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Abstract

Chen’s model with bathtub shape provides an appropriate conceptual for the hazard rate of various industrial products
and clinical cases. This article deals with the problem of estimating the model parameters, reliability and hazard func-
tions of a three-parameter Chen distribution based on progressively Type-II censored sample. Based on the normality
approximation to the asymptotic distribution of the maximum likelihood estimates and log-transformed maximum
likelihood estimates, the approximate confidence intervals for the unknown parameters, and any function of them,
are constructed. Using independent gamma conjugate priors, the Bayes estimators of the unknown parameters and
reliability characteristics are derived under different versions of a symmetric squared error loss functions. However,
the Bayes estimators are obtained in a complex form, we have been used Metropolis-Hastings sampler procedure to
carry out the Bayes estimates and also to construct the corresponding credible intervals. To assess the performance of
the proposed estimators, numerical results using Monte Carlo simulation study are reported. To determine the opti-
mum censoring scheme among different competing censoring plans, some optimality criteria have been considered. A
practical example using real-life data set, representing the survival times of head and neck cancer patients, is discussed
to demonstrate how the applicability of the proposed methods in real phenomenon.

Key Words: Bayes estimator; Exponentiated Chen distribution; Maximum likelihood estimator; Metropolis-Hastings
sampler; Optimum censoring scheme; Type-II progressive censoring.
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1. Introduction

Chen (2000) proposed a two-parameter lifetime distribution with bathtub shape or increasing hazard rate function,
denoted by CD(3, A), where 8 and A are unknown shape parameters. The Chen’s family of distributions become
increasing and bathtub shape failure rate depending on whether 5 > 0 or 5 < 0. Comparing CD with other Weibull
extended models, the CD has good useful statistical and reliability properties, see Chen (2000). Although the CD has
flexibility in fitting a wide range of various data sets, but it is not flexible enough because it does not include a scale
parameter. For this reason, Chaubey and Zhang (2015) proposed a new three-parameter generalized (exponentiated)
Chen distribution (GCD) to provide a more flexible Chen’s model. The lifetime random variable X ~ GCD(a, 8, A)
has a three-parameter GCD with scale parameter A\ and shape parameters « and S, if its probability density function
(PDF), f(-), cumulative distribution function (CDF), F(+), reliability function (RF), R(-), and hazard rate function
(HRF), h(-), at distinct mission time ¢, are given, respectively, by
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Putting o = 1 in (1), the CD is obtained as a special case. Chaubey and Zhang (2015) discussed the behavior of
the density shape of GCD when A = 1. The PDF (1) is decreasing density when (o < 1,8 < 1), it is unimodal
density when (o > 1,5 > 1) and it is unimodal or decreasing density when (o < 1,5 > 1) and (o > 1,5 < 1).
Further, the HRF (4) of GCD is increasing shape when (e > 1,8 > 1), it is bathtub shape when (oo < 1,8 < 1),
and it is increasing or bathtub shape when (v < 1,8 > 1) and (o > 1,8 < 1). Depending on the range of the
parameters «, 8 and )\, different shapes of the PDFs and HRFs of the GCD are shown in Figure 1. It shows that
the density of the GCD is a right skewed distribution. The HRF plots allows for increasing, decreasing, and bathtub
shaped hazard rates. Moreover, the different shapes for PDFs and HRFs of the GCD shows that this distribution is
quite flexible for modeling lifetime data. Estimating the unknown parameters and reliability characteristics of the
GCD under uncensored data has been discussed by Dey et al. (2017).
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Figure 1: The PDFs and HRFs of the GCD for some specified values.

In reliability studies, experimenters wish to balance between number of test units, total time spent and efficiency
of statistical procedures. However, Type-II progressively censoring scheme (PCS-TII) is one of the most popular
mechanisms of collecting data in lifetime analysis and it is carried out as follows: Suppose n units are placed on a
test at time zero with censoring scheme R = (R, Ra, ..., R,,) and the experimenter decides beforehand the quantity
m which is the number of units are going to be observed as a failure. At the time of the first failure observed (say
xft ), Ry of the remaining n — 1 surviving units are randomly removed out of the experiment. Continuing on, at
the time of the second failure, (say &, ), Ry of the remaining n — Ry — 1 surviving units are randomly withdrawn
out of the experiment and so on. This experiment stops at m — th failure, (say X ), is observed and remaining

surviving units R,,, where R,, = n —m — ZZ’;I R;, are all removed from life-test. The stages of PCS-TII is

depicted in Figure 2. Thus, for a given PCS, (n, m, R1, ..., R,,), one observes the failure times in an ordered manner
R R R
A Tl < Toien < 0 < T
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Figure 2: Schematic illustration of the PCS-TII.
In this case, the likelihood function of PCS-TII is defined as
L(O]x)=C T f (28,.,:0) [1 - F («F,..:0)]", )
i=1

where C = n(n — Ry —1)...(n — Zgl (R; + 1)) and © is parameter vector. An excellent book provided by
Balakrishnan and Cramer (2014) is recommended for any further details.

Several researchers have done extensive work on statistical inference of the unknown parameters and/or the reliability
characteristics of the two-parameter Chen lifetime model, for example see, Wu (2008), Sarhan et al. (2012), Rastogi
etal. (2012), Ahmed (2014), Sarhan and Apaloo (2015), Seo et al. (2017). Although quite a bit of work has been done
on the progressively censored Chen distribution but we have not come across any work on the generalized Chen model
under progressively censored data, that is our best knowledge.

In this paper, our main purpose is to derive the maximum likelihood estimators (MLEs) and Bayes estimators (BEs)
with associated confidence intervals (CIs) of the three unknown parameters, as well as some reliability lifetime pa-
rameters such as RF and HRF, of the GCD under PCS-TII. Independent conjugate gamma priors of the unknown pa-
rameters are considered to develop the BEs relative to squared-error loss (SEL), weighted squared-error loss (WSEL),
squared-log-error loss (SLEL) and modified (quadratic) squared-error loss (MSEL) functions. Using observed Fisher
information matrix, two different scenarios are provided for constructing the approximate confidence intervals (ACIs)
for any function of the unknown parameters. Markov chain Monte Carlo (MCMC) approximation method has been
implemented to generate samples from the joint posterior density function in order to approximate the BEs and also to
obtain the Bayes credible intervals (BCIs) and highest posterior density (HPD) credible intervals. Various optimality
criteria are considered to determine the optimal progressively sampling plan. Extensive numerical comparisons have
been made to compare the performance of the classical and Bayesian estimates. Finally, one real-life data set is an-
alyzed to illustrate our proposed estimators. The rest of the article is organized as follows: Maximum likelihood and
Bayesian inferential procedures of the unknown parameters and the reliability characteristics are discussed in Sections
2 and 3, respectively. The ACIs for the parameters, reliability and hazard rate functions are given in Section 4. Monte
Carlo simulation results are presented in Section 5. In Section 6, optimal censoring plans are investigated. Section 7
deals with analysis of real data set and investigate an optimal censoring scheme. Finally, some concluding remarks are
provided in Section 8.

2. Maximum likelihood estimation

In this section the MLEs of the model parameters «, /5 and A as well as the reliability characteristics R(t) and h(t)
will be obtained based on progressively Type-II censored data. Suppose that n independent units are taken from a
population are placed on a test with the corresponding lifetimes being identically distributed having PDF and CDF

as defined in (1) and (2), respectively. For more convenience, we’ll use x; instead of zf  fori = 1,2,....m
in henceforward. Let z;, i = 1,2,...,m, (1 < m < n) be a Type-II progressive censored data obtained from

GCD(a, 8, \) with pre-fixed censoring scheme R;, ¢ = 1,2, ..., m. Substituting (1) and (2) into (5), the proportional
likelihood function (5) can be written as
L(O]%) oc (aBN)™ IL a7 exp(a] + 1 (wis B, 0)) (1= exp (¥ (wis 8, )™

x [1— (1 —exp (¢ (235 8, 1),

i=E

(6)

Bayesian Life Analysis of the Generalized Chen’s Population Under Progressive Censoring 677



Pak j.stat.oper.res. Vol.18 No. 3 2022 pp 675-702 DOI: http://dx.doi.org/10.18187/pjsor.v18i3.3766

where © = (o, 3,A\)T is parameter vector and ¥ (z;; 3,A) = A(1 — exp(x} 7)), i = 1,2,...,m. Using binomial
expansion series (1 — (1 —a)?)¢ =>7_ (=1)7(£)(1 — )™, equation (6) is equlvalent to

L(O]x) x (aﬁx\)m exp (ZZ (x;@ +¢(mi;5,/\)))

(7
m B 1 _ . a(t4+1)—1
X 71_[1 g QT 1 eXp (’l/) (mquA))) ’

where Q. = (—1)7 (Ri), i=1,2,...,m. The corresponding log-likelihood function ¢(-) o log L(-) of the unknown

.
parameters «, 8 and A, can be obtained from (7) as

£(0]x) x mlog (aBA) + (B — 1) Z log(z1) + Zm o+ Zzl .
* 211 <log (Zf_o Q- (1 —exp (¢ (x;; 8, )\)))a(fﬂ)—l))

Differentiating (8) with respect to «, 5 and A, we get their likelihood equations, respectively, as

®)

)
da a = S Qr (1= exp (1 (a3 8, 0)) "D

)

m R; e —ex T a(t+1)—1 o —ex T
o _m (zT_OQm +1) (1~ exp (1 (225, 1)) log (1 — exp (4 ( Z,ﬁ,m))

55—+ g+ Y (of Y tog () + X 0 o)
y <Zf;o Qr (a(7T+1) = 1) (1 —exp (¥ (w8, 0))" "V exp (v (w38, 1)) ¥ (i3 B, A))
= S Qr (1= exp () (i3 B, 0)) TV

and
or mo
EN % + Zi:l Py (zi; 8, A)
X (Zﬁo Qr (a(r+1) = 1) (1~ exp (¥ (ais B, V)TV exp (4 (23 8,1)) v (xi;/s,A)> "’
= Zf;o Q'r (1 — eXp (’(/J ({yi;ﬂ7)\)>)a(7+1)*1 ;

where zp; (+) is the first- partial derivative with respect to the unknown parameter ¢ such as

V(w3 B, ) = —Aexp(z; Na Blog( ;) and ¥4 (x5 8, \) =1 — exp(z /3) for i=1,2,...,m

From the expressions in (9), it is clear that we have a system of three nonlinear equations that must be solved simulta-
neously to obtain the MLEs &, [3 and )\ of a, B and ), respectively. Consequently, a closed form solution of &, 6 and
\ do not exist and cannot be computed analytically. Therefore, for any given data set, one of the most useful iterative
procedures called Newton-Raphson method can be used to solve these equations in order to obtain the desired MLE
of any function of the unknown model parameters. Furthermore, once the estimates of &, B and \ obtained, using
invariance property of MLE, then the MLEs R(t) and h(t) of R(t) and h(t) as in (3) and (4) for given mission time ¢,
respectively, can be easily derived by replacing «, 3 and A by their MLEs &, B and ), respectively.

Remark: Many several works have been extended and may be obtained as a special cases from the our results, such
as:

» Setting o = 1; we extend the results of Wu (2008), Rastogi et al. (2012), Ahmed (2014), Sarhan and Apaloo
(2015) and Seo et al. (2017) in the case of progressive Type-II censoring.

e Settinga=1land R; =0, 1 =1,2,...,m — 1; we extend the results of Sarhan and Apaloo (2015) in the case
of Type-II censoring.

e Settinga=1and R; =0, i = 1,2,..., m; we extend the results of Sarhan et al. (2012) in the case of complete
sampling.
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3. Bayesian estimation

In this section, the BEs of «, 3, A, R(¢) and h(t) of will be developed under PCS-TII data against the SEL, WSEL,
SLEL and MSEL functions.

3.1. Loss functions

In Bayesian paradigm of estimation, a suitable loss function has to be chosen to achieve the best estimate. The
loss incurred can be measured by taking an estimator 6 of the unknown parameter 6. However, there is no specific
way in the estimation process to determine which loss function is the best to use. Practically, authors usually use a
symmetrical loss functions for their convenience. Further, it is not appropriate to consider a symmetric loss function
indiscriminately if the losses are asymmetrical. However, a loss function called symmetric loss function, if the amount
of loss assigned by a loss function to positive error is equal to negative error of the same magnitude. The most common
loss function for estimation problems and mathematically easiest to work is the SEL function (denoted by ls(d, ) ),
see Martz and Waller (1982), is defined as

15(6,0) = (6 — 8)2. (10)

Using (10), the BE os (say) of any function of the unknown parameters d(a, 8, \) (say), is given by
bs = E5[8]%] :/ §-m(d|x)ds, § € A.
A

Brown (1968) proposed a loss function for parameter estimation called the SLEL function (denoted by [, (0, 5)), is
defined as

11.(8,6) = (log(6/6))* = (log(6) — log(4))*. (11)

The SLEL function is balanced loss function in the sense that I, (9, 5) — oo as & — 0 or co. Further, the SLEL
function is convex for (6/6) < e and concave for otherwise, also its posterior risk has unique minimum with respect
to 6. Using (11), the BE ¢, (say) of any function of the unknown parameters §(«, 3, A) (say), is given by

o1 = exp (E; [log (8)] x])

It should be noted that the symmetrical loss function assigns equal losses to overestimation and underestimation,
hence, it is often used because it does not lead to extensive numerical computation. Rodrigues and Zellner (1994)
introduced the WSEL function, and used it to estimating the exponential mean time to failure. The WSEL function
(denoted by Iy (9, 9)), is defined as

Il (8,0) =671(6 —0)% (12)

Using (12), the BE Sw (say) of any function of the unknown parameters J(c, 3, A) (say), is given by

Sw = (B[54 x]) .

