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Abstract

In this paper we consider a two parameter ratio-product-ratio estimator for estimating population mean in case of
post stratification following the estimator due to Chami et al (2012). The bias and mean squared error of proposed
estimator are obtained to the first degree of approximation. We derive conditions under which the proposed
estimator has smaller mean squared error than the sample mean ¥, ratio estimator Yg,) and product estimators

Yp(ps) - Empirical studies gives insight on the magnitude of the efficiency of the estimator developed.
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1. Introduction:

The principal aim of statistical surveys is to obtain information about of interest. To increase the precision of the
estimates we use information on the auxiliary variable. Stratification is one of the most widely used techniques,
requires the size of the strata as well as sampling frame for each stratum. But in many situations sampling frame is
not available. For example in households surveys it is possible to know the number of families added in a locality
but which families belong to which locality up to date sampling frame of different strata may not be possible. In this
type of situation, post stratification technique is used. The post stratification was first introduced by Holt and Smith
(1979) and Ige and Tripathi (1989). It is known that when the auxiliary information is used at the estimation stage,
the ratio estimator is best among a wide class of estimators when the relation between y and x, the variate under
study and auxiliary variate, respectively is a straight line through the origin and the variance of y about this line is
proportional to x. In such a situation the ratio estimator is as good as regression estimator. In many practical
situations, the regression line does not pass well as that of regression estimator. Keeping this fact in view and also
due to the stronger intuitive appeal, statisticians are more inclined towards the use of the ratio and the product
estimators and hence a large amount of work has been carried out towards the modification of ratio and product
estimators, for instance, see Singh (1986), Singh and Espejo (2003) etc.. Motivated by this Ige and Tripathi have
suggested an improved version of combined/separate ratio and product estimators in post stratified sampling and
studied their properties under large sample approximation. Ige and Tripathi (1989) have conducted an empirical
study in support of their studies. Tuteja et al (1995) have extended the study of Ige and Tripathi (1989) based on
post stratification and auxiliary information. Recently Chouhan (2012) proposed class of ratio type estimators using
various known parameters of auxiliary variates in case of post stratification. Keeping in this view we have suggested
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a two parameter ratio-product-ratio estimator for estimating population mean in case of post stratification adapting
the estimator due to Chami et al (2012).

For a finite population of size N, we are interested in estimating the population mean Y of main variable y. Use of
auxiliary information has been in practice for improving the efficiency of estimator(s). Usually, auxiliary
information is easily available with study variate with little extra cost and efforts. Let us consider a finite population
U=(U,U,,...Uy). A sample of size n is drawn from population U using simple random sampling without

replacement (SRSWOR). After selecting the sample, it is observed that which units belong to ht" stratum. Let n, be

L
the size of the sample falling in h'" stratum such that Znh =n. Here it is assumed that n is so large that the
h=1

probability of ny being zero is very small.
Let Y, be the observation on i unit that fall in h™ stratum for study variate y and X, be the observation on i" unit

that fall in ny stratum for auxiliary variate x, then,
L

X = 1 Xy, - ™ stratum mean for the auxiliary variate x,
Np =
1 e
Y, = N—Z yp,i - h'" stratum mean for the study variate y,
h h=1

X =) W, X, : Population mean of the auxiliary variate X,

=>
] [
LN

Y =) W,Y,: Population mean of the study variate v,

>

T Mv—

1
In case of post stratification, usual unbiased estimator of population mean Y is defined as

L
yps = th Yh -
h=1

Ny, . .
where W, = Wh is the weight of the h™ stratum and

Mh

¥, =— Y yp is sample mean of n, sample units that falls in the h™ stratum.
Mh 3

We denote the population variances/mean squares of Y and X as
N N
Sin =LZ(Yi —\7)2 , S2 = iZ:(Xi - )7)2 respectively.
N-14= N-14

Furthermore, we define the coefficient of variation of Y and X as

S
Cyp =2 Cp =2 rospectively.
yh Y xh X p y
Using the results from Stephen (1945), the variance/MSE of ¥, to the first degree of approximation is obtained as
L
Var()'/ps): 7ZWhS§h ; (11
h=1
=MSE(Y s
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h 2 1 N“( —)2 1-f q N s th ling fracti
where S§, :mz Yhi —Yn) 7= — and f :Wlst e sampling fraction.
h i=1

Ige and Tripathi (1989) defined classical ratio and product type estimators for estimating the population mean Y in
case of post stratification as

2 oo [ X
YpF; = yps[)_(_} (1.2)
ps
and
A (X%
sz = yps(%} (1.3)
L _ L _
where X :thih is the unbiased estimate of population means in case of post stratification, X = ZWhXh is
h=1 h=1

the known population mean of the auxiliary variate x and X, is the mean of the sample of size n,, that fall in the h™
stratum.

MSE of the Ige and Tripathi (1989) estimators Y3 and Y}, are

. L
MSE(VPEJ — 7> W, (3, + RS2, ~2RS 4., (L.4)
h=1
and
~ L
MSE(YpFS’) = ;/ZWh (s§h +R?S%, +2RS ) (1.5)
h=1
where R = Y:
X

Following Khoshnevisan et al (2007), Onyeka (2012) proposed a class of estimators for population mean Y in case
of post stratified sampling as

- o ax +b
Ypss = Yps alaX,s +b)+(1-a)(aX +b)

where (a,5) are real constants and a(¢ O), b are either constants or functions of known population parameters of

(1.6)

the auxiliary variates such as standard deviation o, (orS, ), coefficient of variation C,, Skewness f,(x), kurtosis
B, (x) and correlation coefficient p,, betweeny and x.

