Pak.j.stat.oper.res. VVol.19 No. 2 2023 pp 241-256 DOI: http://dx.doi.org/10.18187/pjsor.v19i2.3255

Pakistan Journal of Statistics and Operation Research

GOLD DISTRIBUTION
Another Look on the Generalization of Lindely
Distribution
Mohammad Al-Talib'", Amjad Al-Nasser?, Enrico Ciavolino®

* Corresponding Author

1. Department of Statistics, Yarmouk University, 21163 Irbid, Jordan, m.altalib@yu.edu.jo
2. Department of Statistics, Yarmouk University, 21163 Irbid, Jordan, amjadn@yu.edu.jo
3. Dipartimento di Filosofia e Scienze Sociali, Universita del Salento, Lecce, Italy, enrico.ciavolino@unisalento.it

Abstract

In this paper, a new generalization of one parameter Lindely distribution is proposed. The new distribution is a
mixture distribution of Gamma distributions with fixed scale parameter and variable shape parameter. The
distribution is called ‘GOLD Distribution’ as it is a generalization for several distributions such as exponential,
Lindely, Sujatha, Amarendra, Devya and Shambhu distributions. The probability density and cumulative density
functions are derived. Also, the statistical properties of the GOLD distribution are discussed. Parameter
estimation using the maximum likelihood and the method of moments are given. Moreover, an illustration of the
usefulness of the GOLD distribution in survival data analysis is discussed based on a real lifetime data.
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1. Introduction

Lindely distribution (LD) is one of the most important distribution that is widely used in reliability and survivals
data analyses. LD is derived from a two-parameter gamma distribution which is the most popular distribution that is
used in analyzing lifetime data. A random variable X is said to have a two-parameter gamma distribution with
parameters o (shape parameter) and 0 (scale parameter); and denoted by Gamma(a,0), if its probability density
function (pdf) is given by:
xot—l

f(x) - F((Z)Q“
It worth to say that, there is no close form for the gamma cumulative distribution function (cdf), and can be written
based on the incomplete gamma function as:

e */9, x>0 a6 >0.

1 x
where, T'(a,x) = fxw t® e tdt. However, when « has only integer values, then the distribution is known as
Erlang distribution and the cdf can be obtained as:

a-1 xj x
— ¢79,
L T()o)
]:
Based on this fact, Lindely (1958) proposed a compound distribution of two independent gamma distributions of the
same scale parameters but with different shape parameters with pdf:

F(x)=1-
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finG) = ) pi g0,

where,
— 1 1
P1=7 o p, =1—p;; g,(x)is Gamma (1,5) and g,(x)is Gamma (2,5).
Hence, the closed formula of LD pdf is:
()—9(1+x) e b ,x>00>0
fup(x) = 1re 2¢ x>0 .

Ghitany et al. (2008) studied the statistical properties of Lindely distribution and considered it as a competitor and a
replacement of the exponential distribution as it has more flexible mathematical properties. Since then, vast
researches dealt with LD and it’s properties (for example, see; Sankaran (1970), Zamani and Ismail (2010),
Zakerzadeh and Dolati (2009), Shanker et al. (2013). Shanker and Mishra (2013a, 2013b)). Modification,
extensions and generalizations of Lindely distribution were studied by several researchers. In fact, the studies on LD
can be classified into three categories

o New formulation of LD based on other distribution families Ghitany et al., (2008); Ghitany et al., (2013);
Jodra (2010); Gomez and Ojeda (2011); Kadilar and Cakmakyapan (2017); Hassan (2014); Sharma et al.,
(2015); Akbar et al. (2016); Deniz and Ojeda (2011); Shanker and Mishra (2013b); Singh et al. (2014);
Merovci (2013).

e Modified LD by adding more parameters (Abd El-Monsef (2015); Shanker et al. (2013); Ghitany et al.
(2011); Shanker and Mishra (2013a); Pararai et al. (2015); Alkarni (2015)).

e Generalized LD by extending the pdf to a more general form (Abouammoh (2015); Nadarajah et al. (2011);
Zakerzadeh and Dolati (2009); Maya and Irshad (2017); Shibu and Irshad (2016); Bakouch et al. (2012),
Elbatal et al. (2013); Oluyede and Yang (2014)).

