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Abstract

Calculating the matrix inverse is a key point in solving linear equation system, which involves complex
calculations, particularly when the matrix elements are LR (Left and Right) fuzzy numbers. In this paper, first,
the method of Kaur and Kumar for calculating the matrix inverse is reviewed, and its disadvantages are
discussed. Then, a new method is proposed to determine the inverse of LR fuzzy matrix based on linear
programming problem. It is demonstrated that the proposed method is capable of overcoming the shortcomings of
the previous matrix inverse. Numerical examples are utilized to verify the performance and applicability of the
proposed method.
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1. Introduction

Matrix is an important tool in mathematics that has many applications in engineering and economics such as fuzzy
linear regression (M. A. Basaran & Simonetti, 2021), soliton theory (Zhang, Gao, & Xu, 2020), estimating marine
survival (Pardo & Hutchings, 2020), and fuzzy singular differential equations (Najariyan & Zhao, 2020). If the
elements of a matrix are ambiguous, the matrix is fuzzy. In recent decade, fuzzy matrix has gained the attention of
many researchers (Khalili, Naseri, & Taghi-Nezhad, 2020; Nazari, Fathali, & Taghi-Nezhad, 2020; N. Taghi-
nezhad, Naseri, Khalili Goodarzi, & Taleshian Jelodar, 2015; N.A. Taghi-Nezhad, 2019; N. A. Taghi-Nezhad,
Moradi, & Karamali, 2021). Since, matrix division has not been defined, the concept of inverse matrix has been
introduced, and various methods have been proposed to solve fuzzy linear equations (Abbasi & Allahviranloo, 2021;
Allahviranloo & Babakordi, 2017; Fatemeh. Babakordi, 2020; Fatemeh Babakordi & Allahviranloo, 2021; F.
Babakordi, Allahviranloo, & Adabitabarfirozja, 2016; F. Babakordi & Firozja, 2020; F Babakordi & Taghi-Nezhad,
2019; Golbabai & Panjeh Ali Beik, 2015). One of these methods is the matrix inverse method. Therefore, study of
matrix inversion is of special importance.

When the matrix is singular and rectangle, one encounters generalized inverse matrix. Babakordi reviewed different
types of generalized inverse matrices, and investigated their structure in (fatemeh babakordi, 2021). Generalized
inverse matrix has also been studied in (Jianmiao Cen, 1999; J Cen, 2005). If a matrix is non-singular and square,
the matrix is said to be inversible. If a matrix is fuzzy, then its inverse matrix is also fuzzy.

Hashimoto (Hashimoto, 1984) used the Godel implication operator, and showed some properties of sub-inverses of
fuzzy matrices of the first class. In (Dehghan, Ghatee, & Hashemi, 2009), Dehghan et. al. pursued two ideas to
obtain the inverse of a fuzzy matrix: The first idea is called “scenario-based”, and the second one is named as
“arithmetic-based”. Recently, in (Farahani, Ebadi, & Jafari, 2021), the problem of calculating a fuzzy inverse matrix
was converted to a problem of solving a system of fuzzy polynomial equations, where a fuzzy system was
transformed to an equivalent system of crisp polynomial equations. The solution of the system of crisp polynomial
equations was calculated using Wu’s method, and a criterion was introduced for inevitability of a fuzzy matrix
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(FM). In addition, an algorithm was proposed to calculate the fuzzy inverse matrix. Petchimuthu & Kamaci
(Petchimuthu & Kamaci, 2020) investigated some of the basic operations and properties of the inverse fuzzy soft
matrices. Meenakshi (Meenakshi, 2019) studied fuzzy matrices, and assigned a chapter of her book to inverting
fuzzy matrices.

In this paper, In Section 2, basic definitions are presented, and the method of Kaur and Kumar is described. In
Section 3, the shortcomings and disadvantages of the Kaur and Kumar method are described. In Section 4, a new
method is proposed for calculating the matrix inverse using linear programming problem. The effectiveness and the
applicability of the proposed method are shown using numerical examples in Section 5. Finally, the conclusions are
given in Section 6.

