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Abstract

In this paper we propose two combined exponential ratio type estimators for finite population
mean utilizing information on the auxiliary attribute(s) under non-response. Expressions for bias
and MSE of the proposed estimators are derived up to first order of approximation. An empirical
study is carried out to observe the performances of the estimators.
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1. Introduction

The problem of non-response is very common in surveys and consequently the
estimators may produce bias results. Hansen and Hurwitz (1946) considered the
problem of estimation of population mean under non-response. They suggested
of taking a random sample from non-respondents with some extra sources and
efforts. They also suggested an estimator 3., by combining information of

respondents at first and at second attempts. It is well recognized that use of the
auxiliary information may results in considerable reduction in variance of the
estimator. Information on the auxiliary variable and Hansen and Hurwitz (1946)
technique is used by several authors to estimate the population mean like
Cochran (1977), Rao (1986), Khare and Srivastava (1993, 1997), Okafor and
Lee (2000) and Singh and Kumar (2008). There are many situations when the
auxiliary information is available in form of the auxiliary attributes (see Shabbir
and Gupta, 2010). For example the study variable (y) is the production of wheat

crop in a certain region, the auxiliary attribute (y,) is the irrigation status
(adequate vs. inadequate) and the auxiliary attribute (y,) is the status of land
ownership (rich vs. poor).

Consider a finite population of size N and is divided into L strata such that

L
ZNh =N, where N, is size of the h™ stratum (h=12,....L) . We select a sample

h=1
of size n, from each stratum by simple random sample without replacement
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L
sampling such thathh =n, where n,is the stratum sample size. Let y, and
h=1

v (J=12), (i=12,...N,) be the values of the study variable (y) and the
auxiliary attributes (v ;), (j=1,2), respectively in the h" stratum. It is assumed
that »,, units will respond and n,, will not such that »,, +n, =n,. We select a

sub-sample of size 7, :%(kh >1) from n,, units and it is assumed that all the
h

selected units will respond.

We assume that

v = {1, if /" unit in the stratum 4 possesses the attribute v, ( j= 1,2)
Jhi T

0, otherwise.

L L
Let P =) Ww,P,and p,=>W,p, (=1, 2) be the population and sample
h=1 h=1

A,
proportions of units of the auxiliary attributes respectively where Pjh:—’h,

h

a Ny ny
_ _ _
Py=—" A=W, and a, =,
i=1 i=1

n,

Ny, Ny,

—=1\2 2
Z(yhi_Yh) Z(l//jhi_])jh)
Lets) ==———and §, , == be the population variances of the
h ! h
study variable and the auxiliary attributes, respectively in the h" stratum, where
N, _
_ N, Z(yhi_yh)(l//jhi_Pjh) S} A
Y,=>y,/N,. Let § = and p, ,=—2— be the
i=1 Wi Nh _1 i S
population bi-covariance and point bi-serial correlation coefficient between the

study variable and the auxiliary attributes respectively in the h™. Also
Ny

Z(Wmi_Plh)(‘//zhi_ch)
S =" and =
Yiyah Nh—l pV/lllfzh S%h o
covariance and phi-correlation coefficient between the auxiliary attributes,
respectively in the h" stratum.

w;h"™ yh

viyoh

be the population phi-

—_— L —_—
To estimate ¥ =) .Y, , we assume that P, (=1, 2) are known.
h=1
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Now adapting the Hansen-Hurwitz methodology, an unbiased estimator of
_ L
population mean Y is given by 3, =>W,y,, where Wh:% is the known
h=1
My Yip + M2 Vo
n,
of n,, responding units and n,, sub-sampled units respectively.

stratum weight and y, = . Here y,, and y,,, are the sample means

The variance of y,, is given by

Var(v,) = sz +ZW2( )

where Wh2=% is the known non-response rate in the A" stratum and

N,

"y (1.1)

Now we discuss various estimators available in the literature.

