1.02), (0, 219.4), (1.66, 4.9)
MLEs 0.133, 33.232, 0.571, 1.669
MOKIrE(a,B,\,b) SEs (0.332), (57.84), (0.72), (1.81)
C.ls (0, 0.8), (0, 146.6), (0, 2), (0, 5.3)
MLEs 81.633, 0.5424, 3.5142
BE(0,B,b) SEs (120.43), (0.327), (1.411)
C.ls (0, 317.65), (0, 1.19), (0.75, 6.4)
MLEs 0.584, 13.798, 20.40, 3.415
GOLLEE(a,B,a,b) SEs (0.28), (193.88), (286.648), (1.29)
C.ls (0.24, 1.144), (0, 402), (0, 592), (0.82, 6)

Table 3: Statistics for the relief times data.

Models (p-value), K.S. C1, C,, C3,Cy A c*
E (0.004)0.4 68.0, 68.7, 67.9, 68.0 4.60 0.96
BrXE (0.17)0.25 48.1,50.1, 49.0, 48,5 1.34 0.24
OLE (<0.1%)0.9 49.1,50.1, 49.3, 49.3 1.30 0.22
KMOE (0.86)0.15 43.0, 46.8, 45.6, 43.6 1.08 0.19
ME (0.07)0.32 54.3, 55.3, 54.5, 54.5 2.76 0.53
MOKE (0.87)0.14 41.6,45.5,44.3,42.3 0.60 0.13
BRHE (<0.1%)0.4 67.7, 68.7,67.9, 67.8 0.62 0.12
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BE (0.80)0.16 43.5, 46.5, 44.9, 44.0 0.70 0.14
MOE (0.55)0.18 43.5,45.5,44.2,43.9 0.80 0.15
Krg (0.86)0.14 42.0,44.8, 43.3,42.3 0.45 0.07
GzMOE (0.78)0.15 42.8,45.7,44.3,43.3 0.51 0.08
GOLLEE (0.93)0.122 39.6, 43.6, 42.3, 40.3 0.25 0.05
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Figure 7: The TTT plot (left panel) and box plot (right panel) for the relief times data
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Figure 8: Estimated PDF, estimated CDF, estimated HRF and P-P plot for relief times data.
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Figure 9: Kaplan-Meier survival plot for relief times data.

The proposed GOLLEE lifetime model is much better than the E, ME, MOE, GzMOE, KrE, BE, MOKE, KMOE
models.

6.2 Modeling survival times
The second data set called the survival times (in days) of 72 guinea pigs infected with virulent tubercle bacilli, observed
and reported by Bjerkedal (1960). This data was recently analyzed by Ibrahim et al. (2020) and Al-Babtain et al.

(2020). Table 4 lists the MLEs, SEs confidence intervals (C.I.s). Table 5 liststhe C;, C, ,C5,C4, A™, C*, K.S.
and p-value. Figure 10 gives the TTT plot along with the corresponding box plot for the survival times data. Based on
Figure 10, the HRF of the survival times is "increasing HRF" and this data has only four EV observations. Figure 11
gives the estimated PDF, estimated CDF, estimated HRF and P-P plot survival times data. Figure 12 gives the Kaplan-
Meier survival plot survival times data. Based on Table 5, we conclude that the GOLLEE model is much better than
the Exponential, Odd Lindley Exponential, Marshall-Olkin Exponential, Moment Exponential, The Burr-Hatke
Exponential, generalized Marshall-Olkin Exponential, Beta Exponential, = Marshall-Olkin Kumaraswamy
Exponential, Kumaraswamy Exponential, the Burr X Exponential and Kumaraswamy Marshall-Olkin Exponential

models with ¢, = 204.44, ¢, = 21354, ¢; = 205.03, C, = 208.06, A" =0.35, ¢* = 0.058, K.S=0.0723 and
p-value=0.846 so the new lifetime model is a good alternative to these models in modeling relief times data set.
According to Figures 11 and 12, the GOLLEE distribution provides adequate fits to the empirical functions.

