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Abstract

In this paper, certain characterizations of twenty newly proposed discrete distributions: the discrete gen-
eralized Lindley distribution of El-Morshedy et al.(2021), the discrete Gumbel distribution of Chakraborty
et al.(2020), the skewed geometric distribution of Ong et al.(2020), the discrete Poisson X gamma distri-
bution of Para et al.(2020), the discrete Cos-Poisson distribution of Bakouch et al.(2021), the size biased
Poisson Ailamujia distribution of Dar and Para(2021), the generalized Hermite-Genocchi distribution of
El-Desouky et al.(2021), the Poisson quasi-xgamma distribution of Altun et al.(2021a), the exponentiated
discrete inverse Rayleigh distribution of Mashhadzadeh and MirMostafaee(2020), the Mlynar distribution of
Frihwirth et al.(2021), the flexible one-parameter discrete distribution of Eliwa and El-Morshedy(2021), the
two-parameter discrete Perks distribution of Tyagi et al.(2020), the discrete Weibull G family distribution of
Ibrahim et al.(2021), the discrete Marshall-Olkin Lomax distribution of Ibrahim and Almetwally(2021), the
two-parameter exponentiated discrete Lindley distribution of El-Morshedy et al.(2019), the natural discrete
one-parameter polynomial exponential distribution of Mukherjee et al.(2020), the zero-truncated discrete
Akash distribution of Sium and Shanker(2020), the two-parameter quasi Poisson-Aradhana distribution of
Shanker and Shukla(2020), the zero-truncated Poisson-Ishita distribution of Shukla et al.(2020) and the
Poisson-Shukla distribution of Shukla and Shanker(2020) are presented to complete, in some way, the au-
thors’ works.

Key Words: Discrete distributions; Characterizations; Conditional expectation; Hazard function; Reverse
hazard function.

1. Introdution

To understand the behavior of the data obtained through a given process, we need to be able to describe this
behavior via its approximate probability law. This, however, requires to establish conditions which govern
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the required probability law. In other words, we need to have certain conditions under which we may be able
to recover the probability law of the data. Therefore, the problem of characterizing a distribution is an im-
portant problem in applied sciences, where an investigator is vitally interested to know if their model follows
the right distribution. To this end, the investigator relies on conditions under which their model would follow
specifically the chosen distribution. El-Morshedy et al.(2021) introduced a new discrete probability model
called Discrete Generalized Lindley (DsGLi) distribution; Chakraborty et al.(2020) introduced a new discrete
probability model called Discrete Gumbel (DGu) distribution; Ong et al.(2020) proposed a new discrete dis-
tribution called Skewed Geometric (SG) distribution; Para et al.(2020) proposed a new discrete probability
model called discrete Poisson X Gamma (P-Xgamma) distribution; Bakouch et al.(2021) introduced a new
discrete distribution called Cos-Poisson (CosPois) distribution; Dar and Para(2021) proposed a new discrete
probability model called Size Biased Poisson Ailamujia (SBPA) distribution; El-Desouky et al.(2021) intro-
duced a new discrete lifetime called Generalized Hermite-Genocchi (GHGD) distribution; Altun et al.(2021a)
proposed a new discrete distribution called Poisson Quasi-Xgamma (PQX) distribution; Mashhadzadeh and
MirMostafaee(2020) proposed a new discrete distribution called Exponentiated Discrete Inverse Rayleigh
(EDIR) distribution; Frithwirth et al.(2021) introduced a new distribution arising from a generalized ran-
dom game and its asymptotic properties called Mlynar distribution; Eliwa and El-Morshedy(2021) proposed
a Discrete Flexible distribution with one parameter called DsFx-I; Tyagi et al.(2020) introduced a two-
parameter discrete distribution called Discrete Perks (DP) distribution; Ibrahim et al.(2021) introduced a
new discrete analogue of the Weibull class called Discrete Weibull G (DWG) family distribution; Ibrahim
and Almetwally(2021) introduced a new discrete distribution called Discrete Marshall-Olkin Lomax dis-
tribution (DMOL); El-Morshedy et al.(2019) introduced a new two-parameter discrete distribution called
Exponentiated Discrete Lindley (EDLi) distribution; Mukherjee et al.(2020) proposed a Natural Discrete
One-Parameter Polynomial Exponential distribution called (NDOPPE); Sium and Shanker(2020) proposed
a new discrete distribution as well as its applications and properties called Zero-Truncated Discrete Akash
distribution (ZTDAD); Shanker and Shukla(2020) proposed a new Poisson distribution called Quasi Poisson-
Aradhana distribution (QPAD); Shukla et al.(2020) proposed a new Poisson distribution and its applications
called Zero-Truncated Poisson-Ishita distribution (ZTPID) and Shukla and Shanker(2020) introduced a new
Poisson distribution and its applications called the Poisson-Shukla Distribution (PSD). All mentioned au-
thors derived and discussed important mathematical and statistical properties of their distributions. In
addition to these properties, El-Morshedy et al.(2021) and Ibrahim and Almetwally(2021) discussed the ap-
plications of their distributions to the COVID-19 as well.

In this paper, we present two characterizations of these distributions based on: (i) the conditional expecta-
tion of certain function of the random variable; (i) the hazard rate functions of DsGLi, P-Xgamma, SBPA,
GHGD, PQX, EDIR, Mlynar, DsFx-I, DWG, DMOL and ZTDAD and (¢i7) the reverse hazard functions of
DGu, SG, CosPois, DP, EDLi, NDOPPE, QPAD, ZTPID and PSD distributions.

The cumulative distribution functions (cdf), F' (x), corresponding probability mass functions (pmf), f (z) and
hazard rate functions, hr (), or reverse hazard functions, rr (z) of DsGLi, DGu, SG, P-Xgamma, CosPois,
SBPA, GHGD, PQX, EDIR, Mlynar, DsFx-I, DP, DWG, DMOL, EDLi, NDOPPE, ZTDAD, QPAD, ZTPID
and PSD are give, respectively, by

Floam)=1- (1—lnn””“)iozl—all;l:)-ﬁ-lnﬂ)—h”?nxﬂ, z €N, (1)
o _nt l—np—lnnp[l4+z—n(z+2)]+ - .
f (@i = (11nn)x{ (1-1)(nn)?fz—n(z+1) } < @
a{ 1—77—11nn[1—|;x—77(9c+2)]+ }
oo L= 3) (0l = o 1) - "

{1 =Inp=*) (o —alnn+1Inn) —Inn}tn’
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where o > 0,7 € (0,1) are parameters and N* is the set of non-negative integers;

x+1

F(z;a,p) =e P | x €Z, (4)
f(@sap) =e o —emor reZ, (5)
e—op”
rp (z) = 1(6_apm+1> ) z € Z, (6)
where a > 0 and p € (0,1) are parameters and Z is the set of integers;
ol 1 _p(a+1)(gc+1) .
F(x;a,p):C{(l—p )—pQ(lpaJrl)}7 x e N, (7)
f(@a,p) = Cap® (1 —p**), x € N, (8)
1— a—+1 T (1 — ar+1
rp () = o) Loph) e N, 9)
(1 —pott) (1 = p=+1) — pg (1 — pletDie+D))
where a > 0, p € (0,1),¢ = 1 — p are parameters;
0(0+5)z2+ 20
F(z:0) =1— (0+5)x +Hf+7, x € N*, (10)
2(1+0)
62 [2(14—9)2—!—9(1‘4—1) (x+2)}
x;0) = , x € N*, 11
62 [2(1+9)2+9(x+1)(x+2)]
hF (ZIZ) = ) VS N*a (12)

0(0+5)x?+20x+
where § > 0 is a parameter, v = 2 (6 + 50 + 40 + 1) ;

Remark 1.

Altun et al.(2021b) introduced the discrete Poisson X-Gamma distribution by compounding Poisson dis-
tribution and X-gamma distribution. Poisson X-Gamma distribution introduced by Altun et al.(2021b) is
quite similar to the P-Xgamma distribution in Para et al.(2020).