The usual combined ratio estimator when the auxiliary attribute is used, given by
Yoo =V, —, (1.2)

plst

L L
where B, =Y W,R, isknownand p,, =>W,p,.
h=1

h=1

The bias and MSE of T

wc » to0 the first degree of approximation, are given by

Bias(ﬁlc)_P;W,fyh (RS2 = PSSy ) (1.3)
1
where R, :1 and
B
L
MSE(YRC) ZW;yh (S, +RIS), —2R P, 18,4, )+ ZW —W 282 (1.4)

Bahl and Tuteja (1991) exponential ratio type estlmator when a single auxiliary
attribute is used, given by

v _ =" R —Pis
YBTl(RC) =V eXp(R +p_1; J (1.5)
The bias and MSE of ? , to the first degree of approximation, are given by
Bias( T(RC)) = 2F ZVV;%( R, S2 py(//ththl//lh] (1.6)
and

2 2 2 & )
MSE(yBT(RC)) ZVVh 7 [S 4; Sl/llh 1P yl//1 y/hJ Z B2° yh2- (1.7)

h=1
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Now we propose the exponential ratio-type estimator for population mean.

2. Proposed estimators
Using Bahl and Tuteja (1991) estimator given in (1.5), can be rewritten as

~ —x 2p,,
YBTl(RC) =V eXp[l _ﬁ] .
1 1st

The above estimator can be generalized by introducing a positive real constant
‘@’ (i.e. a>0) instead of 2’ as

Y o ap, —* Pl ~ P
2 — exp| | ————LIst | = eXp| —————~— | or 21
oy = "[ e+<a—1>pmj £ "[m(a—l)pm] -

R-R(l+e) J

Pl+(a—l)Pl(1+e,)

zmc) =I7(1+e0)exp[

—% _Y _P
where ¢, = ys’Y and ¢ :—p“’P L.
1

To first degree of approximation, we have

S - e ee 2a-1
YPI(RC)—YE(eO—;‘—%+ S elzj. (2.2)

Using (2.2), the bias and MSE of)L’E(RC), to the first degree of approximation, are
given by
2a

. & R <
Bias(Y, pc)) = 2a21P Zth)/h [(Za —l)S‘jIh —?py%hSth%hj (2.3)
1 h=1 1

and

2 S R’ R Lok -1
MSE(YQ(Rc)) = ZI/th]/h [Slth +a_12S|i]h - 2;1pyr//thy/thyh] +Z Vth h—VVhZthZ' (24)
h=1

h=1 n,
Using (2.4), the optimal value of a is given by

L
R, Z th7hS;1h

_ h=1
a=-
2
Z Wh 7hSl//1hSyhpyl//1h
h=1

Substituting the optimum value of a in (2.4), we get

2 L k,—1
MSE(Y )1 —;mz[yhsih(l—piw)J - )thS,ihZ}, (2.5)

h

=a,,(say) .

I

M=

Vth]/hSl//thyhpyy/]h
L is the combined correlation coefficient

L L
\/Z VVhZ}/hS)th \/Z WhZVhS.ilh
=1

=
Il

where p,, ., =

h=1
between the study variable (y) and the auxiliary attribute (y,).
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An improved exponential ratio type estimator when using two auxiliary attributes
is given by

7o exp| AP | PP | 26
e~ p[m(a—l)pm} p[%+(b—l>pwJ -

where a and b are positive real constants (i.e. a>0, 5>0) or

B-B(l+e) jex[ P,—P(l+e,) ]

B+(a-1)R(1+¢) P +(b-1)P,(1+e¢,)

ZZ(RC) =)7(1+e0)exp[

p2st P

2
To first degree of approximation, we have

where e, =

z = e e ee ee ee 2a-1 , 2b-1 ,
R e S e B B el (2.7)
Using (2.7), the bias and MSE of }%PZ(RC), are given by
o = 2a-18,, 2b-1S,, P 1SSy P 1SSy
BlaS Y :Y W2 41 + wal yyih™ yh Y'//Zl_y Yan
iic)) ,,Z‘ h“( 2¢°> P> 20* P} aYP bYP,
N PSSy (2.8)
abRP,
and
L R’ R} R, R
MSE(Y o) 2 hZ_;Wh 7/;1(52 lzsuih bg Sy = 2;p}’w1hSthwlh_272py1//zhsyhsu/zh
RR,
+ ab h y/lh woh ] ZWz W;IZSihZ (29)
h