The exponentially weighted minimum expected loss function is given by

1(6,6) = 62" %7 (6 — )% (13)

Setting ¢ = 0 in (13), the exponentially weighted minimum expected loss function reduced to minimum expected loss
function (denoted by 15/ (4, 0)), which is first considered by Tummala and Sathe (1978), is defined as

1 (8,0) = (1 —(5/6))% (14)

This loss function(14) has been referred as MSEL in many works in literaturee. Using (12), the BE om (say) of any
function of the unknown parameters d(c, 3, A) (say) is given by

Ul

provided the above exception exists, and it is finite.
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3.2. Bayes procedure

Here, we obtain BEs of the unknown parameters «, 8 and \ as well as survival time parameters R(¢) and h(t) against
the SEL, WSEL, SLEL and MSEL functions. We assume that «, 5 and A are stochastically independent distributed as
a conjugate gamma priori with G, (a1, b1), Gg(az, b2) and G (as, bs), respectively. Hence, the joint prior distribution
density of «, 8 and \ up to proportional becomes

7 (e, B, A) o/“71,8‘1271/\‘137167(“0‘*1’2&%3)‘),oz,ﬂ,)\ >0,a;,b; >0,1=1,2,3, (15)

where all the hyper-parameters a; and b; for ¢ = 1,2, 3, are assumed to be known and non-negative. Combining (7)
and (15), the joint posterior distribution of o, 8 and A can be written as

™ (0] x) oc amtarigmraaiymtalexp (— [bia + B (¢ (z:: 8)) + X (€ (213 8))])

m a . A a(t+1)—1 (16)
x iglgoczf (1= exp (¢ (23 8,1))) :

where £ is the normalizing constant is given by « = [ [ [° 7 (6] x) dadBd,

EiB)=bs— Y (1—exp(a))), i=1,2,...,m,

and

CleiB)=bo— > (Bl +1log(a:)), i =1,2,....m.

From (16) it can be seen that the ratio of multiple integrals given in (16) cannot be obtained in a closed mathematical
expression, this is due to the complex form of the likelihood function given in (7). Thus, the BEs cannot be obtained
in closed-form but can by calculated numerically. For this reason, we propose to use MCMC integration method to
generate samples from the joint posterior density function (16) and use them to compute the BE of «, 8, A, R(t) and
h(t), as well as, to construct the associated BCIs and HPD credible intervals. To implement the MCMC methodology,
from (16), the full conditional posterior distributions of the unknown parameters «, S and A\ can be written up to
proportionality, respectively, as

R;
m (0] B, A, %) o™ e 1137 Q: (10— exp (4 (i 8,0))) T, (17)
=hr=0
m R
™ (Bl A, x) oc B exp (= [B (¢ (2. 8)) + M€ (i B))) I D~ Qe (1= exp (¥ (s 5, 0))" TV,
T_O (18)
and
m i
s (A0 B,) o A% exp (A (€ (s ) I 3, Qe (1 —exp (8 o B AT (19
= =0

Since, the conditional posterior distributions (17), (18) and (19) of «, 8 and ), respectively, cannot be reduced analyt-
ically to well-known distributions, then the use of Metropolis-Hastings (M-H) sampler is required for the implemen-
tations of MCMC methodology. The M-H technique is the most commonly-used of MCMC techniques to generate
samples from posterior distribution. Using normal distribution as a proposal distribution of the conditional posterior
distributions, the M-H algorithm can be used to generate random samples from (17), (18) and (19) and in turn to
obtain the BEs and corresponding BCIs and HPD credible intervals. To carried out the M-H algorithm procedure, do
following steps for sample generation process:

Step 1: Start with initial guess a(?), 3(°) and A(©).

Step 2: Setj =1
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Step 3: Run the M-H algorithm with normal proposal distributions, to generate ), () and A) from (17), (18) and
(19), respectively, as

(a) Generate o, * and \* from N (V=1 V1), N(BU=1 Vas) and N(AU—1), V33), respectively.

1 (a*]8YD AUD x) (871 NG~V x

B w5 (A0l 8O x)
771(a<j—1>|5(j—1>,,\<.7’—1>,x)’775 T (B D[al) AGD x)

m3(AG=D e ,80) x)

(b) Obtain n,, = and ) =

(c) Generate a samples u1, ug and ug from uniform distribution U (0, 1).
(d) Ifu; < minl,n,, set al) = o, else set al) = qU—1,
(e) Ifug <minl,ng, set BU) = *, else set fU) = U1,
(f) If us < min1,my, set A7) = A*, else set A7) = \G—1),

Step 4: Use o), 8U) and AY), to compute R(t) (3) and h(t) (4) for a given mission time ¢ > 0.
Step 5: Putj =5+ 1.

Step 6: Repeat Steps 2-5 N times to get N draws of a, 3, A, R(t) and h(t) (say ©¥)) as

o) = (am, B AD RO (1), hD) (t)) j=1,2,...,N.

The first simulated varieties, M, of the algorithm may be biased by the initial value, therefore, usually discarded in the
beginning of the analysis implementation (burn-in period) to guarantee the convergence and to remove the affection
of the selection of initial. Hence, the selected samples ¢/) for j = M + 1,..., N, for sufficiently large N can be
used to develop the Bayesian inferences. Now, using the generated MCMC samples ¢) for j = M +1,..., N,
the approximate BEs with corresponding mean squared-errors (MSEs) of a parametric function ¢(a, 3, A), or any
function of them such as R(t) and h(t) based on SEL (10), SLEL (11), WSEL (12) and MSEL (13) functions, are

given respectively by
. . v—1y —1
~ E;V=M+1 P Zj\]:MJrl IOg(SD(])) SBW _ (Z;VMJA (‘p(ﬁ)
=Ml _2AF ) = | ==Mir A\l )

N (e
— A J— 1=
Ys = N_M YL = €Xp N-—M N—M

and oy = —
SDM ;\7:1u+1 (@(])) 2

where M is burn-in. On the other hand, one can be used the posterior risk instead of the MSE.

4. Confidence intervals

In this section, we propose to use the asymptotic normality property of the MLEs and of log-transformed MLEs in
order to construct associated ACIs of the unknown parameters «, 5, A, R(t) and h(t). Delta method is also used
to approximate the estimate of the variance of a function that contains unknown parameters. Further, the MCMC
simulated varieties of «, 3, A, R(t) and h(t) are used to construct the associated BCIs and HPD credible intervals

4.1. Asymptotic confidence intervals

To construct the 100(1 — )% two-sided ACIs for ©, where © = («, 3, A), the asymptotic normality of MLEs with
their variances estimated from the inverse of the observed Fisher information matrix must be obtained. However, the
Fisher information matrix is given by the second-partial derivatives of (8) with respect to «, 5 and \ locally at their
MLE, respectively, as

L;(©) = E [ (8°¢(0]x)/00%)] ,i,j =1,2,3;0 = (a,, B, \). (20)

Since, the exact mathematical expressions of the expectation (20) are very difficult to get analytically. So, by dropping
the expectation operator E and replacing © by their MLEs 0, see Lawless (2003), the approximate variance-covariance
(V-C) matrix, I7*(©), for the MLEs © is given practically by

L1 —Li2 —Li3 - ‘:711 ‘:’12 \:713

—Lo1 —Log —Log = | Var Vo Vo3 |. 2D
_‘531 _£32 _£33 (@:é) V31 V32 V33

1%

)
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Since, the natural logarithm likelihood function (8) has a nonlinear equations, hence, the approximate V-C matrix (21)
can be obtained by numerical techniques with computer facilities. The Fisher’s elements L;;, 7,7 = 1,2, 3, of (21)
are obtained and reported in Appendix. It is well known that under some mild regularity conditions for the asymptotic
properties of the MLEs, the asymptotlc normahty of &, ﬂ and \ is approximately distributed as multivariate normal
with mean © and V-C matrix I"}(0), i.e., © ~ N(0,I"1(0)), see Lawless (2003).

Using the large sample theory, the 100(1 — )% ACISs of «, § and X can be constructed from the normal approximation
(NA) of the MLEs &, 8 and A, respectively, as

aF 242 Vi, BF 272/ Vyy and AT Zy/2/ Vs,

where Vii, i = 1,2, 3, are the main diagonal elements of the V-C matrix (21), respectively, and z, /5 is the percentile
of the standard normal distribution with upper probability (v/2) — th.

Now, to construct the two-sided ACIs of the survival characteristics R(¢) and h(t), we first need to find the variances of
them. Therefore, the delta method (is a general approach used to approximate the variance for a function of unknown
parameters) is considered, see Greene (2012). However, the variance estimates V A(t) and V;]( " of R(t) and h(t) can
be approximated according to the delta method, respectively as

R = [W%(t)]TI_l(@)[VR(t)h@:é) and V) = Vh() T

1((;))[Vil(t)](e:é)a
where VR(t) and VA(t) are, respectively, the gradient (vector of first-partial derivatives) of R(t) and h(t) with respect
to a, 5 and A obtained at &, (5 and ), i.e.,

[VA®]" = [0R(0)/00,0R(1)/03.0R() 0Ny 5_5._3)-

and
[Vi®)] " = [9h(t) /00 0 (2) /08 00(1) 0N o s 1)

where T denotes the transpose operator. Thus, both

(RO = RO y01) ang MO =R

Viaaw ()
asymptotically. These results yield that the 100(1 — )% two-sided ACIs of R(¢) and h(t) for given distinct value ¢
can be constructed from the NA of the MLEs R(t) and h(¢), respectively, as

R(t) F 2y/2 VR(t) and iL(t) F ZV/Q\/V;LU ,
where 2.5 is the percentile of the standard normal distribution with upper probability (v/2) — th.

Nevertheless, the main drawback of the standard ACI (using NA) to MLE is that, sometimes, it gives negative lower
bound for a parameter which takes positive values. In this case, one may replace zero value instead of negative value.
To overcome this inadequate performance of the normal approximation, Meeker and Escobar (2014) developed the
use of a log-transformation MLE to construct ACIs for the unknown parameters that take positive values. Also, they
showed that the proposed procedure has better coverage probability. Recently, the normal approximation of the log-
transformed MLE (NL) in order to construct ACIs has been considered by several authors in literature, for example, see
Krishnamoorthy and Lin (2010), Ahmed (2014) and Lee and Cho (2017). Hence, using NL approach, the 100(1 —~)%
two-sided ACI for any function of «, 5 and A, say ¢(«, 8, A, R(t), h(t)), is given by

1Og (@Z) + Z'y/Z Vii (IOg (¢Z))7 i= 1a27374>57

where V;(-),i = 1,2,3,4, 5, are the estimated variance of log(&i).
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Hence, the 100(1 — «)% two-sided ACI for ¢ based on NL is given by

Zy2\/ Vi (@)
@ieXp ¥# ) 1= 1527374a57

where Vii,i = 1, 2, 3 are the main diagonal elements of (21), respectively, \744 =V R(t) V55 = Vﬁ( £

4.2. Credible confidence intervals

To construct the two-sided BCIs of model parameters «, 8 and X as well as the survival characteristics R(t) and h(t),
order the simulated MCMC samples of ¢) after burn-in as Q(M41)s AMA2)5 -+ ON)> Bavr41), Bavr+2)s - -+ By
)\(]V[+1), )\(M+2)7 ceey )\(N)» R(M+1) (t), R(M+2) (t),..., R(N) (t) and h(M+1)(t), h(l\/[+2) (t), ceey h(N) (t) Hence, the
100(1 — )% two-sided BClIs of ¢ is given by

(=) (v/2), PV -M)(1=(1/2))) -

The Bayesian credible intervals are not unique on a posterior density function. For a unimodal distribution, one
can choose the shortest interval, (involving the highest probability density values) which is referred as HPD credible
intervals. Since the GCD is unimodal, see Dey et al. (2017), the HPD credible intervals for the unknown parameters
and reliability characteristics can be constructed accordingly.

However, to construct HPD credible interval estimates, we propose to use the method of Chen and Shao (1999).
According to this method, the 100(1 — )% two-sided HPD credible interval for each unknown parameter in ¢, is
given by

(26 PG +-mv-21) »

where j* is chosen such that

PUH— (-] T PG = | i (@G- ev-an) — @) 0T =12 N

Here [z] denotes the largest integer less than (or equal) to x.

5. Monte Carlo Simulation

To examine the performance of proposed estimators developed in the previous sections, Monte Carlo simulations are
performed. Using the algorithm described in Balakrishnan and Sandhu (1995) based on different combinations of
n, m and R, we simulated 5,000 PCS-TII samples from the three-parameter GCD when the true value of the model
parameters «, § and A is taken as («, 5, A) = (0.5,0.1,0.1). Also, the actual value of survival parameters R(¢) and
h(t) at mission time ¢ = 0.1 is taken as R(0.1) = 0.6620241 and h(0.1) = 0.3479404. Three choices of total sample
size n such as n = 30(small), 50(moderate) and 80(large) are used. The test is terminated when the number of failed
subjects achieves or exceeds a certain value m, where the percentages of failure information (m/n)100 are considered
as 30, 60 and 90%. Also, for each n and m, we consider various censoring schemes (CSs) as

CS-I:Ri=n—m, R;=0 for i#1,

=n—m, R, =0 for i%#m/2,if miseven,
CSIL: Y Riwen =n—m, Ri=0 for i# (m+1)/2, ifmisodd,
2

o3

CS-ll: Ry, =n—m, R;=0 for i#m.