F(z;8,\) =C"{Fs (z; \) + Y (z;8,\)}, r e N¥, (13)
f(xz;8,\) = Ccos (Bac)]2 g, r e N*, (14)

2e~ [cos (Bw)]2 /g\TT .
@\ + X (@B, re "

rp(x) =

where 8 > 0, # > 0 are parameters, C = 2¢~* {1 + e Al1=e0s(2B)] cos [\ sin (26)]}71, C* = Cer271,
T (x;8,A) =Re [F* (m; )\62”3)] and F (z; A) is the cdf of the Poisson distribution with the parameter \;

2220 + 6xn® +4n? +2xn+4n+1

Fain)=1-

(1+2n>1+2
o, 2n@+2)l+n(@+1)]+1
=1 1o : z €N, (16)
4z (z +1
f (@) = m zeN, (17)
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he (2) = 2n (z + ;?F{Eimn‘;;i n]+1’ zel, (18)
where n > 0 is a parameter and N is the set of positive integers;
F(z;0,8,7) = 1_°‘x+1GC(;OE;/f’;;F)'” D reN, (19)
Flaia i) = L) seN, (20)
o= (Geaiin) @

where a € (0,1),8 > 0,7 > 0 are parameters and G (a; 8,7) = > ooy @ Hpom (£ + 7, 8) and Hy, 1, (z + 7, 8) =

,[CZ!) %T (nfnrilk)! (x4 'y)"_mk . Note that G («; 3,7) is convergent and positive for « € (0, 1);

2000 +1)° +0(x+3)(0(x+2)+2) +2

Fr;a,0)=1-— , x € N, 22
( ) 2(a+1)(0+1)"" 22)
200 (0 +1)° + 63 1 2
(i, g) = 200V ATt 1) (o 42) ze N, (23)
2(a+1)(6+1)
200 (0 +1)* + 62 (z + 1 2
hi (z) = ab0+1) +89@t(@+2) z e N*, (24)
2000+ 1) +0(x+3)(0(z+2)+2)+2
where a > 0,60 > 0 are parameters;
F(5;7) = 1-(1-g@ 07, e N, (25)
2= 2\7 (z+1)72 v *
P =(1-¢"") =(1=q=7) zeN, (26)
—2 i
he ()= (=9} 1 z € N* (27)
)= 1_q($+1)_2 ) 9
where v > 0,¢ € (0,1) are parameters;
(n—1)!
Fzn)=1-—— 2 _ I 2
(i) = 1 rel, (28)
z (n—1)
o) = I 2
flan) == =) z €l (29)
T
hF($):n_$, xel, (30)
where I = {1,2,...n}, n > 1 is a positive integer;
aerl
F(z;a)=1- {~Ina+(1-(z+1)na)a™ '}, x € N, (31)
l-Ina
f(z;a)
(a—1)a"Ina a?® 9 9 9
= 1-— 1 —1)zl * 2
T Ta l—lna{ o +a’lna+ (a Jzlna}, x € N, (32)
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h ()_(a—l)lna+a${1—a2+a2lna+(ozz—l)xlna}
FAE) = a{-lna+(1—-(z+1)Ina)a*tl} ’

where a € (0,1) is a parameter;

a (ePlerh) — 1)

F(z;a,p) = 11 @bty

a(l+a) (e’ —1)ef
(1+ aef?) (1 + aefletl))’

_ (+a)(f-1)e
TR (IL‘) - (1 + O{@Bm) (eﬁ(f""l) — 1)7

where a > 0,8 > 0 are parameters;
G+ 1))
=] In(p)],
G(z+1;7v)

f(za,8) =

F($76,p,’7) =1 — €Xp

x € N*,

z € N*,

x € N,

r e N*,

x € N*,

[ (x5 8,p,7)
=ex <G(x;'y))ﬁ1n() —ex (M)ﬁln() z e N*
PI\G @) P PI\G@+1v) P ’
2\ B TN
reto) o [{ (G28) - (G ] -1, e,

DOTI: http://dx.doi.org/10.18187/pjsor.v17i4.3902

(33)

(38)

(39)

where 8 > 0,p € (0,1) are parameters and G (x;7) is a baseline cdf, which may depend on the parameter

vector ;

F (z;7,0,v) =1—

(1+L+1)5—1+7’

v

gl gl
f(LU;’y,&’U): - )
(1+2)° 147 (1+22) —144

v

14 2H)° 14y )

(
hr(z) =
ro (1+2)° 1+~

b

where v, d, v are all positive parameters;

A(xz+15a,b)
F(zja,b) = 2 25®7)
(;4,5) (1—loga)b ’
feiab) = ——— [A (e +Lia,b) ~ Alzia b)),
(1-1loga)
_ A (z;a,b)
re (@) = CA(z+La,b)

where a € (0,1),b > 0 are parameters and A (z;a,b) = (1 — a® + [(1 + z) a® — 1] log a)";

m

F (z;0,m) = h(H)ZajAFo(jj)IG (z,7+1),

=1

f@;:0,m) =h(0)p(x)(1-06)",
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p(x)(1—0)° _p@ (-9
> a1 g(f)fe(ar,jJrl) Q (x)

rp(x) = , z €N,

where 0e€(0,1),me N are parameters, a;_; 's are known non-negative constants and Iy (a,b) =

(48)

B(a Blad) fo tel(1- t) Y dt in which a and b must be positive. We should mention that the authors of this

paper have allowed x = 0, which in view of the definition of Iy (z,7 + 1) is not correct;

D [ 20 42) (24 ) (1)

F(x;0)=1-
(z39) 2e20 —ef +1
670(x72)Q (x)
_1_2629_69+1’ TeN,
(69 — 1)3 (1 + x2) e 0w
f(z;0) = Gy ——— , r €N,
3
_ (69 — 1) (1 + x2)
hp (Z‘) = eggQ (CU) ) reN,
where 6 > 0 is a parameter;
F(z;0,0) = o 3 X
(a2 +2004+2)(0+1)
2L [6252 + (2007 + 208 + 30%) j + (262 + 20260 + 262 + 206 + 26% + o?)]
= 6+ 1)
_ 0 - Q) x € N,
(@ +2a+2)(0+1)" 4 (9+1)
f (@50,0) = ’ s (e ). reN,
(@2 +2a+2)(0+1)°> \(0+1)
1 —x
TF($):—Q(x)(0+ ) ) x e N,

x Qy)
22i=0 +1
where 6 > 0, « with (a2 +2a+2 > 0) are parameters;

F(m;@):C(O)i (5% + 35 + (6% +20% + 6 + 2)]

et 0+ 1)
—c (e)g (9Q+(j1)) -, zeN,
F(x:0) = C(0) (((;Qﬁ))r) z €N,
rp () = QDO+ DT zeN,

z Q)
2j=1 (g+1y
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_ 03 .
T 05+20%1+03+602+60+2"

where 6 > 0 is a parameter and C (0)

x

Flai0,0)=0 (0,03 POV TEHD+TG o+ 1]

= @+1YT(G+1)
= C(6,0) JZZ; (0Q+(j1))j’ z € N*, (58)
f(:0,0) = C (0,0) ( (fﬁ))x) : ze N, (59)
rp(p) = Q@O 7 12%, ze N, (60)

x QU
Zj=0 (64+1)7

where 6 > 0, > 0 are parameters and C (6, ) = (9+1)“+1[gzi+r(a+1)]'

2. Characterizations results
We present our characterizations (2), (¢¢) and (i4¢) via three subsections 2.1., 2.2. and 2.3..

2.1. Characterizations of DsGLi, DGu, SG, P-Xgamma, CosPois, SBPA, GHGD, PQX, EDIR,
Mlynar, DsFx-I, DP, DWG, DMOL, EDLi, NDOPPE, ZTDAD, QPAD, ZTPID and PSD re-
spectively, in terms of the conditional expectation of certain function of the random variable

Proposition 2.1.1. Let X : Q — N* be a random variable. The pmf of X is (2) if and only if

1-p—lnp[l+X —nX+2)]+ 1"
E{{<vﬁ)mmﬁx—mx+n]] 'X>k}

(07

= « 1
(1= [(1 = n*+1) (o — alnp+Inn) —Iny)’ z el (61)
Proof. If X has pmf (2), then the left-hand side of (61) will be
e n*

1-F - S

a-re” 3 { ol
r=k+1
_ a(l—Inn) s
= [(1=Inn**t1) (o —alnnp+Inn) —Ilny]pk+tt [ (1 —n) (1 —Inn)
«

(1 =n)[1—=Inn**1) (a —alnn+Inn) - Inn]
Conversely, if (61) holds, then

oo Il—n—Inn[l+X —n(X+2)]+ ~1
2 {{ (1= %) mn)’ [X =5 (X +1)] } f(x)}

r=k-+1 o

= 0= P ) ¢ | gy o st T

u—mul—mwﬂwa—amn+mm—mm}’ (62)

—DF@+n+fw+mb{
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where we have used F' (k) = F'(k+1) — f (k+1). From (61), we also have
3 L—p—ln[l+X —n(X+2)]+ )"
x:zk;g{[ (1—2) (Inp)* [X —n(X +1)] } f(x)}

== Pl [(1—77) =) (a—alnnﬂnn)—lnnﬂ' (63)

Now, subtracting (63) from (62), we arrive at

T[0T ) a—aTnatin g 7]
[1—F(k+1)]

_ «
(1-n)[(1-Inn*k+2)(a—alnn+lnn)—Inn]

1fnflnn[1+(kl+1)fn(k+3)]+
_ (1=2) (p)* [(k+1) = (k+2)] Flk+1).

