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Abstract  

In this paper, a modified Chi-square goodness-of-fit test called the modified Bagdonavičius-Nikulin goodness-of-

fit test statistic is investigated and the applied for distributional validation under the right censored case. The new 

modified goodness-of-fit test is presented and applied for the right censored data sets. The algorithm of the censored 

Barzilai-Borwein is employed via a comprehensive simulation study for assessing validity of the new test. The 

modified Bagdonavičius-Nikulin test is applied to four real and right censored data sets. A new distribution is 

compared with many other competitive distributions under the new modified Bagdonavičius-Nikulin goodness-of-
fit test statistic.  

 
 

Key Words: Barzilai-Borwein; Bagdonavičius-Nikulin; Right Censored Validation; Goodness-of-fit Test; 

Simulation. 
 

1. Introduction 

Statistical methods for testing the validity of a parametric distribution are in increasing progress. Clearly, the presence 

of censored observations makes them unsuitable. For treating these problems there were many attempts. First, Habib 

and Thomas (1986) and Hollander and Pena (1992) proposed a modified version of the Chi-squared test for the 

randomly censored real data based on the well-known estimators of the Kaplan and Meyer. Then, Galanova (2012) 

considered some nonparametric modifications for the Anderson–Darling statistic (ADS), Kolmogorov–Smirnov 

statistic (KSS) and the Cramer-Von-Mises statistic (KVMS) for the accelerate failure distributions. Recently, 

Bagdonavičius and Nikulin (2011a) presented and applied a new type Chi-squared goodness-of-fit test statistic for the 

censored data (right case). (see Bagdonavičius and Nikulin (2011b)). The new type Chi-squared goodness-of-fit test 

statistic of Bagdonavičius-Nikulin (B-N) is applied for the distributional validation under the right censored schemes.  

 
In this work, a new modified type Chi-squared goodness-of-fit test statistic which is established based on the well-

known B-N test is presented and applied accordingly for distributional validation under the exponentiated Rayleigh 

exponentiated Nadarajah-Haghighi model using the right censored case.  

 

First and for assessing purpose, a comprehensive simulation study under the right censored case via the well-known 

Barzilai-Borwein (BB) algorithm is performed for assessing and then evaluating the right censorship estimation 

method. Following Ravi and Gilbert (2009), we generated 10,000 samples with different size (𝑛 =
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25, 50, 130, 350, 500,1000) from the exponentiated Rayleigh exponentiated Nadarajah-Haghighi model using the 

some very carefully selected initial values. 

 

The mean square errors are used for assessing the performance of the censored maximum likelihood. The new 
modified B-N type test is applied using four right censored real data sets for distributional validity. For related 

applications to the goodness-of-fit statistic test of B-N and its corresponding modifications, see Mansour et al. (2020a) 

and Mansour et al. (2020d)). Many other tests are presented and analyzed such as the Nikulin-Rao-Robson goodness-

of-fit test statistic and the modified Nikulin-Rao-Robson goodness-of-fit test statistic (see Ibrahim et al. (2019), Goual 

et al. (2019), Yadav et al. (2020) Goual and Yousof (2020) and Yousof et al. (2021b)).  

 

Recently, Aidi et al. (2021) investigated and studied a novel version of the well-known goodness-of-fit test statistic 

for a new model called the double Burr X distribution with many applications to right censored real medical and 

reliability datasets.  Yousof et al. (2021a) presented new modified Chi-square type test for the right censored 

distributional validation with some new characterization results and various estimation methods. Yousof et al. (2021c) 

introduced new modified Chi-square test for the right the censoring distributional validation under a novel Nadarajah 

Haghighi model with some new characterization results and different estimation methods.  Another new version for 
the right censored validity under a new Chen model with some applications in reliability and medicine is presented by 

Ibrahim et al. (2021). 