For each case, average maximum likelihood and MCMC Bayes estimates with associated MSEs of the unknown
model parameters «, /5 and \ as well as the survival characteristics R(t) and h(t) are computed. Further, the average
confidence lengths (ACLs) of different classical and Bayesian credible intervals with their coverage percentages (CPs)
are also calculated. In Bayes inference procedure, the choice of the hyper-parameter values is the main issue. So if the
improper gamma prior is available, i.e., a; = b; = 0, 7 = 1,2, 3, then the joint posterior distribution (16) of «, 8 and
A reduced with proportional to the likelihood function (7).
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Therefore, if one does not have prior information on the unknown parameters of interest, it is better to use the MLEs
rather than the BEs because the BEs are computationally more expensive. Here, we have used two informative priors
of a, B and A, called, prior (1): (a1,a2,a3) = (0.5,0.1,0.1) and b; = 1, 4 = 1,2,3; prior 2): a; = 1, i = 1,2,3
and (b1,b2,b3) = (2,10,10). The values of hyper-parameters are chosen in such way that the prior mean become
the expected value of the corresponding parameter, see Kundu (2008). Using the M-H sampler algorithm described
in Section 3, 12,000 MCMC samples and discard the first 2000 values as ’burn-in’ are generated. Hence, based on
10,000 MCMC samples, the average Bayes MCMC estimates and 95% two-sided BCIs and HPD credible intervals
are computed.

The average estimates with their MSEs of classical and Bayesian estimates of any parametric function of «, 3 and A,
say ¢(a, 8, \), are calculated using the following formulas, respectively, as

= 1 NG o 1 S NG
O=g > 0 and MSE() = 5> " (6, —0n) for k=1,2.3,45,

where S is the number of generated sequence data, 81 = «, 02 = 3, 05 = X\, 4 = R(t) and 05 = h(t). The average
point estimates with their associated MSEs are computed and reported in Tables 1-5. Moreover, the ACLs with their
associated CPs of 95% ACIs (NA and NL), BCIs and HPD credible intervals are calculated and listed in Tables 6-
10. All necessary computational algorithms are coded in R statistical programming language software with ‘maxLik’
package proposed by Henningsen and Toomet (2011). Also, the computations of MCMC BEs were performed using
‘CODA’ package proposed by Plummer et al. (2006). Recently, these packages were also utilized by Elshahhat and
Nassar (2021) and Elshahhat and Abu El Azm (2022).

From Tables 1-10, it can be seen that the MLEs and BEs of unknown parameters and the reliability characteristics
of GCD are very good in terms of minimum MSEs. As expect, the MSEs of all estimates decrease as n and m
increases. It is also observed that as the failure proportion m /n increases, the point estimates become even better. The
approximate MCMC Bayes estimates using gamma informative prior are better as they include prior information than
MLEs in terms of their MSEs. In most cases, it is noticed that the Bayes MCMC estimates have performance better
under SEL function than other SLEL, WSEL and MSEL functions on the basis of minimum MSEs. Thus, the SEL
function is the most appropriate loss function.

Because the variance of prior (2) is smaller than prior (1), it can be seen that, the BEs based on prior (2) has perform
better than prior (1) in terms of minimum MSE:s for all estimates. The ACLs associated with approximate and credible
intervals narrow down and corresponding their CPs increase as the effective increase in sample sizes, as expected. The
BCI estimates of the unknown parameters and reliability characteristics are better than ACI estimates in terms of their
ACLs and CPs, due to they include prior information. Also, it can be noted that the ACLs and CPs for BCIs and HPD
credible intervals are very close to each other.

Further, it can be seen that the CPs of ACIs are mostly below the specified nominal level while it is close (or above) to
the nominal level in the case of BCIs and HPD credible intervals. Moreover, the ACLs of ACIs using NL approach for
any unknown parametric function is shorter than the corresponding ACIs using NA approach. Furthermore, the ACLs
of credible intervals are narrow down based on prior (2) than prior (1), due to prior (2) has variance smaller than prior
(1). In most cases, it is observed that the HPD credible intervals are the best comparing other proposed approaches.
Comparing the CS-I and CS-II1, it is clear that the MSEs and RPs associated with MLEs and BEs, respectively, for the
unknown parameters and reliability characteristics are greater for the CS-III than CS-I, because the expected duration
of the experiments for CS-I is greater than the CS-III. Thus the data obtained by the CS-I would be expected to
provide more information about the unknown parameters and reliability characteristics than the data obtained by CS-
III. Therefore, we recommend the Bayesian point and interval estimation of the unknown parameters and reliability
characteristics of the GCD using M-H algorithm.

6. Optimal censoring scheme

In practice, it is desirable to choose a ‘optimal’ censoring scheme from a class of all possible schemes so that it
provides the maximum information of the unknown parameters under consideration. In literature, the problem of
comparing two different censoring schemes in order to choosing the optimal censoring scheme has received consid-
erable attention has received much interest among various authors, see for example, Ng et al. (2004), Kundu (2008),
Pradhan and Kundu (2009), Pradhan and Kundu (2013), Sultan et al. (2014), Dube et al. (2016), Lee and Cho (2017),
Sen et al. (2018) and Ashour et al. (2020).

Bayesian Life Analysis of the Generalized Chen’s Population Under Progressive Censoring 684



Pak j.stat.oper.res. Vol.18 No. 3 2022 pp 675-702 DOI: http://dx.doi.org/10.18187/pjsor.v18i3.3766

Table 1: The average estimates of o with their MSEs (in parentheses).

n m CS MLE SEL WSEL SLEL MSEL
Prior — 1 2 1 2 1 2 1 2

30 27 1 05797 03942 04663 03905 04623 03924 04643 03869  0.4580
(0.2158)  (0.0014)  (0.0018)  (0.0036)  (0.0041)  (0.0093)  (0.0087)  (0.0092)  (0.0092)

I 0584 05068 04027 05053 04010  0.5060 04019 05037  0.3993
(0.3229)  (0.0008)  (0.0007)  (0.0015) (0.0017) (0.0030) (0.0043)  (0.0030)  (0.0043)

M 0.6991 04495  0.6092 04450  0.6066  0.4473  0.6079 04400  0.6038
(2.0188)  (0.0019)  (0.0016)  (0.0046)  (0.0027) (0.0102)  (0.0044) (0.0112)  (0.0045)

18 1 0688 05527 05291 05500 05274 05513 05283 05473  0.5257
(9.9447)  (0.0015)  (0.0009) (0.0027)  (0.0017)  (0.0049)  (0.0033)  (0.0049)  (0.0032)

I 07989 05179 04984 05132 04962 05155 04973 05085  0.4940
(17.375)  (0.0025)  (0.0011)  (0.0048)  (0.0022)  (0.0093)  (0.0044)  (0.0092)  (0.0045)

I 21073 03455 04790 03372 04750 03414 04770 03286  0.4714
(270.98)  (0.0027)  (0.0020)  (0.0083)  (0.0039)  (0.0244)  (0.0083)  (0.0254)  (0.0076)

9 I 18342 05023 04958 04972 04930 04998 04944 04921  0.4902
(275.25)  (0.0026)  (0.0014)  (0.0051)  (0.0028) (0.0103) (0.0057) (0.0103)  (0.0056)

I 44563 05520 04427 05469 04382  0.5494 04405 05418  0.4334
(814.49)  (0.0029)  (0.0019)  (0.0052)  (0.0045) (0.0094) (0.0103)  (0.0093)  (0.0108)

I 23611 03941 04525 03824 04483 03884 04504 03705  0.4440
(359.44)  (0.0043)  (0.0018) (0.0117)  (0.0041) (0.0302)  (0.0092) (0.0313)  (0.0097)

50 45 1 05323 04518 04361 04494 04346 04506 04353 04471  0.4332
(0.0585)  (0.0011)  (0.0006)  (0.0024)  (0.0014)  (0.0053) (0.0033)  (0.0051)  (0.0033)

I 05330 04162 04449 04135 04435 04148 04442 04108  0.4420
(0.0583)  (0.0012)  (0.0006) (0.0027) (0.0014) (0.0065) (0.0032)  (0.0064)  (0.0032)

M 05616 04643 05348 04605 05323 04624 05336 04568  0.5298
(0.1165)  (0.0018)  (0.0014)  (0.0038)  (0.0026) (0.0082)  (0.0048)  (0.0080)  (0.0048)

30 I 05345 05333 04887 05308 04869  0.5321 04878 05284  0.4852
(0.1124)  (0.0014)  (0.0009)  (0.0025) (0.0018)  (0.0047)  (0.0037)  (0.0046)  (0.0035)

O 05499 05051 05477 05022 05460 05037  0.5468 04991  0.5443
(0.1232)  (0.0014)  (0.0010)  (0.0030) (0.0017) (0.0059) (0.0032)  (0.0061)  (0.0031)

M 1.6657 04683 04291 04651 04272 04667 04281 04620  0.4254
(73509)  (0.0015)  (0.0009) (0.0032) (0.0019) (0.0068) (0.0044)  (0.0067)  (0.0042)

15 1 06387 04562 04492 04526 04465 04544 04479 04489  0.4438
(9.1241)  (0.0015)  (0.0012)  (0.0035)  (0.0027) (0.0078)  (0.0060)  (0.0083)  (0.0061)

I 09199 04089 04797 04034 04767 04062 04782 03975  0.4738
(28226)  (0.0021)  (0.0014)  (0.0055) (0.0030) (0.0135) (0.0062) (0.0146)  (0.0061)

I 14531 04834 05727 04705 05680 04771 05704 04570  0.5628
(82.559)  (0.0058)  (0.0025) (0.0129) (0.0047) (0.0272)  (0.0083)  (0.0287)  (0.0091)

80 72 1 05116 05026 04704 05011 04694  0.5018  0.4699 04996  0.4684
(0.0219)  (0.0008)  (0.0005)  (0.0015) (0.0010) (0.0031)  (0.0022)  (0.0030)  (0.0022)

I 05179 04596 04244 04575 04232 04585 04238 04556 04219
(0.0239)  (0.0010)  (0.0005)  (0.0021)  (0.0012)  (0.0046) (0.0029)  (0.0043)  (0.0030)

M 05296 05254 05517 05224 05491 05238 05504 05196  0.5465
(0.0380)  (0.0017)  (0.0014)  (0.0030)  (0.0026) (0.0057) (0.0047)  (0.0054)  (0.0048)

48 1 05198 05529 05035 05504 05024 05517 05029 05479 05012
(0.0332)  (0.0013)  (0.0006) (0.0024) (0.0012) (0.0044) (0.0023)  (0.0045)  (0.0023)

I 05148 04687  0.6011 04663 05993 04675  0.6002 04639  0.5976
(0.0337)  (0.0012)  (0.0011)  (0.0025) (0.0017) (0.0053) (0.0029)  (0.0051)  (0.0028)

M 07883 04734 06012 04703 05992 04719  0.6002 04669  0.5972
(5.8645)  (0.0014)  (0.0012)  (0.0031)  (0.0020) (0.0066) (0.0033)  (0.0072)  (0.0033)

24 I 05183 05534 05349 05509 05333 05522 0.5341 05484 05318
(0.1514)  (0.0013)  (0.0008)  (0.0025) (0.0016) (0.0045)  (0.0029)  (0.0046)  (0.0029)

O 05414 05957 04300 05922 04282  0.5940 04291 05888  0.4264
(0.4135)  (0.0021)  (0.0008)  (0.0035) (0.0018) (0.0059)  (0.0042)  (0.0058)  (0.0041)

M 09320 03837 04102 03797 04073 03817 04087 03758  0.4044
(16.166)  (0.0015)  (0.0012)  (0.0040)  (0.0029) (0.0104)  (0.0071)  (0.0104)  (0.0070)

The variance optimality criterion is popular used in the case of single-parameter distributions, but, for the multi-
parameter case, the trace and determinant optimality are used intend to minimize the variance or the determinant of
the V-C matrix of estimators under consideration. Thus, Criterion-I: Minimize det(I™* (@)) and Criterion-II: Minimize
trace(I™* (@)) are considered as a commonly-used information criteria to determine the optimum PCS-TII plan for a
givenn, mand R;, i =1,2,...,m.
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Table 2: The average estimates of 5 with their MSEs (in parentheses).

n m CS  MLE SEL WSEL SLEL MSEL
Prior — 1 2 1 2 1 2 1 2
30 27 1 01084 01029  0.1004  0.1022 00999 01026  0.1002  0.1014  0.0993
(0.0008)  (0.0001)  (0.0001)  (0.0007)  (0.0005) (0.0071)  (0.0054)  (0.0076)  (0.0055)

o 01087  0.1068  0.1081]  0.1055 01059  0.1062  0.1070  0.1041  0.1038
(0.0008)  (0.0001)  (0.0002) (0.0013) (0.0022) (0.0123) (0.0202) (0.0132)  (0.0202)

M 0.1103  0.1163 00874  0.1153 00860  0.1158  0.0867  0.1144  0.0844
(0.0015)  (0.0001)  (0.0001)  (0.0010) (0.0015) (0.0085) (0.0167) (0.0085)  (0.0188)

18 1 01143  0.1175 00885 01162 00877  0.1168 00881  0.1149  0.0867
(0.0014)  (0.0001)  (0.0001)  (0.0013)  (0.0008) (0.0107) (0.0096) (0.0111)  (0.0108)