1.1.  Literature review and problem statement

The paper (M. Basaran, 2012) presented the results of a research on calculation of LR fuzzy inverse matrix by
solving the system equation A ® X = I, where X = A=, But, there was an unresolved solution related to the sign of
the fuzzy matrix, since only positive LR fuzzy matrix was considered by Basaran in (M. Basaran, 2012). A way to
overcome this insufficiency could be the definition of LR fuzzy number, which stated that a fuzzy number is
positive, if its core is positive, and is negative, if its core is negative. This definition was used by Mosleh and Otadi
(Mosleh & Otadi, 2015) to obtain LR fuzzy inverse matrix for both positive and negative cases. Finally, Kaur and
Kumar (Kaur & Kumar, 2017) obtained the exact product inverse of fuzzy matrix by improving and modifying the
work of Mosleh and Otadi. However, there are still shortcomings in the previous methods. Two main conditions
which must be considered in the calculation of a fuzzy inverse matrix are: First, A ® A~* =T must hold, and,
second, the inverse matrix must be fuzzy as well. These conditions did not hold in the previous inversion methods.
All this suggests that it is advisable to conduct a study on calculation of LR fuzzy inverse matrix.

2. Basic Definitions
Definition 2.1 (Bose, 1995) A fuzzy number i is said to be a LR fuzzy number, if:

L(a;x) x<aa>0

B = R(x;a> x>a,B>0

Where a is the mean value of @i, a and 8 are left and right spreads, respectively, and the function L(.), which is

called left shape function, satisfies :

(1) L(x) = L(—x),

(2)L(0) =1,and L(1) =0,

(3) L(x) is non-increasing on [0, ).

The definition of a right shape function R(.) is usually similar to that of left shape function L(.).

The mean value, left and right spreads, and shape functions of a LR fuzzy number i are symbolically shown as @i =

(a,a, B).g, and for two LR fuzzy numbers & = (a, o, B),z and ¥ = (b, Y, 6) .z, there is:
U1@v=(@+ba+y,B+ 8.

(ab,ay + ba,ad + Bb)t, v = 0,
1RV = (ab,ba —ab,Bb —ay)i < 0,7 >0, @
(ab,ay + ba,ad + Bb) Oeil, 7 = 0,

Definition 2.2 (Dehghan et al., 2009) A n x n matrix systemdefined as below is called a fully fuzzy matrix system,
and denotedas A® X = B in compact form'

l[xll l by - biy
an1 Xn1 xnn En1 Enn

where4 = [a;;] and B = [b;;] are n x nknown fuzzy matrices, and X = [x;;]is a n x n unknown fuzzy matrix.

Deflnltlon 23 (J'anm'ao Cen, 1999) If dl] = (al],Yl], 811), 551] = (x]'k, a]k,ﬁ]k), and dl]®‘fl] = (mik, pik' cbik)’ then
we have:
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(Mik1, Pik1r Pik1) a;; = 0,a;; —v;; <0,
My P, bg) = (Mik2) Pik2s Dikz) a;; <0, a;; +8;; =0,
ter Ptker ¥tk (Mik3, Pik3s Diks) (aij»vij, 6ij) <0,
(Mikar Pikar Dika) (aij»vij, 6ij) = 0,

(Mik1, Pikrs Pik1) = (Qij Xk,
a;Xj — min{aijxjk + @i Bjie = VijXjk = VijBjkr QijXjie — QijAjge + 61X — ‘Sij“jk}'
max {aijxjk - aijajk - yi]-x]-k + Yijajk' ai]-x]-k + aijﬁ’jk + (Sijx]'k + Sl]ﬂ]k} - aijxjk});

(Mikz, Pikzs Pikz) = (QijXjk.
aijxjk - min{aijxjk + a,-j,Bjk - yijx]'k - )/ijngjk' al‘jx]'k — al‘jajk + 6ijxjk - 6ijajk}!
max{@;; X, — Qi — VijXjie + Vij Qe Qij Xy + @By + 815X + 81 Bjic} — @i xjpe ), (2)

(Mik3) Pis» Pirz) = (Qij X,
aijxjk — min{aijxjk + a,-]-,l?jk - Yijxjk - yl‘jﬁjk; aijxjk + aijﬂjk + é‘ijxjk + 61]:8]k}'
max{a;;Xjx — Ay & + 6ij%jk — 6ij e AijXjie — Qi — VijXik T Vij @} — @ijXji}),

(Mikar Pikar Pira) = (Qij Xk
@i X — M@ X = Qi@ = Vij Xk + Vij jpor QijXjae — Qij Qs + 61X — 61 ik
max{ayXj + aijBjx = YijXjk = VijBjk GijXj + QijBjk + 8ijXj + 61iBjid — e d)-

