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Abstract

Young, Scariano, and Hallum (2005) study two univariate linear regression models, and establish
a certain condition for the variances estimates to be equal; however, the condition is in error.
They then apply this incorrect condition to some unknown completely randomized design model.
The present paper records the correct condition for the equality of the context variances, and
points out that this condition cannot be applied to experimental design models.
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1. Introduction

Given the linear regression model

y=Xp+e e~ N(0,0°1), (1)

where y is an n component (column) vectors, X nxg is of rank ¢g<n, and g
has ¢ components. Changing ¥ (y) to 4c*, the two estimates of g are

Bi=(XX)'Xy,  B=(XA4'X)'XU'y. (2)

The two estimates of o> are

Gl=yI-X(XX)'X)y, 6, =y (A" -4 X(XA'X)"' X4 ")y, (3)
and they cannot be equal unless 4=1.

Now Young, Scariano, and Hallum (2005, p. 627, (3)), (YSH), establish the
variances equality condition as

rank((I = X (XX) "' X" A) = rank(I - X (XX)" X"). (4)

However, we are at a loss to understand what exactly the expression in the left
hand side brackets represents. Further (4) does not imply (3). Thus a condition
for equality, if any exits, other than that of (3), must be examined. We now show
that the equality of regression parameter estimates does not imply the equality of
the variances.
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The next section establishes a known condition, Rao and Toutenberg (1999, pp.
106-108), for regression parameter estimates equality. In section 3 we give two
examples to show that there is no loss of generality in linear regression theory to
using full rank matrices. Finally in section 4, it is shown that less than full rank
matrices are not allowed in design of experiments.

2. Regression Parameters Estimates Equality
The minimum value problem
min y'Ay, subjectto Xy =g, X(nxq), (5)
where nxn A is positive definite symmetric, yields the solution
P=AX(XUX) g, JAY =g (XUX) g 6)
A solution representation to Xy =g is
y=A"X(XA'X)"'Xy+C'(CAC")'CAy, X'C' =0, (7)
where (n—qg)xn C is orthogonal to X. Now (7) implies that

A=X(X4A"'X)"' X'+ AC'(CAC')"'CA. (8)
Note that (6) and (8) do not hold if 4 is deficient in rank.

Thus if X’AC =0, then first multiplying (8) from the right by 4~' and then from the
left by X', we find that

XX) ' Xy=(X4"'X)"'XU"y, 9)
i.e.(least squares) ﬁ’ = (covariance structure) ﬁ (10)

It also follows from (7) that in this case

A=X(XA'X)'X',if CA=0. (11)
However, the equality (9) does not imply (3).

Moreover (YSH) (2005, p. 627, (3)), i. e.,
(I - XXAI -XX)=( - XX"), (12)
is wrong. If 4 is less than full rank matrix, then it is simply the expected value
E((I-XX)yy'(I-XX")) =0’ (I - XX ") A - XX ), (13)

and unless 4 is a full rank matrix, it cannot be the covariance matrix of
(I-XX")y as they claim. They do not supply a mathematical proof that this is

actually the covariance matrix of (/- XX")y.
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If the covariance matrix of y is deficient in rank, then use the full rank
generalized inverse as follows

min(y— X B) A(y — X B), subject to 3, orwithrespectto . (14)

Write (14) as
min(y— X)) (A+T'T)y— X ), subjectto TA(y — X ) =0, (15)

and also subject to E(T(y—Xﬁ)) =0, where T is such that (4+T7T'T) is a full rank

1 00
matrix. Thus e. g. assume X =J(nx1) vector of unities, f=u, A={0 1 0.
0 0 0
Then our ¢'=(0,0,1), A=0, and the problem is
min (y—Ju)' (A+tt")(y—J p), subject to u, (16)

the solutionis y, = g=(y,+y,)/2.

Thus there is absolutely no loss of generality in assuming 4 to be a full rank
matrix. Perhaps, (YSH) (2005) should have been careful to avoid the

complications that result with less than full rank matrices.
(YSH) (2005, p. 627, equation(3)) should be

[A47 = (1 = XX")((I - XX ") AU = XX 7))" (I - XX )] = (I - XX7). (17)

In the next section, we illustrate two examples to show that there is no loss of
generality in linear regression theory to using full rank matrices. In section 4, we
show that less than full rank matrices are not at all allowed in Experimental
Designs Theory.

