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Abstract

In this paper, we have obtained explicit expressions for the time dependent probabilities of the M/M/1
queue with server vacations under a multiple vacation scheme. The corresponding steady state probabilities
have been obtained. We also obtain the time dependent performance measures of the systems.
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1. Introduction

In the literature, analytical results for the transient behavior of queuing models are not as
widely available as the steady-state results. The steady-state measures cannot give insight
into the transient behavior of the system. The steady-state results are well suited to study
the performance measures of the system on a long time scale, while the transient
solutions are more useful for studying the dynamical behavior of systems over a finite
period. Moreover, stationary results are mainly used within the system design process.
However, due to both variability and uncertainty of the traffic offered to the system,
satisfactory resource utilization and robust performance are in general difficult to achieve
together within the design process. Thus, some management actions have to be taken
with the aim of dynamically adapting the resource assignment to the system load. These
management actions can often be based on transient analytical results, for a simplified
queueing model, accurately representing the system of interest. In general, transient
analytical results are useful for studying the finite-time properties of queueing systems
(see Kelton (1985)).

Many methods have been derived for obtaining transient solutions: the method of
generating functions of Bailey (1954), the spectral method of Lederman and Reuter
(1956), the combinatorial method of Champernowne (1956), the difference equation
technique of Conolly (1958) etc. The transient analysis of a queueing system demands a
methodologically simple and easily numerically implementable approach.
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Parthasarathy and Lenin (1997), (1998) and (1991) used continued fractions to analyse
the transient behavior of birth death processes. Krishna Kumar and Arivudainambi
(2002), studied the transient behavior of an M/M/1 queue with catastrophes.
Parthasarathy and Selvaraju (2001) analyzed the transient behavior of an M/M/1 queue in
which potential customers are discouraged by the queue length. Parthasarathy et. al
(2002) studied the transient behavior of a single server driven fluid queue using a
continued fractions approach. Krishna Kumar and Pavai Madheswari (2005) considered
the time dependent analysis of an M/M/1 queue subject to catastrophes and server
failures. Tarabia and EI-Baz have studied (2006) the exact transient solutions to non
empty Markovian queues by using the power series technique. Griffiths et. al (2006) have
studied the transient behaviur of the modified Bessel function of the second kind.
Parathasarathy and Sudhesh (2006) considered the exact transient solution of a discrete
time queue with state dependent rates. Krishna Kumar et al. (2007) studied a single server
queue with catastrophes, failures and repairs. Parthasarathy and Sudhesh (2007) studied
the time dependent analysis of a single server retrial queue with state dependent rates.
Krishna Kumar et al. (2008) considered the transient behavior of an M/M/1 queue with
state dependent rates and catastrophes. Parthasarathy and Sudhesh (2008) have obtained
tarnsient solution of M/M/c queue with N -policy with the help of modified Bessel
function of the second kind. Leonenko (2009) studied a new approcah to study the
M/E,/1 queue. Thangaraj and Vanitha (2010), considered the transient analysis of a

M/M/1 queue with Bernulli feedback. Recently, Sudhesh (2010) has examined the
transient behavior of a single server queue with catastrophes and customer impatience.

Queueing systems with server vacations have been studied extensively. A comprehensive
review of vacation models, methods, results, examples and applications can be found in
the survey of Doshi (1986) and Ke et.al (2010) and the monographs of Takagi (1991) and
Tian and Zhang (2006). However, results are not available in the literature on the time
dependent behavior of a vacation queueing system. In this paper we have obtained
explicit expressions for the transient state probabilities of the M/M/1 queue with multiple
vacations. We have considered the multiple vacation scheme where the server takes a
vacation each time the system becomes empty. We have also considered queueing
systems with server vacations.

The rest of the paper is organized as follows. In section 2, we examine the transient
behavior of the M/M/1 queue with multiple vacations. In section 3, we obtain the
expressions for the mean and variance at time t. In section 4, cases, we have obtained the
corresponding steady state results.

2. The M/M/1 queue with multiple vacations

Consider an M/M/1 queueing system with first come first served discipline. Customers
arrive at the service station according to a Poisson process with arrival rate 4. There is
infinite room for customers to wait. Customer service times are independently and
identically distributed (i.i.d.) exponential random variables with parameter .. However,
the server takes a vacation after completion of all the services. As before, the server
vacation time is a exponential random variable with a parameter y. After returning from
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the vacation, if the server finds no customers in the system, the server is permitted to take
another vacation. This process continues until the server returns to a non empty system.

