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Abstract 

 
In this paper, we introduce the new biased estimator to deal with the problem of multicollinearity. This 

estimator is considered a modification of Two-Parameter Ridge-Liu estimator based on ridge estimation. 

Furthermore, the superiority of the new estimator than Ridge, Liu and Two-Parameter Ridge-Liu estimator 

were discussed. We used the mean squared error matrix (MSEM) criterion to verify the superiority of the 

new estimate.  In addition to, we illustrated the performance of the new estimator at several factors through 

the simulation study. 
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Introduction 

The problem of multicollinearity is one of the problems that have preoccupied the 

statisticians for a long time. Many studies have been interested in how to overcome this 

problem in linear regression models, and was based primarily on ability to overcome the ill 

condition that appears in mean squared error method. In literature, a set of biased estimators 

has been proposed to overcome this problem.  Horal and Kennard (1970) suggested a ridge 

estimator which depends on a small constant value known as ridge parameter which adding 

to the diagonal values of the matrix (XˊX) to overcome the ill condition. In the same context, 

Liu (1993) introduce Liu estimator which it is a combination ridge and stein estimator which 

proposed by Stein (1956).  Actually, the value of the ridge parameter may not be large enough 

to overcome the multicollinearity problem. Therefore, Liu (2003) suggested Liu-type 

estimator which has two parameters, so that the increase in one parameter can be limited by 

the other. There is a series of studies had been directed at improving Liu and Liu-type 

estimators. Yalian and Yang (2012) modified Liu estimator with prior information for the 

vector of parameters.  Ozkale and Kaciranlar (2007) introduced two-parameter Ridge-Liu 

estimator that is superior to the Liu-type estimator through the mean square error matrix 

criteria. Sadullah and Selahattin, (2008), Yang H. and Chang, X. (2010) suggested a new 

biased estimator that makes Liu estimator based on ridge estimation. Jibo, (2014) proposed 

unbiased two parameter estimator based on prior information. 

In this paper, we introduce a new biased estimator that make two parameter Ridge-Liu 

estimator based on ridge estimation and we show that the new biased estimator is superiority 

to ridge, Liu and two-parameter Ridge-Liu estimator and we use the simulation study to 

explain the theoretical results. 

 

1. Background: 

Consider the linear regression model 

𝑌 = 𝑋𝛽 + 𝜀                                              (1) 
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Where 𝑌 represents an  𝑛 × 1  observation of  response vector, 𝑋 represents an  known 𝑛 × 𝑝  
design matrix of rank p, 𝛽 represents an p × 1  vector of unknown parameters   and ε is n × 1  
of random error with 𝐸(𝜀) = 0n×1 vector and 𝐸(𝜀𝜀ˊ) = 𝛴 = 𝜎2𝐼𝑛  is  n×n variance 

covariance matrix for errors.  The ordinary least squares estimator (OLS) of model (1) is 

given by 

 𝛽̂𝑂𝐿𝑆 = (𝑋ˊ𝑋)−1𝑋ˊ𝑌                                               (2) 

This estimator is the best unbiased estimator. However, the existence of the problem of 

multicollinearity makes this estimator have large least squares error.  To overcome the 

multicollinearity problem, Hoerl and Kennard (1970) introduced the ridge estimator (RE) 

that has a lower mean squares error than the (OLS) estimator and it is given by

 𝛽̂𝑅𝐸(k) = (𝑋ˊ𝑋 + 𝑘I)−1𝑋ˊ𝑌                                  (3) 

Where 𝑘 ≥ 0 is ridge biasing parameter. 

Liu (1993) introduced the biased estimator which is known as Liu estimator (LE) and that 

has been obtained by combining the stein estimator which is introduced by Stein (1956) and 

the RE and it is defined by 

𝛽̂𝐿𝐸(𝑑) = (𝑋ˊ𝑋 + I)−1(𝑋ˊ𝑌 +  𝑑𝛽̂𝑂𝐿𝑆)                   (4) 

Where 0 < 𝑑 < 1 is Liu biasing parameter. 

This estimator get by augmenting the equation d𝛽̂𝑂𝐿𝑆 = β + ε to the model in (1) and then 

using the ordinary least squares method.  