Table 4: MLEs, SEs, C.1.s (in parentheses) values for the survival times data.

Models Estimates
MLEs 0.5401
E(b) SEs (0.063)
C.ls 0.4,0.7)
MLEs 0.38145
OLE(b) SEs (0.021)
C.ls (0.3,0.4)
MLEs 0.9250
ME(b) SEs (0.0801)
C.ls (0.62, 1.08)
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MLEs 0.480, 0.2060
BrXE(a,b) SEs (0.061), (0.012)
C.ls (0.4, 0.5), (0.18, 0.25)
MLEs 0.54221
BRHE(b) SEs (0.0623)
C.ls (0.41, 0.68)
MLEs 0.179, 47.635, 4.470
GzMOE()L,a,b) SEs (0.07), (44.901), (1.327)
C.ls (0.04, 0.32), (0, 15), (2, 8)
MLE 8.7802, 1.3802
MOE(a,b) SEss (3.556), (0.193)
C.ls (1.81,15.74), (1.0,1.82)
MLEs 0.807, 3.461, 1.331
BE(a,B,b) SEs (0.696), (1.003), (0.856)
C.ls (0,2.17), (1.49,5.42), (0, 3.01)
MLEs 3.3042, 1.1003, 1.0374
KrE(a,B,b) SEs (1.106), (0.764), (0.614)
C.ls (1.13,5.5), (0, 2.6), (0, 2.2)
MLEs 0.37, 3.48, 3.31, 0.30
KwMOE(a,B,A,b) SEs (0.14), (0.86), (0.78), (1.11)
C.ls (0.11, 0.6), (1.8, 5), (1.8, 5), (0, 2.5)
MLEs 0.008, 2.716, 1.986, 0.099
MOKE(a,B,\,b) SEs (0.002), 1.316), (0.784), (0.048)
C.ls (0.004,0.012), (0.14, 5.5), (0.4, 3.6), (0, 0.3)
MLEs 7.512, 1.400, 0.140, 0.0221
GOLLEE(a,B,a,b) SEs (1.66), (0.000), (0.000), (0.01)
C.ls (4.1, 10.9), -, -, (0, 0.047)
Table 5: Statistic for the survival times data.
Models (p-value), K.S. Cy,C, Cs C, A c*
E (0.060)0.27 234.6, 236.9, 234.7, 235.5 6.53 1.25
BrXE (0.002)0.22 235.3, 239.9, 2355, 237.5 2.90 0.52
OLE (<0.1%)0.49 229.1, 231.4, 229.5, 230.0 1.95 0.33
KMOE (0.530)0.09 208.0, 217.0, 208.4, 211.4 0.61 0.14
ME (0.130)0.14 210.4, 212.7, 210.5, 211.6 1.54 0.25
BE (0.340)0.11 207.4, 214.2, 207.7, 210.4 0.98 0.15
BRHE (<0.1%)0.28 235.5, 237.6, 235.0, 236.3 0.73 0.14
MOKE (0.440)0.11 209.4, 218.6, 210.0, 213.5 0.79 0.13
MOE (0.430)0.13 210.4, 215.0, 210.5, 212.2 1.24 0.17
KrE (0.500)0.09 209.4, 216.4, 209.8, 212.3 0.75 0.13
GzMOE (0.510)0.09 210.5, 217.4, 211.0, 213.2 1.05 0.17
GOLLEE (0.846)0.0723 204.4, 213.5, 205.0, 208.1 0.35 0.06
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Figure 10: The TTT plot (left panel) and box plot (right panel) for the survival times data
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Estimated CDF for Survival Times Data
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Figure 11: Estimated PDF, estimated CDF, estimated HRF and P-P plot survival times data.
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Figure 12: Kaplan-Meier survival plot survival times data.

