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Abstract

A maximum likelihood estimator (MLE), a consistent asymptotically normal (CAN) estimator and
asymptotic confidence limits for the expected number of customers in the system for a sequential
two station, single server system with Poisson input and exponential service, where no queue is
allowed in front of station 1 and atmost one customer is allowed to wait between the stations and
with blocking are obtained.

Keywords: CAN estimator- expected number of customers in the system -
maximum likelihood estimator - multivariate central limit theorem-Slutsky
theorem-tandem queue.

1.Introduction

Most of the studies on several queueing models are confined to only obtaining
expressions for transient or stationary (steady state) solutions and do not
consider the associated statistical inference problems. Parametric estimation,
Interval estimation and Bayesian estimation are some of the statistical tools to
understand any random phenomena using stochastic models. Analysis of
queueing systems in this direction has not received due attention in the past.
Whenever the systems are fully observable in terms of their random components
such as inter-arrival and service times, standard parametric techniques of
statistical theory are quite appropriate. Bhat (2003) has provided an overview of
methods available for estimation, when the information is restricted to the
number of customers in the system at some discrete points in time. Bhat (2003)
has also described how maximum likelihood estimation is applied directly to the
underlying Markov chain in the queue length process in M/G/1 and GI/M/1
queues. Table 1 indicates the present state of work of queueing systems,
wherein the asymptotic confidence limits for measures of system performance
such as (i) L,, the expected number of customers in the system, (ii) W,, the

mean waiting time in the queue and (iii) W, the mean waiting time in the system
and so on are obtained.
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Table1: Present state of work of Queueing systems

Serial Confidence
System Description Authors limits
number .
obtained for
1 M/M/1k0 and M/M/1/N |  Yadavalli et. al (2004) W,
2 M/M/cko and M/M/c/N Yadavalli et. al (2006) W,
Tandem queue with
3 blocking and Chandrasekhar et.al L. W
dependent structure for (2006) 52008
service times
4 Tandem queue with Chandrasekhar et.al W
blocking (2008) s
TW.O station and three Chandrasekhar et.al
5 station tandem queues L, p,
, : (2009)
with blocking

Generally speaking, the queueing models assume that each service channel
consists of only one station. Situations do exist, where each service channel may
consist of several stations in series. Here, a customer must pass through
successively all the stations before completing his service. Such situations are
known as queues in series or tandem queues. The following are some examples
of tandem queues:

a) In a manufacturing process, units must pass through a series of service
channels (work stations), where each service channel performs a given
task or job.

b) In a university registration process, each registrant must pass through a

series of counters such as advisor, department chairman (Head of the
Department), cashier etc.

c) In a clinical physical examination procedure, a patient goes through a
series of stages such as lab tests, ECG, chest X-ray etc.

In all these model structures, it is not only sufficient to know how many persons
are there in the system but also where they are.

An attempt is made in this paper to study in detail a sequential two station single
server system with Poisson input and exponential service, where no queue is
allowed in front of station 1 and atmost one customer is allowed to wait between
the stations. A MLE, CAN estimator and asymptotic confidence limits for the
expected number of customers in the system are obtained. The system
description and assumptions are given in the next section.
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2.System description and assumptions

Consider a simplified one channel queueing system consisting of two
servicestationsas below:

Input | Station 1 Station 2 ¥ Output

Fig 1: System configuration.

A customer arriving for service must go through station 1 and station 2 before
completing his service. The assumptions of the model are as follows:

|.  Arrivals occur according to Poisson distribution with mean rate A for
service at station1.

[I.  Service times at each station are exponentially distributed with the same
service rate u

[lIl.  No queue is allowed in front of station 1 and atmost one customer is
allowed to wait between station 1 and station 2.

IV. Each station is either free or busy.

V. Station 1 is said to be blocked, if the customer in station 1 completes his
service beforestation 2 becomes free and there is a customer waiting
between the stations.

3. Analysis of the system

Let the symbols 0, 1 and b represent free, busy and blocked states of a station.
Let X(#),Y(r)and Z(r) respectively denote the state of station 1, the number of
customers waiting between station 1 and station 2 and the state of station 2 at
time t. The vector process ¥ (¢) = {(X(¢),Y(¢), Z(r)).t > 0} with state space

E ={(0,0,0),(0,0,1),(0,1,1),(1,0,0),(1,0,1), (1,1,1), (p,1,1)} (3.1)

denotes the state of the system at time t. Since the interarrival and service times
are exponential, it follows that the process V(¢)is a Markov Process with the

infinitesimal generator O given by QO =
(0,0,0) (1,0,0) (0,0,1) (1,0,1) (0,1,1) (b,1,1) (1,1,1)

(0,0,0) - ) 0 0 0 0 0\

(1,00) | © —u 7 0 0 0 0

0,0,1) | u 0 -(A+p) A 0 0 0

(1,01) | © 7 0 ou M 0 0 (3.2)
0,1,1) | © 0 0 0 ) 0 )