Liu (2003)   introduced  Liu-type estimator that improve the Liu estimator, since it has two 

parameters, by  augmenting the equation (−d/k1/2)𝛽̂𝑂𝐿𝑆 = β + ε to the model in (1) and 

then using the ordinary  least squares method and is given by 

𝛽̂𝐿𝐸(𝑘, d) = (𝑋ˊ𝑋 + 𝑘I)−1(𝑋ˊ𝑌 +  𝑑𝛽̂𝑂𝐿𝑆)               (5) 

Sadullah and Selahattin, (2008)   suggested a new biased estimator 

    𝛽̂𝐿𝑅𝐸(𝑘, d) = (𝑋ˊ𝑋 + I)−1 (𝑋ˊ𝑌 +  𝑑𝛽̂𝑅𝐸(k))          (6) 

by augmenting the equation (−d/𝑘1/2)𝛽̂𝑅𝐸(𝑘) = k1/2β + ε to the model in (1) and then 

using the ordinary least squares method .  This estimator has superior to ridge and Liu- 

estimator. Yang H.  and Chang, X.(2010) proposed  another form of the new Liu biased 

estimator which defined as    

𝛽̂𝑇𝐸(𝑘, 𝑑) = (𝑋ˊ𝑋 + I)−1(𝑋ˊ𝑋 +  𝑑𝐼)(𝑋ˊ𝑋 + 𝑘I)−1𝑋ˊ𝑌         (7) 

Ozkale and Kaciranlar (2007) introduced two parameter ridge-Liu estimator. This estimator 

is augmenting the equation (dk1/2)β̂OLS = kβ + ε to the model in (1) and then using the 

ordinary least squares method and is given by 

𝛽̂𝑇𝐿𝐸(k, d) = (𝑋ˊ𝑋 + 𝑘I)−1(𝑋ˊ𝑌 + 𝑘𝑑𝛽̂𝑂𝐿𝑆)             (8) 

2. The new biased Two-Parameter Ridge-Liu Estimator: 

We can improve the two parameter ridge-Liu estimator  in (8) by  augmenting the 

equation (d𝑘1/2)𝛽̂𝑅𝐸(𝑘) = 𝑘β + ε to the model in (1) and then using the ordinary  least 

squares method, we can get the new estimator  as 

                                              𝛽̂𝑇𝑅𝐿𝐸(k, d) = (𝑋ˊ𝑋 + 𝑘I)−1 (𝑋ˊ𝑌 + 𝑘𝑑𝛽̂𝑅𝐸(𝑘))                  (9) 

Where  0 < 𝑑 < 1 , k ≥ 0  and𝛽̂𝑅𝐸(𝑘) = (𝑋ˊ𝑋 + 𝑘I)−1𝑋ˊ𝑌. 
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The new biased estimator has more advantage than two-parameter Ridge-Liu estimator and 

at the same time includes the features in OLS estimator, ridge estimator and Liu estimator. 

We can illustrate the special cases of the new estimator as following:  

𝛽̂𝑇𝑅𝐿𝐸(𝑘, 0) = 𝛽̂𝑅𝐸(𝑘) 

𝛽̂𝑇𝑅𝐿𝐸(1, d) = 𝛽̂𝐿𝐸(𝑑) 

𝛽̂𝑇𝑅𝐿𝐸(0,1) = 𝛽̂𝑂𝐿𝑆 

Let   𝑄 𝑎𝑛𝑑 Λ   are eigenvector and eigenvalues of 𝑋ˊ𝑋  and 𝑍ˊ𝑍 = 𝑄ˊ𝑋ˊ𝑋𝑄 = 𝛬 = 𝑑𝑖𝑎𝑔  
(λ1, λ2, … , λ𝑃)  where λ1 ≥ λ2 ≥ ⋯ ≥ λ𝑃 > 0  then we can rewrite the model in (1) in 

canonical form 

                                                                 𝑌 = 𝑍𝛼 + 𝜀                                            (10) 

Where: 𝑍 = 𝑋𝑄,    𝛼 = 𝑄ˊ𝛽. Accordingly, the estimators are re-represented as 

                                                         𝛼̂𝑂𝐿𝑆 = Λ−1𝑍ˊ𝑌                                               (11)  

                                                   𝛼̂𝑅𝐸(𝑘) = (Λ + 𝑘I)−1𝑍ˊ𝑌 = 𝐻1𝑌                         (12) 

                                                𝛼̂𝐿𝑅𝐸(k, d) = (Λ + I)−1(𝑍ˊ𝑌 +  𝑑𝛼̂𝑅𝐸(k))              (13) 