To the first degree of approximation, the MSE of ¥ . is given by

L
MSE (7 pes )= 7D W, [s§h +a?22g?R?SE, —2aAgRS | L7
h=1

where A = EX .
aX +b

It is to be mentioned that Onyeka (2012) generated five new ratio-type estimators forY :
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Loy (x+c) | -7, (X+8,0) | ; (XB,0+Cy) ; (XC, + B,(%)
f 7P (g +Cy i P (% s + 52(0) tr, = psi-psﬂz(x)m 'R ”Si-psc 2 5,00) "
()7+p )

Ya(ooss = Vs (—pyx) for (@, g,a,b)=(111,C, ), (1L1L B (%)), (01, 5, (X),.C, ). (LL C,, B (), (L1, oy );

respectively and eight product-type estimators for Y :

Oy (>‘<ps+cx)t o (>‘<ps+ﬂ2(x))t o ()_(ps+pyx)t . (xps+ax) 5, (%ps8,()+C, )
Ve e, ) T e ) a00) T (K T (K rey) R RE (004G, )
_(%,Cy+ B(®) ; Buhloro,) I,

Ve e 1 4,00) " T Tmm o) K00
(,9,a,0)=[L-11C, ) L1 B, () L-1L oy JL-1L0). (L1 8, (),Cy ), (1-1.Cy.. B, () and (L1, B, (). 5 )

respectively.
Motivated by Bhal and Tuteja (1991), Tailor et al (2017) suggested the following combined ratio-type and product-

type exponential estimators for population meanY of y in post stratified sampling as

~ X -x
Y =y, expl =——= |, 1.8
Re yps p(x +)_(ps ( )
and
X . —X
VP _§ expl P . 1.9
Pe yps p(x +Xp ( )

To the first degree of approximation, the MSEs of Y2 and Y2° are respectively given by

MSE(?Rgsj th( Gty Lres2 _ RSyxhj , (1.10)
and
o L 1
MSE(YPQSJ - yZWh[sgh + R2S2 + RSyxhj. (1.12)
h=1

Bacanli and Aksu (2012) proposed the following separate ratio estimators for the population mean Y of y in post
stratified sampling as

L
X, +C
g =Y g W, = 1.12
YRs, hZ:l‘,Yh h %, 1C, (1.12)
yps :ithh(x_h—’_—ﬂ%(x)) (1 13)
Foo 7 (% + Ban (%))
L N *
_ _ X X)+C
TE = gy el 9+ o] (1.14)
h=1 Xh Bon (X) +Cyp
L N *
_ _ X.C, + X
P AR Rl (1.15)
h=1 Xy Coxn + Ban (X)

« Sy . - .
where C, = %h is the coefficient of variation of x in stratum h.

h
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Motivated by Khoshnevisan et al (2007), we define a class of separate ratio-type estimators for population mean Y
in post stratified sampling as
. L
Yok = ) W yh[
; Oy (

anXy + by )+ @—ap )@, Xy +y))
where (e, gy, )are real constants and (ay, (= 0),b,, )are either constants or functions of known parameters of the

(1.16)

auxiliary variable x in the h®" stratum of the population such as standard deviation o, (orS,,), coefficient of
variation C,;, , skewness /3, (x), kurtosis S,y (x) and correlation coefficient p,,, of the h" stratum.

To the first degree of approximation the MSE of \?S’F’f is given by

. L
MSE(VspRS) = J’th [Sih + a2 0 RA St — 20,40, Rhsyxh]v (1.17)
h=1

where 4, = — .
h iahXh+bhi

The MSEs of the estimators yP® y,gssz,yg; and y,g’; can be easily obtained from (1.17) just by putting

Rs; !

(a9, anby )= (1,1,1,C:h ) (111, Bon (X)), (1,1, Bon (x),C:h)and (1,1,C:h, ﬁZh(x)) respectively.
In this paper we have developed a two parameter ratio-product-ratio estimator in post stratification on the line of
Chami et al (2012). Combined as well as separate estimators are proposed and their properties are studied under
large sample approximation. Numerical examples are given in support of the present study.

2. Proposed two parameter combined ratio-product-ratio type estimator
Taking motivation from Holt and Smith (1979), Ige and Tripathi (1989) and Chami et al. (2012) for estimating the

population mean Y in case of post stratification we suggest the following two parameter ratio-product-ratio

estimator
_ ] [@=8)Rps + X Kps +(1-0)X
Yps(n.6) = yp{ﬂ{—&ps =o)X +(@-7 W , (2.1)

where (n,d)are real constants. The aim of this paper is to derive values for these constants (77,5) such that the bias
and mean squared error (MSE) of ¥, 5)is minimal.

It is to be mentioned that ¥ s, 5) = ¥ psan1-s) that is the estimator ¥, s) is invariant under a point reflection
through the point (77, 5) = [%%) . The proposed estimator ¥ (, 5) boils down to

the known estimators of the population meanY :
11

() yps(n,(S) = yps for (77!5): [El 2)

22

that is, yps(lij = Vps -

(ii) Yos(ns) = Yps Xes (product estimator) for (17,5) = (1,0)and (0,1).
(i) Vps(ys) = Yps = (ratio estimator) for (r7,5)=(0,0)and (1,1).

X
X
)_(S

p
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To obtain the bias and MSE of the proposed estimator y , 5) , We write
os =Y (L+69), X = X(L+e;) such that E(e;)=0 fori=12.

and to the first degree of approximation (i.e. up to order n'l)'

( ): v 2 thsyh’ (e1> X 2 th xh s eoel :szwh yxh*

Now expressing (2.1) in terms of &;’s, we have
(1-6)X(L+e)+oX X(L+e)+@1-6)X

LR e e R s el

_ l+e - 1+
=Y(1+ eo){n{—lj&l 1}+(1—?7){—1+el_15elm- 2.2

} so that 1+, ) "and (1+ (1— &), ) *are expandable.

We assume that|e;| < mm{
o] -9

Now expanding the right hand side of Y, 5)at (2.2) and neglecting terms of e;’s having power greater than two we

have
Yos(n.6) = 1+ eoyb_ (1-2n)1-20), +(1-25)1-7- 5)912]

or
(Vpsts) =¥ )= Vleo — @+ €0 a—20)1-26)e, —(1— 1 — 5)1— 25 )62 2.3)
Taking expectations of both sides of (2.3), we get the bias of ¥, s)to the first degree of approximation as
_ y(- 20"
(yps(fz 5) ) zwh - 5)_ (1_ ZU)C] (2.4)
L
thﬁhsfh
where C=1=_ and g, =—2".

szh xh S "

Equating (2.4) to zero, we obtain
(1-25)=00r i-p-5-(1-2n)C}=

i.e. 5:% or 6=1-n-C+25C. (2.5)
The suggested ratio-product-ratio estimator ¥, s), substituted with the values of & from (2.5), becomes an
(approximately) unbiased estimator for the population mean Y . In the three dimensional parameters space

