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Abstract

The relations for moments of generalized order statistics (gos) for transmuted exponential distribution are obtained.
These include relations for single, inverse, product and ratio moments. These relations are useful in for recursive
computation of moments of gos for transmuted exponential distribution. Some characterizations of the distribution,
based on single and product moments of gos, are also obtained.
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1. Introduction

Generalized order statistics (gos) has been introduced by Kamps (1995) as a unified model for ordered random
variables. Several models of ordered data including ordinary order statistics and record values, introduced by Chandler
(1952), appears as a special case of gos. The joint density function of n gos, introduced by Kamps (1995) is

n-1 k-1 n-1 m
fu i 000006) =k ([T7, J = F O6)f ™ 1 00 TT - F (0"} £ (%) ], €y
where n, m and k are parameters of the model. The quantities y; are defined as y; =k +(n— j)(m+1). The density
function of a single gos, obtained by Kamps (1995), is

foms (X)= 5 T (OB-F 0} 0 [F ()], @

where C., =] 7, and

[1—(1—x)m+1]/(m+1); m=-1
-In(1-x) m=-1.
The joint density function of two gos is

fr,s:n,m,k (le Xz) = m f (Xl) f (Xz){l_ F (Xl)}m gr:\_l{F (Xl)} 3

s—r-1

x{l— F (xz)}ys-l [hm {F (xz)}—hm {F (Xl)}] ;=00 < X, < X, < 0.

G (X) =Ny, (X) =Ny, (0) =

where
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~ ~(1-x)"(m+1);  m=-1
n (x)= —In(1-x) m=-1.

The gos is a unified model for the ordered random variables and different choices of the parameters provide different
models of ordered data. For example the ordinary order statistics appears as a special case of gos form=0and k = 1.
The kth record values, introduced by Dziubdziel and Kopociski (1976), appear as a special case of gos for m = - 1.
Also for m = -1 and k = 1, the gos reduces to upper record values, introduced by Chandler (1952). A detailed discussion
on gos can be found in Ahsanullah and Nevzorov (2001) and in Shahbaz et al. (2016).

Since its emergence, the gos has attracted several authors to study its properties for specific distributions. Most of the
work in gos has been related with the recursive computations for moments of gos for a specific base distribution and
characterizations based upon the moment of gos. Joshi (1978) has obtained relations for moments of ordinary order
statistics for exponential distribution. Cramer and Kamps (2000) and Athar and Islam (2004) have provided general
framework for relations between moments of gos for any base distribution. Kumar (2010) and Kumar (2011) has
obtained relations for moments of gos for pth order exponential distribution and Kumaraswamy distribution
respectively. Khan et al. (2010) has obtained moments of gos for Erlang-truncated exponential distribution. Hanif
Shahbaz and Shahbaz (2017) have obtained recurrence relations for moments of gos for Kumaraswamy Pareto
distribution. Some other notable references include Ahsanullah et al. (2015), Balakrishnan et al. (2015), Kumar et al.
(2019) among others.

The recurrence relations for moments of transmuted distributions have not been explored and in this paper we have
obtained the recurrence relations for moments of gos for transmuted exponential distribution. We will first give a brief
about the transmuted exponential distribution.

2. Transmuted Exponential Distribution

The exponential distribution has been a popular probability distribution in reliability and life testing. The density and
distribution function of exponential distribution are

f(x;a)=aexp(-ax)and F(x)=1-exp(-ax); a,x>0.
The distribution has been extensively studied and several generalizations of this distribution are proposed in literature.
Owoloko et al. (2015) have used the quadratic transmutation technique, introduced by Shaw and Buckley (2007) to

propose the transmuted exponential distribution. The density and distribution functions of the transmuted exponential
distribution are, respectively, given as

f(x)=ae[1+4-22(1-e)]; x,@>0,~1<A<1 @)
and
F(x)=(1+4)(1-e)-A(1-e ) ; x.a>0,-1< A <1, 5)

Al-Sobhi et al. (2020) has shown that the density and distribution function of the transmuted exponential distribution
are related as

[1-F(x ]——f Z “”J- 6)

Al-Sobhi et al. (2020) have used the relatlon (6) to obtain the recurrence relations for moments of ordinary order
statistics for transmuted exponential distribution. In this paper we have presented the recurrence relations for moments
of gos for the transmuted exponential distribution. We have also given some characterizations for transmuted
exponential distribution based upon the moments of gos. These relations and characterizations are given in the
following sections.