 

2. Maximum likelihood estimation in censored data case 

Consider the exponentiated Rayleigh (ER) family (Yousof et al., (2017). Then, for the exponentiated Nadarajah-

Haghighi (ENH) baseline model (Lemonte (2013)), the probability density function (PDF) of the exponentiated 

Rayleigh exponentiated Nadarajah-Haghighi (ERENH) model can be derived as 

𝑓𝓥(𝓍)|(𝓍≥0) = 2𝛼𝛽𝛾𝜗
(𝓍𝜗 + 1)𝛾−1 𝑒𝑥𝑝 {− [(1 − Ϛ𝓍;𝛾,𝜗)

−𝛽
− 1]

−2

}

Ϛ𝓍;𝛾,𝜗(1 − Ϛ𝓍;𝛾,𝜗)
𝛽+1

(1 − 𝑒𝑥𝑝 {− [(1 − Ϛ𝓍;𝛾,𝜗)
−𝛽

− 1]
−2

})
1−𝛼 , 

 

(1) 

where 𝓥 = (𝛼, 𝛽, 𝛾, 𝜗), 𝛼 > 0,𝛽 > 0, 𝛾 > 0 are three shape parameters, 𝜗 > 0 is a scale parameter and 

Ϛ𝓍;𝛾,𝜗 = 𝑒𝑥𝑝[1 − (𝓍𝜗 + 1)𝛾]. 

The survival function 𝑆𝑽(𝓍) (SF) can be written as                   

𝑆𝓥(𝓍) = 1 − (1 − 𝑒𝑥𝑝 {− [(1 − Ϛ𝓍;𝛾,𝜗)
−𝛽

− 1]
−2

})
𝛼

. 
 

(2) 

The hazard rate function (HRF), reversed hazard rate function (RHRF) and cumulative hazard rate function (CHRF) 

of 𝑋 can be derived with the well-known relationships.  Suppose that 𝑋1, 𝑋2, . . . . . , 𝑋𝑛  is a random sample with right 

censoring from ERENH (𝓥) distribution. The observed data  

𝓍𝒾|(𝒾=1,2,..,𝑛) = 𝑚𝒾𝑛(𝑋𝒾, 𝐶𝒾), 

are the minimum of the survival time 𝑍𝒾 and censoring time 𝐶𝒾 for each subject in the sample. So, 𝓍𝒾 can be written 

in the form (𝓍𝒾,𝓌𝒾)𝒾=1,...,𝑛 where 𝓌𝒾 = 1 if 𝑍𝒾 is the moment of failure (complete observation) and 𝓌𝒾 = 0 if 𝑍𝒾 is 

the moment of censoring. The right censoring is assumed to be non-informative, so the expression of the likelihood 

function is 

𝑙(𝓍,𝓥) = 𝛱𝒾=1
𝑛 𝑓𝓥(𝓍𝒾)

𝓌𝒾𝑆𝓥(𝓍𝒾)
1−𝓌𝒾 |

(𝓌𝒾=1𝑍𝒾<𝐶𝒾
)
. 

The log-likelihood function of ERENH distribution can be derived as 

 

𝐿(𝓥) = ∑𝓌𝒾

𝑛

𝒾=1

[
𝑙𝑛(2𝛼𝛽𝛾𝜗) + (𝛾 − 1) 𝑙𝑛( 𝜗𝓍𝒾 − 1) + (2𝛽 − 1) 𝑙𝑛𝒲𝒾

−𝒸𝒾 − 3𝛽 ln𝒲𝒾 − (𝒹𝒾)
2 + (𝛼 − 1) 𝑙𝑛( 1 − Ϛ𝒹𝒾

)
] 
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−∑(1 − 𝓌𝒾)

𝑛

𝒾=1

𝑙𝑛[1 − (1 − Ϛ𝒹𝒾
)𝛼], 

where 

𝒲𝒾 = 1 − Ϛ[𝓍𝒾 ;𝛾,𝜗], 

 𝒸𝒾 = 1 − (𝓍𝒾𝜗 + 1)𝛾 , 

 Ϛ𝒹𝒾
= 𝑒𝑥𝑝(−𝒹𝒾

2) , 

and 

 𝒹𝒾 =
𝒲𝒾

𝛽

1 − 𝒲𝒾
𝛽
. 