Using (2.9), the optimal values of a and b are

L
RIZVthyh y/hZVVh 7/;, (1 py/ly/z(st))

h=1

Aopr =71 T
Z thth;Zh Z th%u"yr//l Z ;/hpw,ththW Z W VP nSynSyi
h=1 h=1
and
- 2 2 - 2 2 2
R, Z w, 7/hS|//|h z w, 7hSy/2h (1 = Py, (st) )
b — h=1 h=1
opt L

L L L )
Z thth;th VVhZ]/hpyl//ththu/zh - Z MZVhpywSthwlh Z %27h/’wlw2h5w1hsw2h
h= h=1 h=1 h=1
Substituting the optimum values of a and b in (2.9), we get

k, -1
MSE(Y RC opt - Z [7/}1 {1 le//ll//z(st)} W thZj (210)

h
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2 2
P T Pos) ™ 2P0 P (50 P (s)

2
l_pl//l'//z(ft)
correlation coefficient of y on y, and v, .

where R?

S (st) = is the combined multiple

3. Comparison of estimators
Now we compare the proposed estimators with other existing estimators.
(i) By (1. 1) and (2.5)

MSE( P(Rc»o,,, <Var(7,), if

pi%(m; W7,y 20. (3.1)

(i) By (1.4)and (2.5)
MSE(Vy ) S MSE(¥y. o)., if

opt —

; 2
{;%2711 (RISy/h Py )} 20. (3.2)

(i) By (1.7)and (2.5)
MSE(E’I(RC)) MSE(YBT(RC)) if

opt —

L R 2
{Z Wh27h (ij/lh _pyu/]hSyh J} 2 0. (3.3)
=1

(iv) By (1.1) and (2.10)
MSE(YP (RC))opt = Var(yst)

kuz(sz)z Syzh 0. (3.4)

(v) By (1 4) and (2.10)
MSE(Y, (RC))OM_MSE( we) s if

L

L
2
(Z WhZVh {Rl S.ih Py, hS S }j Z }/hS)zh (p}u/l(ct)pu/ly/ (s1) pwlz(vt))
h=1 - + 4= " >0.(3.5)
> Wiy, S, _pwlsuz(m
=

(vi) By(1. 7) and (2.10)
MSE(Y, (RC))O,,,—MSE( src) i

2
ZW2 Rle‘i‘ S,S Lo :
L Pr® i ;Wh 7 hSyh(/’ywl(smpwm)_pyw(m)
=

2
Z wly, Svih 1= Py

>0.(3.6)
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(vii) By (2.5)and (2.10)
MSE(ZDZ(RC)) <MSE(?PI(RC))()pt ’ If

opt —

L 2
2 2
ZWh VS (pywl(st)p%u/z(st) - pm(st))
h=1

> 0. (3.7)
l_p’/ill//z(ﬂ)
The above conditions in (3.1)-(3.7) are obviously true.

4. Numerical Analysis

Source: [Murthy (1967)]
We randomly select a sample of size n, from each stratum by using the Neyman

allocation and consider the first 10%, 20% and 30% values in each stratum as
non-response for W,, =0.1, W,,=0.2 and W,, =0.3 respectively.

The population consists of village wise complete enumeration and data are
obtained in 1951 and 1961 censuses for a Tehsil. The area of village is used to
stratify the population into three strata.

Let y be the cultivated area in the village in hectares in 1951 and y,, (j=12)
are defined below.

1, if i village in the Stratum 1 has area greater than 550 hectares

Let =
Y {0, otherwise.