I ) (a—aTnyin ) —Tn7]

From the last equality, after some computations, we arrive at

{1—7]—1n77[1+(k+1)—77(k+3)]+}
hie (k4 1) = fE+1) (1=2) () [(k+1) —n(k+2)]
F S 1-F(k+1)  {(I-lnp**2)(a—alnn+lnn) —Inn}n ’

which, in view of (3), implies that X has pmf (2).
Proposition 2.1.2. Let X : Q — Z be a random variable. The pmf of X is (5) if and only if

E { [e*af’x“ + e*apx} X < k:} — oo™t ke Z. (64)
Proof. If X has pmf (5), then the left-hand side of (64), using the telescoping series property, will be

F)T S I Sy e

Tr=—00

Conversely, if (64) holds, then

i {[e_o‘pwl + e_"‘pz} f (x)} = F (k) et
= [F(k+1)— f(k+1)]e " (65)
From (64), we also have
k41 ‘
; { [efapﬁl + 670"’1} f (x)} =F(k+1) e=or" (66)

Now, subtracting (65) from (66), we arrive at

(1) [ e = ] ).
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From the last equality, we have
fk+1) et
F( + ) F(/ﬂ-l— 1) e_apk+2 )

which, in view of (6), implies that X has pmf (5).
Proposition 2.1.3. X :  — N* be a random variable. The pmf of X is (8) if and only if

E{[(l_anH)ﬂ} X < k}

_ (L—p*) (L-p™) -
(1= poth) (1= phtl) — pg (1 — plotD+D) 7 =

Proof. If X has pmf (8), then the left-hand side of (67), using the telescoping series property, will be

1 b 1—p
> {Cqlp]} =

(at1)(k+1)
(1—ph+) — pq(il L )

B ( a+1) ( pk+1)
- (1 _ pa+1) (1 _ k+1 ( a+1)(k+1)) ’

k+1

Conversely, if (67) holds, then
k 1 a+l pk+l
Z {Lpazﬂ] f (:c)} = F (k) (1— a+1)(( k+1) ( ( _Z,(a+1)(k+1))
)

o ( +1 ( pk+1)
(1—potl)(1— k+1) g ( (a+1)(k+1))

=[F(k+1)—f(k+1)]x

From (67), we also have

5 (] )

T=—00
( a+1) ( pk+2)
(1 _ p(x+1) (1 _ k+2 ( p(a+1)(k+2)) .

=F(k+1)x

Now, subtracting (68) from (69), we arrive at

F(k+1) q [(1 —pk+1) ( plath) (k+2))) ( k+2) ( _ (aﬂ)(kﬂ))]

(1 _ pa+1) ( k+2 ( a+1)(k+2))

(1 o pk+1) —pq (1 o p(a+1)(k+1)) o (1 _pk:+2) (1 o pa(k+1)+1)
B [ (1 — polk+D+1) flk+1).

From the last equality, after a good deal of simplifications, we have

f (k + 1) B q (1 _ pa-i-l) pk+1 (1 _ pa(k+1)+1)
F(k+ 1) - (1 —poti)(1— pk+2) —pq (1 ,p(a+1)(k+2)) )

r(k+1)=

which, in view of (9), implies that X has pmf (8).
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Proposition 2.1.4. Let X : Q2 — N* be a random variable. The pmf of X is (11) if and only if

E{{2(1+0)2+0(X+1)(X+2)}_1 | X >k}

0
_ k € N*.
6(0+5)k?+ 20k +~’ €N (70)

Proof. If X has pmf (11), then the left-hand side of (70), using the infinite geometric series property, will
be

62 > 1 \*
- s 3, (1)

k+
_ 0 0
=(1-F (k)" = .
( (k) 2(1460)"™  0(0+5)k2 + 20k +

Conversely, if (70) holds, then

> —1
3 {[2(1+9)2+0(:r+1)(x+2)] f(:c)}
r=k-+1
= (1= F (k) ,
B 0(0+5)k?+ 20k +~
0
_[(1—F(k+1))+f(k+1)]{0(9+5)k2+20k+7]. (71)
From (70), we also have
o -1
S {[2(1+9)2+9(x+1)(x+2)} f(x)}
x=k+2
0
=(1-F(k+1)) 5 . (72)
0O0+5)(k+1)"+20(k+1)+~
Now, subtracting (72) from (71), we arrive at
0 (0)
1-F(k+1 —
( ( )){0(9+5)k2+29k+7 (9)(9+5)(k+1)2+29(k+1)+7}
1 0
= — k + ]. .
{2(1+9)2+9(k+2)(k+3) 9(9+5)(k+1)2+29k+7} flk+1)
From the last equality, after a good deal of algebra, we have
2 2
e JOHD 0 [2(1+e> +e(k+2)(k+3)}
L-=F(k+1) 00+5)(k+1)°+20(k+1)+~
which, in view of (12), implies that X has pmf (11).
Proposition 2.1.5. Let X : Q2 — N* be a random variable. The pmf of X is (14) if and only if
X! 2 (AFFL — 1)
El|l— 2 | 1x <kb= , k € N*. 73
{ L m))?] X < } (=D [F. () + T (ki B, V] (%)
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Proof. If X has pmf (14), then the left-hand side of (73), using the finite geometric series property, will be

—1 K x C y o
(F (k) ;{” Y T E e T T B 2.

; x=0
2e=Ae b 2e=> AR
"R (k;)\)JrT(k;ﬂ,A);)/\ N [F*(k;/\HT(k;ﬂ,/\)] ( A-1 )
- 2e A (A 1)
T A= [F (ks A) + X (k; 8,0)]

Conversely, if (73) holds, then

K x! - 2¢~A ()\k“ — 1)
mz:; { [((W] f(”} =) ST v + T (R Bo]
267/\ ()\kJrl o 1)
EEN A ERICERY)

=[F(k+1)—f(k+1) , (74)

From (73), we also have

k+1 2!
2 { [( wx»zl ! (”}
2e—A ()\k+2 _ 1) 1

Now, subtracting (74) from (75), we arrive at

F(k+1)

A=D[Fk+LN+T(k+1L8XN] A=1)[F (kXN +7T(k;8,N)]

B (k+1)! B 27 (AR — 1)
Ccos(B(k+1))° A= D[E (ks A) + T (k: 8, M)]

2™ (AFF2 1) 2™ (AR — 1) ]

] Flk+1).

From the last equality, after a good deal of simplifications, we have

_ flew ) _ 207 eos (BG4 D) Gy
rr(k+1) = Fk+1) F.(k+LAN+Y(E+1;8))’

which, in view of (15), implies that X has pmf (14).
Proposition 2.1.6. Let X : Q — N be a random variable. The pmf of X is (17) if and only if

2

-1 277
E{[X(X+1)] | X >k}:2(k+2)n[1+(k+1)n]+1’ keN. (76)
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Proof. If X has pmf (17), then the left-hand side of (76) will be
(1-F (k))—l i L
(1 + 277)$+2

rz=k+1
2n?
)k+2

(1+2n

B (14 2n)F+?
Sk +2) 14+ 1] +1

_ 2n
S 2k+2)n[l4+(k+1)n)+1°

Conversely, if (76) holds, then

oo

> {[sarn) r@)=-rw) {2(k+2)n[1212(k+1)77]+1}

r=k+1
212
(k+2)n[1+(k+1)n]+1} '

== F(k+1)+f(k+1)] {2

From (76), we also have

> {[rewm) @) =06 ) ™

r=k-+2

Now, subtracting (78) from (77), we have

2 1 L
1-F(k+1)]2n {2(k+2)n[1+(k+1)n]+1 _2(k+3)77[1+(k+2)77]+1}
1 20

:{(k’-i-l)(k—‘rQ) _2(k+2)17[1+(]€+1)n]+1} f(k+1).

From the last equality, after some computations, we arrive at
4773 p
flk+1) 2B+ (DL _ A’ (k+1) (k +2)

he (k+1) = = = ,
rk+1) 1—F(k+1) S — 2(k+3)n[l+(k+2)n +1

which, in view of (18), implies that X has pmf (17).
Proposition 2.1.7. Let X : Q2 — N* be a random variable. The pmf of X is (20) if and only if
1

E{[Hn,m(XJr%ﬁ)}’l | X >k}: Taceii Ty eV (79)

Proof. If X has pmf (20), then the left-hand side of (79) will be

-rH)™" Y { {G(o?ékﬁv)} }

rz=k+1
_ G@B) o
C MG (B k +y + 1) [(1 —Oé)G(a;W)}
1

(1—a)G(a;B,k+v+1)
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Conversely, if (79) holds, then
2 lmmema) 10} 010 [emare

:[1—F(k+1)+f(k+1)][(1_06)61(0[.1&“7“)]. (80)

From (79), we also have

> lmeml 10}

x=k+2

1
[1F(kJrl)][(1—a)G(a;/8,k+1+7+1)} (81)

Now, subtracting (81) from (80), we have

1 1

1 1
:{Hn,m(IJr%ﬂ) - (la)G(a;B,k+7+1)} f kD).