                                                                 = (Λ + I)−1(Λ + (𝑑 +  𝑘)I)𝛼̂𝑅𝐸(k)   

                                                                 = (Λ + I)−1(Λ + (𝑑 +  𝑘)I)(Λ + 𝑘I)−1𝑍ˊ𝑌   

                                                                 = 𝐻2𝑌    

                                               𝛼̂𝑇𝐿𝐸(k, d) = (Λ + 𝑘I)−1(𝑍ˊ𝑌 + 𝑘𝑑𝛼̂𝑂𝐿𝑆)               (14) 

                                                                                = (Λ + 𝑘I)−1(Λ + 𝑘𝑑)𝛼̂𝑂𝐿𝑆  

                                                                                = (Λ + 𝑘I)−1(Λ + 𝑘𝑑)Λ−1𝑍ˊ𝑌 = 𝐻3𝑌  

                                              𝛼̂𝑇𝑅𝐿𝐸(k, d) = (Λ + 𝑘I)−1(𝑍ˊ𝑌 + 𝑘𝑑𝛼̂𝑅𝐸(k))           (15) 

                                                      = (Λ + 𝑘I)−1Λ 𝛼̂𝑂𝐿𝑆 + kd(Λ + 𝑘I)−1𝛼̂𝑅𝐸(k) 

                                                      = [(Λ + 𝑘𝐼)−1 + 𝑘𝑑(Λ + 𝑘𝐼)−2]𝑍ˊ𝑌 

                                                     = [𝐷𝑘
−1 + 𝑘𝑑𝐷𝑘

−2]𝑍ˊ𝑌    = 𝐻4𝑌   

Where:  𝐷𝑘
−1 = (Λ + 𝑘𝐼)−1 

3. Superiority for the new biased Two-Parameter Ridge-Liu Estimator: 

 In this section, we use the mean squared error matrix (MSEM) criteria to illustrate 

the superiority of the new bias estimators to other estimators. 

MSEM(β̂) = Var(β̂) + Bias(β̂)Bias(β̂)ˊ 

Where Var(β̂) = 𝐸 [(β̂ − 𝐸(β̂)) (β̂ − 𝐸(β̂)) ˊ] is denote the dispersion matrix and 

Bias(β̂) = 𝐸(β̂) − 𝛽 is bias vector. In fact, for any two estimator  β̂1, β̂2, iff MSEM(β̂1) − 

MSEM( β̂2) ≥ 0, we can say that the β̂1 is superior to β̂2 in MSEM criteria. 

As follows, we illustrate the superiority of the new bias estimator to the   𝛼̂𝑅𝐸(k) , 𝛼̂𝐿𝑅𝐸(k, d) 

and 𝛽̂𝑇𝐿𝐸(k, d)  estimators. The following lemma can be help. 

Lemma (1) : (Trenkler,1980) Let β̂j = Ajy, j = 1,2  be two homogenous linear  estimators 

of β, such that D = Var(β̂1) − Var(β̂2) is p.d If Bias(β̂2)ˊD−1Bias(β̂2) < σ2, then 

MSEM(β̂1) − MSEM(β̂2) is P.d. 
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 Lemma (2) :( Rao et al, 2008)   Let N>0, M>0, then N>M, iff λmax(MN−1) < 1.  
1.  We illustrate the superiority of the new bias  estimators  𝛼̂𝑇𝑅𝐿𝐸(𝑘, d) to 𝛼̂𝑅𝐸(𝑘) 

The expected value, the bias and 𝑀𝑆𝐸𝑀 for 𝛼̂𝑇𝐿𝐸(𝑘, d) estimator and  𝛼̂𝑅𝐸(𝑘)  estimators 

are given at following: 

𝐸[ 𝛼̂𝑇𝑅𝐿𝐸(𝑘, d)] = 𝐷𝑘
−1Λ E[𝛼̂𝑂𝐿𝑆] + 𝑘d𝐷𝑘

−1𝐸[𝛼̂𝑅𝐸(𝑘)] 
                                                                           = (Λ + (𝑘 + 𝑘d)I)Λ𝐷𝑘