(77,5,C)e R3, these unbiased estimators lie on a plain(in the case s = %) When the sample size n is sufficiently

large (i.e. n approaches the population size N) the bias of ¥ 5, 5) at (2.4) is negligible.

e Mean Squared Error of ¥, 5)

Squaring both sides of (2.3) and neglecting terms of e;’s having power greater than two, we have
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(ypsw) —vf=vy 2[eg +(@-2nfF@-25)e? —20-2n)1- 25)e0e1] (2.6)
Taking expectations of both sides of (2.6) we get the mean squared error of Y, 5)to the first degree of

approximation as

MSE (¥ ps(y.0) = 77 {th 2 +(t-2n)1-25) th 2 {1-2p)1-25)-2C}|, @.7)
h=1
S s2
where Cyh _\7_ and C2 = <7

Taking the gradient V = i,i of equation (2.7), we get
on 00

VMSE, (7)) 477 2 Y W, C3, 1 201 26— 20)-2)C] (28)
h=1
Inserting (2.8) to zero to get the critical points, we obtain the following solutions
1 1
==5== 2.9
5 5 (2.9)
C=@1-2n)1-26) (2.10)

One can see that the critical point in (2.9) is a saddle point unless C=0, in which we get a local minimum. However,
the critical points obtained by (2.10) are always minima, for a given C, (2.10) is the equation of hyperbola

symmetric through (77,5) = (; ;J

Putting (né):(%%) into the estimator y y(, 5) gives the unbiased estimator ¥, of Y . Thus we get the MSE of

Yps-

MSE{vp{llj]—MSE(yps) th 2. (2.11)

2'2
Substituting (2.10) into the estimator, an asymptotically optimum estimator (AOE) ygl)(m 5)is obtained. Thus the

MSE of y( (or the minimum MSE of yps ) to the first degree of approximation is given by

MSE(5), 5))= MSErmn (7.5 y;wh s2.b-07). (212)

L
[zwh S yxh ]
h=1

(B e}

3. Comparison of MSEs and Selection of Parameters

where p=

In this section we present the comparison of the proposed estimator Y os(.6) with usual unbiased estimator Y , ratio

estimator y 5, and product estimator  p .
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3.1 Comparing the MSE of the Usual Unbiased Estimator ¥ ,; to the Suggested Estimator Y os(7.6)
From (1.1) and (2.7) we have

L
MSE (7 ps) ) - MSE(yps(”’ 5 )= V20— 2p)1-26)2C — (- 27)1 - 26> W,C3,
h=1
which is non-negative if
L

(L-2)1-25)> W,C5{2C - (1-2n)1-25)}> 0
h=1
That is if either
(i) ,7>l,5>l and C>W,
2" 72 2

(||)77<£’5>£ andC<w
2 2 2

(iii) 7> %,5<% and ¢ < L-210-25)
(|V) 77<£75<1 and C>M

2 2 2
It is well known that when —% <C g% , the post stratified sample meany ¢ is preferred.

Therefore combining the conditions (i)-(iv) with the condition —% <C< % , we derive the following explicit ranges.

(i) if0<C§%and 5>%,then%<¢x(%} (from (i)

(i) if 0<Cs% and 5<% ,then (%} <% (from (vi))
(iii) if _%scxo and 5>% . then (%}«K% (from (ii))

(iv) if —%SC<O and 5<% then %W{%j (from (iii))

Thus the proposed ratio-product-ratio estimatoryps(,7 5) is more efficient than usual unbiased estimator y ,; as long

as the conditions (i)-(iv) are satisfied.

3.2 Comparing the MSE of the Ratio Estimator VES to the MSE of Proposed Estimator yps(m)

It is well known that the ratio estimator )‘/ffs is more efficient than the usual unbiased estimator ¥  if

1
C>=- 31
>3 (31)

From (1.4) and (2.7) we have
L
MSE (7))~ MSE(7 .01 = 4R 206 1 = G}C ~1- (205 -0 = )Y Wi
h=1
which is non-negative if
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2ns —n-6H{C-1-(2n6 —n-6)}>0 (3.2)

That is if either
(i) C-1>2p5-n-5>0,o0r
(i) C-1<2n6-n-6<0.
Hence from solution (i), where C>1, we have the following
®+C—ﬂ<n< 5

(26 -1) 25 -1
1 5 (5+C-1)

i) If 5>, then <p<orCl)
1 772 251" (251

() I 5<%,then

Further from solution (ii), where % < C <1, we obtain the following

i) ts<ithen 9 ., 0+C-1)
2 26 -1 (26 -1)

) 1fssithen@rCY 5
2 (26 -1) 25 -1

3.3 Comparing the MSE of the Product Estimator y,f,’s to the MSE of Proposed Estimator yps(w)

It is well known that the product estimator Y . is more efficient than the usual unbiased estimator y ¢ if

1
C - 3.3
< 2 (33)

From (1.5) and (2.7) we have

L
MSE(V(PpS) )— MSE(ypsw))z 4R* 0+ 25 —n—-SHC - (296 —n - 5)}thsfh
h=1

which is non-negative if
[{L+206 —n-s}{c ~ (275 -5 -5){]>0 (3.4)

That is if either
(i) C > 216 —n— 6 > -1 (if both the factors in (3.4) are positive) or
(i) C <2n6 —n— 6 < -1(if both the factors in (3.4) are negative).
Hence from solution (i), where C >1, we have the following
i) o<k thenOrCY_ 8

2 (26 -1) 25 -1

i) tfosithen 9 o, 0+C-D
2 26 -1 (26 -1)

Further from solution (ii), where % < C <1, we obtain the following

i) 1fs<ithen 9 o, 0+C-1
2 26 -1 (26 -1)
1 (6+C-1) )

ii If §>=,then <n< .
(i) 772 25-1) " 25-1
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We are only interested in the case C < —% , we get from (i)
1
_§>C>2775_77_5>_1' (3.5)

We mention that this implies—1< C < —%, and the range for  andd , where these inequalities hold are explicitly

given by the following two situations:

1 (6+C)

@) 1fo<g tan S0 (6-1)

(26-1)
(i) o> then ©-Y _, (0+C)
2 (25 -1) (25 -1)
In situation (ii), where C < -1, the following range of 7 and & can be obtained.