(b,1,1) | © 0 0 0 7 —u 0

(1,1,1) \o 0 0 H 0 iz —2_;1/
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Let p,, (t)="Pr[V ()= (i, j,k)V(i, j.k) € E represent the probability that the system
is in state (i,j,k)at time ‘t with the initial condition p,,(0)=1. From the

infinitesimal generator given in (3.2), we have the following system of differential
— difference equations:

Pult) 1)+ 110 :3)
dp 1 ) _ Ao (£) = 14100 (£) + 911 (¢) (3-4)
Dol )2+ 1)p ) 9
P o ) i 0)-20 )+ 0 (3.6)
L o Y ()= 20 0)+ 1 0 (3.7)
Pl (05 00 (28)
D) (0)-240,, ) (3.2)

3.1 Transient Solution

The system of equations (3.3) — (3.9) along with the equation Zpi].k (t)=1 can
(i.j.k)eE

be solved using Laplace transforms. Let L.(s) be the Laplace transform of p, () .

By taking (0,0,0)=a,(1,0,0)=5,(0,0,)=c,(1,01)=d,O,,)=e,(b,L,)=f and

(1,1,1) =g and taking Laplace transform on both the sides of (3.3) — (3.9) and

solving for Z,(s) using > p, (t)=1, we get

(i,).k)eE

[TG-a) 5

L(s)="2 PR Gl ) N (3.10)
H(S_yj) H(S_yj)H(S_ﬂj)

j=l

[TGs-6)

(s+A+u) 3

Ly(s) =" 3 L,(s) (3.11)
o TIe-8)
[TGs-6)
L(s)=—"—L,(s) (3.12)

ﬂH(S—ﬂ,)
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Lo(s) = 2SO, o) (3.13)
H(S—ﬂj)
A’
L(s)=—"H L) (3.14)
[T6-5)
L(s)=2HEEA 1) (3.15)

H(S_ﬂj)

By taking inverse Laplace transform on both sides of (3.10) — (3.15), we get
expressions for p. (¢). It may be noted that

a,,a, and a,are the roots of s° + (A +4u)s® + BAu+5u")s+u>(A+2u)=0;
B, 3, and B, are the roots of s* +(1+3u)s” + BAu+2u’)s+Au’ =0;
71,74, and y,are the roots of

s* A QA+AU)S® + (A +TAp+5u7)s” + (S + 37 u+ 240 )s + P’ =0;
0,,0,,0, and ¢, are the roots of

Y (A+5u)s” + (8u’ +5Au)s” +(6Au” + 4’ )s+ Au’ =0.

3.2 Steady State Solution
Since we wish to study the stationary behaviour of the system, let [im p,, (t) = Dy -
Let p = (Poo» Poot> Poris Proos Prons i Pen)  De  the  stationary  distribution

corresponding to the Markov ProcessV (¢). Allowing ¢ — «on both the sides of
dp . (1)

(3.3) — (3.9), noting that [im

—0

=0 and solving for p, , we obtain the steady

state probabilities as follows:
2

7]
- 3.16
Poo = B2 v 4au +2447) (3.16)
HU(A+ 1)
_ 3.17
Pioo (322 + 44p +244%) (3.17)
Ap
- 3.18
Por = B2 v a2+ 24 (3.18)
12
Pioi :(3424_4/1[”_'_2’”2):171;11 =P (3.19)
2Au
- 3.20
P = R a2+ 247 (3.20)
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3.3 Expected number of customers in the system
The expected number of customers in the system is given by

0

L = ann = (Poor + Pioo) + 2(Proy + Poin) +3(Ppry + Priiy)

n=0
B +6Au+p’)
(34> +44u+24°)

(3.21)

In the next section, we obtain maximum likelihood and consistent asymptotically
normal estimators for the expected number of customers in the system.

4. MLE and CAN estimator for the expected number of customers in the
system

4.1 ML estimator

Let X,,X,,..X, and Y,.Y,,....Y, be random samples of size n, each drawn from
exponential interarrival time and exponential service time populations with the

parameters A and u respectively. It is clear that E(Y):%and E(?)zl, where
MU

X and Y are the sample means of interarrival times and service times

respectively. It can be shown that X and Y are the MLEs of % and-
7,

respectively.

Let 6, :% and 6, = l. Clearly, the expected number of customers in the system
y7j

given in (3.21) reduces to

(67 + 66,0, +8062)
© (262 +46,60, +302)

(4.1)

and hence the MLE of L is given by
i (Yz +6f)_’+81_’2)

R e E——— (4.2)
(2)( +4XY+3Y)

It may be noted that L. given in (4.2) is a real valued function in X and Y,

which is also differentiable. Consider the following application of multivariate
central limit theorem (Radhakrishna Rao, 1974).

4.2 Application of Multivariate Central Limit Theorem

Suppose TII,TZ,,T;,... are independent and identically distributed k -dimensional

random variables such that T, =(T,,,T,,,T,,....T,, ), n=1,2.3,...having the first

In»
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and second order moments E(T,)=pandvar(T,)=>_ . Define the sequence of

random variables T, =(fmﬁ2n,in,...,in), n=1.23,.. Where
n

2T

Tw="—, i=1,23,...k
n

Then, x/ﬁ(fn —u)—“>Nk(O,Z ), asn— .