2.1. Kaur and Kumar Method

In the Kaur and Kumar method, first, each LR fuzzy number, which its core was one and its spreads were between
zero and one,was considered as LR fuzzy one number, and each LR fuzzy number, which its core was zero and its
spreads were between zero and one, was considered as LR fuzzy zero number. Then, by defining fuzzy identity
matrix and solving the linear equation system A ® X = I, the fuzzy inverse matrix was calculated. As a numerical
le, the fuzzy inverse matrix of A = [(10’4’4) (833)
example, y =122 433
(10,4,4) (8,3,3) %11 %12
[ (6,2,2) (4,3,3)] [3?21 3?22]
wherea =1, § =1.07, y =0, § = 1.25.
The solution was obtained as:

] was obtained by solving the following matrix system:

_[@en o)
©7.8) (Lap)

1= [(—0.5,0.5,0.11) (1,1,0.65)
(0.75,0.75,0.35) (—1.25,1.25,0..52)]
In the following, the shortcomings and drawbacks of the Kaur and Kumar method are explained.

3. Kaur and Kumar Method Limitations

It should be noted that as Kaur and Kumar used the definition of 5-7 in (Kaur & Kumar, 2017) for the identity
matrix, they had to consider both left and right spreads between zero and one for fuzzy zero and one numbers.
However, they solved an example, where @« =1, 8 = 1.07, and § = 1.25. That is, the spreads were equal to or
greater than one, which was contrary to the definition they had utilized for the identity matrix. If another definition
was applied for the identity matrix, they had to mention it clearly in their paper.

Theorem 3.1 Consider a fuzzy number @ = (a,y,8) and its inverse @~ * = (x, a, 8). According to the Kaur and
Kumar method proposed in (Kaur & Kumar, 2017), there must be @ ® a~* = (1, a,,8;) suchthat 0 < a;, 5; < 1,
whilst;

a)lf a = 0, then a — y < 0, and the fuzzy inverse matrix does not exist.

b)If a < 0, thena 4+ & = 0, and the fuzzy inverse matrix does not exist.

o)If (a,y,6) < 0, thenonly when x + 8 < 0 andy +a < 0 satisfying 0 < a < —~

, the matrix inverse exists.
a(y-a)
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d)If (a,y,8) =0, then only whenx —a > 0 anda — § > 0, satisfying0 < g < ( +§) the matrix inverse exists.
Proof: @~ must satisfy @ ® a=* = (1, ay, 5,), therefore, based on multiplication (2), four cases can occur:

a) a=20,a—y<0,
b) a<0,a+6=0,
c) (a,v,6)<0,
d (av,6)=0.

In the following, the theorem is proved based on the above cases.

a) a=0,a-—vy<0:Based on multiplication (2), the condition @ ® a~* = (1, a,, ;) can be considered as
follows:
a®a?t=(ax,ax
—min{ax + af —yx —yB,ax — aa + §x — Sa}, max{ax — aa — yx + ya,ax + aff + 6x
+0p}—ax}) = (L ay, By)

Therefore:
ax =1, )
ax —min{ax + af —yx —yB,ax —aa + 6x — Sa} = ay, @)
max{ax — aa — yx + ya,ax + af + 6x + 68} —ax} = B, 3)

It must be noticed that always a # 0, as a result, it can be achieved from (1) that:
1

X =-
a

On the other hand, using (2), the following two cases can occur:

minf{ax + af —yx —yB,ax —aa + 6x — Sa} =ax +af —yx —ypB
or

min{ax + af —yx —yB,ax — aa + §x — da} = ax — aa + 6x — Sa
If min{ax + af — yx —yB,ax — aa + 6x — Sa} = ax + af — yx — yB occurs, by substituting the minimum value
in (2), it can be obtained that:

~ap+Lyp=a
Now, in order to satisfy a; < 1, the following inequality must hold:

- 1

—aﬁ+g+yﬁ<1 = (ya )< ,[i’(y—a)=>ﬁ<—a
Since a > 0, no B can be found, where @ ® a~* = (1, a,,8;) and a; < 1. Hence, whena = 0 and a — y < 0 hold,
min{ax + af —yx —yB,ax —aa + §x — Sa} = ax + af — yx — ypB is not inversible.
Now, if the case min{ax + af — yx — yB,ax — aa + 6x — Sa} = ax — aa + 6x — Sa occurs, by substituting the
minimum value in (2), it can be achieved that:

aa——+6a—a1

However, for a; < 1, the following inequality must hold
aa——+6a<1 = (a+6)a<%5$a'<l