() Ifs <% , than ((zi = 1)) <n< ((;5;_01))
(6+C) (5-1)

25-1) """ (5-1)

<n<

1

(i) Ifs >%, then

3.4 Comparison of the Proposed Class of Estimators yps(n‘ 5) with Onyeka (2012) Class of Estimators ¥
From (1.6) and (2.7) we have

MSE (7 pes )~ MSE(Vpe(.5)) = ;/ZL:Wh [R2 {21292 - (1- 272125152, ~ 2R{asg —(1—277)(1—25)}syxh] which is

h=1
positive if
L
2 Wi[Rlaag —(1-27)1-26){arg - (L-27)1-26)} - 2{dg - (1-27)1-25)}p, B, > 0
h=1
i.e. if {adg —(1-27)1-25){adg — (L 277 )1 - 26)} - 2{adg — (127 )1-25)iC > 0
i.e. if
either aAg < (1-27)1-26)< {2C —aig} -
or  {2C-aig}<(1-27)1-26)<aig (3.6)
or equivalently,
min [a4g,(2C - aAg)] < (1 - 27 )1 - 25) < max JeAg, (2C — aAg)] 3.7)

Let 7=1,a@=ay,g=0y.a=ay(#0)b=byand A =1, be pre-assigned. Then the proposed class of estimators

yps(ﬂ‘ 5) is better than Onyeka (2012) class of estimators if

either%%%} sl {H Joctoo }

e RLR B o "
or 1{1+M} <5< E{H M}
2| (210-1) 2 (210 -1)

or equivalently,

min.F{Hw}xl{H Ao H <6< maX.E{Hm}x l{1+ #9% o H (3.9

2 (2770 —1) 2 (2770 —1) (2’70 —1) 2 (2770 —1)
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Thus for given values of (n,a, g,a,b)the range of ¢ can be easily calculated from (3.9). Similarly for given values
of ((x, g,a,b) the range of 7 can be computed from the following inequality:

min .F{H w}x l{1+ MH <7< max .F{H w},< 1{1+ A% 9o H (3.10)

2 (26, -1) 217 (26,-1) 2 (26, -1) 27 (26,-1)

It is to be mentioned that the conditions under which the suggested class of estimators yps(ﬂ 5) is more efficient than

the members of the Onyeka (2012) class of estimators ¥, just by putting the appropriate values of the constants

(a, g,a,b) in (3.9) for given n =n,and in (3.10)for given & = &, .

3.5 Comparison of the proposed class of estimators Y osn.s) with Tailor et al (2017) Ratio-type Exponential

Estimator YLR‘;S
From (1.10) and (2.7) we have

~ L
MSE(YR‘;S) — MSE(F pe())= ﬁz{% —(-2n)1- 25)}[{% +(1-2n)1- 25)}— 2c}2whsfh
h=1
which is positive if
B ~(L-27)2- 25)}[(1— 2n7)\1-25)-2C + ﬂ >0
ie. if

either(ZC —%J <(-2q)1- 25)<%

or % < (1—277)(1—25)<(2C —%j

min .{%,(20 -%j} <(1-27)1-25)< max .{%,(2(: —%]} (3.12)

For given 7 =, the range of & in which the proposed class of estimators ypsw) is more efficient than Tailor et al

(3.11)

or equivalently,

(2017) ratio-type exponential estimator YLRZS is:

either 1{1+ ;} <o0< E{1+ ! (ZC —lﬂ
2 2(2175-1) 2| (2m0-1) 2

(3.13)
or 1 1+;[2C—£j <5<l 1+;
2 (270 _1) 2 2 2(275-1)
or equivalently,
1 1 1 [ZC_;J 1 1 1 [ZC_;]
min| =1+ ——— || =41+~ 2l ics<max.| = 1+ —— | =41+~—=2 (3.14)
2[ 2(2770—1)J 2|7 (20 -1) 2[ 2(2770—1)J 2" (20 -1)
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In similar way for givend =9, the range of 7 under which the suggested class of estimator Vps(nygo) is more

efficient than the Tailor et al (2017) ratio-type estimator Y:2° is:

1 1 1 1 1
ther =\ 14— |<p<=|1+—2c—=
St 2{ +2(250—1)}<77< 2{ +(250—1)( zﬂ

(3.15)
or %{1+m(2C—%H<n<%{l+m}
or equivalently,
. 1 1 (ZC_B 1 1 1 (ZC_;j
min, E(lerj,E 1+m <m<max. E(Hm}i 1+m (3.16)

Thus from (3.14) and (3.16) we can calculate the range of & for givenn =1, and the range of 7 for givend =5, .

3.6 Comparison of the proposed class of estimators Y s with Tailor et al (2017) Product-type Exponential

(1.6)
Estimator YLPE‘S
From (1.11) and (2.7) we have
~ L
MSE(VR';S) — MSE(V pe(y))= 7R2{% +-2n)1- 25)}{{% +2C —(1-2p)1- 25)HZWhSX2h
h=1
which is positive if

B +(1-27)1- 25)}{% +2C—(1-27)1- 25)} >0

ie. if
. 1 1
elther—z<(1—277)(1—25)<(E+2Cj
(3.17)
or (%+2Cj<(l—277)(1—25)<—%
or equivalently
[ 1(1 1(1
min {_E’(T zcﬂ <(1-25)1-25)< max {—E,(EMCH . (3.18)

Let 7 =n,be pre-assigned constant. Then the range of & in which the suggested class of estimators yps(ﬂ' 5) is more

efficient than Tailor et al (2017) product-type exponential estimator Yip‘e’S is given by:
either1 1+; l+2C <5<l 1—;
2|" (2m-1\2 2| 2(2n,-1)
or 1 1——1 <5<1 1+—l [1+ZC
2| 22m-1) 2 (no-2)\2

(3.19)

or equivalently,
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1 [;+2Cj 1 1 1 [;+2CJ 1 1
min| =<{1+-—4 |1+ ———— | |<d <max.| =41+ —| 1+ (3.20)
2 (2770 _1) 2[ 2(2’70 —1)J 2 (2770 —1) 2( 2(2770 —1)J

Further if the values of 5 = &, is given, then the range of 7 in which the suggested class of estimators yps(nﬁo) is

better than the Tailor et al (2017) product-type exponential estimator \?P’és is given by

. 1 1 1 1 1
either E|:l+ m[z-i— 2CJ:|< n< §|:1_2(T0_1):|

(3.21)
or g[l_m}wg{“m@mﬂ
or equivalently,
min.i[l;)m@ I jhﬁ*”} )
200 2(26,-1)) 2| (26, -1) 20 2(26,-1)) 2] (26, -1)

Thus from (3.21) and (3.22) we can easily get the range of & for given , =7, and the range of 7 for givend =, .