The score functions are obtained as follows 

 

𝜕𝐿(𝓥)

𝜕𝛼
= ∑𝓌𝒾

𝑛

𝒾=1

[
1

𝛼
+ 𝑙𝑛(1 − Ϛ𝒹𝒾

)] − ∑(1 − 𝓌𝒾)

𝑛

𝒾=1

(1 − Ϛ𝒹𝒾
)
𝛼
𝑙𝑛(1 − Ϛ𝒹𝒾

)

1 − (1 − Ϛ𝒹𝒾
)
𝛼 , 

𝜕𝐿(𝓥)

𝜕𝛽
= ∑𝓌𝒾

𝑛

𝒾=1

[
1

𝛽
− 𝑙𝑛(𝒲𝒾) −

2𝒲𝒾
2𝛽

𝑙𝑛(𝒲𝒾)

(1 − 𝒲𝒾
𝛽)3

+
2(𝛼 − 1)𝒲𝒾

2𝛽
𝑙𝑛(𝒲𝒾)Ϛ𝒹𝒾

(1 − 𝒲𝒾
𝛽)3(1 − Ϛ𝒹𝒾

)
] 

−2𝛼 ∑
(1 − 𝓌𝒾)𝒲𝒾

2𝛽
𝑙𝑛(𝒲𝒾)Ϛ𝒹𝒾

(1 − Ϛ𝒹𝒾
)
𝛼−1

(1 − 𝒲𝒾
𝛽
)3[1 − (1 − Ϛ𝒹𝒾

)
𝛼
]

𝑛

𝒾=1

,  

𝜕𝐿(𝓥)

𝜕𝛾

= ∑𝓌𝒾

𝑛

𝒾=1

[
 
 
 
 

1

𝛾
+ (1 + (1 + 𝜗𝓍𝒾)

𝛾) 𝑙𝑛(1 + 𝜗𝓍𝒾) −
(𝛽 − 1)(𝜗𝓍𝒾 + 1)𝛾 𝑙𝑛( 1 + 𝜗𝓍𝒾) 𝑒𝑥𝑝(−𝒸𝒾)

𝒲𝒾

−
2𝛽(𝜗𝓍𝒾 + 1)𝛾 𝑙𝑛( 1 + 𝜗𝓍𝒾) 𝑒𝑥𝑝(−𝒸𝒾)𝒹𝒾

2

𝒲𝒾(1 − 𝒲𝒾
𝛽)

+
2(𝛼 − 1)𝛽(𝜗𝓍𝒾 + 1)𝛾 𝑙𝑛( 1 + 𝜗𝓍𝒾) 𝑒𝑥𝑝(−𝒸𝒾) 𝒹𝒾

2Ϛ𝒹𝒾

𝒲𝒾(1 − 𝒲𝒾
𝛽)(1 − Ϛ𝒹𝒾

) ]
 
 
 
 

  

−2𝛼𝛽 ∑
(1 − 𝓌𝒾)(𝜗𝓍𝒾 + 1)𝛾 𝑙𝑛( 1 + 𝜗𝓍𝒾) 𝑒𝑥𝑝(−𝒸𝒾)𝒹𝒾

2Ϛ𝒹𝒾
(1 − Ϛ𝒹𝒾

)
𝛼−1

𝒲𝒾(1 − 𝒲𝒾
𝛽)[1 − (1 − Ϛ𝒹𝒾

)
𝛼
]

𝑛

𝒾=1

 , 

and 

 

𝜕𝐿(𝓥)

𝜕𝜗
= ∑𝓌𝒾

𝑛

𝒾=1

[
 
 
 
 

1

𝜗
+

(𝛾 − 1)𝓍𝒾

1 + 𝜗𝓍𝒾

+ 𝛾𝓍𝒾(1 + 𝜗𝓍𝒾)
𝛾−1 +

(5𝛽 − 1)𝛾𝓍𝒾 𝑒𝑥𝑝(−𝒸𝒾) (𝜗𝓍𝒾 + 1)𝛾−1

𝒲𝒾

+
2𝛽𝛾𝓍𝒾 𝑒𝑥𝑝(−𝒸𝒾)𝒹𝒾

2(𝜗𝓍𝒾 + 1)𝛾−1

𝒲𝒾(1 − 𝒲𝒾
𝛽
)

−
2(𝛼 − 1)𝛽𝛾𝓍𝒾 exp(−𝒸𝒾)𝒹𝒾

2Ϛ𝒹𝒾
(𝜗𝓍𝒾 + 1)𝛾−1

𝒲𝒾(1 − 𝒲𝒾
𝛽
)(1 − Ϛ𝒹𝒾

) ]
 