The aim of this paper is to introduce a new generalization of the Lindley distribution which offers a more flexible
distribution for modeling lifetime data, which could be also considered as a family distribution in which several
distributions are a special case of the new generalization.

The remainder of this paper is organized as follows. Review of the previous generalized Lindely distribution is
given in Section 2. The proposed generalization of LD (GOLD) with its properties are explored in Section 3.
Various statistical measures of the GOLD are given in Section 4. Estimation of the distribution parameters by
method of moment and inference of a random sample from GOLD are investigated in Section 5. In Section 6 a real
data application illustrates the performance of the GOLD distribution over other competing reliability distributions.
Section 7, with some concluding remarks, ends the paper.

2. Some Generalized LD

The first discussion of the statistical properties of LD was introduced by Ghitany et al. (2008). Since then, many
generalized LD have been introduced. Ekhosuehi et al. (2018), proposed a new generalized two-parameter LD in

order to offer more flexibility in modeling lifetime data, the pdf
ea—zxa—l

7]
— -0x .
g1(x) 9+1<1+ @ )Be x>0 a,0>0,

which could be considered as a new modification of Shanker et al., (2013) who proposed another two-parameter LD
with pdf

6
— —0x. _
g2(x) 1+9(1+ax)96 ;x>0,0>0,a>-6.

Zakerzadeh and Dolati (2009) proposed a three-parameter LD having the following pdf
0 (0x) (a +yx)
g3(x) = (
y+0)T(a+1)
Elbatal et al. (2013) introduced a three-parameter Lindley distribution with pdf

e x>0,a5y,0>0.
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1 [99xe 1 @B-1xp-1 0
g.(x) = 1+9( @) + ) ) Be ",x>0,ap0>0
A similar modification of a three-parameter Lindely distribution was proposed by Abd El-Monsef (2015) with the
following pdf:
gs(x)— (1+a(x+ﬁ))9e‘9x x>0,apB60>0.
Shibu and Irshad (2016), obtained a more generalized Lindley distribution with (n + 3) parameters having the
following pdf:
n eai
x) = Z ; x%"1e=0% x > 0,a;,0 > 0,
gG i:1p l—‘(al)
where,
_ 1 By . _ _ n
pi=————,i=23 .., nandp; =1—- X,p; ,B,v>0.

n-16+py’

This article discusses another look to the generalization of Lindely distribution. Starting with one-parameter pdf,
then based on the idea of the above modifications; a new family of distributions can be suggested.

3. The Proposed Generalization: GOLD Distribution

The suggested new formula of the LD is to be a mixture distribution of k independent gamma distributions of the
same scale parameter (6) and with known but different known shape parameter («); then the new GOLD is
introduced in the following theorem.

Theorem 1. A random variable X is said to have a GOLD density with parameter & > 0; and a known positive
integer k, if the pdf (denoted by f,,4 (x; 6, k) ) of X is given by

(x;0,k) = ! ol o 0,050k =12 dx+1, (1
fgo1a(x; 6, k) = (et x -1 ke , x>0, s k=12,...andx #1, (1)

with a corresponding cdf (denoted by F,,4(x; 6, k) );

k
1 . x
. S R E 1p(; 2
Fgold(x! 9! k) =1 Z?’C:l I—v(])ej_l v 0/ r (], 0) (2)

Proof.
Following the same concept of obtaining Lindely dlstrlbutlon we define fgold (x;0,k) as

fgold(x 0,k)= ZP] g,(x 0); Zp] =1.