Since a < x, then ax — aa + §x — 6(1 cannot be determined as the minimum value. Thus, in this case, the fuzzy
inverse matrix does not exist.
It can be seen that since there is no « that satisfy (2), the fuzzy inverse matrix does not exist, and there is no need to
investigate (3).
b)a <0, a+ &= 0: Based on multiplication (2), the conditiond@ ® a~* = (1, a,, ;) is considered as follows:

a®at=(ax,

ax —min{ax + aff —yx —yf,ax —aa + éx — da},

max{ax —aa —yx +ya,ax + aff + 6x + 6} — ax}) = (1, ay, 1)
Consequently, we have:

ax —min{ax + aff —yx —yf,ax —aa + éx — da} = a;,

4)
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max{ax —aa —yx +ya,ax + af + 6x + 6} — ax} = B;. (5)

On the other hand, using (4), the following two cases can occur:
min{ax + af —yx —yB,ax —aa + §x — da} = ax + af —yx —yp
Or
min{ax + af —yx — yB,ax — aa + §x — 6a} = ax — aa + 6x — Sa
If the case min{ax + af —yx —yB,ax —aa + 6x — Sa} = ax + aff —yx —yB occurs, by substituting the
minimum value in (4),the following can be obtained:
—af +yx+yB=a
However, in order to satisfy a; < 1, there must be:
a— -1

—aﬁ+g+yﬁ<1 = (y—a)E<Ty=>ﬂ<7
Thus, in this case, the fuzzy inverse matrix does not exist, since if 8+ x < 0, then min{ax + aff — yx — yB,ax —
aa + 6x — fa} = ax —aa + 65x — Sa .
If the case min{ax + af —yx —yB,ax —aa + 6x — da} = ax —aa + 6x — Sa occurs, by substituting the
minimum value in (4), there is:

ac ——+6a=a,
a

However, for a; < 1, the following must hold:
1

1) a+d
aa—a+6a<1:(a+6)a<7=>a<a
Since 0 < x — a, the fuzzy inverse matrix does not exist in this case.

It can be seen that since there is no «a that satisfy (4), the fuzzy inverse matrix does not exist, and it is not required to
investigate (5).
c)(a,y,6) < 0: According to multiplication (2), the condition @ ® @~* = (1, a4, ;) can be considered as following
a®a?t=(ax,
ax —min{ax +aff —yx —yB,ax + af + éx + 63},
max{ax —aa + dx — Sa,ax — aax —yx + ya} —ax}) = (1, ay, 1),
Therefore:
ax —min{ax +af —yx —yB,ax+af +éx+ 5B} = o, ©)

max{ax —aa + dx — da,ax —aa —yx +ya} —ax} = f; (7

On the other hand, using (6), the following two cases can occur:
minfax + af —yx —yB,ax +aBf +Sx+ 6B} =ax +af —yx —ypB
Or
min{ax + af —yx —yB,ax +af + x + 6B} =ax + af + 6x + 6B
If the case min{ax + af —yx —yB,ax +af + 6x+ 6B} = ax + aBf —yx —yB occurs, by substituting the
minimum value in equation (6), it can be achieved that:
~af+L+vp=a
In order to have a; < 1, the following must hold:
a-— -1
—aptiiyp<t = g-ap<L = p<—
In this case, the fuzzy solution does not exist, since if 8 + x < 0, then min{ax + af —yx —yB,ax + af + x +
6B} =ax+aB +5x+5B .
If the case min{ax + aB —yx —yB,ax+af + 6x+ 6B} = ax + af +8x + 8B occurs, by substituting the
minimum value in (6), one can achieve:
—af—-6x—-38=a;
Since a; < 1, then:
1) a—vy
—aﬁ—a—aﬁ<1=>(y—a)ﬁ<7
On the other hand, as:
max{ax — aa + §x — da,ax — aa — yx + ya} = max{(a + §)(x — a), (x — a)(a — ¥)}
and
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@-7)<(@+6)==(a-y)(x—-a)> (a+8)x—a)
hence, in this case, there is always max{ax — aa + 6x — Sa, ax — aa — yx + ya} = ax — aa — yx + ya. By
substituting the maximum value in (7), one can see that:
—aa —yx +ya=pf;
For 5; < 1, the following must hold:

Y a+ Y a+ Y
—ax——+ya<lsay—-a)<—=a<———=
PR y—a " o —a)

For a +y < 0 satisfying the condition 0 < a < a?ytya), the fuzzy inverse matrix exists.

d)(a,y,8) = 0: The conditiona@ ® a=* = (1, ay, 5,) is considered as follows using multiplication (2):
a®at=(ax,
ax —min{ax —aa — yx + ya,ax — aa + 6x — da},
max{ax +af —yx—yB,ax + af + éx + 6B} —ax}) = (1, ay, f1).
Therefore:
ax —min{ax — aa —yx + ya,ax —aa + 6x — da} = a; ®)

max{ax + af —yx —yB,ax+aBf + 6x + 6B} —ax = B, 9)

Moreover, the following two cases can occur in this situation:
min{fax —aa —yx + ya,ax —aa + §x — fa} = ax —aa —yx + ya
or
min{fax —aa —yx + ya,ax — aa + §x — da} = ax —aa + 6x — Sa
If the case min{ax — aa — yx + ya,ax — aa + 6x — Sa} = ax — aa — yx + ya occurs, by substituting the
minimum value in (8), there is:
ac +yx —ya = aq
In order to have a; < 1, the following inequality must hold:

a—
aa+z—ya<1:(a—y)a<—y:a<—
a a a

Therefore, for0 < a < % the fuzzy inverse matrix exists.

If the case min{ax — aa —yx + ya, ax — aa + §x — Sa} = ax — aa + 6x — Sa occurs, by substituting the
minimum value in (8), there is:

aex —0x + da =a,
To have a; < 1, there mut be:

1) a+6 1
aa—a+6a<1=(a+6)a<7=a<a

In this case, the problem does not have a fuzzy solution.
On the other hand, the following two cases can occur for the maximum conditions:
max{ax +af —yx—yB,ax+aB +Sx+ 8B} =ax+af —yx—vyB
or
max{ax + af —yx —yB,ax + af + §x + 6B} = ax + af + 6x + 68

However, since:
max{ax + af —yx —yB,ax + af + 6x + 68} = max{(a —y)(x + B), (a + &) (x + B)}

and

a—y<a+é‘g(a—y)(x+ﬁ)<(a+5)(x+,[>’)

as a result, we have:

max{ax +af —yx —yB,ax +af + 8x + 5B} =ax + af + 6x + 6B

Calculating Fuzzy Inverse Matrix Using Linear Programming Problem: An Improved Approach 988



Pak.j.stat.oper.res. VVol.17 No. 4 2021 pp 983-996
DOI: http://dx.doi.org/10.18187/pjsor.v17i4.3767

By substituting the maximum value in (9), it is obtained that:
af +6éx+ 6 =p;
Since B; < 1 holds, thus:

+6+6 <1=(a+6) <a_6=> <290
ap B a+38)p B (a1 9)
Therefore, only for a > § satisfying the condition 0 < 8 <— the fuzzy inverse matrix exists.

4. Proposed Method

In this section, using linear programming problem, a method is proposed to calculate the inverse of a LR fuzzy
matrix that overcomes the aforementioned shortcomings.

Definition 4.1 A fuzzy zero number is defined as a number that its core is zero, and its spreads are hon-negative real
numbers, and is denoted by 0 = (0, a, B).

Definition 4.2 A fuzzy one number is defined as a number that its core is one, and its spreads are non-negative real
numbers, and is denoted by 1 = (1, o, B).