I 01165 00876  0.1025 0089  0.1012 00873 01019  0.0861  0.0999
(0.0020)  (0.0001)  (0.0001)  (0.0007) (0.0013) (0.0086) (0.0129)  (0.0088)  (0.0134)

I 0.1485  0.1711 00973 01617 00936  0.1670  0.0954  0.1481  0.0899
(0.0108)  (0.0012)  (0.0004)  (0.0094)  (0.0037) (0.0553) (0.0389) (0.0843)  (0.0389)

9 I 01399 00912 00920  0.0885 00908  0.0899 00914  0.0854  0.0896
(0.0067)  (0.0002)  (0.0001)  (0.0028) (0.0012) (0.0310) (0.0129)  (0.0340)  (0.0132)

o 01680 0098  0.1108 00967  0.1085 00979  0.1097  0.0944  0.1061
(0.0172)  (0.0002)  (0.0003)  (0.0021)  (0.0023) (0.0218) (0.0212)  (0.0245)  (0.0217)

I 02707  0.1542 00904 01479 00827  0.I511  0.0865  0.1414  0.0755
(0.0838)  (0.0009)  (0.0008)  (0.0063) (0.0078) (0.0418)  (0.0898)  (0.0438)  (0.0873)

50 45 1 01047  0.1108  0.1027 01096  0.1021  0.1102  0.1024  0.1084  0.1015
(0.0004)  (0.0001)  (0.0001) (0.0012)  (0.0006) (0.0107) (0.0059) (0.0109)  (0.0062)

I 01052  0.1107 01072  0.1103  0.1069  0.1105 01071  0.1098  0.1066
(0.0004)  (0.0001)  (0.0001)  (0.0004) (0.0003) (0.0040) (0.0032)  (0.0040)  (0.0032)

M 01061  0.1079 01025 01072  0.1016  0.1076  0.1020  0.1066  0.1008
(0.0007)  (0.0001)  (0.0001)  (0.0007)  (0.0009) (0.0063) (0.0086) (0.0062)  (0.0083)

30 I 01079 0089  0.1063  0.0862  0.1056  0.0866  0.1060  0.0856  0.1049
(0.0006)  (0.0001)  (0.0001)  (0.0007)  (0.0007) (0.0076) (0.0066)  (0.0079)  (0.0067)

I 0108 0080  0.1078  0.0873 01071 00881  0.1074  0.0855  0.1063
(0.0008)  (0.0001)  (0.0001) (0.0017)  (0.0007) (0.0195) (0.0066)  (0.0203)  (0.0068)

M 01516  0.1208  0.0859  0.1183 00847  0.1195  0.0853  0.1161  0.0833
(0.0134)  (0.0003)  (0.0001)  (0.0024) (0.0012) (0.0202) (0.0146)  (0.0190)  (0.0160)

15 1 01190  0.1003 01007  0.0980  0.0992  0.0992  0.0999  0.0956  0.0977
(0.0019)  (0.0002)  (0.0001)  (0.0023) (0.0015) (0.0227) (0.0149)  (0.0242)  (0.0151)

I 01297 01012 0080 00973 00852 00992 00856  0.0937  0.0843
(0.0046)  (0.0004)  (0.0001)  (0.0039)  (0.0009)  (0.0390) (0.0101)  (0.0376)  (0.0101)

M 02209  0.213 01297 01176  0.1268  0.1194  0.1283  0.1142  0.1240
(0.0443)  (0.0005)  (0.0004)  (0.0037)  (0.0029)  (0.0308) (0.0228)  (0.0285)  (0.0220)

80 72 1 01033  0.1067  0.1043 01060 01039  0.1063  0.1041  0.1054  0.1034
(0.0002)  (0.0001)  (0.0001)  (0.0006) (0.0005) (0.0061)  (0.0044)  (0.0059)  (0.0046)

I 01029  0.1208  0.1097  0.1202  0.1091  0.1205  0.1094  0.1196  0.1086
(0.0002)  (0.0001)  (0.0001)  (0.0006) (0.0006) (0.0050) (0.0052)  (0.0050)  (0.0054)

M 0.1038  0.0865 01040 00857  0.1034 00861  0.1037  0.0850  0.1029
(0.0004)  (0.0001)  (0.0001)  (0.0007)  (0.0005) (0.0087) (0.0053)  (0.0091)  (0.0054)

48 1 01044 00931 00973 00926 00967  0.0929  0.0970  0.0920  0.0961
(0.0003)  (0.0001)  (0.0001)  (0.0006) (0.0006) (0.0060) (0.0062)  (0.0061)  (0.0061)

o 01056 01036 00811 01029 00803  0.033 00807  0.1023  0.0795
(0.0004)  (0.0001)  (0.0001)  (0.0007)  (0.0008) (0.0065) (0.0097)  (0.0066)  (0.0101)

M 01307  0.1009 00978  0.0983 00962  0.0996  0.0970  0.0957  0.0947
(0.0066)  (0.0003)  (0.0001)  (0.0026)  (0.0015) (0.0261) (0.0158)  (0.0265)  (0.0165)

24 1 01108 00992 00851  0.0980 00845 00986 00848  0.0967  0.0839
(0.0008)  (0.0001)  (0.0001)  (0.0012)  (0.0006) (0.0124)  (0.0069)  (0.0128)  (0.0070)

o 01165 00879  0.1186 00864 01176  0.0872  0.1181  0.0846  0.1166
(0.0017)  (0.0001)  (0.0001)  (0.0016) (0.0010) (0.0179)  (0.0088)  (0.0199)  (0.0087)

M 0.1939  0.1902  0.1462  0.1874  0.1400  0.1888  0.1431  0.1846  0.1341
(0.0291)  (0.0005)  (0.0009)  (0.0028) (0.0062) (0.0148)  (0.0434)  (0.0149)  (0.0425)

Regarding to Criterion-I and -II, our goal is minimize the determinant and the trace of V-C matrix, I_l((:)), respec-

tively, of the MLEs 0= (91, ég, ey ék)T. Obviously, the optimal censoring scheme is the one with the smallest value

of criteria I and II.
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Table 3: The average estimates of \ with their MSEs (in parentheses).

n m CS  MLE SEL WSEL SLEL MSEL
Prior — 1 2 1 2 1 2 1 2
30 27 1 01277 01414 00750  0.1389 00721  0.1402  0.0736  0.1361  0.0690
(0.0218)  (0.0003)  (0.0002) (0.0025) (0.0030) (0.0180) (0.0405) (0.0203)  (0.0430)

I 01292 00870 0.0925 0.0780  0.0669  0.0823 00791  0.0703  0.0488
(0.0241)  (0.0009) (0.0026) (0.0091) (0.0256) (0.1104) (0.3312) (0.0985) (0.2710)

M 01556 00674  0.1454 00630  0.1434 00651  0.1444  0.0590  0.1413
(0.0481)  (0.0003) (0.0003) (0.0045) (0.0020) (0.0688) (0.0141) (0.0636)  (0.0145)

18 I 01394 00420 00997 00308 00971 00370 00985 00185  0.0942
(0.0501)  (0.0003) (0.0002) (0.0111) (0.0026) (0.2988) (0.0261) (0.3987)  (0.0300)

I 01570 00722 00778  0.0626 00683  0.0675 00734 00533  0.0576
(0.0670)  (0.0007) (0.0006) (0.0096) (0.0095) (0.1430) (0.1299) (0.1482)  (0.1569)

o 0.1929 00319 00974 00191 00852  0.0251  0.0911 00104  0.0748
(0.1752)  (0.0005) (0.0013) (0.0128) (0.0122) (0.5163) (0.1353) (0.4545) (0.1219)

9 I 01836 00711 01156 00560  0.0926 00642  0.1046  0.0403  0.0715
(0.1975)  (0.0008) (0.0021) (0.0151) (0.0230) (0.2378) (0.2248) (0.2808)  (0.2274)

I 02800 0.0838 00534 00692 00325 00760 0.0429  0.058  0.0171
(0.4641)  (0.0014)  (0.0010) (0.0146) (0.0209) (0.1949) (0.5032) (0.1533)  (0.4738)

I 02808  0.1020  0.1043 00972  0.0987 00996  0.1017  0.0920  0.0925
(2.1527)  (0.0004)  (0.0005) (0.0048) (0.0055) (0.0484) (0.0545) (0.0530)  (0.0637)

50 45 1 01142 00805  0.1014 00645 00959 00722 00987 00516  0.0903
(0.0088)  (0.0014)  (0.0005) (0.0160) (0.0055) (0.2252) (0.0555) (0.1989)  (0.0586)

I 01139 00663 00359 00622 00332 00643  0.0346  0.0581  0.0308
(0.0086)  (0.0003) (0.0001) (0.0041) (0.0027) (0.0643) (0.0781) (0.0658)  (0.0742)

M 01267 00587  0.1447 00529  0.1420  0.0561  0.1434 0045  40.1390
(0.0156)  (0.0003) (0.0003) (0.0058) (0.0027) (0.1035) (0.0187) (0.1408)  (0.0210)

30 1 01161 01637 00866  0.1596 00819  0.1617 00843  0.1554  0.0768
(0.0144)  (0.0006)  (0.0004) (0.0040) (0.0047) (0.0249) (0.0563) (0.0265)  (0.0625)

I 01260 0.1352  0.1109  0.1107  0.1056  0.1239  0.1082  0.0861  0.1005
(0.0186)  (0.0024) (0.0006) (0.0246) (0.0053) (0.2026) (0.0491) (0.2216)  (0.0482)

o 02131 01017 00941 00963 00825 00991 00883  0.0907  0.0718
(0.1723)  (0.0005) (0.0010) (0.0054) (0.0116) (0.0544) (0.1330) (0.0584)  (0.1295)

15 I 01340 02061  0.1744  0.1871  0.1640  0.1967  0.1695  0.1694  0.1528
(0.0497)  (0.0036) (0.0015) (0.0190) (0.0104) (0.0980) (0.0616) (0.0944)  (0.0687)

I 01749 00860  0.0943  0.0682  0.0912  0.0772  0.0928  0.0537  0.0882
(0.1133)  (0.0014)  (0.0003) (0.0178) (0.0032) (0.2374) (0.0341) (0.2130)  (0.0330)

O 01659 00722  0.1447 00390  0.1378 00557  0.1414 00195  0.1303
(0.1209)  (0.0020) (0.0009) (0.0333) (0.0069) (0.6382) (0.0492) (0.4987)  (0.0543)

30 72 1 01057 00949 00806 00861 00768 00911 0078 00734  0.0735
(0.0040)  (0.0006) (0.0004) (0.0088) (0.0038) (0.0945) (0.0477) (0.1478)  (0.0427)

I 01084  0.0498  0.0916  0.0443  0.0825  0.0473  0.0868  0.0379  0.0756
(0.0043)  (0.0002) (0.0010) (0.0055) (0.0090) (0.1155) (0.1044) (0.1450)  (0.0847)

I 0141 01971 00972  0.1942  0.0937  0.1956  0.0954  0.1914  0.0902
(0.0072)  (0.0006) (0.0003) (0.0029) (0.0035) (0.0147) (0.0370) (0.0145)  (0.0368)

48 T 01111  0.1156 00918  0.1081 00847  0.1117 00884  0.1016  0.0773
(0.0068)  (0.0010)  (0.0006) (0.0075) (0.0071) (0.0675) (0.0808) (0.0598)  (0.0877)

o0 01114 00708 02224 00613 02197 00660 02210  0.0526 02170
(0.0075)  (0.0007) (0.0006) (0.0096) (0.0027) (0.1463) (0.0124) (0.1408)  (0.0122)

I 01652 00866  0.1678 00749  0.1646 00806  0.1662 00648  0.1616
(0.0672)  (0.0010)  (0.0005) (0.0117) (0.0031) (0.1461) (0.0189) (0.1349)  (0.0184)

24 1 01164 01053  0.1447  0.1003  0.1417  0.1028  0.1432  0.0954  0.1390
(0.0189)  (0.0005) (0.0004) (0.0050) (0.0029) (0.0484) (0.0205) (0.0489)  (0.0194)

I 01297 0.1648  0.0509  0.1605  0.0434  0.1628  0.0472  0.1557  0.0363
(0.0315)  (0.0006) (0.0004) (0.0043) (0.0075) (0.0265) (0.1591) (0.0299)  (0.1650)

I 01426 00873 00973 00779 00846  0.0827  0.0913  0.0689  0.0720
(0.0704)  (0.0007) (0.0010) (0.0094) (0.0127) (0.1153) (0.1413) (0.1150)  (0.1494)
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Table 4: The average estimates of R(¢) at mission time ¢ = 0.1 with their MSEs (in parentheses).

n m CS  MLE SEL WSEL SLEL MSEL
Prior — 1 2 1 2 1 2 1 2
30 27 1 06712 05191 06798 05138 06771 05164 06785  0.5088  0.6742
(0.0054)  (0.0028)  (0.0018)  (0.0053)  (0.0027) (0.0102)  (0.0040)  (0.0099)  (0.0043)

I 06700 06953 06122  0.6920  0.6025 06937 06074 06887 05927
(0.0053)  (0.0023)  (0.0056) (0.0033) (0.0096) (0.0048) (0.0158) (0.0048)  (0.0163)

I 06689 06894 06623 06870 06611 06882  0.6617  0.6846  0.6597
(0.0056)  (0.0017)  (0.0008) (0.0024) (0.0013) (0.0035) (0.0019) (0.0034)  (0.0020)