. = {l, if i village in the Stratum 2 has area greater than 1300 hectares
12i —

0, otherwise.

1, if i" village in the Stratum 3 has area greater than 2500 hectares

0, otherwise.

{1, if i village in the Stratum 1 has number of cultivators greator then 450
Vou =

0, otherwise.

o = {l, if i village in the Stratum 2 has number of cultivators greator then 700
22i T

0, otherwise.

1, f i" village in the Stratum 3 has number of cultivators greator then 1500
Vo 0, otherwise.
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Data are presented in Table 4.1 and results are given in Table 4.2.

Table 4.1: Data Statistics

We compute the percent relative efficiency (PRE) of different estimators for

Stratum No. 1 2 3
Ni 43 45 40
N 10 12 18
Y, 397.1425 | 760.1795 1234.6180
B, 0.5814 0.4444 0.4000
P, 0.39535 0.5333 0.4000
S5 39975.0569 |61455.990 | 172425.900
Sy 0.2492 0.2525 0.2462
s, 0.2448 0.2545 0.2462
Py 0.6922 0.3750 0.5057
P 0.3956 0.2847 0.3261
P 0.2040 0.3884 0.5833
For Wy;=0.1 | 16871.6298 |5534.3610 | 174694.200
S, | For Wi=0.2 | 10951.1712 | 43003.2000 | 123887.767
For W,;=0.3 | 15878.3587 | 49346.8000 | 152450.527

different values of Wy,and k, and use the following expression

PRE = V0D 100, where i = P(RC),BT,(RC),R.C,P,(RC).

80

MSE(Y)
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Table 4.2: Percentage relative efficiency of different estimators with
respect to y,
W, k v — 5 — s = %
2 h PRE(YPI(RC),yst) PRE(YBT](RC),yS,) PRE(YR]C,yst) PRE(YPZ(RC),yst)
Using Using Using Using Using Using Using first
first second first second first second and second
. . . . . . auxiliary
auxiliary | auxiliary | auxiliary | auxiliary | auxiliary | auxiliary
: : . . : : attributes
attribute | attribute | attribute | attribute | attribute | attribute
01 |2 129.83 | 110.12 54.93 38.38 13.95 10.68 133.78
25 | 128.31 109.68 55.93 39.35 14.45 11.07 132.01
3 126.94 | 109.27 56.89 40.28 14.94 11.46 130.42
3.5 | 125.69 | 108.90 57.80 41.19 15.42 11.84 128.97
02 |2 126.75 | 109.22 57.02 40.41 15.01 11.51 130.20
25| 12432 | 108.49 58.87 42.25 15.10 12.31 127.39
3 122.30 | 107.87 60.57 43.98 16.97 13.09 125.06
3.5 | 120.58 | 107.33 62.13 45.61 17.92 13.86 123.09
03 |2 122.93 | 108.33 60.02 43.64 16.65 12.87 125.98
25| 119.82 | 107.31 62.86 46.62 18.39 14.28 122.38
3 117.45 | 106.52 65.33 49.30 20.05 15.64 119.65
3.5 | 115,59 | 105.88 67.49 51.72 21.65 16.96 117.52

From Table 4.2, we observed that the proposed estimators are more efficient as
compared to the usual estimator 7, and the other considered estimators. The
efficiency of the estimators decreases with increases level of non-response in
each stratum and £, . As correlation between the study variable and the auxiliary

attribute(s) increases in each stratum, the efficiency also increases.

5. Conclusion

In this paper, we have proposed two combined exponential ratio type estimators
when using information on the auxiliary attribute(s) under non-response.
Expressions for bias and MSE of the proposed estimators are derived up to first
degree of approximation. The proposed estimators are compared with usual
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mean estimator and other considered estimators. A numerical study is carried out
to support the theoretical results for different values of non-responses. In Table
4.2, the proposed estimators perform better then the usual sample mean
estimator and other considered estimators. The efficiency of the estimators
decreases with increase rate of non-response W,, and k, .
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