From the last equality, after some computations, we arrive at

1 1
k 1 o; —a) a; -
he (k+1) = fk+1) _ Gapkn+Di-o) _ Gkt tDi-a)

1— F(]f—f— 1) Hn,m(«l””+'75ﬁ) - (lfa)G(al;,B,k+’Y+1)
1 ( Hypn (k+ 147, 8) >
a\G(Bk+1+7y+1))"

which, in view of (21), implies that X has pmf (20).
Proposition 2.1.8. Let X : Q2 — N* be a random variable. The pmf of X is (23) if and only if
1
b 2
2000+ 1)+ 03 (X +1) (X +2)

|X>k}
1

= . (82)
0{2a(9+1)2+0(k+3)(9(k+2)+2)+2}

Proof. If X has pmf (23), then for k € N*, the left-hand side of (82), using infinite geometric series formula,

will be
- S SR —(a+3)
(1—F (k) m§+12(a+1)(9+1)
_ 2(a+1) (0 + 1) } 0+ 1)+
200+ 1) +0(k+3)O(k+2)+2)+2 20(a+1)
1

9{2a(9+1)2+9(k+3)(9(k+2)+2)+2}'
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Conversely, if (82) holds, then

> 1
l_:ZkH { [me 6+1)

DOI: http://dx.doi.org/10.18187/pjsor.v17i4.3902
2103 (z+1) (2 +2)

o)
_ (1-F (k)

0{2a(9+1)2+0(k+3)(9(k+2)+2)+2}
_ (1= F (k+1) + f(k+1)]

. (83)
9{2a(9+1)2+0(k+3)(9(k+2)+2)+2}
3 : f @)

S L [200(04+1)° + 63 (2 4+1) (24 2)

(1-F(k+1))

- . (84)
0{2a(9+1) +0(k+4)(9(k+3)+2)+2}
Now, subtracting (84) from (83), yields

From (82), we also have

1
l2a9(9+ 1)° + 63 (k+2) (k + 3)

Fk+1)

1 _
—(1—F(k+ 1)){ 9{2a(0+1)2+9(k+?i)(9(k+2)+2)+2} }

0{20.(0+1)2+0(k+4)(0(k+3)+2)+2}

1
+f(k+1) 5 .
e{za(e+1) +0(k+3) (0(k+2)+2)+2}
From the above equality, after some regrouping the terms and simplifications, we have
flk+1) 200 (0 +1)° + 63 (k +2) (k + 3)
1-F(k+1) 20(0+1)°+0(k+4)(0(k+3)+2)+2
which, in view of (24), implies that X has pmf (23).

Proposition 2.1.9. Let X : Q — N* be a random variable. The pmf of X is (26) if and only if
E{[(1=7) + (=) 1 o)
(=g
Proof. If X has pmf (26), then the left-hand side of (85) will be
—1 > —2\ 27 k+1)_2 2y
A=FE) > 4 (1-a") = (1=g®7)
r=k+1
_ -y _2\ 27 —2\ 7
= (1 —gktD 2) {(1 — ¢ ) ] = (1 — gk +h) ) .

k € N*,
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Conversely, if (85) holds, then

00 {[(1 _ qu2)'y + (1 — q(m+1)*2)7} ! (Q:)} _ (1 B F(k‘)) (1 _ q(k+1)72)y
rz=k+1
H—F%k+1y+f@+qﬂ<1_qwﬂr?7.

From (85), we also have

(86)
> -2\ 7 -2\
> A=) (- ) ] @)
r=k+2
=1 F(k+1) (1 —q<’“+2>’2)v. (87)
Now, subtracting (87) from (86), we arrive at
1= Fk+ 1] {(1- g% 7)) = (1 g7
e R e R G U P!
- (1 - q(k+2)_2>7 Flk+1).
From the last equality, after some computations, we arrive at
2\ Y
fk+1) 1—gk+D7?
hp(k+1) = = -1
rk+1) 1-F(k+1) 1—qk+2)7? ’
which, in view of (27), implies that X has pmf (26).
Proposition 2.1.10. Let X : 2 — I be a random variable. The pmf of X is (29) if and only if
(n—X)! (n—1—k)! (n" —n") i
ES|——| | X >k keN 88
{ { X | ~ n™(n—1) ’ € (88)

Proof. If X has pmf (29), then the left-hand side of (88), using finite geometric sum formula, will be

n

(1—pmmy4 2; {%n—lﬂ(i>q}
r=k+1

n™(n —1)
Conversely, if (88) holds, then

n

n—uz)! B T
xgiﬂj(g7y]f@%—wl—p%»[( 1—k)! 1

1—F(k+1)+ f(k+1)] (”_1n;’(“2l!£":)_”k)]. (89)
From (88), we also have

" n—uzx n—2—k)! (n® —nktl

(] v
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Now, subtracting (90) from (89), we arrive at

[1—F(k:+1)]{l(n—l—k)!(n”—nk)] - [(n—Q—k)!(nn_nk+1)]}

n"(n—1) n"(n—1)

(n—1—k)! (n—1—k)! (n" —n")
:{[ k+1 }_[ n™(n—1) 1}f(k+1>

n*"(n—1)— n" —nk
:(n—l—k)!{ ( (l::—l)(lszr—l)l)(n" )} flk+1).

From the last equality, after some computations, we arrive at

O fk+1) k41
hF(k+1)_1—F(k+1)_n—1—k’

which, in view of (30), implies that X has pmf (29).
Proposition 2.1.11. Let X : Q — N* be a random variable. The pmf of X is (32) if and only if

E{[(a—1)lna+aX{1—a2+a21na+(az—l)Xlna}]_l | X >k:}
1

Sl (ma+(A-G+Dmajary FEN (O1)

Proof. If X has pmf (32), then the left-hand side of (91), using finite geometric sum formula, will be

oo

(I=FN™" Y { {1—ama] }

r=k+1

B l1-Ina C—fkj;
ot {—lna+ (1 - (k+1)Ina)akt} |1 -Ina
1
l1-—a){-lna+(1—(k+1)lna)akt}’

Conversely, if (91) holds, then

o0

Z {[[(af IIna+ao® {1 —a?+a’lna+ (a2 — 1)xlna}]_1] f(x)}

r=k+1

1
=(1-F(k)) [(1 — ) {—na+(1- (Ig+1)lna)a’““}}

== Fk+1)+f(k+1)] [(1 fa){*lnoﬂr(ll* (k+1)lna)ak“}} ' .

From (91), we also have

Z {[(a_1)1na+of{1—oz2—|—a21noz+(042—1)3011104}}71 f(x)}

r=k+2

=[1-F(k+1 ! 93
—[ - F(k+ )][(1_a){—lna—|—(l—(k+2)ln0‘)0‘k+2}}. (93
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Now, subtracting (93) from (92), we arrive at

1 )
[1 _F (k + 1)] |:(1—a){—1na+(1—(k+1)1na)ak+1}

1
(1—a){—Ina+(1—(k+2) In a)ak+2}

1
_ |:((x—1)ln(x+ak+1{1—a2+a2 1r1a+(a2—1)(k+1)lna}] f(k' + 1)

1
(1—a){—Ina+(1—(k+1) Ina)ak+1}

From the last equality, after some computations, we arrive at

f(k+1)
- F(kt1)
(a—1)Ina+a*{1-a?+a?Ina+ (a*—1) (k+1)Ina}
a{-Ina+ (1-(k+2)Ina)akt+2} ’

hp(k+1)=

which, in view of (33), implies that X has pmf (32).
Proposition 2.1.12. Let X :  — N* be a random variable. The pmf of X is (35) if and only if

E { [(1 —I—aeBX) 1+ aeﬂ(x+1))] | X < k}
= (1+4a) 1+ aeP*+)y, (94)

Proof. If X has pmf (35), then the left-hand side of (94), using finite geometric sum, will be

k
(F (k:))_1 Z { [a (1+a) (eﬂ - 1) eﬁ’”]}

B % {a (1+a) (eﬁ(kﬂ) _ 1)}

=(14a) 1+ aeﬁ(’“'l)).