4. Comparison with Other Estimators
In SRSWOR scheme, Chami et al (2012) proposed a ratio—product—ratio estimator for population mean Y as

1% 1%
where «, gare real constants, y==» y;and X==) X;.
B nZl | nzl |

To the first degree of approximation, the bias and mean squared error of ¥, ) are respectively given by

BV )= VU281~ — B~ (-2a)C" 2 42
MSE (¥ 5))= 77 2|2 + C2(L- 20 )1 - 28){1 - 21— 28) - 2C" 4.3)
Pyx S S, Sy
where C Y X L.c, _YTV,CX P SnyX ,
s2o 13 ( VP82 =23 (- X P andS,, = y (y; =V ) - X)
y N 1 y L G N _1 1 yXx - _ yl 1

i=1 i=

Itis well known identity that

s2= N 1[2 -1)s h+ZN }

h=1

{th v+ ZWh 1 (neglecting terms Ni andﬁ) (4.4)

h
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= {ZW s2 +ZL:Wh(>?h - X)Z} (45)
h=1
L L _ N _
S, = [;thyxh + ;W“ (¥, =YX, - x)} (4.6)

Using (4.4), (4.5), (4.6) and from (2.7) and (4.3), we have
2

MSE (¥ g-))~ MSE(V ps5)) = wah —(-2n)1-26)X, - X)}

>0 4.7
Expression (4.7) clearly indicates that the post-stratified estimator Y .y, 5)has lesser mean squared error than the
corresponding estimator ¥, 5y in simple random sampling if « = and g=¢".
The MSE of Y, 4 at (4.3) is minimized for

MSE i (V0. ))= 18201 02 (48)
which equals to the approximate MSE of the regression estimator
Yir =Y+ ﬁyx(i - Y) (4.9)
. S n
where B, =—= is the sample regression coefficient of y on x, s, = ilz:(yi - V)% —%) and
Sx -1
1 < -
S)%:E_ (Xi—X)z.
i=1
From (2.12) and (4.8) we have
L
MSE iy (y(a,ﬂ))_ MSE in (yps(q,a‘))z 7]:55 (l_ p)?;x )_ ZWhS)%h (1_,02 ):| (4.10)
h=1
Using (4.4), (4.5) and (4.6) we have
_ _ 2
MSE iy (y(a,ﬂ))_ MSE i (yps(n,é)) VI:(p ~ Pyx )Z\Nh yh +(1 Pyx )Z\Nh Y) :| (4.11)
h=1
which is non-negative if
lo? - o3 )>0
i.e. if |l 2|pyx| (4.12)

Thus the proposed post-stratified estimator Y, 5) is more efficient than the corresponding estimator Y(w.5) in

SRSWOR scheme at their optimum conditions as long as the condition |p| > |pyx| is satisfied.

5. The Proposed Separate Ratio-Product-Ratio Estimator Using Auxiliary Information in Post Stratified
Sampling

For estimating the population meanY of the study variable y in post stratified sampling, we define the following
separate two-parameter ratio-product-ratio estimator
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L
Vis = ZWh Yn.s,) * (1)
h=L
where
- _ (1-68,)%, + 5, X, 5%, +(1-5,)X,,
Y y{nh{%ih +(1-6,)X, =m) (L84 )%y + 6, X, =2

and (7,6, ) are real constants.

Using the results from Stephan (1945) for E( )to terms of ordern™*, the bias and MSE of s are respectively

given by
L
= 1
B(yts ): 72Wh (1_25h {Y_J[(l_nh — 0y )Rhsfh _(1_277h )Syxh]v (5.3)
h=1 h
MSE(y yZWh [Syh +(1-2n, N1-26, ){(1 217y N1- 26, )RS5 — 2Ry S }] (5.4)
h=1
where R, T
><h
The MSE(Y, ) is minimized for
Cp, = (12, J1-25,), (5.5)
where C;, = p hC and pyy, = Sy .
" Chn S S
Thus the resulting minimum MSE of Y, is given by
IVISEmln yts th yh(]- pyxh) (56)
h=1

Now we established the following theorem.

Theorem 5.1- To the first degree of approximation,

L

MSE i (55 ) > 7ZWhS§h (1_p§xh)

h=1

with equality holding if
(1-2n,)1-26,)=Cy.

Inserting (nh,ﬁh)z (1) and (0,1) in (5.1) we get the separate ratio and separate product estimators in post stratified
sampling respectively as

L _
2> _ (X
YpF;(S) = th Yn (_—h] (5.7)
h=1 Xp
and
o L X
e :zwhyh(fh] 9)
h=1 Xh

Substitution of (17,,8,)= (1) and (0,1) yield the MSEs of Y3 and Y £® to the first degree of approximation

respectively as
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MSE( R“)j 72Wh[8 +R2S%, ~ 2R, Sy (5.9)

MSE( F’(”j 72Wh[8h+RhS +2R, Sy (5.10)

It is observed from (1.1), (5.4), (5. 9) and (5.10) that

R(s)

(i)  the separate ratio estlmatorY is better than y ¢ if

zwh Rhﬂyxh S fh
h=1

L
D WiR(SE,
h=1

(if)  the separate product estimator\?pz(s) is more efficient than y ;¢ if

> (5.11)

L
th RnByxnSih
o <= (5.12)
D WyRESS,
h=1
(iii) the suggested class of separate estimators i is better than ¥, if
min {0,2C, } < 6, < max.{0,2C;,,vh=12,..L. (5.13)

C
where Cp, = pyn =2+ C, " and 6, =(1-27, Y1-25},).