18 1 06694 08201 06774 08177 06760 08189 06767 08153  0.6746
(0.0080)  (0.0020) (0.0010) (0.0024) (0.0014) (0.0029) (0.0021) (0.0030)  (0.0021)

o 06670 07197 07027 07116  0.6969 07158  0.6998  0.7029  0.6912
(0.0069)  (0.0053) (0.0041) (0.0081) (0.0058) (0.0113) (0.0082) (0.0122)  (0.0081)

O 06694 07116 06532 07069 06508 07092  0.6520 07021  0.6485
(0.0068)  (0.0033)  (0.0016) (0.0047) (0.0024) (0.0066) (0.0037) (0.0067)  (0.0035)

9 1 06693 07134 0638 07023  0.6299 07079 06342 06913  0.6217
(0.0162)  (0.0079)  (0.0059) (0.0111) (0.0087) (0.0157) (0.0138) (0.0157)  (0.0130)

I 06554 07284 07231 07191 07170 07238  0.7200  0.7095  0.7114
(0.0175)  (0.0065)  (0.0046)  (0.0093) (0.0060) (0.0129) (0.0084) (0.0133)  (0.0078)

I 06085 05955 06147 05904 06107 05930 06127 05854  0.6065
(0.0232)  (0.0030)  (0.0023)  (0.0051) (0.0040) (0.0086) (0.0065) (0.0086)  (0.0068)

50 45 1 06668 06702 06129 06583 06113 06642 06121 06465  0.6097
(0.0034)  (0.0079)  (0.0010) (0.0119)  (0.0016) (0.0179)  (0.0026)  (0.0179)  (0.0026)

I 06674 06616 07583  0.6595 07564  0.6605 07574  0.6573  0.7546
(0.0031)  (0.0014) (0.0014) (0.0021) (0.0018) (0.0032) (0.0024) (0.0033)  (0.0024)

M 06661 07162 06249 07134 06236 07148  0.6243 07106  0.6222
(0.0032)  (0.0020) (0.0008) (0.0028) (0.0014) (0.0039) (0.0022) (0.0039)  (0.0022)

30 1 06675 05911  0.6803  0.5898  0.6792  0.5904  0.6798  0.5885  0.678I
(0.0046)  (0.0008)  (0.0008) (0.0013) (0.0012) (0.0022) (0.0017) (0.0022) (0.0017)

I 06647 06153 06843 06092  0.6830 06123 06837  0.6031  0.6817
(0.0039)  (0.0038) (0.0009) (0.0062) (0.0013) (0.0101) (0.0019) (0.0100)  (0.0019)

I 06634 06468 06135 06411 06056  0.6440  0.6096  0.6355  0.5977
(0.0039)  (0.0038)  (0.0048) (0.0057) (0.0080) (0.0089) (0.0131) (0.0088)  (0.0130)

15 I 06653 05040 05285 04876 05211 04958 05248 04719 05138
(0.0089)  (0.0082)  (0.0040) (0.0164) (0.0074) (0.0332) (0.0142)  (0.0324)  (0.0140)

I 06610 06184 06489 06140  0.6451 06162  0.6470  0.6098  0.6413
(0.0094)  (0.0029)  (0.0024)  (0.0044) (0.0038) (0.0071) (0.0058)  (0.0068)  (0.0059)

O 06323 07232 06664 07198 06636 07215 06650 07166  0.6608
(0.0105)  (0.0025) (0.0018) (0.0033) (0.0028) (0.0046) (0.0042) (0.0045)  (0.0042)

80 72 1 06651 06781 06763 06755 06748  0.6768  0.6755  0.6730  0.6731
(0.0020)  (0.0018)  (0.0010) (0.0026) (0.0016) (0.0038) (0.0023) (0.0037)  (0.0024)

I 06650 07389  0.6251 07368  0.6201 07378  0.6226  0.7347  0.6148
(0.0019)  (0.0016)  (0.0029) (0.0021) (0.0049) (0.0028) (0.0079) (0.0028)  (0.0085)

M 06653 05469 07044 05464 07010 05466  0.7027  0.5458  0.6974
(0.0020)  (0.0003)  (0.0023) (0.0006) (0.0034) (0.0011) (0.0049) (0.0011)  (0.0051)

48 1 06652 06734  0.6790 06703  0.6762 06719 06776  0.6670  0.6735
(0.0029)  (0.0020) (0.0019) (0.0031) (0.0027) (0.0046) (0.0040)  (0.0046)  (0.0040)

I 06637 06960 05657  0.6938 05645  0.6949 05651  0.6916  0.5633
(0.0024)  (0.0015)  (0.0006) (0.0022) (0.0012) (0.0032) (0.0021) (0.0032)  (0.0021)

IO 06633 06692 06374 06656 06352 06674 06363 06619  0.6329
(0.0024)  (0.0023)  (0.0014) (0.0036) (0.0022) (0.0054) (0.0035) (0.0056)  (0.0035)

24 1 06634 06912 06149 06870 06136 06891 06143 06828  0.6123
(0.0052)  (0.0027)  (0.0008) (0.0041) (0.0013) (0.0060) (0.0021)  (0.0062)  (0.0021)

I 06642 06306 07139 06297 07110  0.6302 07125  0.6287  0.7080
(0.0051)  (0.0006)  (0.0021)  (0.0010)  (0.0029)  (0.0016) (0.0041)  (0.0016)  (0.0042)

I 06482 06307 06218 06280 06153 06293 06185  0.6254  0.6093
(0.0053)  (0.0017) (0.0043) (0.0027) (0.0065) (0.0043) (0.0105) (0.0042)  (0.0098)
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Table 5: The average estimates of /(%) at mission time ¢ = 0.1 with their MSEs (in parentheses).

n m CS  MLE SEL WSEL SLEL MSEL
Prior — 1 2 1 2 1 2 1 2
30 27 1 03461 04975 03034 04904 02990 04940 03012 04830  0.2947
(0.0105)  (0.0033)  (0.0014)  (0.0070)  (0.0044) (0.0143) (0.0147) (0.0151)  (0.0145)

I 03471 03229 03756 03141 03579 03185 03667 03050 03414
(0.0108)  (0.0028) (0.0068) (0.0088) (0.0177) (0.0278) (0.0484) (0.0287)  (0.0462)

I 03503 03219 03596 03156 03553 03188 03575  0.3089  0.3509
(0.0116)  (0.0019)  (0.0015) (0.0063) (0.0043) (0.0198) (0.0120) (0.0210)  (0.0124)

18 1 03465  0.1969 03053  0.1844 03009  0.1910 03031  0.1699  0.2964
(0.0185)  (0.0021) (0.0013) (0.0125) (0.0043) (0.0652) (0.0142) (0.0785) (0.0151)

I 03578 02452 02962 02324 02828 02386 02897 02211  0.2688
(0.0201)  (0.0034) (0.0037) (0.0128) (0.0134) (0.0537) (0.0463) (0.0486)  (0.0495)

oI 03503 03157 03352 02981 03214 03072 03285 02790  0.3064
(0.0174)  (0.0050)  (0.0042) (0.0176) (0.0138) (0.0572)  (0.0421) (0.0641)  (0.0467)

9 1 03513 02524 03521 02282 03274 02405 03402 02043  0.3016
(0.0506)  (0.0057) (0.0076) (0.0242) (0.0246) (0.1013) (0.0728) (0.1046)  (0.0789)

I 03950 02792 02589 02528 02371 02657 02488 02294 02112
(0.1136)  (0.0080)  (0.0046)  (0.0264) (0.0218) (0.0998) (0.0876) (0.0926)  (0.1089)

O 07942 05337 03520 05131 03139 05237 03327 04906  0.2788
(10.807)  (0.0100)  (0.0141)  (0.0206)  (0.0381)  (0.0393) (0.1149)  (0.0439)  (0.1118)

50 45 1 03472 03355 03844 03143 03799 03249 03821 02942 03754
(0.0061)  (0.0070)  (0.0017)  (0.0212)  (0.0045) (0.0658) (0.0118)  (0.0639)  (0.0118)

I 03478 03248 02138 03203 02094 03225 02116 03158 02051
(0.0057)  (0.0015)  (0.0009) (0.0045) (0.0044) (0.0140) (0.0208) (0.0140)  (0.0209)

M 03493 02740 04330 02684 04305 02712 04318 02626  0.4280
(0.0064)  (0.0015) (0.0011) (0.0056) (0.0025) (0.0207) (0.0059) (0.0215) (0.0058)

30 1 03445 04210 03329 04178 03295 04194 03312 04146  0.3258
(0.0090)  (0.0013) (0.0011) (0.0032) (0.0034) (0.0076) (0.0104) (0.0078) (0.0111)

I 0353 03760 03665 03609 03614 03686 03639 03451 03562
(0.0102)  (0.0053) (0.0018) (0.0151) (0.0051) (0.0411) (0.0139) (0.0436) (0.0142)

IOl 03458 04127 03232 03973 03055 04051 03143 03819  0.2891
(0.0089)  (0.0062) (0.0059) (0.0154) (0.0177) (0.0382) (0.0565) (0.0387)  (0.0537)

15 I 03476 05744 05270 05543 05091 05643 05182 05349  0.4909
0.0222)  (0.0115)  (0.0090) (0.0201) (0.0179) (0.0357) (0.0347) (0.0350)  (0.0357)

I 03667 03434 03069 03344 02998 03389 03034 03256  0.2926
(0.0345)  (0.0031)  (0.0021)  (0.0089) (0.0071) (0.0264)  (0.0234)  (0.0265)  (0.0240)

I 04907 03103 04801 02761 04708 02937 04754 02413  0.4616
(0.2072)  (0.0097)  (0.0046) (0.0341) (0.0094) (0.1166) (0.0197) (0.1261)  (0.0194)

80 72 1 03459 03454 03224 0338 03192 03422 03208 03303 03161
(0.0033)  (0.0020) (0.0011) (0.0068) (0.0032) (0.0198) (0.0099) (0.0244)  (0.0097)

I 03482 02705 03811 02644 03723 02675 03766 02575  0.3643
(0.0033)  (0.0015) (0.0036) (0.0061) (0.0088) (0.0227) (0.0234) (0.0259) (0.0214)

M 03477 04829 03255 04805 03201 04817 03228 04781  0.3150
(0.0036)  (0.0011) (0.0018) (0.0024) (0.0053) (0.0049) (0.0165) (0.0049)  (0.0160)

48 1 03478 03373 03169 03312 03110 03342 03140 03255  0.3048
(0.0054)  (0.0022) (0.0018) (0.0062) (0.0060) (0.0184) (0.0190) (0.0172)  (0.0199)

I 03499 02935 04736 02863 04699 02899 04717 02790  0.4663
(0.0057)  (0.0021) (0.0017) (0.0072) (0.0036) (0.0248) (0.0077) (0.0253)  (0.0077)

I 03427 03200 04370 03131 04265 03166 04318 03060  0.4157
(0.0046)  (0.0021)  (0.0044)  (0.0068) (0.0104) (0.0215)  (0.0242)  (0.0229)  (0.0253)

24 1 03472 03323 03806 03218 03758 03270 03782 03118 03711
(0.0118)  (0.0036)  (0.0019)  (0.0105) (0.0048) (0.0321) (0.0128)  (0.0310)  (0.0124)

I 03541 04014 02833 03955 02738 03985 02786 03895 02644
(0.0175)  (0.0023)  (0.0027)  (0.0059) (0.0094) (0.0148)  (0.0338) (0.0152)  (0.0344)

I 04122 05577 04938 05383 04384 05480 04680  0.5195  0.3791
(0.0515)  (0.0107) (0.0217) (0.0194) (0.0554) (0.0355) (0.1195) (0.0349) (0.1353)
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Table 6: The ACLs of o with their CPs (in parentheses).

n m  CS ACI BCI HPD
Prior — 1 2 1 2 1 2

30 27 1 05841 05848  0.1187  0.1546 01185  0.1524
(0.6552)  (0.6406)  (0.9750)  (0.9750) (0.9741)  (0.9571)

I 06021 05716  0.1170  0.0888  0.1169  0.0886
(0.6352)  (0.6160)  (0.9750) (0.9750) (0.9737)  (0.9710)

I 08596 08102 01629 01660  0.1622  0.1414
(0.5878)  (0.5418)  (0.9749)  (0.9749)  (0.9708)  (0.9933)

18 1 08820 07141 01293 01137  0.1271  0.1098
(0.6234)  (0.6080)  (0.9749)  (0.9749)  (0.9668)  (0.9937)

I 11763 07625  0.1670  0.1304 01662  0.1302
(0.5482)  (0.5160)  (0.9749)  (0.9749)  (0.9698)  (0.9759)

O 39376 12533 01692 01616  0.1648  0.1612
(0.4404)  (0.3798)  (0.9749)  (0.9749)  (0.9637)  (0.9712)

9 I 54566 08776  0.1957  0.1267  0.1910  0.1187
(05230)  (0.4920) (0.9749)  (0.9749)  (0.9942)  (0.9954)

0 14621 09346  0.1770  0.1434 01756  0.1432
(03360)  (0.2750)  (0.9749)  (0.9749)  (0.9623)  (0.9926)

I 73131 05547 02135 01374 02133 0.1362
(04330)  (0.4220) (0.9749)  (0.9749)  (0.9725)  (0.9856)

50 45 1 03721 03525  0.1192 00879  0.1106  0.0876
(0.6662)  (0.6598) (0.9749) (0.9749) (0.9514)  (0.9817)

I 03574 03366  0.265  0.1033  0.1250  0.0978
(0.6482)  (0.6454) (0.9749) (0.9749)  (0.9565) (0.9914)