Definition 4.3 A n x n fuzzy matrix is called fuzzy identity matrix, and is denoted by 7, when its main diagonal is
1;; = (1, 44, m;), and its non-diagonal elements are 0;; (0 6”,19”), 0<i,j<n

For calculating the fuzzy inverse matrix, by assumlng a; = [(aij,vij» 6;5)] and % = [(X, @i, Bjr)]» the fuzzy
system A ® X = I is considered as follows:

[(a11:y'11:511) (a1n:Y}n:61n)l[(xn»an'ﬁn) (x1n,a}n’61n)l

(anli Yn1 Snl) (ann: Ynn, 6nn)

(xnli An1, Bnl) (xnnann’ Bnn) (4)
[(1:/111:7711) = (0, 1n' 1n)l
. . o o (0: enliﬂnl) (11 lnn' nnn)
Using matrix multiplication definition leads to:
[ (a11,Y11,811) (011, g4, B1g) + + (@1n Y1 810) (X1, Qn1, Bna) (@11, Y11, 811) (K1ny Qs Brn) + + (a1 Y1n 810) (FnnOnns Brn) }
(n1, Yn1, On1) (o117, @41, B11) + + (@nns Ynn Onn) ((n1, 001, Br) (@1, Y1 8n1) (i, Qs Bin) + + (@ Yanr Onn) nnnn Bun)
5
[(1: Ama) o (0, eln'ﬁln)l ©)
(0: gnllﬁnl) (1' Ann' nnn)

Different cases can happen according to the sign of a;;:
1. Ifforeachiandj, (a;,v;j,8;) = O:
Using the summation (1) and multiplication (2) definitions, and assuming:
Zdij@?cij:_min{aijxjk_aija'jk_Vijxjk+Vijajk:aijxjk_aijajk+6ijxjk_6ijajk}

!
z Aijx; =max{a; X jk+aijBjk=YijXjk=VijPBjiQijXjict aijBji+8ijx jic+6ijBji}

and by balancing both sides of (5), it is suggested that the following linear programming problem to be solved in
order to determine the matrix inverse:

n n n
min E Zg o wge
Z Z Gik@%)e  Aipg (6)

i=1j=1k
s.t.
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aikxkj=1 i=j

=
:nM:
[y

aikxkao l:,t]

&
-

n

Qi Xkj + Z Zdik@)?kj = AU
k=1
n

! —
Z ikez,; § Qi Xj = Nij
k=1
— QX T Qi Qe T Vi Xk ~ Vij Xk

Zdik@)?kj > —a,-]-xjk + aijajk - 6ijx]'k + Sijajk

DI

T
AV

Zdik@:?kj

Z'aikmkj 2 ;X + 4Bk = VijXjx = VijBjk
Z g, = Uik T Qi+ 8+ 8B
g, By AijpMij = 0
2. If for each i andj, (aij,yij,Sij) <0:
Assuming that
VA .
di}'®?cij:_mm{aijxjk +8; B — Vi Xk — Vi B @ X + 8 B + 05 X+ By

VA
dij@:?ij:max{aijxjk &0 +5ijxjk _5ijajk’aijxjk — ;A — Vi X +7/ijajk}

the following linear programming problem must be solved to achieve the matrix inverse:
n

3
3

k=1
n n
Z e Xpej + Z Zapr,; — M
=1 =1 (7
n n
! J—
k=1 k=1
Zaer,; > —a; X, _aijﬁjk +7ii X +7/ijﬂjk
ner,; = % Xk _aijﬂjk _5ijxjk _5ijﬂ

> 8 Xy =80 +0yXy — 0y,
Zanen, = %Xk & F e ~ViXj tT %
g, Bjks AijpMij = 0

> 0, then:

3. Ifforeachiandj, a;; <0, a;; +6;; =
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Z .
aij®%ij:_m|n{aijxjk +aij18jk — Vi Xk _7ijﬂjk’aijxjk — ;A +5ijxjk _5ijajk}

A
dijer;;= maX{ainjk ;A — i K TV X @4 X +aij:8jk +5ijxjk +5ijﬁjk}

In order to obtain the matrix inverse, the following linear programming problem must be solved:
n n

n

min Zgy on -
Z Z Z Gik@%yj Ay
i=1 j=1k=

1
s.t.

aikxkal l=]

=T

aikxkao l:,t]