Now, by assuming g;(x) to be the pdf of Gamma(j, e), and
_ e
P I T

as the weighted multiplier to satisfy the pdf axioms. Hence, the probability density function is introduced as follows

k
1 Z . 1 —x

_— xi71|=e /o ; x>0,6 >0, 3
f=1 rge’—t = 0 3

and k is a known positive integer. It is easy to show that

j=12 ..k

fgold (x;0,k) =

k
x* =1
le 1= o) sk=12,..andx # 1
=1

Then, the pdf of the GOLD will be (as givenin (1))

(6 0,k) = 1 xk—-11
fgota(%; 0, k) = K T(NeI1 x—18

The corresponding cdf can be obtain by computing:
X
FO) = [ fyoat:6,00 dt,
0

e 1o x>00>0;k=12,...andx # 1.

which simply can be written as
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F(x)=zk:pj | g, 0)dt,
=1 70

k
1 (e (X
FO) = Fyoa (066,10 = ST ;91 <r(;) -r(j 9)>

k
1 . X
Sl Y 97 (32), @
O 4 ( 9)

Where T (j, %) is incomplete gamma function and defined as

r'(j,x) =f ti-1e-t dt.
X

which leads to

If j has an integer value, then

[(,x) = I()e™ ZQ 0

Remark. A random variable X with the pdf and the cdf given in theorem 1 is said to follow GOLD distribution and
it will be denoted later on by X~GOLD (6, k).

The graph of the pdf and cdf of the GOLD for varying values of 6 and k are presented in Figure 1 and Figure 2,
respectively.
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Figure 1: pdf of GOLD
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Figure 2: cdf of GOLD

The distribution in (1) is clearly a member of a one parameter exponential family, as
fgo1a(x; 8, k) = g(). h(x). exp [t(x).w(0)]

1

Where, g(8) = m )

4, Statistical Measures

h(x) =¥k x/71, t(x) = x and w(8) = —

4.1 Reliability Measures: Survival, Hazard and Cumulative Hazard Functions

Reliability measures are widely used to analyze time-to-event data in survival analysis. The most well-known
measures are the survival, hazard or faultier rate and cumulative hazard functions; the following theorem presents
these measures of GOLD family of distributions.

Theorem 2. Let X be a random variable that follows the GOLD family of distributions, with a pdf and cdf defined in

Theorem 1, then:
1. The survival function is given by

2. The hazard function is given by

h(x;0,k) =

S(x: 0,k) = !

1 xk—1

Th r(est

3. The cumulative hazard function is given by

k
ch(x; 6,k) = log Z:I"(j)é’f‘1

Jj=1
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Proof.
1. For any continuous random variable, the survival function is defined by,

S() =1-F(),
therefore, if a random variable follows a GOLD, the survival function is given as:

S 0,0 () = 1= Fypp(x; 6, k) =;_Z o (;5).
g Z?=1 rg)es— = ]

The hazard function h(x) which is also known as failure rate function, can be computed for any random
variable using the equation

2.

If a random variable follows a GOLD distribution, the hazard function is given as,
fgold (x; 9; k)
h(x;0,k) = S 0.0
1 xk -1 l —x/e
ﬁf:lr(j)gj—l' x—10°

_; j-1
_ T(HoIT r'g, g)
_ 1 x - 1 e_x/e_

- ; . X —
0w (ig) ¥~
Correspondingly, the Mills ratio, M (x) Cis defined by'
ME) = s ek) Ze rG.3) |2

3. Generally, the cumulative hazard function of a random variable is defined to be
ch(x) = — log(S(x)).
Hence, for the GOLD family of distributions, the cumulative hazard function is

k

1 ) X
ch(x;0,k) = —log(S(x;0,k)) = —log —_Z 01T (j,=
B e

K K
. . x
= Ngi-1 | — j-irp(iZ
= log ZI"(])B log ZB F(J'Q) . 0
J= Jj=

As noted earlier, theses reliability measures are important and they are of a primary interest in survival

analysis. Some of their properties are worth noting and to be checked for the GOLD family of distributions.
So, it is known that the lim S(x) = 0, this fact can be proved easily using equation (3) and visualized in