−2α                                        

𝐵𝑖𝑎𝑠[𝛼̂𝑇𝑅𝐿𝐸(k, d)] = (Λ + (𝑘 + 𝑘d)I)Λ𝐷𝑘
−2𝛼 − 𝛼 

                                = ((Λ2 + 2𝑘Λ + 𝑘2𝐼) − 𝑘2𝐼 − 𝐷𝑘
2 + 𝑘dΛ − 𝑘Λ)𝐷𝑘

−2𝛼 

                               = −(𝑘2𝐼 − (d + 1)𝑘Λ)𝐷𝑘
−2𝛼  

Var(𝛼̂𝑇𝑅𝐿𝐸(k, d)) = 𝜎2[𝐷𝑘
−1 + 𝑘𝑑𝐷𝑘

−2]Λ[𝐷𝑘
−1 + 𝑘𝑑𝐷𝑘

−2] 

                                                                 = 𝜎2𝐷𝑘
−1(𝐼 − 𝑘𝑑𝐷𝑘

−1)(𝐼 + 𝑘𝑑𝐷𝑘
−1)2               (16) 

            MSEM(𝛼̂𝑇𝑅𝐿𝐸(k, d)) = 𝜎2𝐷𝑘
−1(𝐼 − 𝑘𝑑𝐷𝑘

−1)(𝐼 + 𝑘𝑑𝐷𝑘
−1)2 + 

                                                          (𝑘2𝐼 − (d + 1)𝑘Λ)𝐷𝑘
−2𝛼𝛼ˊ𝐷𝑘

−2(𝑘2𝐼 − (d + 1)𝑘Λ)ˊ   

= 𝜎2𝐷𝑘
−1(𝐼 − 𝑘𝑑𝐷𝑘

−1)(𝐼 + 𝑘𝑑𝐷𝑘
−1)2 + 

                                             (𝑘2𝐼 − (d + 1)𝑘Λ)𝐷𝑘
−2𝛼𝛼ˊ𝐷𝑘

−2(𝑘2𝐼 − (d + 1)𝑘Λ)ˊ =H    (17) 

 And    𝑆𝑀𝑆𝐸𝑀(𝛼̂𝑇𝑅𝐿𝐸(k, d)) = 𝑡𝑟 (𝑀𝑆𝐸𝑀(𝛼̂𝑇𝑅𝐿𝐸(𝑘, 𝑑))) = ∑ 𝐻𝑖
𝑝
𝑖=1  

= 𝜎̂2 ∑ [
λ𝑖[1 + 𝑑𝑘(λ𝑖 + 𝑘)−1]2

(λ𝑖 + 𝑘)2
+

𝛼𝑖
2(𝑘2 − 𝑑𝑘λ𝑖 − 𝑘λ𝑖)

2

(λ𝑖 + 𝑘)4
]

𝑝

𝑖=1

 

= 𝜎̂2 ∑ [
λ𝑖[(λ𝑖 + 𝑘) + 𝑑𝑘]2

(λ𝑖 + 𝑘)4
+

𝛼𝑖
2(𝑘2 − 𝑑𝑘λ𝑖 − 𝑘λ𝑖)

2

(λ𝑖 + 𝑘)4
]

𝑝

𝑖=1

 

= 𝜎̂2 ∑ [
λ𝑖[λ𝑖 + 𝑘(𝑑 + 1)]2

(λ𝑖 + 𝑘)4
+

𝛼𝑖
2(𝑘2 − 𝑑𝑘λ𝑖 − 𝑘λ𝑖)

2

(λ𝑖 + 𝑘)4
]

𝑝

𝑖=1

 

= 𝜎̂2 ∑ [
λ𝑖[λ𝑖 + 𝑘(𝑑 + 1)]2 + 𝛼𝑖

2(𝑘2 − 𝑑𝑘λ𝑖 − 𝑘λ𝑖)
2

(λ𝑖 + 𝑘)4
]

𝑝

𝑖=1

 

Where  𝛼𝑖   is i th element of 𝑄ˊ𝛽, 𝑖 = 1,2, …p. 