4.3CAN Estimator

By applying the multivariate central limit theorem given in section 4.2, it readily
follows that

Jn (X, Y)-(0,.0,)—>N,(0.5) as n —>co.
The dispersion matrix » = ((Gij ) is given by D= diag(6?,02).

Again from Radhakrishna Rao (1974),

We have \/E(LAS—LS)—d>N(O,02(O))asn—)oo, where 6=(0,.0,) and

2 2
J o = 80202 (407 +130,0, + 762 ) 43)

) 2,( oL
2 (0) =Y £ :
=\ o0, (2607 + 46,6, +30?)
Hence, by applying the definition of CAN estimator, it can be seen that ﬁs is a

CAN estimator of L. There are several methods for generating CAN estimators

of which the Method of moments and the Method of Maximum likelihood are
commonly used to generate such estimators (Sinha, 1986).

5. Confidence interval for the expected number ofcustomers in the system
Let 02(6) be the estimator of 02(6) obtained by replacing 0 by a consistent

estimator 6 namely é:(i,?) Lets? =o?(8). Since 6%(0) is a continuous
function of 6,6> is a consistent estimator ofc?(9). In other words,

AN

6’ —F>505’(0) asn— oo,
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X
By Slutsky theorem (Xn—dn(, Y —L5b= Yn d % b;toj, we have
L-L \/H(Ijs—sz
Jn — —d>N(O,1). Le, Prj—-k_ < - <k, =(1—(1),
(¢ 5 6 2

Where k_, is obtained from normal tables. Hence, a 100(1—a)% asymptotic
2

confidence interval for L_ is given by L:ik (5.1)

VR
o

6. Numerical illustration

Table 2 and Table 3 give the 95% confidence limits for the expected number of

customers in the system by generating samples of sizes n = 200 and n = 400 for
various values of 4 =0.5, 1.0, ..., 3.0 and x = 2.0,2.5,...,4.0 from exponential

distributions with means% and e respectively.
y7;

Table 2: Confidence limits for expected number of customers in the
system (n = 200)
M

A 2.0 25 3.0 3.5 4.0

0.5 | (0.8991,1.0569) | (0.7990,0.9253) | (0.7821,0.9026) | (0.7491,0.8576) | (0.6851,0.7686)
1.0 | (1.1303,1.3391) | (1.1081,1.3133) | (0.9694,1.1458) | (0.9190,1.0824) | (0.8877,1.0422)
1.5 | (1.4781,1.7120) | (1.3498,1.5811) | (1.2393,1.4622) | (1.1775,1.3932) | (1.1051,1.3098)
2.0 | (1.6039,1.8333) | (1.3922,1.6252) | (1.2812,1.5081) | (1.2092,1.4289) | (1.1648,1.3788)
2.5 | (1.6465,1.8734) | (1.4916,1.7254) | (1.4003,1.6335) | (1.3669,1.5990) | (1.1796,1.3956)
3.0 | (1.7800,1.9937) | (1.6139,1.8430) | (1.5324,1.7653) | (1.3764,1.6089) | (1.3246,1.5545)
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Table 3: Confidence limits for expected number of customers in the
system (n = 400)
M

A 2.0 25 3.0 3.5 4.0

0.5 | (0.8930,0.9988) | (0.8123,0.9004) | (0.7567,0.8313) | (0.7368,0.8063) | (0.70461,0.7657)
1.0 | (1.2225,1.3762) | (1.1542,1.3012) | (1.0624,1.1977) | (0.9724,1.0932) | (0.9094,1.0185)
1.5 | (1.3361,1.4976) | (1.2729,1.4307) | (1.1510,1.2976) | (1.1152,1.2575) | (1.0316,1.1622)
2.0 | (1.5490,1.7140) | (1.4572,1.6225) | (1.2998,1.4594) | (1.2063,1.3586) | (1.1440,1.2897)
2.5 | (1.6493,1.8113) | (1.5499,1.7149) | (1.4088,1.5731) | (1.3426,1.5045) | (1.2221,1.3758)
3.0 | (1.8519,1.9992) | (1.6324,1.7951) | (1.5989,1.7627) | (1.5149,1.6803) | (1.4126,1.5770)

It can be seen from the above tables that as the interarrival rate 1 increases (for
fixed value of service rate i ), the confidence interval for the expected number of

customers in the system also increases. This means that for a fixed service rate,
more the interarrival rate, more the expected number of customers in the
system.Similarly, as the service rate u increases (for fixed value of interarrival

rate 1), the confidence interval for the expected number of customers in the
system decreases. This means that for a fixed interarrival rate, more the service
rate, less the expected number of customers in the system.

7. Conclusion

Asymptotic confidence interval for the expected number of customers in the
system is studied. The expressions for transient probabilities and steady state
probabilities are obtained. The results are shown numerically by generating
samples of sizes 200 and 400 from exponential distributions for various values of
A and u. It justifies that, for a fixed service rate, as the interarrival rate

increases, the expected number of customers in the system increases. Also, for
a fixed interarrival rate, as the service rate increases, the expected number of
customers in the system decreases.
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