7. Conclusions and future works

In this article, we introduced and studied a new generalization of the exponentiated exponential distribution. Various
structural mathematical properties including explicit expressions for the moment generating function, the ordinary
moments, incomplete moment are derived. Numerical analysis for mean, variance, skewness and kurtosis and the
dispersion index is performed for illustrating the importance and flexibility of the new model. Many bivariate and
multivariate type extensions have been also derived. The estimation of the model parameters is performed by
maximum likelihood method. The new density can be right skewed and symmetric with unimodal and bimodal shapes.

The new hazard function can be "constant", "monotonically decreasing”, " monotonically increasing”, "increasing-
constant”, “upside-down-constant", "decreasing-constant”. We assessed the performance of the maximum likelihood
estimation method using a graphical simulation study via the biases and mean squared errors. The usefulness and
flexibility of the new distribution is illustrated by means of two real data sets. The new model is much better than
many useful models in modeling relief times and survival times data sets according to the Akaike Information
Criterion, the Consistent Akaike Information Criterion, the Hannan-Quinn Information Criterion, the Bayesian

Information Criterion, the Cramér-Von Mises, the Anderson-Darling statistics.

As a future related work, authors can apply many new useful goodness-of-fit tests for right censored validation such
as the Nikulin-Rao-Robson goodness-of-fit test, modified Nikulin-Rao-Robson goodness-of-fit test, Bagdonavicius-
Nikulin goodness-of-fit test, modified Bagdonavicius-Nikulin goodness-of-fit test, to the new BuXENH model as
performed by Ibrahim et al. (2019), Goual et al. (2019, 2020), Mansour et al. (2020a,d), Yadav et al. (2020) and Goual
and Yousof (2020), among others. Recently, Aidi et al. (2021) investigated and studied a novel version of the well-
known goodness-of-fit test statistic for a new model alled the double Burr X distribution with many applications to
right censored real medical and reliability datasets. Yousof et al. (2021a) presented new modified Chi-square type
test for the right censored distributional validation with some new characterization results and various estimation
methods. Yousof et al. (2021c) introduced new modified Chi-square test for the right the censoring distributional
validation under a novel Nadarajah Haghighi model with some new characterization results and different estimation
methods. Another new version for the right censored validity under a new Chen model with some applications in
reliability and medicine is presented by lbrahim et al. (2021).

A New Lifetime Parametric Model for the Survival and Relief Times with Copulas and Properties 269



Pak.j.stat.oper.res. VVol.18 No. 1 2022 pp 249-272 DOI: https://doi.org/10.18187/pjsor.v18i1.3930

References

1.

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

Aboraya, M. (2019a). A New Extension of the Lomax Distribution with Properties and Applications to Failure
Times Data. Pakistan Journal of Statistics and Operation Research (15)2, 461-479.

Aboraya, M. (2019b). The extended generalized inverse Weibull distribution and its applications, Journal of
Statistics and Applications, 2(1), 1-17.

Aboraya, M. (2021a). A new one-parameter G family of compound distributions: copulas, statistical properties
and applications. Statistics, Optimization & Information Computing, forthcoming.

Aboraya, M. and Butt, N. S. (2019). Extended Weibull Burr XII Distribution: Properties and Applications.
Pakistan Journal of Statistics and Operation Research, (15)4, 891-903.

Aboraya, M. (2021b). Marshall-Olkin Lehmann Lomax Distribution: Theory, Statistical Properties, Copulas and
Real Data Modeling. Pakistan Journal of Statistics and Operation Research, 17(2), 509-530.

Aidi, K., Butt, N. S., Ali, M. M., Ibrahim, M., Yousof, H. M. and Shehata, W. A. M. (2021). A Modified Chi-
square Type Test Statistic for the Double Burr X Model with Applications to Right Censored Medical and
Reliability Data. Pakistan Journal of Statistics and Operation Research, 17(3), 615-623.