X—00

Figure 3 which shows that S(x; 8, k) is a decreasing function of x.
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Figure 3: The graph of different forms of S(x; 6, k)

On the other hand, the hazard function h(x) is an estimate of the incidence rate (as a function of time) and is
measured in events per unit time. It is not a probability, and it takes nonnegative values. A lower hazard rate implies
a higher survival function. Figure 4 shows that h(x; 6, k) in an increasing function of x, which is an advantage
compared to the exponential distribution which has constant hazard rate.
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2 4 6 8 10 12 14 g 5 10 15 20 25 30 g
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Figure 4: the graph of different forms of h(x; 0, k)
Also, Cumulative Hazard Function is another measure of risk; the greater the value of ch(x;0,k), the
greater the risk of failure by time x. Moreover, a straight line in the cumulative hazard function plot means that the
hazard rate is constant. Figure 5, presents the cumulative hazard function at varying values of 6 and k.
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. 2) .2)
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. 4) 4)
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2, 6) 15 , 6)
ch(x, 2, 8) 0 8)
10 — ch(x, 2, 10) “— ch(x, 4, 10)
5
1 X -1 : : : : = X
20 40 60 80 20 40 60 80 100 120

Figure 5: the graph of different forms of ch(x; 6, k)

4.2 Moments and related measures

Many of the interesting characteristics and features of a distribution can be studied through its moments. Let X be a
random variable following the GOLD, then expressions for the r' moment about the origin,
k
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where E; 00 (X7) is the r' moment from a gamma dlstrlbutlon with parameters j and 6. Therefore,

_ TG +r)g/r1
E(X™) = o — r=12,.. 4
T T ®
Accordingly, the following proposition expresses the mean, variance and moment generating functions of GOLD.
Proposition 1. Let X be a random variable following the GOLD family of distributions, then

1. The mean of X is
() = k TG+1)8/
far(et -

2. The variance of X is

k .
FrGYrG +1)6%

Var(x) = —_ .
,Z (T T(He)

3. The moment generating function; M, (t) is given by

. 1 V/
k P -1
=1L’ (1 = Gt) 1.,
e "

Mx(t) =

Proof.

1. Substituting = 1 in equation (4), the mean of GOLD is straight forward and given by

YK TG+ 1))

S O IE

2. Insimilar fashion, the variance can be obtained as:

Var() = Zp, Var (g;() = Zp, )67
rget \*
( o R

k .
LG) TG +1)6%

Var = Y 2 I
ar\x ;(25(:11_,(])61—1)2

3. The moment generating function, M, (t) is found as follows

Mw

and hence,

k
M©) = ) 1y My (©
i=1
k 1 j
- pr (1 — Gt) ’
j=1

. 1 v/
k . -
= PG (1 = et) L
;(=1 r@es—t "0 .
On the other hand, for empirical purposes, the shape of many distributions can be usefully described by the
incomplete moments.

which is equivalent to

Mx(t) =

y
mo) = [ *f@ar

—00
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For the GOLD distribution we have
- (r(j +r) =T (j+m, %)) gi+r-1
O '

m.(y) =

4.3 Mean residual life function

Mean residual life function for a continuous random variable X is known as the Borel measurable function defined
as the expected remaining life given survival to age x. Mathematically in terms of expected value, the mean residual
life is defined as:

mx) =EX —x|X>x),
which is equivalent to

1 [ee)
m(x) ZS(_x)f S(t)dt,

where, S(x) is the survival function.