Let C(t) denote the state of the server at any instant of time t.

() = 0, if the server ison vacation,
|1, if the server is available,

Let N(t) denote the number of customers in the system at time t. Then
{(C(t),N(t)),t >0} is a continuous time Markov chain.

Let
Pon (t) =Prob{C(t) =0,N(t) =n}, n>0,
P, (1) =Prob{C(t) =1,N(t) =n}, n>1.

2.1 Transient analysis
The forward Chapman Kolmogorov equations for the system are

pé),o(t) = _ﬂpo,o(t) + /Upl,l(t)i 1)
Pon(t) = —(A+7) P, (1) + APy 4 (1), N 21, (2)
Pua(t) = —(A+ 1) Py 4 (8) + 705 1 () + 20y , (1), 3)

Pun(®) = —(A+ 1) Py (8) + 90,0 (1) + 2201 . (V) + APy 4, (1), N2 2. (4)

Without loss of generality, assume that initially the server is busy with i customers. i.e.,
pi(0)=¢;,izland py;(0)=0,i=0, 5)

where «; be the probability that there are i customers in the system at time t=0. Let
a(z) =D 7', | z|<1.
i=1

Taking Laplace transforms of (1) and (2) and using (5), we get

* 1 *
WOE m*ﬁ p; 4(S), 6)
N = . i 7
Pin(S) = 5, P )

By recursively using equation (7), we obtain

4 J 2o(S). ®)
V4

* S) =
pO,n() (S-Fﬂ,-i-
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Define partial probability generating functions as follows, for |z |<1,

R(zt) =2 R,z

n=1
P(z.t) =D R, (t)z".

n=0

Multiplying (3) and (4) by appropriate powers of z and summing over n>1, we obtain
0 _ U
Py P(z,t) = {/lz + . A+ ,u)}Pl(z,t) + 1Py (z,1)
_lupl,l(t) _7’Po,o) (9)

Taking Laplace transforms on both sides of (9), we get,

((S +A+u)—(Az+ %))Pf(z, $) = a(2) + 7Py (2,5) = o,(8) — 1p; 1(S)

Hence
2{ar(2) + 75 (2.5) ~ 105 o(S) — 105(5)}
(S+A+p)z—A2" —u

P (z,5)= (10)

The denominator put to zero
AP —(s+A+u)z+u=0

has two roots

L = W— W —44u

' 22
L - W+ /W — 41
,=

24

where wW=s+ A+ u

of which z, is of modulus less than 1. Considering that P"(z,s) exists in the unit circle,
we see that the numerator of (10) must also vanish for z=z,. Putting z=2z in the
numerator of (10) equated to zero , we get,

a(z,)+ 7Po*(21a S)— 7p;,o(s) - ﬂp;,l(s) =0

2(s+A+y)
2(s+A+y) - (W—W? —44u)

a(z)+y p;,o(s)_(s+ﬂ+7) p;,o(s) =0
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Hence
0! (5) = a(z) 2(s+A+y)—(W—W —44u)
' S+A+y WHAW =4 —2u
=a(z,)F(s) (11)
where  F(s) = W— W —44u .\ (W—W* —41u)? L1 W— W —44u
— 248 As(S+A+7y) s  25(s+A+y)

On inversion (2.11), yields
t

Poo(t) = far(U)F (t—u)du (12)
where a(t) = Sa, |n(2\/ﬁt)%(\/§)"
F(t)=1- \/Zjll(z\/ﬁu)e“*m“du
o

t
+ _[ (L 1,(2/Auu) A I2(2,Myu)j(1—e‘(“7 )iy
\A+y A+y

By using the expression for p,,(t), the other state probabilities p,,(t),n>0 and
P, ,(t), n>1 can be obtained as follows.