(iv) the suggested class of separate estimator ,, is more efficient than separate ratio estimatoerFé(s) if
min.{L,(2C,, 1)} < 6, < max.{L,(2C, —1)},vh=12,..L. (5.14)
\Y e proposed class of separate estimator y,, is more efficient than separate product estimator Y . i
th d class of te estimator ¥y i fficient th te product estimator Y £ if

min.{~1,(2C, +1)} < 6, < max.{-1(2C,, +1)},vh=12,...L . (5.15)
Motivated by Bahl and Tuteja (1991), we consider the separate ratio-type exponential and the separate product-type
exponential estimators for population mean Y in post stratified sampling respectively as

L 2 _
Z Xp =X
Y =YW, exp[ N _hj (5.16)
Re(s) hzﬂ: X + X,
X
v = STW, exp| 2h=2h 5.17
Pe(s) hzl: h p[ Xh n th ( )

To the first degree of approximation, the MSEs of YRe(s) and Ype(s) are respectively given by

1
MSE(YRe(s)j yZWh(sih +5 R2S2 — Rhsyxhj (5.18)

MSE(?PF;S(S)j ZWh(szh +Lresa Rhsyxh) (5.19)
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It is observed form (1.1), (5.9), (5.10), (5.16) and (5.17) that

(i)  the separate ratio-type exponential estimator YR‘;?S) is more efficient than the usual unbiased estimator y  if
L
2
th Rhﬁyxhsxh
h=1

- >= (5.20)
D W, RASE,
h=1

(if)  the separate product-type exponential estimator YPQS(S) is more efficient than the usual unbiased estimator Y
if

L
ZWh Rhﬂyxhs)%h
h=1

- <-= (5.21)
D W, R3S,
h=1

(iii)  the separate ratio-type exponential estimator YRZS(S) is more efficient than the separate ratio estimator VPE(S) if
L
2
zwh Rhﬂyxhsxh
h=1

. <2 (5.22)
D W,RESS;
h=1

(iv) the separate product-type exponential estimator YP‘;S(S) is more efficient than the separate product estimator

YO if
L
2
Z\Nh RhByxnSih
he

- >—— (5.23)
D WyRESS,
h=1

Combining (5.20) and (5.22) we get the separate ratio-type exponential estimator\?R'f(s) is more efficient than ¥, and
Y RO it

L
th Rhﬂyxhs)%h
h=1
— <<= 5.24
2 (5.24)

L
D WiR(SE,
h=1

Also combining (5.21) and (5.23) it is observed that the separate product-type exponential estimator YPES(S) is better

than y,cand Y . if
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L
3 ZWthﬂythfh
_Z<h=ll_—<__ (5.25)
D W,RZS%,
h=1

It is observed from (5.4), (5.18) and (5.19) that the proposed class of separate estimators y,, performs better than the

separate ratio-type exponential estimator \TRZS(S) if

min. 1 2C;, 1 <6, <max. 1 2C;, ] vh=12,..,L. (5.26)

2 2 2 2

and Y is better than separate product-type exponential estimator YLPZS(S) if
min .{—%,(ZCh +%)} <6, <max .{—%,(zch +%)}Vh =12,...,L (5.27)

Further from (1.17) and (5.4) we have

. L
MSE(%?) —MSE(Vys )= 7Y WnRZSE {an2n g — (L 207, Y= 264 {20 91 — (L 20, J1— 253, )} - 2C ]
=

which is non-negative if

L
Z\Nh RirSi fonanGn — (L= 271 J1- 26, {ian 29 — (L— 2774 - 26, )} - 2C4 ]> 0
h=1
i.e. if
{en2nan — @ =27, 226, W{etnAn0n — @277 XL— 26, )} - 2Cy ] > 0¥ h =1,2,....L;
i.e. if
either (2Ch —ah/ihgh )< (1— 2T7h Xl— 25h )< ah/lhgh }Vh 2112,.", I_, (528)
or apAnGh < (1277 J1-26, ) < (2C, 4

or equivalently,
min Jer, 4,9, (2C, —anAn 04 )< 0= 277, Y1 - 26, ) < max [a, A, G1. (2CH — 021,95 )V h =1.2,...,L; (5.29)
Let & =ahg,9h = 9ho»@p = 8ng» P, =bhos Ap = Anp@nd 7, =170 e given. Then the range of &, under which the

proposed class of estimators Y, is more efficient than the class of estimators \75‘;5 :

eitherl{u M} <8, < 1[“ (2Cy _ahoﬂhogho):|
2

20 —1 2 210 —1
(2o -1) (2o -1) vh=12...L: (5.30)
orl{u (Zch —ahofihogho)} <5, <1[1+ ahofihogho}
2 (277h0 _1) 2 (277ho _1)

or equivalently
min . 1£1+ %hoho 9o }l{lJr (2c, —ahoﬂhogho)} <&, < max. l(lJr %hoAno9ho }l{l+ (2c, —ahoﬁhogho)}
2 (2’7ho —1) 2 (2’7ho —1) 2 (2’7h0 —1) 2 (277ho —1)
vh=12,...,L; (5.31)
Similarly for given ay, =apn0,9n = 9nos8h = @no» B =bhnos An = Ae@nd S, =y , the range of 7, in which the

suggested class of estimators ¥, is more efficient than the class of estimators Y& if
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eitherl|:]_+ M} < < 1|:1+ (Zch — nhonoIho ):|
2 2

2600 -1 200 1
(2640 ~1) (260 1) vh=12,..,L; (5.32)
ortl1s (2Ch — oA 9no) < <11y, Znotnodno
2 (2610 -1) 2 (2610 1)

or equivalently
min 1 1+ %hoAhoTno 1 1+ (2C, — o AnoGho) <17, < Max. 1 1+ AhoAno 9o l 1+ (2C, —athoAnoGho)
27 (260-1) )2 (260 -1) 27 (26-1) )2 (26 -1)
vh=12,..,L; (5.33)
From (5.31) and (5.33) the ranges of &, (for givenzy, =n,,) and », (for given s, = d;,¢) under which the suggested

class of estimators Y, is more efficient than the class of estimators ﬂ‘F’f and hence the members (proposed by
Bacanli and Aksu (2012)) of the Y2° -family of estimators.
Now from (4.3) and (5.4) we have