Corollary 1. For a random variable X that follows GOLD family of distributions, the mean residual life function is
. r(Hei—t
e 0,) = 2= DO Z j I, )dt
Z 18771 TG, —)

which is simplified to

, X ,
kL r(HoI Zk: x*1eT8 + 070 i — ) T(i + 1,5)

i , X .7
7:1 gi-1 F(J’g) - 0-i
4.4 Order Statistics
Let X1, Xa,..., Xn be a random sample from GOLD family of distributions, then the pdf of the r'" order statistics ;
Y=Xn is:
_ _ f) , ey
9(;0,k) = Bon-r+D F)r(1-F())
n -
=r (1) FOYFOY SO
Therefore,
k__yJ-1 1 -
900 = () s 1o (1

§=1F(f)9j_1. 0

k r k n-r
1 . y 1 . y
B — e’-1r(j= S — gi-1r(j=
ﬁglr(f)e/-ljzl (i) z;zlr(j)ef-lzj_l ()

4.5 Inequality Measures

Many inequality measures are studied and have their applications in economics to study poverty and income; also,
they have importance in reliability, demography and medical sciences. The Gini index is a well-known measure for
summarizing income inequality. Its range in [0,1]. A Gini index of 0 expresses perfect equality, which means that
every person in the population has an exactly equal income. A Gini index of 1 expresses a maximal inequality, that
is only one person has all the income. Also, the Lorenz and Bonferroni curves are major tools for analyzing data in
economics and reliability.

The next theorem presents the Gini Index, Lorenz curve and Bonferroni curve of the GOLD family of distributions.
Theorem 3. For a random variable X which follows the GOLD family of distributions, the Gini index, Lorenz curve
and the Bonferroni curve are given by
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1. Gini Index

P {{ze (103) ) @@ )

(ij:lr(/)ei—l)(zle rg+ 1)gj)

2. Lorenz Curve
1 Ik, (r(/ +1-r(j+ 1,%)) 6/
u O

L(P) = ; q= F1(p).

3. Bonferroni curve
X (r(/ +-T(j+1, %)) o

1
B(P) = — -
( ) P,u ?:1 [‘(]')91—1

Proof.

1. For a cumulative distribution function F(x) that is piecewise differentiable, has a mean g, and is zero for all
negative values of, the Gini index G is calculated using the following equation,

G = 1—l jm(l—F(x))zdx
B U o

1
=1-—- j S(x)?dx.
H Jo
Therefore, the Gini index for GOLD is

2

k
1r° 1 . x
G=1——J +291_1F ,—=) | dx
wlo \Zr(er 4 U 9)

2

k
1 *© 1 ) X
=1- . . Zef—lr =) | d
TG+ DoJ JO T Ly (J 0) x
i T(Hei-t

2

k
1 © , X
T ' ' i=r(i3) | d
1 (Zi‘;:lr(]')el—l)(Z?f:lr(j+1)61)jo ;0 F(J 0) X

(e (0 ) Gtz (3o

(X r (o) (X5, TG + DoY)

Which can computed for given values of k.

2. Lorenz curve for a nonnegative random variable, is the graph of (L(F(x)), F (x)), where

1 q
LP) =+ [ ef@de, q= F@)
0
using the incomplete moment results, then Lorenz Curve of GOLD will be

- 12002010 1)

— ;g = F(p).
;c=1l—~(])91_1 q (p)

3. The Bonferroni curve is defined to be

q
B(P) = % [eroa,
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and hence, the Bonferroni curve for GOLD is

1 Xj=t (F(i +D-T(j+1, %)) g
B(P) = P_,u ?:1 LR

, 4= F(p). O

4.6 Entropy Measure
As measures of uncertainty, entropies study the amount information gain. A popular entropy is Shannon entropy and
the next proposition presents it for GOLD family of distributions.