 
 
 

       

−2𝛼𝛾𝛽 ∑
(1 − 𝓌𝒾)𝓍𝒾 𝑒𝑥𝑝(−𝒸𝒾)𝒹𝒾

2Ϛ𝒹𝒾
(𝜗𝓍𝒾 + 1)𝛾−1(1 − Ϛ𝒹𝒾

)
𝛼−1

𝒲𝒾(1 − 𝒲𝒾
𝛽)[1 − (1 − Ϛ𝒹𝒾

)
𝛼
]

𝑛

𝒾=1

 .  
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Maximum likelihood estimates of the unknown parameters 𝛼, 𝛽, 𝛾 and 𝜗 can be obtained using various techniques, 

either software R, EM algorithm or Newton Raphson method. 

 

3. Modified B-N Chi-square type test for right censored data 

In this work, we are interested by the modified Chi-square type test proposed in Bagdonavičius and Nikulin (2011a,b) 

for parametric models with right censored data. Based on maximum likelihood estimators on non-grouped data, this 

test statistic is also based on the differences between the numbers of observed failures and the numbers of expected 

failures in the grouped intervals chosen. For this, random grouping intervals are considered as data functions. The test 

statistic is defined as follows. Suppose that 𝑍1, 𝑍2, . . . . . , 𝑍𝑛 is a random sample with right censoring from a parametric 

model, and a finite time 𝜏. The test statistic is defined as  

𝑌𝑛
2 = 𝓠 + ∑

1

𝑈𝓳

𝑛

𝓳=1

(𝑈𝓳 − 𝜚𝓳)
2
, 

where 𝑈𝓳 and 𝜚𝓳 are the observed and the expected numbers of failure in grouping intervals, and 𝓠 is given in Mansour 

et al. (2020a,b), Abouelmagd et al. (2019a,b), Salah et al. (2020), Goual et al., (2020), Yadav et al., (2020), Goual and 

Yousof (2020) and Ibrahim et al. (2019 and 2021) with details. The limits 𝓅𝓳 of 𝓀 random grouping intervals 𝐼𝓳 =

[𝓅𝓳−1, 𝓅𝓳[ are chosen such as the expected failure times to fall into these intervals are the same for each 𝓳 = 1, . . , 𝓀 −

1. The estimated �̂�𝓳 is defined by 

�̂�𝓳 = H−1 {
1

𝑛 − 𝒾 + 1
[𝐸𝓳 − ∑ 𝐻𝓥(𝓍ℓ)

𝒾−1

𝒋=1
] , �̂�} , 𝓳 = 1,2,… . , 𝓀, 

 

where 𝐻𝓥(𝓍ℓ) is the CHRF of our new distribution. This test statistic 𝑌𝑛
2 follows a Chi-square distribution.  Suppose 

that we have a random sample, 𝑍1, 𝑍2, . . . . . , 𝑍𝑛, which is a right censored sample from ERENH model and a finite 

time 𝜏 . The estimated �̂�𝓳 is obtained where 𝐻𝓥(𝓍ℓ) is the CHRF of the ERENH distribution. To calculate the quadratic 

form 𝓠 of the statistic 𝑌𝑛
2, we shall use the estimated matrices �̂�, �̂� and the estimated information matrix 𝐼.  Therefore, 

the estimated matrix �̂� can be obtained from �̂�. The information matrix 𝐼 of the ERENH distribution is also needed 

in case of the right censoring case.  

 

4. Simulated censored samples 

In this section we conduct an important simulation study to consolidate our results. For this, 𝑁 = 10,000 censored 

samples with sizes: 𝑛 = 25,50,130,350,500,1000 from ERENH distribution are simulated. We generate the 

simulated samples with various values of parameters. Using R software and BB algorithm (Ravi and Gilbert (2009)), 

simulated maximum likelihood estimators (MSMLEs) and their mean square errors (MSEs) are calculated and given 

in Table 1. As seen in these results, MSEs are convergent. 

 

              Table 1: MSMLEs of 𝛼, 𝛽, 𝛾, 𝜗 and theirs MSEs. 