3. Relations for Raw and Inverse Moments

In this section we have presented the recurrence relations for single and inverse moments of gos for transmuted
exponential distribution. These relations are given in the following Theorem and corollaries.

Theorem 1: The raw moments of gos for transmuted exponential distribution are related as

- I:ﬂr':)r:r,gn,k—l - :urpj]_'jn,m,k—l:l ' (7)

r-1(k-1)

p E
/ur:n,m lur n,m lurnm A
k = 1n,mk ay, k J 7, C
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where 7, o =(k=1)+(n—j)(m+1) and C_,, :H;:lyj(k—l) .

Proof: Athar and Islam (2004) have shown that the moments of gos for any parent distribution are related as
/url?n,m,k _/urp—l:n,m,k Z&J‘ Xp - l F } ' 1|:F (X):Idx (8)

(r

where 40 .\ = E(Xrn mk) and X, .. isrthgos. The relation (8) can be written as

Ci * o -
/Jrl?n,m,k _lurp—l:n,m,k :ﬁj‘iwxp 1{1_ F(X)}{l_ F( }y ' 1|:F :|dX '

Now using (6) in above equation we have

T J:xp-{l f(x)-23(-2) ﬂ}[l— F ()] 05 [F (x)]ox
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= %J‘: xP(x)[1-F (x)]y'f1 gn [ F(x)]dx
) I {1 (] i e
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j=0 j! ek lerr—l(k—l)(r_l)! 0

x[1-F(x) ]y’kl THF () ]dx

p _ P _
/ur:n,m,k /ur—l:n,m,k - }/ :ur n,mk /1
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x[1=F ()] gn* [ F (x)]ex,
where 7, =(k-1)+(n-r)(m+1) and C_,, , :H;:ij(k_l) . Now using (6) again we have

p+] _ 0]
r:n,mk-1 /ur—l:n,m,k—l:|

o caly . C
P P P i r(k-1)~r-1
:ur:n,m,k _1ur—1:n,m,k - :ur:n,m,k _EZ(_Z) -
ay, j=0 J!j/rcr—l(k—l) |:

p+]j

j
§ 2 Ve Cra P+
I: rnmk-1 " /ur—l'n,m,k—l] J

p o0
or Hiomk = M tnmk +—— Hinmk AZ(_Z) :
r:n,m, r—1:n,m, ay, r:n,m, = J!J/rcr_l(k_l)

which is (5) and hence the result.

It is interesting to note that the recurrence relation (7) reduces to the recurrence relations for moments of gos from
exponential distribution, obtained by Ahsanullah (2000), for 2 =0. Also for m =0 and k = 1, the relation (7) reduces
to the relations for single moments of ordinary order statistics, obtained by Al-Sobhi (2020).

Some corollaries from Theorem 1 are given below.

Corollary 1: Replacing p with —p in (7), the recurrence relations for inverse moments of gos for transmuted
exponential distribution is given as
aly.. .C ) )
_ 1) r(k-1) _ _
ll'll’fl'?,m k — :ur—ln mk __:ur npn:k + ﬂ’z —[lur:r?,:nj,k—l - lur—q;{m,k—l:l . (9)
ay, i=0 1'7:C e
Corollary 2: Using m = -1 in (7) we have following recurrence relation for moments of record values for transmuted
exponential distribution
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0 i j r-1
P o (2) a'( k . .
#}E(r) = ,U;E(H) +Jﬂ£(rl) _AjZO i K1 [ME 11( " — I f(r 1)} (10)

Corollary 3: Using m = -1 in (9) we have following recurrence relation for inverse moments of record values for
transmuted exponential distribution

b (-2 k YT
luKFr) :'uKFr‘l)_a_’uK Z | (k 1] |:luKEl(:') Iqul(Jr—l)j| ' (11)

=0

In the following section we will give the recurrence relations for product and ratio moments of gos for transmuted
exponential distribution.

4. Relations for Product and Ratio Moments

In this section we have derived the recurrence relations for product and ratio moments of gos for transmuted
exponential distribution. These relations are given in the following Theorem and corollaries.