I 04107 04010  0.1410  0.1354  0.1397  0.1328
(0.5816)  (0.5684) (0.9749) (0.9749) (0.9555)  (0.9602)

30 1 04354 04256  0.1158  0.1074  0.1155  0.1067
(0.6436)  (0.6380)  (0.9749) (0.9749) (0.9721)  (0.9789)

I 04079 04067  0.1296 01201  0.1295  0.1198
(0.5714)  (0.5522) (0.9749) (0.9749) (0.9766)  (0.9785)

I 28428 13065 01276  0.098  0.1269  0.0981
(0.3310)  (0.2690)  (0.9749)  (0.9749)  (0.9850)  (0.9706)

15 I 08404 05492  0.1328  0.1380  0.1327  0.1375
(0.5624)  (0.5514)  (0.9749)  (0.9749) (0.9741)  (0.9631)

0 21449 06778  0.1486  0.1232  0.1450  0.1231
(0.3788)  (0.3558)  (0.9749) (0.9749) (0.9932)  (0.9760)

I 40194 05044 02451 01757 02347  0.1739
(0.3828)  (0.3650)  (0.9749)  (0.9749)  (0.9949)  (0.9631)

80 72 1 02756 02527  0.1044 00826  0.1042  0.0801
(0.6786)  (0.6716)  (0.9749)  (0.9750) (0.9812)  (0.9522)

I 02694 02456  0.1205  0.0908  0.1205  0.0883
(0.6566)  (0.6504) (0.9749)  (0.9749) (0.9713)  (0.9541)

I 02893 02749  0.1404  0.1204  0.1400  0.1200
(0.5932)  (0.5910) (0.9749) (0.9749) (0.9703)  (0.9874)

48 1 03286 03113  0.1175 00934  0.1174  0.0926
(0.6662)  (0.6594)  (0.9749)  (0.9749) (0.9770)  (0.9798)

oI 02711 02508  0.1163 01153  0.1159  0.1091
(0.5718)  (0.5710)  (0.9749)  (0.9749) (0.9778)  (0.9522)

o 07703 07967  0.1209  0.1404  0.1207  0.1379
(03002)  (0.2728)  (0.9749)  (0.9749)  (0.9735)  (0.9827)

24 1 04249 03843 0.1233 00975  0.1226  0.0965
(0.6156)  (0.6150)  (0.9749)  (0.9750) (0.9808)  (0.9673)

I 03430 03287  0.1663  0.0896  0.1663  0.0896
(04152)  (0.4044)  (0.9749)  (0.9749)  (0.9817)  (0.9664)

M 15706 04218  0.1342  0.1365  0.1320  0.1348
(0.3340)  (0.3080)  (0.9749) (0.9749) (0.9881)  (0.9592)
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Table 7: The ACLs of 5 with their CPs (in parentheses).

n m  CS ACI BCI HPD
Prior — 1 2 1 2 1 2

30 27 1 00706 00713 00328 00270 00320  0.0269
(0.6360)  (0.6350)  (0.9750)  (0.9750)  (0.9824)  (0.9780)

I 00687 00772 00439  0.0578 00433  0.0577
(0.6334)  (0.6276)  (0.9750)  (0.9750)  (0.9836)  (0.9740)

I 00680  0.0959  0.0417 00405  0.0409  0.0395
(0.5290)  (0.5340)  (0.9750)  (0.9750)  (0.9617)  (0.9844)

18 1 00740  0.1376  0.0497  0.0323 00494  0.0310
(0.5708)  (0.5730)  (0.9749)  (0.9749)  (0.9890)  (0.9898)

I 00747 00980 00330  0.0439 00330  0.0438
(0.5422)  (0.5502) (0.9749)  (0.9749) (0.9781)  (0.9692)

O 00769 01208  0.1576 00695  0.1330  0.0681
(0.3648)  (0.3764)  (0.9749)  (0.9749)  (0.9980)  (0.9567)

9 I 00862 00813 0058  0.0398 00582  0.0395
(0.4250)  (0.4320)  (0.9750)  (0.9750)  (0.9601)  (0.9833)

o 00652 00652 00569 00599 00561  0.059
(0.2700)  (0.2820)  (0.9749)  (0.9749)  (0.9980)  (0.9736)

I 00693 00609  0.1038 01099  0.1032  0.1093
(0.2340)  (0.2310)  (0.9749)  (0.9749)  (0.9820)  (0.9810)

50 45 1 00561 00557 00424 00316 00414  0.0301
(0.7044)  (0.7026)  (0.9749)  (0.9749)  (0.9866)  (0.9959)

I 00571 00605 00274 00232 00274  0.0232
(0.7006)  (0.6980)  (0.9749)  (0.9750)  (0.9736)  (0.9751)

I 00620  0.0925 00361 00391 00355  0.0380
(0.5986)  (0.5998)  (0.9749)  (0.9749)  (0.9614)  (0.9569)

30 1 00628 00602 00289  0.0347  0.0288  0.0345
(0.6542)  (0.6546)  (0.9749)  (0.9749)  (0.9749)  (0.9652)

I 00657 00748  0.0459  0.0338 00459  0.0331
(0.6390)  (0.6386)  (0.9749)  (0.9750)  (0.9755)  (0.9864)

I 00743 00682 00680 0038 00675  0.0377
(0.2800)  (0.2890)  (0.9749)  (0.9749)  (0.9725)  (0.9853)

15 1 00700 0.1082 00556 00451 00544  0.0448
(0.5294)  (0.5284)  (0.9749)  (0.9749)  (0.9942)  (0.9804)

I 00574 00644 00720 00322 00720  0.0321
(0.4102)  (0.4178)  (0.9749) (0.9749) (0.9740) (0.9714)

I 00526 00520 00808 00709  0.0807  0.0708
(0.2416)  (0.2506)  (0.9749)  (0.9749)  (0.9795)  (0.9743)

80 72 1 00454 00513 00342 00265 00328  0.0259
(0.7538)  (0.7444)  (0.9750) (0.9749) (0.9653)  (0.9815)

I 00483 00537 00350 00292 00345  0.0285
(0.7664)  (0.7582)  (0.9749) (0.9749) (0.9819)  (0.9861)

I 00535 00619 00302 00286 00298  0.0279
(0.6588)  (0.6548)  (0.9749) (0.9749) (0.9865)  (0.9886)

48 1 00549 00564  0.0268 00285 00266  0.0282
(0.7198)  (0.7144)  (0.9749)  (0.9750) (0.9851)  (0.9792)

I 00501 00556 00316 00314 00314 00313
(0.6756)  (0.6722) (0.9749) (0.9749) (0.9820) (0.9718)

I 00498 00733 00626 00495 00620  0.0476
(0.3004)  (0.3136)  (0.9749)  (0.9749)  (0.9670)  (0.9868)

24 1 00644 00818 00421 00261 00417  0.0260
(0.6116)  (0.6080)  (0.9749)  (0.9749)  (0.9658)  (0.9804)

I 00495  0.0640  0.0432  0.0475  0.0421  0.0464
(0.5072)  (0.5098)  (0.9749)  (0.9749)  (0.9848)  (0.9591)

M 00412 00326 00831 01073  0.0828  0.1065
(0.2380)  (0.2490)  (0.9749)  (0.9749)  (0.9815)  (0.9917)
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Table 8: The ACLs of A with their CPs (in parentheses).

n m  CS ACI BCI HPD
Prior — 1 2 1 2 1 2

30 27 1 01459  0.1432 00680 00519 00670  0.0513
(04316)  (0.4096)  (0.9750)  (0.9750)  (0.9893)  (0.9678)

I 01471 01452  0.1058  0.1673  0.1054  0.1672
(0.4228)  (0.4006)  (0.9750)  (0.9750)  (0.9937)  (0.9620)

o 01770 0.1700  0.0635 00717 00632 00715
(0.3700)  (0.3464)  (0.9750)  (0.9749)  (0.9594)  (0.9723)

18 1 01776  0.1880  0.0726 00570 00701  0.0553
(0.4096)  (0.3936)  (0.9749)  (0.9749)  (0.9527)  (0.9872)

I 02097 01919  0.1034 00801 00976 00775
(03934)  (0.3676)  (0.9749)  (0.9749)  (0.9581)  (0.9871)

O 02631 02725 00870 01252 00802  0.1237
(03148)  (0.2864)  (0.9749)  (0.9749)  (0.9548)  (0.9648)

9 I 02923 03662  0.0948  0.1405  0.0935  0.1391
(03570)  (0.340)  (0.9749)  (0.9750)  (0.9806)  (0.9677)

o 03949 04910  0.1303  0.1010  0.1282  0.1008
(0.2670)  (0.2560)  (0.9749)  (0.9749)  (0.9623)  (0.9817)

I 0.6009  0.6746  0.0705 00795 00705  0.0791
(0.5300)  (0.4460)  (0.9749)  (0.9749)  (0.9728)  (0.9783)

50 45 1 00994 00858  0.1266 00808  0.1258  0.0799
(04366)  (0.4184)  (0.9749)  (0.9749)  (0.9691)  (0.9691)

I 00988 00825 00634 0039 00633  0.0383
(0.4368)  (0.4252)  (0.9749) (0.9749)  (0.9761)  (0.9594)

I 0.1144  0.1015 00621 00733 00617  0.0727
(03762)  (0.3624)  (0.9749)  (0.9749)  (0.9840)  (0.9824)

30 I 01201  0.1094  0.1109  0.0768 00895  0.0754
(0.4272)  (0.4166)  (0.9749)  (0.9749)  (0.9539)  (0.9881)

o 01298 01192  0.1548  0.0883  0.1543  0.0882
(0.4208)  (0.4058)  (0.9749)  (0.9749)  (0.9824)  (0.9768)

I 02665 02884 00809  0.1001 00800  0.1000
(0.2360)  (0.2000)  (0.9749)  (0.9749)  (0.9963)  (0.9859)

15 1 01733 01664 01711  0.1289  0.1707  0.1283
(04018)  (0.3792)  (0.9749)  (0.9749)  (0.9827)  (0.9899)

o 02263 02264  0.1132 00627 01130  0.0614
(03282)  (0.3088) (0.9749)  (0.9749) (0.9733)  (0.9551)

I 02440 02702  0.1320  0.0943  0.1306  0.0938
(0.4344)  (0.3818)  (0.9749) (0.9749)  (0.9651)  (0.9869)

80 72 1 00737 00585  0.1028  0.0789  0.1015  0.0784
(0.4518)  (0.4406) (0.9749) (0.9749) (0.9713)  (0.9722)

I 00761 00599 00590  0.1061 00589  0.1060
(0.4468)  (0.4418)  (0.9749)  (0.9750)  (0.9795)  (0.9730)

I 00835 00666  0.0918 00706  0.0914  0.0663
(0.3950)  (0.3816)  (0.9749)  (0.9749)  (0.9629)  (0.9547)

48 1 00947 00924  0.1101 00870  0.1073  0.0844
(0.4430)  (0.4338)  (0.9749) (0.9749) (0.9915)  (0.9569)

I 00916 00735 00915  0.0900 00903  0.0898
(0.4308)  (0.4212) (0.9749) (0.9749) (0.9685)  (0.9785)

o 01521 01585  0.1172 0078  0.1168  0.0785
(0.2302)  (0.2108)  (0.9749)  (0.9749)  (0.9623)  (0.9739)

24 1 01297  0.1197 00810 00745 00801  0.0724
(0.4236)  (0.4164)  (0.9749)  (0.9749)  (0.9650)  (0.9658)

oI 01370  0.1239 00960  0.0879  0.0902  0.0702
(03652)  (0.3558)  (0.9749)  (0.9750)  (0.9869)  (0.9524)

I 01551  0.1465 00921 01019  0.0915  0.1013
(0.3680)  (0.3290)  (0.9749)  (0.9749)  (0.9680)  (0.9850)
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Table 9: The ACLs of R(t) at mission time ¢ = 0.1 with their CPs (in parentheses).

n m  CS ACI BCI HPD
Prior — 1 2 1 2 1 2

30 27 1 03583 03658  0.1902  0.1762  0.1868  0.169%4
(0.9500)  (0.9506) (0.9750) (0.9750)  (0.9543)  (0.9848)

I 03339 03564  0.1847 02548  0.1800  0.2491
(0.9428)  (0.9464)  (0.9750)  (0.9750)  (0.9571)  (0.9620)

I 03613 03876 01462 01237  0.1451  0.1194
(0.9482)  (0.9496)  (0.9750)  (0.9749)  (0.9686)  (0.9966)

18 1 03934 04181  0.1748  0.1114 01741  0.1104
(0.9372)  (0.9408) (0.9749)  (0.9749)  (0.9791)  (0.9666)

O 03272 03581 02514 02239 02425 02222
(0.9150)  (0.9130)  (0.9749)  (0.9749)  (0.9880)  (0.9840)

I 0384 04361 02263 01398 02131  0.1383
(0.9130)  (0.9112)  (0.9749)  (0.9749)  (0.9589)  (0.9596)

9 I 06255 0738 03000 02444 02996  0.2431
(0.9230)  (0.9310) (0.9750) (0.9749)  (0.9659)  (0.9691)

I 05498 08351 02608 02469 02594  0.2441
(0.8810)  (0.8770)  (0.9749)  (0.9749)  (0.9663)  (0.9606)

I 07196 05067  0.1749 01815  0.1741  0.1672
(0.5870)  (0.5950)  (0.9749)  (0.9749)  (0.9807)  (0.9919)