L
MSE(§ pe(y.5))~ MSE(7is )= ZMhsfh(Re— Ry0 F +2(RO- R0, {Ry0:S2 + S }] (5.34)
h=1

where 6 =(1-27)1-25).
Expression (5.34) shows that the difference between MSE(VDS(,,,(;)) and MSE()‘/[S) depends on the magnitude of the

(RO-Ry6,)and (Rhehsfh + Syxh). The term (Rhehsfh + Syxh) will be zero if 8, = —C,, . It follows that the separate

class of estimators Y, is more efficient than the combined class of estimators y ,(,, 5) when 6, =-Cy, . Also both the
estimators ¥ (,.5)and y,; are equally efficient if RO=R,6,, vh=12,... L.
From (2.12) and (5.6) we have
L 2 * 2
MSE iy (yps(n,(s))_ MSE iy (yts ): 7ZWthh (ﬁh -p ) (5.35)
h=1

L
thyxh
where g7 =2
2
thxh
h=1
which is always positive provided g, = B,
Thus we conclude that unless the regression coefficient is same from stratum to stratum in the separate class of

estimators Y, is better than the combined class of estimators at optimum condition.

6. Empirical Study
To exhibit the performance of the proposed estimators, two data sets have been considered. Description of data set is
given below:

Data set 1-[Source: Chouhan (2012)]

A Two Parameter Ratio-Product-Ratio Estimator in Post Stratification 291



Pak.j.stat.oper.res. VVol.18 No. 12022 pp 273-296 DOI: http://dx.doi.org/10.18187/pjsor.v18i1.3507

y: Productivity (MT/Hectare), x: Production in ‘000 Tons
N, =10,N, =10,n, = 4,n, =4,Y, =1.70,Y, = 3.67, X, =10.41, X, = 289.14
S,1=0.50,S,, =0.50,S,, =3.53,S,, =111.61, S, =1.60,S ,, =144.87.

Data set 2-[Source: Murthy (1967), p-228]

y: Output, x: Fixed capital

N; =5N, =5n,=2,n, =2,Y; =1925.8,Y, = 315.6, X, = 214.4, X, = 333.8

S,1 =615.92,S,, = 340.38,S,; = 74.87,S,, = 66.35,S,; = 39360.68,S,,, = 22356.50.

Table 6.1 gives the PRE of different estimators of Y with respect to usual unbiased estimator Vs -

Table 6.2 gives the optimum values of & for given 5 for both the data sets.

Table 6.3 gives the PRE of the proposed combined ratio-product-ratio estimator yps(”’ 5)With respect to Yo, V?s and
y & for different values of (,5).

Table 6.4 gives the optimum values of &, for given 7, for both the data sets

Table 6.5 gives the PRE of the proposed separate ratio-product-ratio estimator y,, with respect to usual estimator

Y ps » ratio-type estimatoerF;(s) and ratio-type exponential estimator \?Rzis) for different values of (7,5}, ).

Table 6.1: PRE of different estimators with respect to usual unbiased estimator y .

Estimator Data Set 1 Data Set 2
Vs 100 100
Yo 225.19 313.75

YR 593.5 245.11
i 364.41 173.94
Yeots) 309.64 211.11
Y ool s) 432.41 432.07
g 643.41 470.29

* Vg?(m 5) and Vt(;’) stand for optimum estimators in the classes of estimators Vps(;;, 5) and y, respectively.

Table 6.2: Optimum values of § for given 7.

n 2 1.75 1.50 1.25 1 0.75 0.25 0
5 (data 1) 0.60 0.63 0.66 0.71 0.82 1.15 -0.15 0.1
S (data 2) 0.75 0.80 0.87 1 1.25 2 -1 -0.25

~

Table 6.3: PRE of the proposed combined ratio-product-ratio estimator with respect to y . , Y R

Z ps
psand Ygg .

Data Set 1
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(77:5) PRE(yPS(Uﬁ)’yPS) PRE(yps(q,b‘)'YpE) PRE(yps(n,é)’YRgs)
1,1 225.19 100 61.795
(2,0.61) 432.33 191.99 118.64
(1.75,0.65) 404.3 179.54 110.95
(2.10,0.58) 373.13 165.7 102.39
(1.75,0.63) 432.31 191.98 118.63
(1.40,0.70) 418.81 185.98 114.93
(1.75,0.60) 364.41 161.83 100
(1.50,0.66) 431.63 191.68 118.45
(1.50,0.70) 372.05 165.22 102.1
(2,0.60) 422.43 187.59 115.92
(1.25,0.71) 430.28 191.08 118.08
(1.25,0.75) 404.3 179.54 110.95
(1.50,0.65) 422.43 187.59 115.92
(1,0.82) 431.63 191.68 118.45
(1,0.85) 425.8 189.09 116.85
(1,0.75) 364.41 161.83 100
(0.75,1.15) 432.31 191.98 118.63
(0.75,1.20) 425.8 189.09 116.85
(0.75,1.10) 422.43 187.59 115.92
(0.25,-0.15) 432.31 191.98 118.63
(0.25,-0.20) 425.8 189.09 116.85
(0.25,-0.10) 422.43 187.59 115.92
(0,0.17) 432.33 191.99 118.64
(0,0.2) 422.43 187.59 115.92
(0,0.1) 372.05 165.22 102.1
(0.1,0.1) 431.63 191.68 118.45
(0.3,-0.2) 404.03 179.42 110.87
(0.75,1.30) 372.05 165.22 102.1
Data Set 2
(77,5) PRE(yps(q,d)’ yps) PRE(yps(q,é)’Yplz) PRE(yps(n,é)’Yst)
1,1 313.75 100 180.38
(2,0.75) 432.03 137.7 248.38
(2,0.80) 384.34 122.5 220.96
(2,0.70) 379.43 120.94 218.14
(1.75,0.80) 432.03 137.7 248.38
(1.75,0.95) 398.12 126.89 228.88
(1.75,0.80) 393.73 125.49 226.36
(1.50,0.87) 431.57 137.55 248.11
(1.50,0.95) 384.34 122.5 220.96
(1.50,0.80) 379.43 120.94 218.14
(1.25,1) 432.03 137.7 248.38
(1.25,1.10) 384.34 122.5 220.96
(1.25,0.80) 280.55 89.417 161.29
(1,1.25) 432.03 137.7 248.38
(1,1.50) 319.36 101.79 183.6
(1,1.10) 379.43 120.94 218.14
(0.75,2) 432.03 137.7 248.38
(0.75,2.10) 426.84 136.04 245.39
(0.75,1.75) 393.73 125.49 226.36
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(0.25,-1) 432.03 137.7 248.38
(0.25,-0.50) 313.75 100 180.38
(0.25,-1.25) 398.12 126.89 228.88