N=10.000& n↓  

𝛼=2 

 

𝛽=1.5 

 

𝛾 =2 

 

𝜗 =0.9 

25 1.9468 

(0.012) 

1.5176 

(0.001) 

2.0133 

(0.009) 

0.9102 

(0.007) 

50 1.9557 

(0.011) 

1.5143 

(0.009) 

2.0072 

(0.008) 

0.9078 

(0.005) 
130 1.9668 

(0.009) 

1.5126 

(0.007) 

2.0052 

(0.008) 

0.9043 

(0.004) 

350 1.9787 

(0.008) 

1.5102 

(0.007) 

2.0038 

(0.005) 

0.9022 

(0.004) 

500 1.9816 

(0.006) 

1.5083 

(0.006) 

2.0026 

(0.004) 

0.9017 

(0.002) 

1000 1.9943 1.5031 2.0013 0.9008 
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(0.006) (0.004) (0.002) (0.001) 

 𝛼=4 𝛽=2 𝛾 =2.5 𝜗 =5 

25 3.9715 

(0.009) 

2.0192 

(0.007) 

2.5246 

(0.007) 

4.9618 

(0.008) 

50 3.9777 

(0.006) 

2.0177 

(0.007) 

2.5202 

(0.006) 

4.9736 

(0.007) 
130 3.9804 

(0.004) 

2.0156 

(0.006) 

2.5197 

(0.005) 

4.9782 

(0.006) 

350 3.9873 

(0.004) 

2.0124 

(0.005) 

2.5136 

(0.004) 

4.9824 

(0.004) 

500 3.9898 

(0.003) 

2.0091 

(0.004) 

2.5089 

(0.003) 

4.9873 

(0.004) 

1000 3.9937 

(0.001) 

2.0026 

(0.003) 

2.5016 

(0.002) 

4.9912 

(0.003) 

 𝛼=0.8 𝛽=1 𝛾 =0.05 𝜗 =0.35 

25 0.8208 

(0.009) 

0.9516 

(0.011) 

0.0519 

(0.004) 

0.3446 

(0.006) 

50 0.8196 

(0.007) 

0.9696 

(0.009) 

0.0516 

(0.003) 

0.3472 

(0.005) 
130 0.8135 

(0.005) 

0.9754 

(0.009) 

0.0513 

(0.003) 

0.3479 

(0.0034) 

350 0.8112 

(0.004) 

0.9836 

(0.008) 

0.0509 

(0.002) 

0.3483 

(0.003) 

500 0.8086 

(0.002) 

0.9873 

(0.0063) 

0.0503 

(0.0012) 

0.3491 

(0.002) 

1000 0.8013 

(0.001) 

0.9926 

(0.005) 

0.0501 

(0.0004) 

0.3497 

(0.0011) 

 𝛼=0.5 𝛽=1.2 𝛾 =0.1 𝜗 =0.75 

25 0.5197 

(0.007) 

1.1703 

(0.007) 

0.1097 

(0.005) 

0.7527 

(0.004) 

50 0.5146 

(0.006) 

1.1786 

(0.006) 

0.1056 

(0.004) 

0.7522 

(0.004) 
130 0.5126 

(0.005) 

1.1816 

(0.006) 

0.1023 

(0.0035) 

0.7518 

(0.003) 

350 0.5092 

(0.004) 

1.1883 

(0.0043) 

0.1015 

(0.0021) 

0.7512 

(0.003) 

500 0.5076 

(0.0025) 

1.1924 

(0.003) 

0.1008 

(0.0013) 

0.7509 

(0.002) 

1000 0.5010 

(0.001) 

1.1993 

(0.0021) 

0.1002 

(0.0005) 

0.7503 

(0.0006) 

 

 

5. Four right censored data applications 

The new modified B-N test for validation under the right censored data is applied for four real and right censored data 
sets. 

 

Data set I (survival data): 

 1, 1, 2,11, 14, 22, 22, 24, 25, 26, 28, 30* , 30* , 31* , 31* , 32, 33* , 33* , 34* , 35,35* ,35*, 36* , 37* , 39* , 40. (* 

indicates the censorship) (see John et al., (1997)). 