Proposition 2. The Shannon entropy of the GOLD family of distributions is given by
k

k
H(fgold(x; H,k)) = Log ZI"(/’)Bf + %— —f Log fo‘l f(x)dx.
j=1 0 =1
Proof.
Generally, for any pdf f(x), the Shannon entropy is
H(f(x)) = —F log(f(x)),
Recall the pdf of GOLD family of distributions defined in Theorem 1,

(x;6,k) = - Zk:j_l e x> 0,0 >0
foo1a(x; 0, k) = T Tgyer jzlx ge 0,x>0, :
Then we get,
k
@ 1 - x
H(f(x)) = . —Log W — Log 2)(] + 5 -fgold(x; 0,k)dx,
Jj=1 j=1

And hence the result is obtained.

5 Parameter estimation

5.1 MLE

Assume that X3, Xa,..., X, be a random sample from GOLD. Then, the maximum likelihood estimate of 8 is given in
the next proposition.

Proposition 3. The MLE of 8 for the GOLD family of distributions defined in Theorem 1, is the solution of the
equation

k k
% Z (e = Z G+ 1o/t
j=1 j=1
Proof.
The likelihood function of GOLD is given by,

n n k
L(e-x)=< - ) HXi_le_"#'f>0 6>0
’ ﬁ?:ll—'(]')el xi_l ’ ’

i=1
thus, the log-likelihood is

k nL B
. k_ 1
log L(6;x) = —nlog z L)’ |+ log (nxl ) — E,
- X; — 1 0

J=1 i

i=1
And hence,
dlog L(;x) x kL TG+ 1D
20 Ce2 YL T(hel
the result is obtained by equating the above equation to zero.
Corollary 2. A special case of Proposition 3, is when k=1 (exponential distribution) and k=2 (Lindley distribution).
The MLE of 6 is

1. Whenk=1, 0 =x.
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2. When k=2,

é_(f—1)+\/322+632+1
= 2 :
Remark. For values of k > 3, the MLE presented in Proposition2 can be found numerically but it depends on the
value of x.
5.2 MOM
The Method of Moments can also be applied, to find the estimate of 6
Corollary 3. The method of moments estimates of 8 for the GOLD family of distribution are

1. Whenk=1, 0 = .
2. Whenk =2,

_(9?—1)+\/9?2+69?+1
= 7 :

D)

3. When k = 3, the estimate will be the solution of the equation

kTG + 167
farGeit e

Remark. The maximum likelihood estimation method and the method of moments yield the same estimates of 6.
6. GOLD Related Distribution and possible extensions
The proposed distribution GOLD (8, k) could be considered as a family of several distributions based on a given
value of k. The following table represents several special cases of GOLD (6, k):
Table 1: Special cases of GOLD (0, k):
GOLD(0,k) Special cases of GOLD distribution Reference

E(X¥) =

GOLD (% 1) Exponential Distribution Balakrishnan and Basu (1996)
GOLD (% 2) Lindely Distribution Lindely (1958)

GOLD (% 3) Sujatha distribution Shanker (2016a)

GOLD (% 4) Amarendra distribution Shanker (2016b)

GOLD (% 5) Devya distribution Shanker (2016c¢)

GOLD (% 6) Shambhu distribution Shanker (2016d)

Moreover, there are several possible extension of GOLD (6, k) depending on the scale and shape parameters of the
distribution:
() Assume the shape parameter k is a given integer number and the scale parameter vary within the
combinations of the gamma distributions; that is to say
fgo1a(x; 0, k) = Z§§=1 pj Gamma(j, 6;); Z;(=1Pj =1,
then the new extension will have the following pdf:
k

-X
S (). ) x>06,>0
F=1 T (Y, =

(1) Assume the shape parameter is fixed and equal to , then the possible formulation of GOLD distribution
willbe fy,4(x;0,k) = X5, p; Gamma(a, 6;); X%_, p; = 1, this will give us the following pdf:

fgold (x;0,k) =

: 0.% %
fgold(x; 0,k) = x*1 ZW e 9 ,x>0,a, Qj >0
j=1 j=1%j
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(111) The third possible extension of the proposed distribution to assume random parameters (shape and
scale) fyoa(x;6,k) = X5, p; Gamma(e;, 6)); Y., p; =1, then the new GOLD distribution will have the
following form

j=1 F(“j)ejaj *

Also, all previous suggested extensions can be generalized to a more complicated form by adding different
parameters "such as power, location, rate ... etc" to the distribution function or by assuming inverted type of the
distribution.