Theorem 2: The product moments of gos for transmuted exponential distribution are related as

, , q — 75 k-1) C )
/urp,s?n,m,k = /urp,sq—l:n,m,k +— :urpsqnin k —/7,2 C—[:urpsqn m,k-1 /Jr’?sq—l'n,m,k—l] ' (12)
ays 17 Coypey

Proof: Athar and Islam (2004) have shown that the product moments of gos for any parent distribution are related as

, , _ qcs— © e - m
;ur‘js?n,m,k _:urr?sq—l‘n,m,k - 75 (l’ _1)!(51_ r _1)' leJ.X leXg lf (Xl)[l_ F (Xl)] gm ! |:F (Xl)] (13)

x[hm{F(Xz)}—hm{F(x }]S r1|:l F Xz] dXZXm'
where /ursnmk = E(ernmkxsqnmk) The relation (13) can be written as

C o
/urp,é?n,m,k _/urp,éq—l:n,m,k =(I’—J.)('1(+—ll’—].)". % Xl Xg lf Xl |:1 F Xl :I g |: ( 1)]

<[y {F ()} = {F ()1 1= F (%) J[1-F (%) ] dix, .

Now, using (6) in above equation we have

C S "
ﬂr?é?n,m,k _ﬂrl?éq—l‘n,m,k = #J‘_w % lexg 1f (Xl)[l_ F (Xl)]

(r=1)Y(s—r-1)!
xgml[F x) [0 {F ()} =ho {F ()T

X )—ﬂi;(— = XZ [1 F xz)]ysfldxzdx1
-

ﬂr?é?n,m,k_ﬂr?'sql:n,m,k:ays(r_?_)cis(l_r 1 .[ .[ Xy Xz_lf f(X2 |:1 F(Xl)]
xg;’l[F(xl)][hm{F(xz)}—hm{F(x W 1-F (%) dxdx,
R e e A LY )
xg;ﬁ[F(xl)][hm{F(xz)}_hm{F(xl }] [1_F(x2)}7fldx2dxl
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< i o C
xur?é?n,m,k _ﬂrl?‘sq—l‘n,m,k = 02/ rurpsqn%n k 12(_2)1 ? ¥ (r 1(;'(581 r 1)|
s j=0 L - H - — H

X.[:.[: xPxg I (x)[1-F ()] 9n*[F(x,)]
<[ {F (%)} o {F ()} [1-F (%) dx,

or

S ) Q7 (k1) Cs1Co sk
— p.a-1 105 s(k-1)~s—1~s-1(k-1)
- /ursnmk_/lz

ay, = ity k71)C571(k71)(r—l)!(s—r—l)!
_[ j XPX§IHE (% )[1-F ( ] ant[F(x)]
X[ {F (%)} =ho {F ()} 1 F (%) T dxx,

where 7.,y =(k-1)+(n-s)(m+1) and C_, :HSH;/J. (1) - Now using (13) again we have

p.q p.q
,ur,s:n,m,k _/ur,s—].'n,m,k

a ¥ 0Coa
P.a _ p.a-1 s(k-1) p.d p.d
Hr snmk :ur s -Lnmk — _/ur snmk )’Z( — ~ | Hrsnmk-1 — Hrstnmk-1
ay j=0 J 7/5 s—1(k-1)
ja Iy C.,
P — ;P q  pat1 s(k-1) P.a P
or /ur,s:n,m,k - ﬂr,s—l:n,m,k +— :ur s:n,m,k _ﬂ‘z C /ur,s:n,m,k—l _/ur,s—l'n,m,k—l '
ays =0 J Vs -1(k-1)

which is (10) and hence the Theorem.

It is interesting to note that the recurrence relation (12) reduces to the recurrence relations for product moments of gos
from exponential distribution, obtained by Ahsanullah (2000), for 4 =0. Also for m = 0 and k = 1, the relation (12)
reduces to the relations for single moments of ordinary order statistics, obtained by Al-Sobhi (2020).

Some corollaries from Theorem 2 are given below.