(0,-0.25) 432.03 137.7 248.38

(0,-0.50) 319.36 101.79 183.6

(0,-0.10) 379.43 120.94 218.14

Table 6.4: Optimum values of &, for givenz, .

m=1 2 1.75 1.50 1.25 1 0.75 0.25 0

Data 1 5 0.63 0.66 0.70 0.76 0.89 1.29 -0.30 0.11
5, 0.65 0.68 0.73 0.81 0.96 1.42 -0.40 0.04

Data 2 5 0.63 0.66 0.70 0.76 0.89 1.28 -0.30 0.11
5, 1.40 157 1.84 2.19 3.19 5.87 490  -2.20

A

Table 6.5: PRE of the proposed separate ratio-product-ratio estimator with respect to Yps ,Ypf(s) andY_R‘;?s) .

Data Set 1

(771,772.51,52) PRE(ytsvyps) PRE()_’ts:YpFé(s)) PRE(yts’YRZ?S))
(1,1,1,2) 593.5 100 191.67
(2,2,0.63,0.65) 642.41 108.24 207.47
(2,2,0.60,0.65) 621.85 104.78 200.83
(2,2,0.65,0.65) 634.6 106.93 204.95
(1.75,1.75,0.66,0.68) 642.32 108.23 207.44
(1.75,1.75,0.60,0.68) 595.85 100.4 192.43
(1.75,1.75,0.65,0.70) 617.64 104.07 199.47
(1.50,1.50,0.70,0.73) 643.24 108.38 207.74
(1.50,1.50,0.65,0.73) 622.72 104.92 201.11
(1.50,1.50,0.75,0.75) 593.5 100 191.67
(1.25,1.25,0.76,0.81) 642.69 108.29 207.56
(1.25,1.25,0.70,0.81) 622.11 104.82 200.91
(1.25,1.25,0.76,0.84) 605.77 102.07 195.64
(1,1,0.89,0.96) 643.34 108.4 207.77
(1,1,0.89,0.96) 637.91 107.48 206.01
(1,1,0.89,0.96) 611.13 102.97 197.37
(0.75,0.75,1.29,1.42) 643.35 108.4 207.77
(0.75,0.75,1.25,1.40) 641.63 108.11 207.22
(0.75,0.75,1.35,1.50) 616.09 103.81 198.97
(0.25,0.25,-0.30,-0.40) 642.32 108.23 207.44
(0.25,0.25,-0.20,-0.35) 623.2 105 201.27
(0.25,0.25,-0.40,-0.50) 611.13 102.97 197.37
(0,0,0.11,0.04) 643.34 108.4 207.77
(0,0,0.05,0.01) 621.17 104.66 200.61
(0,0,0.15,0.09) 606.67 102.22 195.93

Data Set 2

(7711772!51'52) PRE(yts'ypS) PRE(yts:YpFé(s)) PRE(ytvaRZ?s))
(1,1,1,2) 245.11 100 116.11
(2,2,0.63,1.4) 470.27 191.86 222.76
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(2,2,0.60,1.25) 401.88 163.96 190.37
(2,2,0.65,1.50) 437.54 178.51 207.26
(1.75,1.75,0.66,1.57) 469.61 191.59 222.45
(1.75,1.75,0.60,1.50) 349.38 142.54 165.5
(1.75,1.75,0.70,1.65) 388.68 158.57 184.11
(1.50,1.50,0.70,1.84) 469.61 191.59 222.45
(1.50,1.50,0.65,1.80) 411.47 167.87 194.91
(1.50,1.50,0.75,1.90) 389.78 159.02 184.63
(1.25,1.25,0.76,2.19) 470.28 191.87 222.77
(1.25,1.25,0.70,2.20) 410.88 167.63 194.63
(1.25,1.25,0.80,2.35) 443.14 180.79 209.91
(1,1,0.89,3.19) 470.28 191.87 222.77
(1,1,0.85,3.10) 456.69 186.32 216.33
(1,1,0.95,3.25) 443.38 180.89 210.03
(0.75,0.75,1.28,5.87) 470.28 191.87 222.77
(0.75,0.75,1.25,5.85) 468.26 191.04 221.81
(0.75,0.75,1.35,5.90) 461.05 188.1 218.39
(0.25,0.25,-0.30,-4.9) 469.6 191.59 222.45
(0.25,0.25,-0.25,-4.5) 465.88 190.07 220.68
(0.25,0.25,-0.35,-5.00) 460.78 187.99 218.27
(0,0,0.11,-2.2) 470.27 191.86 222.76
(0,0,0.05,-2.00) 4415 180.12 209.13
(0,0,0.15,-2.25) 456.9 186.41 216.43

It is observed from Tables 6.3 and 6.5 that the proposed combined and separate estimators are more efficient than

the usual unbiased estimator y ¢, ratio estimator Y (Y R(S)) and ratio-type exponential estlmatorY b (YR‘;S(S)) with

considerable gain in efficiency for both the data sets. It is further observed that the proposed estimators are more

efficient than 5, Y, (Y R(S)) andYR‘;S(YR‘;S(S)) even if the optimum value of (3, ) (or7(,)) for given values of
n(nh) (or§(6h )) depart from its exact optimum values. Thus there is enough scope of selecting the values of scalars

(17,5) (or (17, 8, ) for obtaining estimators better than ¥, , Y (Y R(s) ) andY 2 (YR‘;S(SJ
We also note that from Table 6.1 that the proposed optimum separate estimator yt°) say is more efficient than y ,
vk Y v RE) P yops 's) and the optimum combined estimator y)

ps ps(n.8) "
Thus we recommend our proposed estimators for their use in practice.
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