 

 

Data set II (acute myeloid leukemia data): 

 0.030, 0.493, 0.855, 1.184, 1.283, 1.480, 1.776, 2.138, 2.5, 2.763, 2.993, 3.224, 3.421, 4.178, 4 .441*, 5.691, 5.855* 

,6.941*, 6.941, 7.993*, 8.882, 8.882, 9.145*, 11.480, 11.513, 12.105*, 12.796, 12.993*, 13.849*, 16.612*, 17.138*, 

20.066, 20.329*, 22.368*, 26.776*, 28.717*, 28.717* ,32.928*, 33.783*, 34.211* , 34.770* , 39.539* , 41.118* , 
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45.033* , 46.053* , 46.941*, 48.289 ∗, 57.401*, 58.322*, 60.625* (see John et al., (1997)). 

 

Data set III (reliability data): 

 26.8* , 29.6* , 33.4* , 35*, 36.3, 40*, 41.7, 41.9*, 42.5*, 43.9, 49.9, 50.1, 50.8, 51.9, 52.1, 52.3, 52.3, 52.4, 52.6, 
52.7, 53.1, 53.6, 53.6, 53.9, 53.9, 54.1, 54.6, 54.8, 54.8, 55.1, 55.4, 55.9, 56, 56.1, 56.5, 56.9, 57.1, 57.1, 57.3, 57.7, 

57.8, 58.1, 58.9, 59, 59.1, 59.6, 60.4, 60.7 (see Crowder et al., (1991)). 

 

Data set IV (breast cancer data): 

 19, 25, 30, 34, 37, 46, 47, 51, 56, 57, 61, 66, 67, 74, 78, 86, 122* , 123* , 130* , 130*, 133* , 134* ,136* , 141* , 

143*, 148*, 151*, 152*, 153*, 154*,156* ,162* , 164* , 165* , 182* ,189* (see see John et al., (1997)). 

 

We will compare ERENH with the Rayleigh Nadarajah-Haghighi, the odd Lindley Nadarajah-Haghighi distribution 

(OLNH) (Yousof et al., (2017)), Proportional reversed hazard rate Nadarajah-Haghighi (PRHRNH), exponentiated 

Weibull Nadarajah-Haghighi, the Gamma Nadarajah-Haghighi (GaNH) (Ortega et al., (2015)), Marshall-Olkin 

Nadarajah-Haghighi (MONH) (Lemonte et al., (2016)), exponentiated Nadarajah-Haghighi (ENH) (Lemonte (2013)), 

beta Nadarajah-Haghighi (BNH ) (Dias et al., (2018)) and the standard Nadarajah-Haghighi distribution (Nadarajah 
and Haghighi (2011)). Other Nadarajah-Haghighi extension can be used in comparison such as: the odd Lindley 

Nadarajah- Haghighi distribution (Yousof and Korkmaz (2017)), the extended exponentiated Nadarajah-Haghighi 

model (2018), the Burr X Nadarajah Haghighi distribution (Elsayed and Yousof (2019)), the odd Nadarajah-Haghighi 

family (Nascimento et al. (2019)) and the generalized odd Log-logistic Nadarajah Haghighi distribution (Ibrahim 

(2019)). 

 

The first data set has reported survival data on 26 psychiatric inpatients admitted to the university of Iowa hospitals 

during the years 1935-1948. This sample is part of a larger study of psychiatric Inpatients discussed by Tsuang and 

Woolson (1977). Data for each patient consists of age, sex, number of years of follow-up (years from admission to 

death or censoring) and patient status at the follow-up time.  

 
The second data set consists of sample data from 50 patients with acute myeloid leukemia, reported to the International 

Register of Bone Marrow Transplants. These patients had an allogeneic bone marrow transplant where the 

Histocompatibility Leukocyte Antigen (HLA) homolog marrow was used to rebuild their immune systems.  

 

 

The third data set, we apply the results obtained from this study to real data established from reliability. In an 

experiment to obtain information on the strength of a certain type of braided cord after the weather, the forces of 48 

pieces of cord having resisted for a determined time were studied.  