Conversely, if (94) holds, then

5o {[0+ ™) @+ ] )

0
— F (k) {(1 ta)(1+ aeﬁ<k+1>)}

—[F(k+1)— f(k+1)] {(1—|—a) (1+0¢e'8(k+1))}. (95)
From (94), we also have
k+1
S {[(+ae™) (1 +ac?=)] £ @)}
=0
:F(kﬂ){(1+a)(1+aeﬁ<k+2>)}. (96)
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Now, subtracting (95) from (96), we arrive at

F(k+1)(1+0) [(1+ac?®+2) — (14 ael4D)]
=Fk+1Da(l+a) {eﬂ(k+2) _ eB(kJrl)}
= [(1+ @ FH0) (1 4 aefFH2) — (14 ) (1 + ae’ )] f (ke +1)
= (1+ e’ [(1 + aeFF) (14 a)} fk+1)
= a(l +ae ) [( P04 1)) f (k4 1),

From the last equality, we have

L fh+1) (14 a) [ePFD) Bl
rr(k+1) = F(k+1)  (1+aefktD) [(eAE+2) —1)]

(1+a)(ef —1)efh+D)
(14 aefk+D)) [(efk+2) — 1))

which, in view of (36), implies that X has pmf (35).
Proposition 2.1.13. Let X : Q — N* be a random variable. The pmf of X is (38) if and only if

X: B X +1: B
(G( ’”) In (p) (M) mp)|| | X >k
G (X37) G(X+1;7)
G(k+1;7)\"
<(7)> In(p)| . (97)
G(k+1;7)
Proof. If X has pmf (38), then the left-hand side of (97), using telescoping sum, will be

o RN e L\
[1—F k)" Z {lexp 2(22;33) ln(p)] — exp 2(m> ln(p)]}}

exp + exp

r=k+1

B Gk+1;7)\" Gk+17)\" -
- _<G<k+1;v>) n (7) {exp 2(G(k+1;v)) n{r) 0}
_ G(k+1;7) Bn

- (G(k+1;v>) 1 @)1,

Conversely, if (97) holds, then

S

z=k+1
L Gk+1;9)\°
- 1- e |(FETD) 1n<p>]
. B
= F(k+ 1)+ (k+1)] {eprm) 1n(p)”. (98)
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From (97), we also have

oy

r=k+2

exp

+ exp

(FE3) o]+ | (G2 m0]] 10}
“—F%+1”%ﬂﬂ(g$izﬂwﬁm@ﬂ}- (99)
Now, subtracting (99) from (98), we arrive at

- pt e o (S ] - o (S22 )

B Gk+29)\"
- [exp(Gmm) | <p>] Fl1).

From the last equality, we have

h (k+1) = 1f§f(412~1#)1)

Gh+1;9\°  [(Gk+27)\°
P {(G(k+1;v)> ‘(G(mz;w) }ln(p)]‘l’

which, in view of (39), implies that X has pmf (38).

Proposition 2.1.14. Let X : Q2 — N* be a random variable. The pmf of X is (41) if and only if

1 1
E{ Py + FOREU | X >k}
(1+X) =1+~ (Q+EH) —1+4
1
:(1+%¥f_1+7. (100)

Proof. If X has pmf (41), then the left-hand side of (100), using telescoping sum, will be

2 2
- 1 1
L-F®] > 7 ( 5 ) —< 5 )
Skt (1+3) —1+9 (I+55) - 1+7
5
k+1
(1 + +> — 147
v
_ 1
TR
Conversely, if (100) holds, then
> {

r=k+1

1 1
0 + 4
(1+2)" -1+ (1+=Z) —144

%

f(x)}
—[1- F (k) ( o )
(1+55) -1+

=U—F%+D+fw+¢ﬂ< ! ).

(1+52) — 144

(101)
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From (100), we also have
. 1
1+ 147 (1+22)° —144
1
(1+52)° — 144

v

Sy »

r=k+2

:[1—F(k—|—1)]<

Now, subtracting (102) from (101), we arrive at

1 1
[1_F(k+1)]{<(1+’ﬁ1)51+v> ) ((H’“f)élﬂ)}

1
- ((1+’“;§2)5—1+7> FE+1).

From the last equality, we have

f<k+1) (

hp(k+1) = Flit1) (1

+ﬁ})71+7_1
+ k£L ’

)—1+7

which, in view of (42), implies that X has pmf (41).
Proposition 2.1.15. Let X : Q — N* be a random variable. The pmf of X is (44) if and only if

E{AX +Lab)+A(X;a,0)] | X <k} =A(k+Lab).

Proof. If X has pmf (44), then the left-hand side of (103), using telescoping sum, will be

-1 2 2o

Z 1—10gab{[A (z+1;a,b) — A* (2;0,b)] }
:m{AQ(k+l;a7b)—A(O;a,b)}
=A(k+1;a,b).

Conversely, if (103) holds, then

k

Z{[A (z +1;a,b) + A(z5a,0)] f (2)}
— F(K)A(k+1;a,0) = [F(k+1) = f (k+ D] A (k+ 1;a,b).

From (103), we also have

D A (@ +1La.b) + A(z30,0)] f (2)}
=F(k+1)A(k+2;a,b).
Now, subtracting (104) from (105), we arrive at

Fk+1D){A(k+2;a,b) —A(k+1;a,0)} =A(k+2;a,b) f(k+1).
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From the last equality, we have

flk+1) A(k+1;a,0)
k1= 0T g AT 40
re (kD) = o5 Akt 2a,b)
which, in view of (45), implies that X has pmf (44).
Proposition 2.1.16. Let X : 2 — N be a random variable. The pmf of X is (47) if and only if

1 11—
E{{epon™] 1 x Sk}—w (106)
Proof. If X has pmf (47), then the left-hand side of (106), using finite geometric sum, will be
e , 1 & C1—(1—g)f
FRITY hO)(1-6)" = —— —0) =
PO 0O -0 = s 300" =g
Conversely, if (106) holds, then
k k41
1 B 1-(1-96)
;{[@(x» | r@}=rF® ( 10 )
_ 1— (1 o 0)k+1
=[F(k+1)— f(k+1) (9@(1@) . (107)
From (106), we also have
k41 k+2
1 B 1-(1-9)
> {lo@) | r@}=Fu+1) (mm) . (108)
Now, subtracting (107) from (108), we arrive at
1 (1— @)+ 1—(1— )k
F(“l){( 0Qk+1) )\ Q)
1 1—(1—g)Ftt
= kE+1 — .
flkt ){p<k+1> ( 0Q (k)
From the last equality, after some computations, we have
S+ plk+n (-9t
)= EeT ) T QD
which, in view of (48), implies that X has pmf (47).
Proposition 2.1.17. Let X : 2 — N be a random variable. The pmf of X is (50) if and only if
1 _ e20 (ee - 1)2
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Proof. If X has pmf (50), then the left-hand side of (109), using infinite geometric sum, will be
e e? — 1)3 e~ 0z
1P (o) e
n-rwr 3 {5
r=k+1
B 220 —ef 1 (69 — 1)3 e~ 0(k+1) B e 2 (60 - 1)2
e k=D (k) 2e?0 —ef +1 1—e? B Q (k) '
Conversely, if (109) holds, then

S

r=k+1

o 20 (69 _ 1)2
M—Fk+1)+f(k+1)] 7@(@ . (110)

From (109), we also have

> ] @) =n-rern (W) (1)

r=k+2

Now, subtracting (111) from (110), we arrive at

B 6720(6071)2 B 6729(6071)2
1 F<k+1”{< Q) ) ( QU+ 1) )}
:< 1 620(691)>f(k+1)‘

1+(k+1)° Q)

From the last equality, after some computations, we have

pny () ()

B W T
1+(k+1
("= 1)" (14 (6 +1)°)
a e?Q (k+1) ’

which, in view of (51), implies that X has pmf (50).
Proposition 2.1.18. Let X : Q — N* be a random variable. The pmf of X is (53) if and only if

0+1) (1 —(0+ 1)‘(’““))

kQG)
02 =0 Gr1y

E{{Qu)™] 1x <k} = (112)
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Proof. If X has pmf (53), then the left-hand side of (112), using finite geometric sum, will be

k
1
Z:: a2+2a+2) 0+1)° <(9+1)I>

s £ ) - ()
Tk Q3G) Tk Q3U) -1 _
Zj:O (9_;,_]1)1' =0 0+1 Zj:o (9_,.{)3‘ (9 + 1) 1
6+1) (1 —(0+ 1)*(’”1))

ko Q@)
0250 (e+j1)a‘

Conversely, if (112) holds, then

k B 0+1)(1- (0 +1) ")
>{leen ] r@p=rw 05, 2
O+ (1-O+1) k+1>)

0 Z] =0 (0+1

=[F(k+1)—f(k+1)] (113)

From (112), we also have

Iil { [(Q (a:))*l] f (x)} Pt ) (0+1) (1 — O+ 1)7(,%2))

k+1 Q>
=0 92] =0 (9+1

(114)

Now, subtracting (113) from (114), we arrive at

- O+1) (1—(9+1) k”)) 0+1) (1—(9+1)*<’“+1>)
Flk+1 — - .
() k Q)
QZJ =0 9+i)J ezjzo (9+;)j
) 0+1) (1 —(0+ 1)*“‘?“))

QUk+1) gy, a0l

J=0 (6+1)7

= fk+1)

From the last equality, after some computations, we have

((9+1)(1—(9+1)<k+2>)> _ ((9+1)(1 (9+1)<’€+1>)>
re(k+1)= flet+1) _ 5% “ﬁx;j 8350 <f?+(31
" F(k+1) 1 ((9+1)(1 (6+1)~ <’~+1>)>

Q(k+1) 03k, ((Sﬁ;

_ Q1) (0+1) Y

k+1 _Q>) ’
Zj=0 (6+1)7

which, in view of (54), implies that X has pmf (53).
Proposition 2.1.19. Let X : Q — N be a random variable. The pmf of X is (56) if and only if

(1 0+ 1)"“)
oy am

Jj=1 (6+1)7

E{[Qu))™] 1x <k} = (115)
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Proof. If X has pmf (56), then the left-hand side of (115), using finite geometric sum, will be
k
— ( 0+1) )
k x —k
1 1 (0+1 —1
Z ( ) = o O+1)7" %
D Sk LU O+1)"" -1

Jj=1 (9+1)J z=1 J=1 (6+1)7
(1 —(0+1)" )
k Qy)
92]’21 (6+1)7

Conversely, if (115) holds, then

Xk: { [(Q (:c))—l] f(a:)} = F (k) ((1_(0“);@))

=1 92] 1 (6+1)7
(1 —(0+1)" )
=[FE+1)-f+1] |~ |- (116)
Zj:l (6+1)7
From (115), we also have
k1 1—(+1)" "
S{l@@) | r@}=Fu+) (( pr= i) )> . (117)
r=1 ijl (6+1)7

Now, subtracting (116) from (117), we arrive at

F i 1>{<<1—<0+1> )) ((1—<9+1>k>)}
+ o]t TS O
0555 035 Gy
) (1—(9+1)’“))}
— f(k+1) - | . .