50 45 1 02576 02598  0.1266  0.1278  0.1258  0.1258
(0.9402)  (0.9416) (0.9749)  (0.9749)  (0.9637)  (0.9659)

I 02367 02389  0.1540  0.1380  0.1532  0.1379
(0.9436)  (0.9432)  (0.9749) (0.9749)  (0.9667)  (0.9747)

I 02574 02610  0.1605  0.1001  0.1604  0.0994
(0.9416)  (0.9444)  (0.9749) (0.9749)  (0.9777)  (0.9682)

30 I 02857 02958  0.0944  0.1249 00928  0.1146
(0.9364)  (0.9382)  (0.9749)  (0.9749)  (0.9881)  (0.9559)

oI 02164 02301 02189  0.1136 02133  0.1120
(0.8944)  (0.8922)  (0.9749)  (0.9749)  (0.9604)  (0.9813)

I 03519 03888  0.1973 02198  0.1948  0.2186
(0.7790)  (0.7750)  (0.9749)  (0.9749)  (0.9584)  (0.9645)

15 1 03412 03543 02699 02037 02695  0.2032
(0.9084)  (0.9132) (0.9749) (0.9749) (0.9716)  (0.9694)

I 02526 02705 02016  0.1855  0.1990  0.1833
(0.7852)  (0.7826)  (0.9749)  (0.9749)  (0.9615)  (0.9808)

I 02574 03068  0.1731  0.1851  0.1681  0.1543
(0.6046)  (0.6056)  (0.9749)  (0.9749)  (0.9576)  (0.9939)

80 721 01977 01995 01774  0.210  0.1751  0.1208
(0.9482)  (0.9508) (0.9749) (0.9749) (0.9673)  (0.9770)

I 01814 01827  0.168  0.1857 01601  0.1828
(0.9318)  (0.9340) (0.9749) (0.9749) (0.9572)  (0.9918)

I 01909  0.1911 00762 01732 00737  0.1724
(0.9426)  (0.9428) (0.9749) (0.9749) (0.9615) (0.9798)

48 1 02293 02344  0.1557 01447  0.1535  0.1439
(0.9356)  (0.9382) (0.9749) (0.9749) (0.9634)  (0.9647)

I 01531 01549  0.1582  0.0953  0.1577  0.0936
(0.8600)  (0.8528) (0.9749) (0.9749)  (0.9720)  (0.9852)

O 02025 02227 01890  0.1340  0.1884  0.1338
(0.7752)  (0.7718)  (0.9749)  (0.9749) (0.9783)  (0.9768)

24 1 02683 02702 01955  0.1151  0.1912  0.1052
(0.9156)  (0.9196)  (0.9749)  (0.9749)  (0.9926)  (0.9897)

oI 0157  0.1616 00922  0.1777 00911  0.1729
(0.7272)  (0.7264)  (0.9749)  (0.9749)  (0.9645)  (0.9818)

I 01725 01841 01642 02031  0.1569  0.2001
(0.6310)  (0.6310)  (0.9749) (0.9749)  (0.9565) (0.9559)
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Table 10: The ACLs of h(¢) at mission time ¢ = 0.1 with their CPs (in parentheses).

DOI: http://dx.doi.org/10.18187/pjsor.v18i3.3766

n m  CS ACI BCI HPD
Prior — 1 2 1 2 1 2

30 27 1 0.5671 0.7198 0.2134 0.1415 0.2084 0.1409
(0.9106) (0.8974)  (0.9750) (0.9750) (0.9854)  (0.9727)

I 0.5427 0.6727 0.2097 0.2856 0.2054 0.2849
(0.9046)  (0.8928) (0.9750) (0.9750) (0.9557) (0.9723)

I 0.5568 0.7143 0.1703 0.1550 0.1670 0.1545
(0.8640)  (0.8508)  (0.9750) (0.9749) (0.9819) (0.9813)

18 I 0.6694 1.0157 0.1908 0.1329 0.1902 0.1322
(0.8882) (0.8752) (0.9750) (0.9749) (0.9688)  (0.9821)

I 0.5825 0.8111 0.2170 0.2166 0.2060 0.2161
(0.8508)  (0.8342) (0.9749) (0.9749) (0.9607)  (0.9761)

1 1.1997 1.4674 0.2744 0.2618 0.2729 0.2565
(0.8788)  (0.8658) (0.9749) (0.9749) (0.9673)  (0.9823)

9 1 1.8724 1.7950 0.2607 0.2979 0.2601 0.2963
(0.8660)  (0.8520) (0.9749) (0.9749) (0.9767)  (0.9919)

11 3.0116 2.2858 0.3390 0.2372 0.3379 0.2338
(0.8370)  (0.8140) (0.9749) (0.9749) (0.9841)  (0.9931)

I 9.5868 2.0331 0.3859 0.4677 0.3685 0.4632
(0.7590)  (0.6820) (0.9749) (0.9749) (0.9875)  (0.9555)

50 45 1 0.4308 0.4785 0.2791 0.1625 0.2781 0.1621
(0.9350) (0.9216) (0.9749) (0.9749) (0.9711) (0.9761)

I 04119 0.4523 0.1535 0.1190 0.1511 0.1184
(0.9302) (0.9190) (0.9749) (0.9749) (0.9649)  (0.9790)

1 0.4170 0.4686 0.1467 0.1378 0.1456 0.1336
(0.8984) (0.8874) (0.9749) (0.9749)  (0.9820)  (0.9620)

30 I 0.4961 0.5875 0.1465 0.1311 0.1460 0.1288
(0.9200) (0.9082) (0.9749) (0.9749) (0.9885)  (0.9815)

I 0.3985 0.4442 0.2752 0.1630 0.2721 0.1625
(0.8724)  (0.8586) (0.9749) (0.9749) (0.9831)  (0.9838)

1 0.8824 1.4724 0.2779 0.2763 0.2775 0.2733
(0.8790)  (0.8730) (0.9749) (0.9749)  (0.9631)  (0.9802)

15 1 0.6567 0.9357 0.3564 0.3430 0.3557 0.3420
(0.8798)  (0.8684) (0.9749) (0.9749) (0.9725) (0.9549)

I 0.6241 0.9201 0.2184 0.1789 0.2184 0.1783
(0.7766)  (0.7776)  (0.9749)  (0.9749) (0.9750)  (0.9774)

1 2.5137 1.6316 0.3629 0.2698 0.3625 0.2646
(0.7502)  (0.7108)  (0.9749) (0.9749) (0.9726) (0.9535)

80 72 1 0.3439 0.3662 0.1796 0.1268 0.1766 0.1259
(0.9600) (0.9494) (0.9749) (0.9749) (0.9831) (0.9639)

1T 0.3253 0.3420 0.1595 0.2158 0.1542 0.2153
(0.9494)  (0.9370) (0.9749) (0.9749) (0.9926) (0.9763)

I 0.3305 0.3490 0.1375 0.1633 0.1369 0.1622
(0.9300) (0.9180) (0.9749) (0.9749) (0.9701)  (0.9646)

48 I 0.3958 0.4392 0.1731 0.1470 0.1712 0.1467
(0.9378)  (0.9266) (0.9749) (0.9749) (0.9852) (0.9717)

I 0.3114 0.3283 0.1723 0.1573 0.1704 0.1565
(0.9074)  (0.8944) (0.9749) (0.9749) (0.9710)  (0.9660)

il 0.3920 0.6993 0.1747 0.2662 0.1735 0.2632
(0.8602)  (0.8544) (0.9749) (0.9749) (0.9698)  (0.9947)

24 I 0.4977 0.5933 0.2164 0.1634 0.2161 0.1628
(0.9096)  (0.8954) (0.9749) (0.9749) (0.9717)  (0.9728)

I 0.3425 0.4378 0.1821 0.2231 0.1815 0.2024
(0.7952)  (0.7966)  (0.9749) (0.9749) (0.9738)  (0.9594)

I 1.2023 1.4568 0.3336 0.5152 0.3309 0.5009
(0.7440)  (0.7330) (0.9749) (0.9749) (0.9641) (0.9573)
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7. Head-Neck cancer data analysis

In this section, we consider a real-life data set to demonstrate the applicability of the methodologies proposed in the
previous sections. This data set, reported by Efron (1988), represents the survival times (in days) of a group of 44
patients suffering from Head and Neck cancer (HNC) disease and treated using a combination of radiotherapy and
chemotherapy (RT+CT). The ordered data times are: 12.2, 23.56, 23.74, 25.87, 31.98, 37, 41.35, 47.38, 55.46, 58.36,
63.47, 68.46, 74.47, 78.26, 81.43, 84, 92, 94, 110, 112, 119, 127, 130, 133, 140, 146, 155, 159, 173, 179, 194, 195,
209, 249, 281, 319, 339, 432, 469, 519, 633, 725, 817, 1776. Recently, this data set was also analyzed by several
authors, e.g., see Sharma et al. (2015), Sharma (2018) and Vishwakarma et al. (2018).

First, we fit the GCD to the complete data set along ten popular lifetime distributions as its competitors, namely:
CD, Gompertz distribution (GD), Hjorth distribution (HD), Weibull distribution (WD), generalized Pareto distribution
(GPD), exponentiated Pareto distribution (EPD), generalized-exponential distribution (GED), generalized Rayleigh
distribution (GRD), generalized half-logistic distribution (GHLD) and Nadarajah-Haghighi distribution (NHD) with
their respective PDFs (for z > 0 and «, 8, A > 0), see Table 11.

Table 11: Some competing models for the generalized Chen’s distribution.

Model  f(x) Author(s)

CD  BaxzPlexp(z? + A(1 — exp(z?))) Chen (2000)

GD exp(Bz — A(exp(Bz) —1)/B) Gompertz (1825)

HD (B4 Az(1 4+ 2))(1 4+ )~ B+tD exp(A2z/2)  Hjorth (1980)

WD Bzl 1lexp(—AzP) Weibull (1951)

GPD  A~(1 — (az/N\))(1/)—1 Pickands TIT (1975)

EPD  aB(l+z)~ B+ (1 — (1 4 z)~B)a—1 Gupta et al. (1998)

GED  alexp(—Az)(1l —exp(—Az))*~1 Gupta and Kundu (1999)
GRD  2aXzexp(—Az2?)(1 — exp(—Az?))>~1 Surles and Padgett (2001)
GHLD ?iif;‘(pﬁ;if)) G;thii; ) « Kang and Seo (2011)
NHD a1+ Az)* texp(l — (14 Azx)®) Nadarajah and Haghighi (2011)

The maximum likelihood approach is considered to estimate unknown parameters of these distributions. To check the
validity of proposed model, the Kolmogorov-Smirnov (K-S) distance with associated p-value is considered. Further,
various criteria have also considered to test the goodness of fit of these distributions, namely: negative log-likelihood
criterion (NLC) — log L(@), Akaike’s information criterion (AIC) given by AIC = —20 + 2k, consistent Akaike’s
information criterion (CAIC) given by CAIC = —2{+2nk/(n—k—1), Bayesian information criterion (BIC) given by
BIC = —2{ + klog (n) and Hannan-Quinn information criterion (HQIC) given by HQIC = —2/ + 2k log (log (n)),
where n and k are the sample size and the number of model parameters, respectively. In general, the best distribution
which provides better fit corresponds to the lowest value of NLC, AIC, CAIC, BIC, HQIC and K-S statistic values
and highest p-values. The values of MLEs of the model parameters and corresponding goodness-of-fit measures
are computed and reported in Table 12. In this table, the best model corresponds to the bold values. All required
numerical computations are implemented in R statistical language software using ‘AdequacyModel’ package proposed
by Marinho et al. (2019).

Table 12 shows that the GCD has the smallest values of the fitted goodness criteria as well as highest p-value, hence we
decided that it is the best model compared to other fitted models. Also, this result indicates that the GCD is a suitable
model to fit HNC real-life data set. In addition, we draw quantile-quantile (Q-Q) plots for all competing models as
a graphical method for goodness-of-fit of these distributions, which are shown in Figure 3. A Q-Q plot depicts the
points { F~1((i — 0.5)/n;6), z@y}, 1 =1,2,...,n. Figure 3 indicating that the GCD provides a better fit than others.
For more fitting illustration, in Figure 4, we have also provided two plots computed at the estimated model parameters
of each distribution such as Plot (a) represents the fitted and empirical CDFs; and Plot (b) represents the histogram of
the real HNC data set and the fitted PDFs. Because we don’t have any prior information is available about the model
parameters, the BEs are developed using non-informative priors.

Using the MCMC algorithm described in Subsection 3.2, we generate N = 20, 000 MCMC samples and then the first
M = 5,000 iterations have been discarded. Moreover, some important characteristics such as: mean, median, mode,
standard deviation (SD), standard error (SE) and skewness (Sk.) for MCMC posterior distributions of the unknown
parameters and the reliability characteristics after bun-in; are computed and provided in Table 13. To evaluate the
convergence of 15,000 MCMC outputs, trace plots of the posterior distributions are given in Figure 5.
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Figure 3: The Q-Q plots of the GCD and various models for HNC data set.
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Figure 4: Fitted the CDF and PDF of the GCD and various models for HNC data set.

In each MCMC trace plot, the sample mean is displayed with middle horizontal line, further, lower and upper bounds
of 95% BClIs and HPD credible intervals are displayed with dotted (- - - ) and dashed (- - -) horizontal lines, respectively.
Figure 5 indicates that the MCMC procedure converges very well and shows that the bounds of 95% BCIs and HPD
credible intervals are very close to each other.