Al-Babtain, A. A. Elbatal, I. and Yousof, H. M. (2020). A new flexible three-parameter model: properties, Clayton
Copula, and modeling real data, Symmetry, 12, 1-17. doi:10.3390/sym12030440

Alizadeh, M., Ghosh, 1., Yousof, H. M., Rasekhi, M. and Hamedani G. G. (2017). The generalized odd generalized
exponential family of distributions: properties, characterizations and applications, J. Data Sci. 15, 443-466.
Aryal, G. R., Ortega, E. M., Hamedani, G. G. and Yousof, H. M. (2017). The Topp Leone Generated Weibull
distribution: regression model, characterizations and applications, International Journal of Statistics and
Probability, 6, 126-141.

Aslam, M., Kundu, D., Ahmad, M. (2010). Time truncated acceptance sampling plans for generalized exponential
distribution. J. Appl. Stat. 37, 555-566.

Bjerkedal, T. (1960). Acquisition of resistance in Guinea pigs infected with different doses of virulent tubercle
bacilli. American Journal of Hygiene, 72, 130-148.

Brito, E., Cordeiro, G. M., Yousof, H. M., Alizadeh, M. and Silva, G. O. (2017). Topp-Leone Odd Log-Logistic
Family of Distributions, Journal of Statistical Computation and Simulation, 87(15), 3040-3058.

Chao, M. T. (1970). The asymptotic behavior of Bayes' estimators. The Annals of Mathematical Statistics, 41(2),
601-608.

Cordeiro, G. M., Alizadeh, M., Ozel, G., Hosseini, B., Ortega, E. M. M. and Altun, E. (2017). The generalized
odd log-logistic family of distributions: properties, regression models and applications. Journal of Statistical
Computation andSimulation, 87(5), 908-932.

Cordeiro, G. M., Yousof, H. M., Ramires, T. G. and Ortega, E. M. M. (2018). The Burr XII system of densities:
properties, regression model and applications. Journal of Statistical Computation and Simulation, 88(3), 432-456.
Eugene, N., Lee, C., Famoye, F. (2002). Beta-normal distribution and its applications. Communications in
Statistics-Theory and Methods 31(4), 497-512.

Farlie, D. J. G. (1960) The performance of some correlation coefficients for a general
bivariate distribution. Biometrika, 47, 307-323.

Ghosh, I. and Ray. S. (2016). Some alternative bivariate Kumaraswamy type distributions via copula with
application in risk management. Journal of Statistical Theory and Practice 10,693-706.

Goual, H., Yousof, H. M. and Ali, M. M. (2019). Validation of the odd Lindley exponentiated exponential by a
modified goodness of fit test with applications to censored and complete data. Pakistan Journal of Statistics and
Operation Research, 15(3), 745-771.

Goual, H. and Yousof, H. M. (2020). Validation of Burr XII inverse Rayleigh model via a modified chi-squared
goodness-of-fit test. Journal of Applied Statistics, 47(3), 393-423.

Goual, H., Yousof, H. M. and Ali, M. M. (2020). Lomax inverse Weibull model: properties, applications, and a
modified Chi-squared goodness-of-fit test for validation. Journal of Nonlinear Sciences & Applications (JNSA),
13(6), 330-353.

Gumbel, E. J. (1961). Bivariate logistic distributions. Journal of the American Statistical Association, 56(294),
335-349.

Gumbel, E. J. (1960)  Bivariate  exponential  distributions.  Journ.  Amer.  Statist.
Assoc., 55, 698-707.

Gross, J. and Clark, V. A. (1975). Survival Distributions: Reliability Applications in the Biometrical Sciences,
John Wiley, New York, USA.

Gupta, R. C. (1981) On the mean residual life function in survival studies, Distributions in Scientific Work 5, D-

A New Lifetime Parametric Model for the Survival and Relief Times with Copulas and Properties

270



Pak.j.stat.oper.res. VVol.18 No. 1 2022 pp 249-272 DOI: https://doi.org/10.18187/pjsor.v18i1.3930

26.