From the last equality, after some computations, we have

((1—(9+1)<"‘“>)> ((1 (9+1)’“)>
F (k’-'— 1) _ f(k + 1) _ ezfill (9Q+(i;J 02-7 1 (9Q+(;;7

F(k+1) 1 _<(1 (6+1)~ ’“)>
QAT ~ \ o5k, 20
QA+ (0 41)" Y
- k1 _Q3) '
Zj:l (6+1)7

which, in view of (57), implies that X has pmf (56).
Proposition 2.1.20. Let X : Q — N be a random variable. The pmf of X is (57) if and only if
6+1) (1 — 0+ 1)‘(’““))

k Q)
00 2

E{lQ@m)™] 1 x <k} = (118)
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Proof. If X has pmf (59), then the left-hand side of (118), using finite geometric sum, will be

k
OIS0 (Gre)

=0

- S s ()
Tk QY Tk QO =T _
Zj:O (9+j1)j =0 0+1 Zj:o (9_,.{)3‘ (9 + 1) 1
6+1) (1 —(0+ 1)*(’”1))
- o QG)
GZj:O (0+J1)J

Conversely, if (118) holds, then

k B B 0+1)(1- (0 +1) ")
;{[(Q (@) } f(x)} =) 92; =0 (9+]1)7

)
6+1) (1— 6+1)" ’“*”)

=[F(k+1)—f(k+1)] (119)
921 =0 (0+1
From (118), we also have
(e O+1)(1-(0+1)"*
S{l@en]f@}=Fk+1) ( oo ) (120)
=0 92] =0 (6+1)7
Now, subtracting (119) from (120), we arrive at
1—(641)"*2 1—(6+1)~ kD
Fk+1) (T) ( 1 _Q0) ) - ( Q) )
Zj:0 (0+1)7 ijo (0+1)7
g — (9“) (1-0+n")
B CIEaTRA A R

From the last equality, after some computations, we have

(21) {((1—<9+l><>>> _ <(1—<9+1><>>>}
I AUES VR 2350 wans o s

k+1)= =
F( ) F(k + 1) 1 941 (1_(0+1)7(k+1))
Q(k+1) _( 0 ) E_QG)
J=0 (6+1)J
QR+ (04 1)" Y
B k+1 Q) ’
Zj:o (9+1)j

which, in view of (60), implies that X has pmf (59).

2.2. Characterizations of DsGLi, P-Xgamma, SBPA, GHGD, PQX, EDIR, Mlynar, DsFx-I,
DWG, DMOL and ZTDAD respectively, based on hazard function

Proposition 2.2.1. Let X : Q — N* be a random variable. The pmf of X is (2) if and only if its hazard
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rate function satisfies the difference equation

hp(k+1)— hp (k)
a{ 1n17[1+(k:—|—1)—77(/€+3)]+ }
(1—*)(1H77) [(k+1) —n(k+2)]
{1 —=Innk+2) (e« —alnn+1nn) —Inn}tn
a{l— —Inn|l +k:—77(k+2)]+}
R )
{1 —-Innkt) (@ —alun+1nn) —Inn}n’

ke N, (121)

«a n —1)(nn)?
with the initial condition hp (0) = {{1(1 nlnln;(’([j jﬁl ,7+(11n ,73—)1(111 77217 }

Proof. If X has pmf (2), then clearly (121) holds. Now, if (121) holds, then for every z € N*, we have
a{ lnn[1+(k+1)n(kz+3)]+}
a1 (1—*)(lnn) [(k+1) —n(k+2)]
he (k 1) — he () = {(1 lnnk+2)(o¢ alnn+lnn)—Inn}n
Z{ F( + ) F( )} a{ 1H77[1+]€—’I7(k’+2)]+} 3
02

L) (nn)? [k —n(k+1)]
{(1-Inn**t1)(a—alnn+inn)—Inn}n

ES
Il
=3

or

he (z) — hp (0) =

l—n—lnn[l+z—-—n(z+2)]+ )
"‘{ (1= 1) (lnn)? [z —n(z+1)] } {1 flnn[lf%]fn(lfé)(lnn)}

{A—nnp*)(a—alnp+Inn)—Inntny  {(1—Inn)(a—alnny+Inn) —Inn}y

a{l n—Inn[l1—2n]— (177)(1n77 }
{(1-Inn)(a—alnn+lnn)—Inn}n
a{l_ —Inn[l +:c—77($+2)]+}
(1-3) (nn)’ [z —n (e +1)]
{(1-Imn*) (e —alnn+1Inn) —Inn}n’

In view of the fact that hp (0) =

, from the last equation we have

x € N,

hp(z) =

which, in view of (3), implies that X has pmf (2).
Proposition 2.2.2. Let X : Q — N* be a random variable. The pmf of X is (11) if and only if its hazard
rate function satisfies the difference equation

hp (k+1) — hp (k)
62 2(1+9)2+9(k+2)(k+3)} 62 [2(1+9)2+9(k+1)(k+2)}
00O+5) (k+17+20(k+1)+~  0(0+5)(k)2+20(k) +~

(122)

k € N*, with the boundary condition hp (0) = 277162 [1 + 46 + 62].
Proof. If X has pmf (11), then clearly (122) holds. Now, if (122) holds, then for every x € N*, we have

xi: {he (k+1) —hp (k)}
k=0

1 02[ (1+0)° +9(k+2)(k+3)} 92[2(1+9)2+9(k+1)(k+2)

23

) 00+5)(k+1)°+20(k+1) +~ 0(0+5) (k) +20 (k) +
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or

92 [2(1+9)2+9(a:+1)(x—|—2)] 92 [2(1+9)2+29

hp (z) —hp(0) = 0(0+5) (x)>+20(x)+~ !

0%[2(1+6)>+20]

In view of the fact that hp (0) = ~

, from the last equation we have

62 [2(1—1—9)24—9(95—1—1)(37—&-2)}
0(0+5)(x)” +20(z)+~

which, in view of (12), implies that X has pmf (11).
Proposition 2.2.3. Let X : Q@ — N be a random variable. The pmf of X is (17) if and only if its hazard
rate function satisfies the difference equation

hF (1’) =

hr (k+1) — hr (k)
43 (k+1) (k+2) 43k (k+1)

— _  keN, 123
2k+3)nl+(k+2)n+1 2(k+2)n[1+(k+1)n +1 (123)
with the initial condition hg (1) = %.

Proof. If X has pmf (17), then clearly (123) holds. Now, if (123) holds, then for every = € N, we have
r—1
Z {hr (k+1) —hr (k)}

B (k+1) (k+2) - k(k+1)
4”32{ 2(k+3)n[l+ (k+2)n +1 2(k+2)n[1+(k+1)n]+1}’

or

Pz (z+1) 8n?
h —hr (1) = - .
F (@) =he (1) 2@+ 2)n[l+(x+1)n+1 o6n[l+2n+1
In view of the fact that hp (1) = L, from the last equation we have
Gnlit2n]+1
Pz (x + 1)

hr (z) = , z €N,

2(@+2)n[l+(z+1)nl+1

which, in view of (18), implies that X has pmf (17).
Proposition 2.2.4. Let X : Q — N* be a random variable. The pmf of X is (20) if and only if its hazard
rate function satisfies the difference equation

hr (k+1) = hg (k)

L Hum (k+147.8) \ ([ _Hom(E+7,8) .
_a{<G(a;ﬁ,k+1+~y+1)) (G(a;g’k+7+1)>}a ke N, (124)

with the initial condition A (0) = & (4508 ).
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Proof. If X has pmf (20), then clearly (124) holds. Now, if (124) holds, then for every x € N*, we have
r—1
Z {hr (k+1) —hp(k)}
1 Z{( nan (k+1+7,5) ) ( Hym (k +7,5) >}
O‘ko a; B k+1+y+1) G(a; B,k +v+1)
1{( nm (T +7,8) ) ( nm (7,8 )}
a @B x+y+1) @By +1

e =0 = { (G vn) - (desem)