From (8) and (1), we get

t 1\ L a-(A+p)(t-u)
R T @3
p..(0) :%(p;,,o(t>+zpo,o(t>) (14)

The equation (9) can be considered as a first order differential equation in P,(z,t) and t.
Integrating, we get
,1z+§7(,1+ﬂ)]1 [ﬂz+§—(ﬂ+,u)](t—u)

R(z,t) = a(Z)e[ +7jP0(z,u)e du

D+t ~(m]t-u) e G (G0

t t
_VIpo,o(u)e dU—,UJ.plyl(U)e du
0 0

It is well known that if 8 =2,/ and B = \/Z then
MU
A+t * .
e =) 1))
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where | _(.) is the modified Bessel function of the first kind. Comparing the coefficients
of z" on both sides of (15), we get

Py, (t) = Zak I (a)ﬂn—ke—(l+y)t
k=1

t 0
+ j/J-z pO,k (u) I n—k (H(t — u))ﬂnfke*(ﬂ-*ﬂ)(t*u)du

o k=0

t

- 7_[ Py (U1, (O(t - u)) B"e Augy
0
t

- /UI pl,l(u) I n (9(t - u))ﬁ”e—(ﬂw)(t—u)du
0

The above equation can be written as

pLo(0) = Dl (DB e 4 D e 1, () e
k=1 r=0

t n-1

+ 7IZ Pox (ul n—k ot- u))ﬂ“*kef(ﬂw)(t—u)du

o k=0

t 0
+ yJ-Z pO,n+r (U) I r (H(t — U))ﬂfre’(lﬂl)(FU)du

or=0

t
- 7_[ Py (U1, (O(t - u)) B"e Atugy
0

—ﬂjpl,l(u) L, (O -u)p"e " du (15)

Consider

DRI R Ll RS SN SV
7r:0 0n+r 21 \/Wz_az 4 S+A+y 0,0 7 —o?

=)

0
2
r=0

S+A+y 21

-_7 A ) [w—Vw? —a?)—24]
218\ s+ A+y W —a?

(using eqn (11)
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Inverting the above equation and substituting in (16), we get

n-1 0
Pua(®) =D 1, (B)B e S 1 (&) BT
r=1 r=0
tn1

+ y,[zpo,k (U) I n—k (6’('[ — u))ﬂ”—ke-(hﬂ)(t—u)du

o k=0

o t
—%2 [, (t=0)6" 1, (Gu)e - du
k=1

0
o b
* LZJ.OKI(;(” (t- U)ek I (&j)e‘(“#)udu
t
7 [Poa@)1, (O - u) Ao Oy
0

t
- /UI pl,l(u) I n (9(t - u))ﬂ”e—(/“#)(t—u)du
0

t o n-1,-(A+y)u

_ru"e
where zn(t)—lwdu

The probabilities p,,(t), p,,(t)(n>=1) and p,,(t) can be obtained form (12), (13) and
(14) respectively

2.2 Performance measures

In this section we derive the expression for the expected number of customers in the
system at time t. Now

EIN (1= m() = 20(Poy (O + Py, (1)
Then
m'(®) = Y n(pon O+ PLa(0)

From equations (2), (3) and (4), we get,
m (t) = A -+ ph(t)
where h(t) = 3, (1)

n=0
Now

* * * 1
h (s) = S)+ A ) ——
() = Po,o(S) + APy o )s+7
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Hence
t
h(t) = poo(t) + 4] o o(u)e”du
0

where p, (t) is given in (12). Now

m(t) = (1 — )t + yjh(x)dx +m(0)

e EIN®]= (- )t + ujh(x)dx+ Sna,
Now

Var (X (1) = 7(t) - (m(1))*

where 7(t) = gnz(po,n )+ p,, (1))
From equations (2), (3) and (4), we get,

7 (£) = 2(A -+ )m(R) + A —42p, , (£) — 1p, (1) + (1= Po (1)) — 29 (1)
where g(t) = inpO’n (t)

n=1

Now, g'(s)=>np;.(s)

n=1

. 1 )
- ﬂ’pO,O(S)(S_i_]/ + (S+7/)2j

t t
Therefore g(t) = ijpolo(u)e‘“t‘“)du + iszolo(u)e‘y“‘“) (t—u)du
0 0
t t t
Hence n(t) = 2(1+ u) j m()dX + (A + u)t — 4u j Py (X)dx — 4 j P, ,(X)dx
0 0 0

- ﬂj Po o (X)dX — zﬂj.g (x)dx

2.3 The steady state probabilities

In this section we shall discuss the steady state results of the M/M/1 queue with server
vacations under a multiple vacation scheme. Multiplying (11) by s on both sides and
taking limits as s —> 0, we get,

. * _ 7y
=7 -
|SIH(1) Spo,o(s) Aty (1-p)

_ 7

(1- p) (using Tauberian theorem)
A+y

Po.o
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Similarly we obtain

2 4
= ——(1-p), n>1,
Pos (}Hyj /1+7/( 2

pln:M 1-| 2| | n>1.
’ A+y—u A+y
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