7. Application to real data

We apply the data set reported by Fuller et al. (1994) to the GOLD family of distributions; it is about the strength of
glass of the aircraft window. The data are as follows

18.83, 20.80, 21.657, 23.03, 23.23, 24.05, 24.321, 25.50, 25.52, 25.80, 26.69, 26.77, 26.78, 27.05, 27.67, 29.90,
31.11, 33.20, 33.73, 33.76, 33.89, 34.76, 35.75, 35.91, 36.98, 37.08, 37.09, 39.58, 44.045, 45.29, 45.381

We present the fitting of GOLD in next Table alongside other distributions. In order to compare distributions, - 2InL,
AIC (Akaike Information Criterion), AICC (Akaike Information Criterion Corrected), BIC (Bayesian Information
Criterion), K-S Statistics (Kolmogorov-Smirnov Statistics) and they are presented with the parameter estimate at
each value of k.

k
1 aj—1 _x/e-
fgold(X;g;k)z sz— 7 e J ,x>0,aj,9j>0
j=1“J=

Table 2: Fitting aircraft window data using GOLD and other distributions

Special cases of Parameter -
GOLD distribution k Estimate -2InL AIC AICC BIC K-S Statistics
Exponential Distribution 1 30.8118 27453 276.53 276.67  277.96 0.426
GOLD(6, k) 15.8760 253.99 25599 256.13 257.42 0.333
. o 2
Lindely Distribution 158760 253.99 25599 25613 257.42 0.333
GOLD(6, k) 104592 24150 24350 243.64 2449371  0.270
o 3
Sujatha distribution 104592 24150 24350 243.64 244.94 0.270
GOLD(8,k) 779472 23341 23541 23555 236.84 0.225
Amarendra distribution 4
7.79472 23341 23541 23555 236.84 0.225
GOLD (6, k) 6.21612 227.68 229.68 229.82 231.12 0.193
Devya distribution 5
Y 6.21612 227.68 229.68 229.82 231.82 0.193
GOLD(8,k) 517071 22340 22540 22553  226.83 0.167
o 6
Shambhu distribution 517071 22340 22540 22553 226.83 0.167
GOLD (6, k) 7 442679 22007 222.07 22221 22351 0.145
GOLD (8, k) 8 387022 21744 21944 21957 220.88 0.127
GOLD (8, k) 9 343807 21533 217.33 21746 218.76 0.119
GOLD (8, k) 10 3.09279 21363 21563 21577 217.06 0.110

The above table shows that all defined distributions are a special case of GOLD distribution. Also, it is clear that as
k gets larger, AIC and K-S statistic (and other measures) gets smaller. In future researches we will consider the
optimum choice of k and weather if it may be considered as a parameter or not.

Conclusion

A new generalization of one parameter Lindely distribution is discussed. The new distribution is called GOLD
distribution which could be considered as a new formulation of a lifetime distribution. Several statistical measures
has been discussed and the MLE and MOM parameter estimators are given. It is shown that GOLD distribution is a
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generalizations of many distributions included exponential, Lindely, Sujatha, Amarendra, Devya and Shambhu
distributions. Also, possible extensions of the GOLD distribution are suggested. The importance of the GOLD
distribution in survival data analysis is discussed by a real lifetime data and the goodness of fit of the distribution
has been compared to other distributions. The future works to be done on GOLD distribution are to study its
performance assuming the shape parameter is unknown. Other possible extension could be to study the Morgenstern
type bivariate gold distribution.
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