In view of the fact that hp (0) = L M , from the last equation we have
a \ G(a;B,y+1)

or

x € N,

1( Hp,m (47, B) )

=\ G+ D)

which, in view of (21), implies that X has pmf (20).
Proposition 2.2.5. Let X : @ — N* be a random variable. The pmf of X is (23) if and only if its hazard
function satisfies the difference equation

hp (k+1) = hr (k)
200 (0 4+ 1)° + 63 (k +2) (k + 3)
a(@+1)°+0(k+4)(0(k+3)+2)+2
200 (0 +1)° + 63 (k+ 1) (k+ 2)

. (125)
a(@+1)°+0(k+3)(0(k+2)+2)+2
k € N*, with the initial condition hr (0) = a(eifggiéﬁgfi)-ﬂ'

Proof. If X has pmf (23), then clearly (125) holds. Now, if (125) holds, then for every x € N* | we have

x—1
Z {hp(k+1)—hr(k)}
k=0
200(0+1)2 463 (k+2)(k+3)
z—1 20(0+1)%+0(k+4) (0(k+3)+2)+2
a =0 | _ _ 2a8(8+1)2+6°(k+1)(k+2) ’
20(0+1)%+0(k+3)(0(k+2)+2)+2
or
200 (0 4+1)> + 63 (x + 1) (x4 2
hr (z) = hp (0) = (2 ) wrDie+?)
a@+1D)"+0(x+3)@(x+2)+2)+2
ab (0 4+1)° +63
a(@+1)°+300+1)+1
or

200 (04+1)° + 63 (z+ 1) (z +2)
200041 +60(x+3)(0(x+2)+2)+2

which in view of (24) is the hazard function corresponding to the pmf (23).
Proposition 2.2.6. Let X : Q — N* be a random variable. The pmf of X is (26) if and only if its hazard

hr (z) = x e N,
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rate function satisfies the difference equation

hp (k—Fl) — hp (k)
_ ¥ —2 Y
1— q(k:+1) 2 1— qk .
= <1_q(k+2> o) o e (126)

with the initial condition hp (0) = (1 —¢)” 7 — 1.
Proof. If X has pmf (26), then clearly (126) holds. Now, if (126) holds, then for every x € N*, we have

x—1 rz—1 -2\ -2 Y
_ 1— q(k+1) 1— qk
kz_[){hF(k+1)_hF(k)}—Z{<l_(](W “\1T g ;

= k=0

-0 = () - ()

In view of the fact that hr (0) = (1 —q)” " — 1, from the last equation we have

—2 Y
17 xr
hr(z) = (q) -1, x € N,

1-— q(x+1)_2

or

which, in view of (27), implies that X has pmf (26).
Proposition 2.2.7. Let X : Q@ — I be a random variable. The pmf of X is (29) if and only if its hazard
rate function satisfies the difference equation

k+1 k
n—-1-k n-k’

hF(k+1)—hF(k): kEI, (127)

with the initial condition hp (1) = —1+.
Proof. If X has pmf (29), then clearly (127) holds. Now, if (127) holds, then for every = € I, we have

z—1 r—1 k41 k
];{hp(k+1)—hp(k)}= {n—l—k_n—k}’

or 1
X

h —hr(l) = — .

F(z)—hp(1) e |

In view of the fact that hp (1) = -1, from the last equation we have

hF(x):nf:c’ xel,

which, in view of (30), implies that X has pmf (29).
Proposition 2.2.8. Let X : Q — N* be a random variable. The pmf of X is (32) if and only if its hazard
rate function satisfies the difference equation

(a—1)Ina+a*{1-a?+a?’Ina+ (o> 1) (k+1)Ina}
a{—-lna+ (1 - (k+2)Ina)art2}
(a—1)Ina+a*{1-a*+a’lna+ (a? —1)klna}
a{-lna+(1—-(k+1)lna)akt} ’

hp(k+1)—hp (k)=

(128)

- n o —a2 a2 no
k € N*, with the initial condition hp (0) = (e al{)l ln;{_L_ 1:a)01¢} }
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Proof. If X has pmf (32), then clearly (128) holds. Now, if (128) holds, then for every € N*, we have

S (e (k1) — he ()}
k=0

r—1 (a—1)1n (x+ak+1{1—(y2+a2 In (x+(a2—1)(k+1) In O(}

_ z_: af{—Ina+(1—(k+2) Ina)ak+2}
- (ocfl)lna+ak{17a2+a2 lna+(a271)klna} ’
k=0 a{—Ina+(1—(k+1)Ina)akfT1}
or
a—1ha+a®{l-a?+a’lha+ (e?2—1)zlna
e 2) — b (0) = 21 { (ol ~ 1) wina
af{-lna+(1—-(r+1)lna)a*t}
(a—1)Ina+{1-a®+a’Ina}
a{—-Ina+(1—-Ina)a}
. (a—1) lna+{1—a2+a2 lna} .
In view of the fact that hp (0) = - Tmar(—ma)al from the last equation we have

L ()7(a—l)lna+a”’{1—a2+a21na+(aQ—l)mlna} c N*
F® = a{-lna+(1—-(z+1)Ina)art} v ’

which, in view of (33), implies that X has pmf (32).
Proposition 2.2.9. Let X : Q — N* be a random variable. The pmf of X is (38) if and only if its hazard

rate function satisfies the difference equation
. B . B
G(k+ 1,7)> N <G(k‘+277)) In (p)
G (k+1;7) G (k+2;7)
G
G

Em))ﬁ_<G(k+m)>ﬁ}1n(p)], (129)

hp (k+1)— hp (k) =exp

G (k+1;7)

G(05) G(1;y)
Proof. If X has pmf (38), then clearly (129) holds. Now, if (129) holds, using telescoping sum, for every
x € N*, we have

A\ B A\ B
k € N*, with the initial condition hr (0) = exp [ (G(O’V)) — (6(1’7)) }ln (p)} -1

S (e (k4 1) — b ()
k=0
G\ (G+tm\l,
{(G(W) G }1 (p)l
G G

(&) - (G o]

= exp

— exp

So, we have
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A\ P A\ B
In view of the fact that hp (0) = exp H (gégzi) - (ggl;) }ln (p)} — 1, from the last equation we have

(o) - (Gany fuw] -1}

or

B B
. 1
hp () = exp (CM) - (CM) In(p)| -1, xe€N-
G (57) G(z+ 1)
which, in view of (39), implies that X has pmf (38).
Proposition 2.2.10. Let X : Q — N* be a random variable. The pmf of X is (41) if and only if its hazard

rate function satisfies the difference equation
1)
s N 14 B4 g4
v )5 ’V _ ( v 2 Py , (130)
e (+5)

1) — 144 — 1+~

hrp(k+1)=hr (k) = <(

1)o_
k € N*, with the initial condition hp (0) = (+3) 14y 1.

BY
Proof. If X has pmf (41), then clearly (130) holds. Now, if (130) holds, using telescoping sum, for every
r € N*, we have

—_ | =

S (e (k1) — hr ()}

k=1

<(1 a1 —1+w>_<(1+i)6—1+7>
(1+2)° =14+ v '

. (Y —144) (14D 14y
he (@) = hr (0) = (1+2) —1+4+ v '

So, we have

1) _
In view of the fact that hp (0) = (W

hF(x)—{<(1+1l;)i_1+7> _1}
:(“ i>1+v)_<u+if1+v>
(1+2) =147 2 ’

hr (x) = (1+L+1) —1+7 -1, zeN*

which, in view of (42), implies that X has pmf (41).
Proposition 2.2.11. Let X : Q — N be a random variable. The pmf of X is (50) if and only if its hazard

) — 1, from the last equation we have

or
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rate function satisfies the difference equation

3 2
hp(k+1)fhp(l<:):(e:;)1) (”“’“) 1*’“2), ke, (131)

2(e?—1)?
with the initial condition hp (1) = 5(97752”

Proof. If X has pmf (50), then clearly (131) holds. Now, if (131) holds, using telescoping sum, for every
x € N, we have

S (e (k4 1) — e (k)

k=1

(@) f1ra? o
= (mx) Qm)'

So, we have

e’ —1)° a?
hr(z) —hr (1) = ( 6291) <1Q+(x) ; Q?U) '

2(e?~1)°

In view of the fact that hp (1) = 55773

from the last equation we have

RS Gl VM Clat ) (1+x2 2 )
5e20 — 5ef + 2 e20 Qx) Q)
or
(- (14 27)
€20Q (z)
which, in view of (51), implies that X has pmf (50).

hF(ﬂf): l’EN*,

2.3. Characterizations of DGu, SG, CosPois, DP, EDLi, NDOPPE, QPAD, ZTPID and PSD
respectively, based on reverse hazard function

Proposition 2.3.1. Let X : Q — Z be a random variable. The pmf of X is (5) if and only if its reverse
hazard rate function satisfies the difference equation

efo‘pk €7apk+1
rr (k’"‘ 1)—TF (k) = W = —orkr | k ez y (132)

e~ op

with the boundary condition 7 (0) = 1 — e*®=1),
Proof. If X has pmf (5), then clearly (132) holds. Now, if (132) holds, then for every = € Z, we have

S fre (k1) — e () =Z{<> - ()}
k=0 k=0

or v
- e P
rp (x) = rp (0) = P70 — (e—ap‘“> .