=
1l

1

n
Qi Xkj + Z Zdik@fkj = AU
k=1
n

NgE

=1 ©)
n
Z Zldik@?ckj - Z Qi Xpej = Mij
k=1 k=1
Zaer,; = —a; X, _aijﬁjk +7ii X +7/ijﬂjk
Zangmy 2 A Xj T — O Xj + 5y
Z aygm,; Z B Xj ~ A~ X TV
Zangny Z Xk + 3y By Oy X+ 6B
e, Bjter AijrMij = 0
4. If foreachiandj,a;; =0, a;; —y;; <O:
Considering
Z .
dij@:?ij:_mm{aijxjk +aijﬂjk —7iXjk _yijﬁjk’aijxjk — +5ijxjk _é}jajk}
Zl
aijgx;;= maX{aij Xy =iy + 5ij Xj = 5ijajk » & X — QA — Vi Xy 7/ijajk}
the following linear programming problem must be solved to find the inverse matrix:
n n n
mn Z Z Z Zdlk@x a %
periyrire] kj 1k®xkj
s.t
n
Z Qi Xgj = 1 =]
k=1
n
aik xk]' = 0 i i]
k=1
)

n
Qi Xpj + E Zdik@)?kl- = A
k=1

N

n
! —
z dikes, § ik Xij = Nij
1

k=1
— QX QP 7 Xk +7ijﬂjk

v

Zaik®3?k}-
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Zangny 2 ~ i Xjk T 85 — Gy Xy + 050

!

? augry Z B Xj ~ 8% 0y X — Gy

!

Zages,, = %Xj T A T Vi T Y%k
s Bjkr AijpMij = 0

5.If for some i and j, (a;;,v;;,8;;) = 0, and for some other i and j,(a;;,vyj,8;;) < 0, if for some i and j, a;; <
0,a;; + 6;; = 0 and for some other i and j, a;; = 0, a;; — y;; < 0, assuming that:

e
Laijg,j=—min{ayx K —aij@ji=V X jk+Vij@jio Q% ji= A&V X jr+Y i i
Zy

aii@%if_mln{aijxjk +aijﬁjk —7ii Xjk _yijﬁjk’aijxjk +aij18jk +5ijxjk +§ij18jk}

73 .
dij@féij=_m|n{aijxjk +aijﬂjk —7ii X _yijﬂjk’aijxjk — ;A +5ijxjk _5ijajk}
Z )

di}'@:?ij:_mm{aijxjk +aijﬁjk —7iXjk _yijﬁjk’aijxjk — +5ijxjk _é}jajk}

!

1aijz; =max{aijxji+aiiBjk=VijXji=VijBjio@ijX jk+ ijBji+8ij% ji+8ijBji}

)
dijgx;;= maX{ainjk 0 +5ijxjk _5ijajk1aijxjk — ;A — Vi X +7/ijajk}

!

Z3
aijex; = maX{ainjk ;A — Vi K TV X @4 X +aij:Bjk +5ijxjk +5ijﬂjk}

!

Zy
aijgx;= max{aijxjk 0 +5ijxjk _5ijajk1aijxjk — ;A — Vi Xk +7/ijajk}

the following linear programming problem is just required to be solved in order to find the matrix inverse:
n n

min Z Z Z Zdik@%kj”'ﬁikmkj

i=1 j=1k=1
s.t.

3

aikxkal l:]

&
:uM:
fuy

aikxk]':() li]
=1

Z - + Zy +
Z RIS Z 2aikewy;
A =0

k=0 djg<

=

n

z Qg Xgj +
=1

=
k

Z3 - + Z3 -
3dinery; iy, ]

aik<0,aik+6ik20 aikZO,aik+(§ik<O
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n

z laigr,; + Z 2aikgwy, + 3aikewy; + kg ik Xiej = Tij
aik20 aix<0 i, <0,aik+6;}20 ai20,aik+6;x<0 k=1
ik ik ik<U,Qijx+Oik ik=0,aikTOik
s, 2~ X + Qg + VijXje — VijQk
J
Zldik@)?kj > —ai]-x]-k + ai]-ajk - Sijx]'k + (Sijajk
(10)
szikmkj = — ;X _aijﬁjk +7ii Xjk +7/ijﬁjk
szik@?kj = au Xjk au ﬁjk 5Ij Xjk 5ljﬁ
Z3dik®:?kj = au Xjk aljﬂjk + yleJk + 7/Ijﬁjk
Z3aik®,~ckj > — ;X T8, 5.JX,k +5,JocJk
Z4dik®5ckj = au Xjk alj ﬁjk + ylj Xjk + 7/|j ﬁjk
Zaayany Z i Xik T8 O Xy + 0y
!
Z1dik®2kj = ;X + ;i Bk — VijXjx — VijBjx
!
Z1dik®2kj 2 a;jXj + ;B + 8ij X + 61 Bji
!
Laygn,; = B X — By + O Xy — G
!
ZZdik@’?kj = aIJXjk a‘ljajk yljxjk +7/|jajk
!
Z3dik®56kj = aIJXjk aljajk yljxjk +]/Ijajk
!
230 0m = ARk +aijﬂjk +5ijxjk +5ijﬂjk
®X j
4 -_ . . - - -_ . .
Zaayam,, = %Kik T &k 0y X — 0y
4 -_ . . - . . . .
Z4dik®7fkj = ainjk aljajk yljxjk +7/|jajk