27.

28.

29.

30.

3L

32.

33.

34.

35.

36.

37.

38.

39.

40.

41.

42,

43.

44,

45.

46.

47.

48.

Reidel Publishing Co. Boston, 327-334.

Gupta, R. D. and Kundu, D. (2001a). Exponentiated exponential family: an alternative to gamma and Weibull
distributions. Biom. J. 43, 117—130.

Gupta, R. D. and Kundu, D. (2001b). Generalized exponential distributions: different methods of estimation. J.
Stat. Comput. Simul. 69, 315-338.

Gupta, R. D., Kundu, D. (2007). Generalized exponential distribution: existing results and some recent
developments. J. Stat. Plan. Inference 137, 3537-3547.

Ibrahim, M., Aidi, K., Ali, M. M. and Yousof, H. M. (2021). A Novel Test Statistic for Right Censored Validity
under a new Chen extension with Applications in Reliability and Medicine. Annals of Data Science, forthcoming.
Ibrahim, M., Yadav, A. S., Yousof, H. M., Goual, H. and Hamedani, G. G. (2019). A new extension of Lindley
distribution: modified validation test, characterizations and different methods of estimation. Communications for
Statistical Applications and Methods, 26(5), 473-495.

Ibragimov, I. A. (1962). Some limit theorems for stationary processes. Theory of Probability & Its Applications,
7(4), 349-382.

Ibrahim, M., Altun, E. and Yousof, H. M. (2020). A new distribution for modeling lifetime data with different
methods of estimation and censored regression modeling. Statistics, Optimization and Information Computing,
forthcoming.

Johnson, N. L. and Kotz, S. (1975) On some generalized Farlie- Gumbel- Morgenstern distributions. Commun.
Stat. Theory, 4, 415-427.

Johnson, N. L. and Kotz, S. (1977) On some generalized Farlie- Gumbel- Morgenstern distributions- II:
Regression, correlation and further generalizations. Commun.
Stat. Theory, 6, 485-496.

Korkmaz, M. C., Alizadeh, M., Yousof, H. M. and Butt, N. S. (2018). The generalized odd Weibull generated
family of distributions: statistical properties and applications. Pak. J. Stat. Oper. Res., 14(3), 541-556.

Kundu, D., Nanda, A.K., (2010). Some reliability properties of the inactivity time. Communications in Statistics-
Theory and Methods 39, 899- 911.

Kundu, D. and Pradhan, B. (2009). Bayesian inference and life testing plans for generalized exponential
distribution. Sci. China Ser. A, Math. 52, 1373-1388.

Mansour, M. M., lbrahim, M., Aidi, K., Shafique Butt, N., Ali, M. M., Yousof, H. M. and Hamed, M. S. (2020a).
A New Log-Logistic Lifetime Model with Mathematical Properties, Copula, Modified Goodness-of-Fit Test for
Validation and Real Data Modeling. Mathematics, 8(9), 1508.

Mansour, M. M., Butt, N. S., Ansari, S. I., Yousof, H. M., Ali, M. M. and lbrahim, M. (2020b). A new
exponentiated Weibull distribution’s extension: copula, mathematical properties and applications. Contributions
to Mathematics, 1 (2020) 57-66. DOI: 10.47443/cm.2020.0018

Mansour, M., Korkmaz, M. C., Ali, M. M., Yousof, H. M., Ansari, S. |. and lbrahim, M. (2020c). A generalization
of the exponentiated Weibull model with properties, Copula and application. Eurasian Bulletin of
Mathematics, 3(2), 84-102.

Mansour, M., Rasekhi, M., Ibrahim, M., Aidi, K., Yousof, H. M. and Elrazik, E. A. (2020d). A New Parametric
Life Distribution with Modified Bagdonavi¢ius—Nikulin Goodness-of-Fit Test for Censored Validation,
Properties, Applications, and Different Estimation Methods. Entropy, 22(5), 592.