3. Some Examples

Let the regression normal equation for the model (1) be

XY =(XX)p. (18)

Now if a'f is estimable and has an unbiased estimator, then any solution of (18),
will yield the same a'f . For example,

124 117 22 16 151 A
2 0 4 2|7 |=|16 24 14|53 |, (19)
113 ol 15 14 16| 3

Va4 ’
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where note that XX is of rank two, and hence set g =0, and let &' be obtained
by adding first and third columns of X', &' =(5,6,4). The normal equations are

Y

1 2 4 1 0 16 15]| 0
20 4 2||”2|=|0 24 14|l 4], (20)
t13 o)™ oo ofg
Vs
l. e.
= »n+2y,+4y;+y, =164, +150, (21)
T,= 2y,+4y,-2y,  =24B,+145,
and hence
B, = (16T, ~14T,) /136, /3, = (24T, ~16T,) /136, (22)
a' = (6T, +13T,)/ 68 = (32y, +12y, + 76y, —20y,) / 68. (23)

Thus (19) simply means

34
1 2 4 1 16 15
y2 — ﬁ2 , (24)
2 0 4 2|y 24 14| B,
Y,
i. e., we have the "reduced" model
1 2
2 0
y= % +e, e~N(0,0°]). (25)
4 4|8
1 =2

However, now (25) is a full rank model. Thus there is no loss of generality in
assuming full rank models. We hope YSH (2005) might follow this suggestion of
ours.

Now such a solution as in (20) is not at all allowed in Design and Analysis of
Experiments.

Let now
y=A60+e, e~ N(0,0°1) (26)
be a one way classification model, and the normal equations are
I 00 0]
0
~ | A4 + JJ'
0= 0 Ay, J'p=0. (27)
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However, 4 is of rank, say two, &'=(u,,,2,), and hence

Vi

1111 4 2 2 u
110 o”]=2 2 0|« (28)
001 1] 2 0 2|a

22

where we have set the condition that J'a =, +a, =0, and modified 4'4 in (27)

as
- -1

A'A +

>
I
—_ = O
—_— = O

A'y. (29)

Hence, we have the normal equation (28). The solutions are

Y=L = y+yp+yy+ty, =4u+lo+2a,

nW=hL= y,+y, =2u+2a, (30)
== y,+y, =2u+2a,,
giving us
L _y __
2 L
& = V=RV (31)
Yy -
a, = j_x—h—%

We want solutions in exactly this format, no other format will do. Thus one must
use full rank generalized inverse. This full rank generalized inverse is always
obtained in Experimental Designs theory, by placing, if necessary, a linear
restriction on one or more of a set of parameters, as in (27).

4. Randomized Blocks Design

The following analysis of randomized blocks design or a two way classification
design is adapted from Chakravarti (1962). This is an orthogonal design.

Here pg observations are arranged in p rows and ¢g columns, rows are A4
classification (4,,---,4,), and columns are B classification (B,,---,B,).
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B
\. By B - Hy .- By 'lotals
A \
A4 ¥y e W Wie th
A iy o iy ot Hig Hi
;‘"1 M I‘IJ'-' 1 I‘I .I-"L—-l R I;l'-"\,: PR EJIL'Q' IJI,U.
Totals W Wz e o o W .

Let «,,--,a, be block effects parameters, and B+, B, the treatment effects

parameters. Then the model is
y, =+ +e;, e ~ N(0,0°1).

The two hypotheses to be tested are

H: a=a,==a,=al(unspecified),
Hy: B=p,= =B, =P (unspecified).
We now set
Y :(yn:ylz""aplq;yzla"'apzq;"';ypla"'appq)a
o' :(alaazs"'sap;ﬂl’ﬂza'"sﬁq)a
J 0 - 0 I
o J - 0 I
E(y) =460, A= )
o 0 - J I

where J is a column vector of ¢ unities, and 7 is g xq identity matrix. The rank
of 4 is (p+q—-1), and hence we set g =J'f =0, and write the normal equations

as
0 00

A4 + 0 JJ

IS}

Ay,

>
Il

and the solutions are the same as those obtained by minimizing

L= ii(yij - _ﬂj)z'

i=1 j=1
w.r.t. o and g.
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The normal equations are
yi=qo,+p, Y, T +p,3j:

and the solutions are

2 2 2
_ Y Vi Y Yi V.
O S
i=1 j=1 q i q J p pq
ANOVA Table
Souree a4 d. mss | F-tests
Blocks >k ok p=1 Vi | Va/Ve
. ) \._' I‘Jf i ) T LT
Ireatments 2o~ s q— 1 Ve | Vr/VE
i
Lrror substraction p—1lg—1) | Vk
i ) - )
lntals T: .‘:'_:::1 y!‘;; - ;—1 piy =1
=

V(a,-a,)=20"lq, V(B-B)=20"1p,

A A

o —a.
t=—=,twith(p-1)(g-1)d.f.,
v Vilq
ﬁi_ﬁj .
t=—= twith(p-1)(g-1)d.f..
AT, (p—-D(g-Dd.f

It seems (YSH) (2005) are not acquainted with Design and Analysis of
Experiments. They mention (2005, p. 628, equation (6)) a one way classification
design, which has an arbitrary covariance matrix, which is deficient in rank. There
is no such design. It would be impossible to analyze it. All experimental designs

have identity covariance matrices.
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