 

Fourth data set consists of a study designed to determine if female breast cancer patients, originally classified as lymph 

node negative by standard light microscopy (SLM), could be more accurately classified by immunohistochemical (IH) 

examination of their lymph nodes with an anti-cytokeratin monoclonal antibody cocktail, identical sections of lymph 
nodes were sequentially examined by SLM and IH. The significance of this study is that 16% of patients with negative 

axillary lymph nodes, by standard pathological examination, develop recurrent disease within 10 years. Forty-five 

female breast-cancer patients with negative axillary lymph nodes and a minimum 10-year follow-up were selected 

from The Ohio State University Hospitals Cancer Registry. Of the 45 patients, 9 were immunoperoxidase positive, 

and the remaining 36 remained negative. This data represents times to death (in months) for breast cancer patients 

with different immunohistochemical responses.  

 

Table 2 gives the estimated parameters and values of Y² against 𝜒𝓀
2 | 𝜀 = 0.05 for the four data sets.  Then the critical 

values are 𝜒5
2 = 11.0705 for 𝓀=5, and 𝜒4

2 = 9,4877 for 𝓀=4. According to the results obtained in Table 2, these four 

data sets can be fitted by several distributions where 𝚈2 = 7.963 (for data set I), 8.146 (for data set II), 9.677 (for 

data set III) and 7.129 (for data set IV).  Table 3 gives the 𝚈2 values for all completive Nadarajah-Haghighi 

extensions. According to the results obtained in Table 3, the ERENH has the lowest value of the goodness-of-fit 

statistic 𝚈2 = 7.963 (for data set I), 8.146 (for data set II), 9.677 (for data set III) and 7.129 (for data set IV).  

 

 

 

 



Pak.j.stat.oper.res.  Vol.17  No. 4 2021 pp 1113-1121  DOI: http://dx.doi.org/10.18187/pjsor.v17i4.3899 
 

 
A Modified Chi-square Type Test for Distributional Validity with Applications to Right Censored Reliability and Medical Data 1119 

 

Table 2: The values of Y² for the four data sets. 

Parameters↓ & Data→ I II III IV 

𝛼 1.317 2.069 4.163 1.847 

𝛽 2.614 0.911 1.365 0.820 

𝛾 0.987 1.041 2.394 1.528 

𝜗 1.037 0.942 3.563 2.347 

𝓀 4 5 5 4 

𝚈2 7.963 8.146 9.677 7.129 

𝜒𝓀
2 | 𝜀 = 0.05 χ₄²=9,4877 χ₅²=11.0705 χ₅²=11.0705 χ₄²=9,4877 

Decision Accept 𝐻0 Accept 𝐻0 Accept 𝐻0 Accept 𝐻0 
Rank 2 3 4 1 

 

 

Table 3: 𝚈2 values for all competing models. 

𝐃𝐚𝐭𝐚 →  𝐈 𝐈𝐈 𝐈𝐈𝐈 𝐈𝐕 

Model↓ & 𝚈𝟐 → 𝚈2 𝚈2 𝚈2 𝚈2 

     

ERENH 7.963 8.176 9.677 7.129 

     

RENH 8.125 8.202 9.823 7.262 

     

RNH 8.335 8.347 9.691 8.168 

     

NH 8.264 8.211 9.762 7.341 

     

GaNH 8.468 8.568 10.12 7.412 

     

OLNH 8.033 8.219 9.730 7.621 

     

PRHRNH 8.535 8.861 9.831 7.736 

     
ENH 8.174 8.227 9.916 7.827 

     

BNH 8.966 8.778 9.991 8.236 

 

6. Conclusions 

A modified type statistic B-N goodness-of-fit test is investigated and applied for distributional validation under the 

right censored case. The new modified goodness-of-fit test is presented based on the B-N Chi-square goodness-of-fit 

test. The algorithm of the censored Barzilai-Borwein is employed via a comprehensive simulation study for assessing 

the new test. The modified B-N test is applied to four real and right censored data sets. A new distribution called 

exponentiated Rayleigh exponentiated Nadarajah-Haghighi distribution is compared with many other competitive 

Nadarajah-Haghighi extensions under the new modified B-N goodness-of-fit test statistic. The test can be used in 

validity studies of medical and reliability censored real data sets. 
 

As a future potential work, many bivariate versions of the ERENH model could be introduced and studied (see Al-

Babtain et al. (2020a,b), Elgohari and Yousof (2020a,b) and Shehata and Yousof (2021)). 
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