Corollary 4: Replacing p with—p in (12), the recurrence relations for ratio moments of gos for transmuted exponential
distribution is given as

P.-q

a 7/5 k-1) CS 1 -
(—[:ur,é:n,m,k—l _ﬂr?é—in,m,k—l] : (14)

- - 9 +1)
/urp,s:nq,m,k = ﬂr’?s—i:n,m,k /ur s: n?n k + AZ(
ays J 75 s-1(k-1)

Corollary 5: Using m = -1 in (12) we have following recurrence relation for product moments of record values for
transmuted exponential distribution

B (2 r-1
i = e+ B A5 L [k ) [ ] s)

Corollary 6: Using m = -1 in (15) we have following recurrence relation for ratio moments of record values for
transmuted exponential distribution

j -1
q (g+1) k ' - -
lulg(rqs) = :uK(r S— 1) :uK(r sq + /12 | (k 1) |:/u}’<)—1?r,s) _:Lll‘()—l?r,s—l)} . (16)

We will now give some characterizations of the transmuted exponential distribution in terms of moments of gos.

5. Characterizations

In this section we have given some characterizations of the transmuted exponential distribution in terms of moments
of gos. These characterizations are given in the following theorems.
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Theorem 3: A necessary and sufficient condition for a random variable X to have density and distribution function
(3) and (4) respectively is that the moments of its gos are related as

p+] _ Pt
ﬂr:n,m,k—l :ur—l:n,m,k—l:|'

(Z yr(k 1Crl
/”p ,k_ﬂlil:, k= —— b k_ﬂ’z -~
r:on,m r n,m 7 rn,m Jo J err_lkl)[

Proof: The necessary condition immediately follow from Theorem 1. In order to prove the sufficient condition
consider the relation (8) and hence we have

o _ © o C . )
L?L)I Xp_l |:F (X):rr I:F X):| dx = _lur n,m.k _EZ(_Z)J M[#r‘)rﬂnk—l - /lrpjl:Jn,m,k—l]
1)1 o0

. (r J!}/rCr—l(k—l)
Fi(c”f X [F (0] 0 [F(x de_{f;i)!f_ix“{ﬂx)}”19;1{F<X>}
pl1l > Iy p-1+j
xy—r{;f(x)—ﬁg(—z) X }dx}
sy o oo s

Using Muintz—Sz4z theorem; see Hwang and Lin (1984); to above equation we have
_ j
(0= {2 10132 )

which is (6) and this relationship holds between density and distribution function of transmuted exponential
distribution hence the theorem.

Theorem 4: A necessary and sufficient condition for a random variable X to have density and distribution function
(3) and (4) respectively is that the product moments of its gos are related as

P.g _ p.g-1 s2r o pa p.a
/ur,s:n,mk :urs Inmk — /ursnmk _)’Z( :ursnmk -1 :ur,s—l:n,m,k—l '
ay C

s s—1(k-1)

Proof: The necessary part immediately follow from Theorem 2. For sufficient part we consider (13) as

/urp,;c:‘n,m,k_ﬂr?éq—lzn,m,k (r_ 1qu l_r 1 j j X quf Xl)l:'E :l g |:F :|

<[ {F (%)} = (F )T [F (%) ] dx,.

Now using above relation with (12) we have
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7s(r= 1(;(:(ssl—r 1)! o o0 OOl 0] 0 [F () ][ {F ( ()} =t {F O}

C

x[F(%)]" dxzdxl{wl_r_l)!f XD OO {F ()] 90 {F (%)
s-r-1 751 1 [ jalx)
xdh, (F (%))~ (F (%) {F (x)) yﬂ{;f(xz)—ﬂZ(—Z) T}dxzdxl:l

S

or

(r 1) (S r— ]_ II X X5 1f(X [F 1)] In [F ]|: { 2)}_hm{F(X1)}]5—r—1
X|:|E(X2):|hl|:lf()(2)_{ f ilwzo JaJ)-(J}:IdX dx, =

Using Muintz—Sz4z theorem; see Hwang and Lin (1984); to above equation we have
_ x
F(x,)= { az ) E } ,

which is (6) and hence the theorem.

6. Conclusions

In this paper we have derived some relations for recursive computation of moments of gos for transmuted exponential
distribution. These relations are useful in computing higher order moments from the corresponding lower order
moments. These relations can also be used to obtain the recurrence relations for moments of special cases of gos. We
have also obtained some characterizations for transmuted exponential distribution in terms of moments of gos.
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