Ak, Bjk, AijsMij = 0

Theorem 4.1 Let 4 = [(a;;,v,6:))], and X = [(x;j, aij, B;j)]- The fuzzy matrix A is invertible, and its inverse is as
At =X, when for A = [a;;], we have |A| # 0, and the linear programming problemA ® X =T has a feasible

solution.
Proof. If |A| # 0, then A is invertible, and when the linear programming problem A ® X = I has a feasible solution,
then the positive a;; and f3;; are obtained by solving the linear programming problem.

5. Numerical Examples
In this section, two numerical examples are presented through which the performance and effectiveness of the
proposed method are verified.

Example 5.1 To calculate the inverse of the fuzzy number (5,10,20), the following equation is considered:
(5!10!20) ® (xlv a]_! ﬁl) = (11 Q, B)'

By solving the following linear programming problem:
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MinW =2z, +z,

s.t.

5x, =1,
5x,+2z, =a,
z, —5x; =B,

z, = 5x, — 504,

7z, = —25x, + 25,4,
z, = —5x; + 54,
z, = 25x; + 250,
apB,a,f =0

it can be achieved that:

That is:
a1 =(0.2,00)

and
a®a!=(51020) ® (0.2,0,0) = (1,2,4).

The above example shows that the proposed method doesn't have the shortcomings of the Kaur and Kumar method.

. . A 1,1 ,2,2 . .
Example 5.2 To determine the inverse of the matrix A = [Ei 2 2; Eg 1 1;] the following system is formulated:
611D (6:2:2)] (x11, @11, B11) (x12»a12'.812)] _ [(1’ ay,B1)  (0,v1,61)
(4.22) (7, 1,D)11(x31, @21, B21) (X232, A22, Ba2) (0,v2,62) (1, az,B;)

Since Vi,j a;; > 0, using (6), we have:
X1, = 0.636, x;, = —0.545,x,,; = —0.364,x,, = 0.455,
Ay = Qi = Apq = Uy = P11 = P12 = Po1 =Poz =0,
Ay = U = Qpq = Qpp = Py = P12 = Po1 = P22 =0,
Therefore:
- - 51,1 6,2,2
AQ AT = E4,2,2§ 57,1,13]
Namely, A A~ =1.

(0.636,0,0) (—0.545,0,0)]_[(1,1.364,1.364) (0,1.455,1.455)

(—0..364,0,0) (0.455,0,0) ] ~ 1(0,1.636,1.636) (1,1.545,1.545)

6. Conclusion

In this paper, first, the Kaur and Kumar method in the field of fuzzy inverse matrix is shortly reviewed, and its
disadvantages are studied. Then, a new method is proposed for calculating the fuzzy inverse matrix using the linear
programming problem.

One of the advantages of the proposed method is that the inverse of a fuzzy matrix can be obtained by solving a
minimization problem. The other advantage is that the fuzzy inverse matrix, if it exists, is also fuzzy, and for each
fuzzy matrix 4, itisalways A @ A= = 1.

6.1. Discussion of Experimental Results

In this paper, fuzzy inverse matrix calculation is discussed. There are two important principles in the definition of
the fuzzy inverse matrix;

1) The multiplication of a fuzzy matrix by its inverse matrix should always be a fuzzy identical matrix,

and

2) The inverse of a fuzzy matrix should always be a fuzzy matrix as well.
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In this paper, it is shown that these two basic conditions are not satisfied in the matrix inversion methods proposed
so far. Therefore, in the current study, an effective method is presented for fuzzy inverse matrix calculation
considering these two conditions.

One of the limitations of the proposed method is that the suggested fuzzy zero and one numbers are defined in such
a way so that they include a large set of fuzzy numbers. In the future studies, we will try to modify these definitions
so that fuzzy zero and one spreads be more limited, and thus, we can have an identical matrix with less ambiguity.
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