Moreover, the marginal posterior density estimates of «, 8, A, R(t) and h(t) with their histograms based on 15,000
chain values using the Gaussian kernel are represented in Figure 6. In each histogram plot, the sample mean of any
unknown parameter is displayed as vertical dash-dotted line (:). It is evident from the estimates that the generated
posteriors of the unknown model parameters «, 8 and A are fairly symmetric while the generated posteriors of the
survival characteristics R(t) and h(t) are negative and positive quite skewed, respectively.
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Table 12: Summary fit for the HNC data set.

Model MLEs K-S NLC AIC CAIC BIC HQIC
o B8 A Statistic ~ p-value
GCD 45568 0.1212 0.8312 0.0687  0.9763 27745 56091 561.51 566.26 562.89
CD - 0.2308  0.0301 0.1659  0.1585 288.01 580.15 580.44 583.72 581.47
GD - 0.0025  0.0081 0.1595  0.1910 283.81 571.61 57191 575.18 572.94
HD - 0.0071  0.0001 0.1886  0.0763  349.66 70332 703.61 706.88  704.64
WD - 0.9313  0.0068 0.1261 0.4494  281.85 567.69 567.99 57126  569.02
GPD 0.2275 - 171.63 0.1037 0.6925 28046 56491 56521 568.48  566.24
EPD 65.340  0.9652 - 0.0899  0.8377  279.65 563.29 563.58 566.86 564.61
GED 1.0786 - 0.0047 0.1499  0.2500 281.96 56791 56820 57148 569.23
GRD 1.3690 - 0.0001 0.1941 0.0630 48191 967.81 968.11 97138  969.14
GHLD  0.8301 - 0.0054 0.1780  0.1086  284.59 573.17 573.46 576.74 574.49
GHLD  0.6888 - 0.0087 0.1052  0.6753  280.86 565.72 566.01 569.29 567.04

Table 13: Some posterior characteristics from MCMC outputs under HNC data set.

Parameter Mean Median Mode SD SE Sk.
« 455800 45.5800 45.5969 0.010017 8.178 x 10—° 0.011357
B 0.12100  0.12100  0.12430  0.003598  2.938 x 10~° 0.020395
A 0.83030  0.83030 0.80686  0.009989  8.156 x 10—° 0.026529

R(10) 0.99250  0.99260  0.99383  0.001498  1.223 x 10™°  -0.564860
h(10) 0.00195  0.00191  0.00169  0.000392 3.199 x 106 0.558983

Using the complete HNC real data set, some PCS-TII samples with m = 14 using five different sampling schemes are
generated and reported in Table 14. For brevity, the censoring scheme R = (2,0, 0,0, 2) is denoted by R = (2,0*3, 2).
To run the MCMC sampler algorithm, the initial values of the unknown parameters were taken to be their MLEs. Using
data sets of Table 14, the MLEs and BEs of the unknown parameters «, 5 and )\ as well as the survival characteristics
R(t) and h(t) at distinct mission time ¢ = 10, are computed and listed in Table 15. Also, 95% two-sided ACIs (NA
and NL), BCIs and HPD credible intervals are calculated and reported in Table 16.

Again, using different censoring schemes and different effective sample sizes such as m = 14, 24 and 34 from the
complete HNC data set, the values of criteria I and II are calculated and presented in Table 17. In this table, the best
progressive censoring corresponds to the bold values. From Table 17, for both given criteria I and II, it can be seen
that the optimum censoring scheme is R = (10*3,0*11), R = (5*4,0%20), and R = (5*2,0*32) for m = 14, 24 and
34, respectively, than other competing censoring schemes.
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Figure 5: MCMC trace plots of «, 8, A, R(t) and h(¢) under HNC data set.

1500
2000

b
il
ME
J N
i A
fl A
A N
‘| I‘
/ Y
il Ilin..,
—_—

T T T r T — 1 — T —T— T — — T
4556 4558 4560 562 0105 0110 0115 0120 0125 0130 0135 0.140 08 081 082 083 08 085 086 0984 0995 0988 0990 0992 0994 0996 00010 00020 00030 0.0040

1500

1000

Frequency
o 500 1000
4
il
al
o
[
—
]
—
— ]
.
0
————————
e —
e ———
|
——
—
—
=
=
i
o 500
4
ol
£l
e
e
—=
—
 —
—
—
 ——a
 ——
 —r)
—
5=
T

Frequency
o 50

0 200 400 600 800 1000 1200

[ a R h()

Figure 6: Histogram and kernel density estimates of a, 5, A, R(t) and h(t) under HNC data set.
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Table 14: Different generated PCS-TII samples from HNC data sets.

Scheme Progressively censored data

R; = (30,0%13) 12.2, 195, 209, 249, 281, 319, 339, 432, 469, 519, 633, 725, 817, 1776.

Ro = (10*3,0*11) 12.2, 68.46, 130, 249, 281, 319, 339, 432, 469, 519, 633, 725, 817, 1776.

Rz = (0*6,15*2,0%6) 12.2,23.56, 23.74, 25.87, 31.98, 37, 41.35, 130, 469, 519, 633, 725, 817, 1776.

R4 = (0*11,10*3) 12.2,23.56, 23.74, 25.87, 31.98, 37, 41.35, 47.38, 55.46, 58.36, 63.47, 68.46, 130, 249.
Rs = (0*13, 30) 12.2,23.56,23.74,25.87, 31.98, 37, 41.35, 47.38, 55.46, 58.36, 63.47, 68.46, 74.47, 78.26.

Table 15: Estimates of «, 5, \, R(¢) and h(¢) under HNC data set.

Sample  Parameter MLE MCMC
SEL WSEL SLEL  MSEL

1 o' 3.4088 3.0178 3.0138  3.0158  3.0099
154 0.2049 0.2139 0.2132 02136 0.2124

A 0.0566  0.0372  0.0339 0.0356  0.0304

R(10) 0.9958  0.9968 0.9968 0.9968  0.9968

h(10) 0.0005  0.0004 0.0002  0.0003  0.0001

2 a 3.2273  2.7058 2.6889 2.6973  2.6723
B8 0.2095 0.2025 0.2017 0.2021  0.2010

A 0.0463  0.0435 0.0400 0.0419 0.0363

R(10) 0.9966  0.9923  0.9923  0.9923  0.9922

h(10) 0.0004  0.0007  0.0005 0.0006  0.0003

3 «a 25658 1.9491 19248 19370 1.9004
B 0.1829  0.1856  0.1843  0.1850  0.1830

A 0.0769  0.0492  0.0443  0.0467  0.0399

R(10) 09740  0.9698 0.9696 0.9697  0.9694

h(10) 0.0021  0.0019 0.0017 0.0018  0.0015

4 «a 926.10 92556 92556  925.56  925.56
B 0.0048 0.0692 0.0675 0.0684 0.0652

A 2.6360 22082 2.1938 22010 2.1797

R(10) 0.9838 0.9977 09976 0.9977 0.9976

h(10) 0.0029  0.0007 0.0002 0.0004 0.0001

5 17645 17589 17589 175.89 175.88

0.0946  0.1329 0.1303 0.1316  0.1277
1.4283  1.0331 1.0110 1.0218  0.9904
R(10) 0.9949 09996 0.9995 0.9996  0.9995
h(10) 0.0016 ~ 0.0002  0.0001  0.0001  0.0001

> Q2

8. Concluding remarks

In this paper we have considered both point and interval estimations of the unknown model parameters, reliability
function and hazard function of the generalized Chen distribution via maximum likelihood and Bayesian estimation
methods when data are collected under Type-II progressive censoring. Since the classical estimators cannot be obtained
in closed form, we have suggested to use the Newton-Raphson iterative procedure by maxLik package in order to
update the maximum likelihood estimates and associated asymptotic intervals. Similarly, the Bayes estimators base
on various types of loss functions cannot be expressed explicitly. Thus, Metropolis-Hastings algorithm has been used
to approximate the Bayes estimates and also to construct the associated credible intervals. To demonstrate the use
of the proposed estimators, simulation study has been conducted. Simulation results show that the Bayesian method
works quite well than its competitor maximum likelihood method. To show the practical utility of proposed methods
in real medical life phenomenon and to choose the optimal sampling scheme, we have also analyzed the survival times
for Head and Neck cancer patients receiving a combination of radiotherapy and chemotherapy. Some literature works
have been extended and may be obtained as a special cases. This work is mainly associated with analysis progressive
censoring from our proposed model, and the same inferential methods can be extended for other distribution and
censoring schemes also as a future work. We hope that the results and methodology discussed in this paper will be
beneficial to data analyst and reliability practitioners.
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Table 16: The 95% asymptotic/credible intervals of «, 3, A, R(t) and h(t) under HNC data set.

DOI: http://dx.doi.org/10.18187/pjsor.v18i3.3766

Sample  Parameter ACI BCI HPD
NA NL

1 « (0.0000,8.6191)  (0.7393,15.718)  (2.8606,3.1625)  (2.8727,3.1649)
B (0.1320,0.2777)  (0.1436,0.2924)  (0.1895,0.2372)  (0.1894,0.2370)

A (0.0000,0.1948)  (0.0049,0.6522)  (0.0183,0.0584)  (0.0187,0.0587)

R(10) (0.8560,1.1356)  (0.8654,1.1458)  (0.9910,0.9995)  (0.9920,0.9998)

h(10) (0.0000,0.0969)  (0.0001,0.0974)  (0.0001,0.0009)  (0.0001,0.0008)

2 « (0.0000,8.8225)  (0.5700,18.272)  (2.4120,3.0326)  (2.4073,3.0250)
B (0.1268,0.2921)  (0.1412,0.3108)  (0.1805,0.2275)  (0.1815,0.2283)

A (0.0000,0.1813)  (0.0025,0.8532)  (0.0214,0.0667)  (0.0201,0.0649)

R(10) (0.8550,1.1383)  (0.8646,1.1489)  (0.9781,0.9985)  (0.9804,0.9994)

h(10) (0.0000,0.1077)  (0.0001,0.1072)  (0.0002,0.0018)  (0.0001,0.0016)

3 « (0.0000,9.7186)  (0.1579,41.682)  (1.5931,2.3003)  (1.6279,2.3149)
B (0.0321,0.3337)  (0.0802,0.4171)  (0.1553,0.2122)  (0.1560,0.2127)

A (0.0000,0.4375)  (0.0007,8.3418)  (0.0249,0.0871)  (0.0226,0.0835)

R(10) (0.0000,2.0157)  (0.3342,2.8384)  (0.9405,0.9888)  (0.9442,0.9906)

h(10) (0.0000,0.3775)  (0.0001,0.3754)  (0.0009,0.0036)  (0.0008,0.0034)

4 « (914.45,937.72)  (914.52,937.79)  (925.25,925.83)  (925.30,925.85)
Jo] (0.0294,0.0666)  (0.0326,0.0707)  (0.0505,0.0858)  (0.0505,0.0857)

A (2.2598,3.0120)  (2.2854,3.0402)  (1.9776,2.5143)  (1.9749,2.5095)

R(10) (0.9226,1.0449)  (0.9245,1.0468)  (0.9894,0.9999)  (0.9914,0.9999)

h(10) (0.0000,0.0955)  (0.0001,0.0926)  (0.0001,0.0025)  (0.0001,0.0021)

5 « (159.27,193.63)  (160.08,194.49)  (175.54,176.20)  (175.55,176.21)
B (0.0616,0.1276)  (0.0667,0.1341)  (0.1017,0.1574)  (0.1027,0.1581)

A (1.0622,1.7943)  (1.1053,1.8455)  (0.8419,1.2803)  (0.8461,1.2829)

R(10) (0.9613,1.0285)  (0.9619,1.0291)  (0.9983,0.9999)  (0.9985,0.9999)

h(10) (0.0000,0.0590)  (0.0001,0.0574)  (0.0001,0.0007)  (0.0001,0.0006)

Table 17: Optimal censoring scheme based on determinate and trace criteria.

(n,m)  Censoring Scheme Criterion
I i

(44,14) (30,0%13) 17131077 7.073171
(10*3,0*11) 8.541x10~8  6.611433
(0%6,15*2,0%6)  5.973x10~7  13.35849
(0*11,10*3) 1.408x107° 3527530
(0*13, 30) 5.128x1075  76.82821
(44,24) (20,0%23) 4.865x1076  63.75208
(5*4,0%20) 5229x1077  10.35307
(0*10,5%4,0%10)  4.892x10~6  47.68484
(0%20, 5%4) 8.660x1076 3531541
(0*23, 20) 3.449x1075  159.8899
(44,34) (10,0*33) 8.816x1076  78.68437
(5*2,0%32) 2.806x1076 2691011
(0%16,5%2,0%16)  3.158x10~°  224.3829
(0*32,5*2) 6.387x10~%  35.50825
(0*33,10) 6.360x1076%  44.43605
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Appendix

From (6), the elements of the observed Fisher information matrix (21) with respect to o, 8 and A are obtained as
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where 1/)/0(~) and z/Jg () denotes the first- and second-partial derivatives with respect to the unknown parameter 6,
respectively, such as

Wi, =1—exp(¥(z;; 8,\)),i=1,2,...,m,

VYg(wi; B,A) = —/\log(a:i)exp(xf)xf,i =1,2,...,m,

A)=0,i=1,2...,m,

Yg(Ti; B,A) = —A(log(x;))? exp(xﬁ)x?(l + xf),z =12,...,m,
A) =1

K3
,2,...,m,

Yo (wi; B,A) = —log(z:) exp(mf)x?,i =1,2,...,m.
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