Mansour, M., Yousof, H. M., Shehata, W. A. M. and Ibrahim, M. (2020e). A new two parameter Burr XII
distribution: properties, copula, different estimation methods and modeling acute bone cancer data. Journal of
Nonlinear Science and Applications, 13(5), 223-238.

Mansour, M. M., Butt, N. S., Yousof, H. M., Ansari, S. I. and Ibrahim, M. (2020f). A Generalization of Reciprocal
Exponential Model: Clayton Copula, Statistical Properties and Modeling Skewed and Symmetric Real Data
Sets. Pakistan Journal of Statistics and Operation Research, 16(2), 373-386.

Marciano, F. W. P., Nascimento, A. D. C., Santos-Neto, M., and Cordeiro, G. M. (2012). The Mc- I distribution
and its statistical properties: An application to reliability data. International Journal of Statistics and Probability,
1(1), 53-71.

Morgenstern, D. (1956). Einfache beispiele zweidimensionaler verteilungen. Mitteilingsblatt fur Mathematische
Statistik, 8, 234-235.

Pougaza, D. B. and Djafari, M. A. (2011). Maximum entropies copulas. Proceedings of the 30th international
workshop on Bayesian inference and maximum Entropy methods in Science and Engineering, 329-336.
Rodriguez-Lallena, J. A. and Ubeda-Flores, M. (2004). A new class of bivariate copulas. Statistics and Probability
Letters, 66, 315-25.

Yadav, A. S., Goual, H., Alotaibi, R. M., Ali, M. M. and Yousof, H. M. (2020). Validation of the Topp-Leone-

A New Lifetime Parametric Model for the Survival and Relief Times with Copulas and Properties

271



Pak.j.stat.oper.res. VVol.18 No. 1 2022 pp 249-272 DOI: https://doi.org/10.18187/pjsor.v18i1.3930

49.

50.

51

52.

53.

54.

55.

Lomax model via a modified Nikulin-Rao-Robson goodness-of-fit test with different methods of estimation.
Symmetry, 12(1), 57.

Yousof, H. M., Aidi, K., Hamedani, G. G and Ibrahim, M. (2021a). A new parametric lifetime distribution with
modified Chi-square type test for right censored validation, characterizations and different estimation methods.
Pakistan Journal of Statistics and Operation Research, 17(2), 399-425.

Yousof, H. M., Ali, M. M., Goual, H. and Ibrahim. M. (2021b). A new reciprocal Rayleigh extension: properties,
copulas, different methods of estimation and modified right censored test for validation, Statistics in Transition
New Series, 23(3), 1-23.

Yousof, H. M., Ali, M. M., Hamedani, G. G., Aidi, K. and Ibrahim, M. (2021c). A new lifetime distribution with
properties, characterizations, validation testing, different estimation methods. Statistics, Optimization &
Information Computing, forthcoming.

Yousof, H. M., Altun, E., Rasekhi, M., Alizadeh, M., Hamedani, G. G. and Ali, M. M. (2019). A new lifetime
model with regression models, characterizations and applications. Communications in Statistics-Simulation and
Computation, 48(1), 264-286.

Yousof, H. M., Majumder, M., Jahanshahi, S. M. A., Ali, M. M. and Hamedani G. G. (2018). A new Weibull
class of distributions: theory, characterizations and applications, Journal of Statistical Research of Iran, 15, 45—
83.

Zheng, G. (2002). On the fisher information matrix in type Il censored data from the exponentiated exponential
family. Biom. J. 44, 353-357.

Zheng, G. and Park, S. (2004). A note on time savings in censored life testing. J. Stat. Plan. Inference 124, 289-
300.

A New Lifetime Parametric Model for the Survival and Relief Times with Copulas and Properties

272