In view of the fact that 7 (0) = 1 — e®®~1_ from the last equation we have
e~or”
rp(z)=1- <e_apm+1> )
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which, in view of (6), implies that X has pmf (5).
Proposition 2.3.2. Let X : Q — Z* be a random variable. The pmf of X is (8) if and only if its reverse
hazard rate function satisfies the difference equation

TF(]C+1)—7’F(/€)
B ( q(l _ pa+1)pk+1(1 _ pa(k+1)+1) )
-~ \(

= poF) (1 = pF+2) — pg(1 — plotDk+2))

1 (
q(1 — p*Th)pF(1 — pohtl) . 133
T\ (1 = pet ) (1 — k1) — po(1 — platD(k+D)Y ) €8 (133)
(1 —=pot)(1 —pr+l) —pg(1 —p )

with the boundary condition rg (0) = ((17p)(ql(i;fij)l,)i,lquzpaﬂ)

Proof. If X has pmf (8), then clearly (133) holds. Now, if (133) holds, then for every x € Z*, we have

r—1

—po+1 _pk+2)_ _plat+1)(k+2)
Y (e (k+1) —hp(R)} =D O7POTP IR R Rl

q(1—p* Tkt (1_pak 1y

k=0 | T e ) (T—pF 1) —pg(1—pat D)
or
rr (z) — 1 (0)
_ ( q(1 - ““)p””( — ) ) ( g(1 —p**)(1 —p) )
(1 —pott)(1 — p=+1) — pg(1 — pla+b(a+) (1 =p)(L = p>*t1) = pg(1 — pot1)
In view of the fact that rp ( ( = p)(l pai: plqu Ry ), from the last equation we have

q(l _ pa—l-l)pz(l _ paz+1)
rp(z) =
(1 —pt1)(1 = p=+1) — pg(1 — plotD(xt1))
which, in view of (9), implies that X has pmf (8).

Proposition 2.3.3. Let X : O — N* be a random variable. The pmf of X is (14) if and only if its reverse
hazard rate function satisfies the difference equation

Fk+1)—rp(k)
2 )\k+1

27 [cos (B (k +1))] Gy %e— [COS(BI{)F )\k
TEGALN+Y(k+18,N)  F (kN +T(k ,ﬁ, Nk keN, (134)

with the boundary condition rr (0) = #(06/\)
Proof. If X has pmf (14), then clearly (134) holds. Now, if (134) holds, then for every x € N*, we have

x—1

Y Are(k+1) —re (k)}

k=0

S 2 eos (BRI @ 2e7 [eos (BR) Ay
T FE+LN+TR+568,0) Fo (kN +T (k8,0 [

or
2¢=* [cos (Bz)] 2+ 2

z!

) e O = E N T T @B ) TT AT (05N
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In view of the fact that rp (0) = from the last equation we have

2
1+e*Y(0;8,1)?

2 [cos (B)]” 27

Fio (2 0) + T (z;8,\)’

rp(x) =

which, in view of (15), implies that X has pmf (14).
Proposition 2.3.4. Let X :  — N* be a random variable. The pmf of X is (35) if and only if its reverse
hazard rate function satisfies the difference equation

(1+a) (e —1)ef+D)

(1 + aefk+1)) [(ef(k+2) —1)]
(1+a) (e — 1e

(14 aefk) [(efk+1) — 1))

Tp(k—l—l)—rp(k):

(135)

k € N*, with the boundary condition r7 (0) = 1.
Proof. If X has pmf (35), then clearly (135) holds. Now, if (135) holds, then for every x € N*, we have

i TF k‘+ —TF(k‘)}

=0
N Ata)(ef - pertty (1+ ) (e — 1)e*
= 2 T+ a0 [E =]~ {1+ ac®) 750~ 1]

. (14 ) (e —1)ef

L+ aehn) [P —1)]

re (x) —rr (0) =
In view of the fact that rg (0) = 1, from the last equation we have

(14 a) (e? —1)ef
(14 aefr) [(efle+D) —1)]

rp(x) =

which, in view of (36), implies that X has pmf (35).
Proposition 2.3.5. Let X :  — N* be a random variable. The pmf of X is (44) if and only if its reverse
hazard rate function satisfies the difference equation

A(k+1;a,0) A (k;a,b)

rlk+1)—rp (k)= A(k+2a,b) A(k+1;a,b)

k € N*, (136)

with the initial condition rr (0) = 1.
Proof. If X has pmf (44), then clearly (136) holds. Now, if (136) holds, using telescoping sum, for every
x € N*, we have

A(O;a,b)  A(w;ab) A(ziab)
A(1;a,0) Az +1;a,b)  A(z+1;a,b)

So, we have
~ A(z;a,0)
Az +1;a,b)
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In view of the fact that rp (0) = 1, from the last equation we have

___Awab)
TF(x)il_iA(a:—&—l;a,b)’
or A( b)
€T a, *
TF(x)—l_m, CCGN,

which, in view of (45), implies that X has pmf (44).
Proposition 2.3.6. Let X : Q@ — N be a random variable. The pmf of X is (47) if and only if its reverse
hazard rate function satisfies the difference equation

rp(k+1)—rp (k)
CpE+D -0 pk) (-0

- 06T - k€N, (137)

with the initial condition rz (1) = %.
Proof. If X has pmf (47), then clearly (137) holds. Now, if (137) holds, using telescoping sum, for every
x € N, we have

S (k4 1) e (1) = A0 p( (=)

2 Q) Q0
So, we have
_p@QA-0)" p1H(L-90)
e e 1)
In view of the fact that hp (1) = %, from the last equation we have
_p@) (-0
SRCTE

which, in view of (48), implies that X has pmf (47).
Proposition 2.3.7. Let X : Q — N* be a random variable. The pmf of X is (53) if and only if its reverse
hazard rate function satisfies the difference equation

rp(k-l-l)—rp(k:)

QU+ e+~ Qwe+nt . (138)
S QU) SF QlY) ’
J=0 (6+1) J=0 (6+1)7

with the initial condition rr (0) = 1.
Proof. If X has pmf (53), then clearly (138) holds. Now, if (138) holds, using telescoping sum, for every
r € N*, we have

Q@ O+1)™ QUO@®+1"°
z Q) 0 Qy)
Zj:0 (0+i)i Zj:0 (0+i)i
Q@+
- z QG
ijo (6+1)7

S e (k4 1) — e (R)) =
k=0

So, we have
Qz)(0+1)""

-1
@ Q)
Zj:(} (9+1)j

rp(x) —rp(0) =
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In view of the fact that hp (0) = 1, from the last equation we have

_Q@@O+1)""
- z  QU)
Z]’ZO (0+1)7
which, in view of (54), implies that X has pmf (53).
Proposition 2.3.8. Let X : Q@ — N be a random variable. The pmf of X is (57) if and only if its reverse
hazard rate function satisfies the difference equation

rp(x)

TF(]C—I-l)—TF(k)

QDO+ MY Qe+t
- k+1_Q()) vk Q)
2= (0+1)7 2j-1 (6+1)7
with the initial condition rz (1) = 1.
Proof. If X has pmf (56), then clearly (139) holds. Now, if (139) holds, using telescoping sum, for every
z € N, we have

keN, (139)

QO+ QW@O+1~"
{re(k+1) —rr ()} = “——55— — oG
Z ' ’ SR D
_ Q@O+ L
Tt

So, we have

Qz)(0+1)""
rp () —rp (1) = S 1
i1 ity

In view of the fact that rp (1) = 1, from the last equation we have

Qz)(0+1)"
z Q)
D=1 1y

rr(z) =

)

which, in view of (57), implies that X has pmf (56).
Proposition 2.3.9. Let X : Q — N* be a random variable. The pmf of X is (59) if and only if its reverse
hazard rate function satisfies the difference equation
TR (k’-‘r 1) —TrFE (k‘)
_QE+1 O+ Qe+
o k+1 Q@) k QW)
Zj:o (6+1)7 Zj:0 (0+1)7

, ke, (140)

with the initial condition rr (0) = 1.
Proof. If X has pmf (59), then clearly (140) holds. Now, if (140) holds, using telescoping sum, for every
x € N*, we have

z—1 . »

> (e (4 1) —re () = 20— - 2RO

k=0 ZJ:O (6+1)7 Z 0 (9+1)7
Q@)@+

)
QG
2j=0 6+1)7
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So, we have

QO+

rr(z) —rr(0) = S QG
3=0 (0+1)7

In view of the fact that rr (0) = 1, from the last equation we have

Q)@+~

rr(2) = a5
2j=0 11y

which, in view of (60), implies that X has pmf (59).
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