We can write (17) as the following form 

 MSEM(𝛼̂𝑇𝑅𝐿𝐸(k, d)) = 𝜎2𝐷𝑘
−1(𝐼 − 𝑘𝑑𝐷𝑘

−1)(𝐼 + 𝑘𝑑𝐷𝑘
−1)2 + 

                                            (𝑘2𝐼 − (d + 1)𝑘Λ)𝐷𝑘
−2𝛼𝛼ˊ𝐷𝑘

−2(𝑘2𝐼 − (d + 1)𝑘Λ)ˊ            (18)    

𝐸[𝛼̂𝑅𝐸(𝑘)] = 𝐷𝑘
−1Λα 

𝐵𝑖𝑎𝑠[𝛼̂𝑅𝐸(𝑘)] = −𝑘𝐷𝑘
−1α 

Var(𝛼̂𝑅𝐸(𝑘)) = 𝜎2𝐷𝑘
−1Λ𝐷𝑘

−1ˊ 
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                                                 = 𝜎2𝐷𝑘
−1(Λ + 𝑘𝐼 − 𝑘𝐼)𝐷𝑘

−1ˊ 

                                                                            = 𝜎2(𝐼 − 𝑘𝐷𝑘
−1)𝐷𝑘

−1                            (19) 

Then: 

                                            MSEM(𝛼̂𝑅𝐸(𝑘)) = 𝜎2𝐷𝑘
−1Λ𝐷𝑘

−1 + 𝑘2𝐷𝑘
−1ααˊ𝐷𝑘

−1ˊ            (20)  

Using (16) and (19), we get the difference as 

𝐷1 = 𝑉𝑎𝑟(𝛼̂𝑅𝐸(𝑘)) − 𝑉𝑎𝑟(𝛼̂𝑇𝑅𝐿𝐸(𝑘, d)) 

                                             = 𝜎2[(𝐼 − 𝑘𝐷𝑘
−1)𝐷𝑘

−1 − 𝐷𝑘
−1(𝐼 − 𝑘𝑑𝐷𝑘

−1)(𝐼 + 𝑘𝑑𝐷𝑘
−1)2] 

                                             = 𝜎2[(𝐷𝑘
−1 − 𝑘𝐷𝑘

−2) − (𝐷𝑘
−1 − 𝑘𝑑𝐷𝑘

−2)(𝐼 + 𝑘𝑑𝐷𝑘
−1)2] 

                                              = 𝜎2(𝐷𝑘
−1 − 𝑘𝐷𝑘

−2)[𝐼 − (𝐼 + 𝑘𝑑𝐷𝑘
−1)2] 

                                              = 𝜎2(𝐷𝑘
−1 − 𝑘𝐷𝑘

−2)[2𝑘𝑑𝐷𝑘
−1 + 𝑘2𝑑2𝐷𝑘

−2] 

                                             = 𝜎2𝐷𝑘
−1Λ𝐷𝑘

−1ˊ[2𝑘𝑑𝐷𝑘
−1 + 𝑘2𝑑2𝐷𝑘

−2]                           (21) 

Since  [2𝑘𝑑𝐷𝑘
−1 + 𝑘2𝑑2𝐷𝑘

−2] > 0 and 𝐷1 > 0 then for lemma 1 , MSEM(𝛼̂𝑅𝐸(𝑘)) − 

MSEM(𝛼̂𝑇𝑅𝐿𝐸(k, d)) is P.d if 

𝛼ˊ𝐷𝑘
−2(𝑘2𝐼 − (d + 1)𝑘Λ)ˊ[𝐷𝑘

−1Λ𝐷𝑘
−1ˊ[2𝑘𝑑𝐷𝑘

−1 + 𝑘2𝑑2𝐷𝑘
−2]]

−1
(𝑘2𝐼 − (d + 1)𝑘Λ)𝐷𝑘

−2𝛼

< 𝜎2 

Theorem (1): Let β̂j = Ajy, j = 1,2  be two homogenous linear estimators of β, such that 

D = Var(𝛼̂𝑅𝐸(𝑘)) − Var(𝛼̂𝑇𝑅𝐿𝐸(𝑘, d)) is p.d If  𝛼ˊ𝐷𝑘
−2(𝑘2𝐼 − (d +

1)𝑘Λ)ˊ[𝐷𝑘
−1Λ𝐷𝑘

−1ˊ[2𝑘𝑑𝐷𝑘
−1 + 𝑘2𝑑2𝐷𝑘

−2]]
−1

(𝑘2𝐼 − (d + 1)𝑘Λ)𝐷𝑘
−2𝛼 < 𝜎2 , then 𝛥 =

MSEM(𝛼̂𝑅𝐸(𝑘)) − MSEM(𝛼̂𝑇𝑅𝐿𝐸(𝑘, d)) is P.d. 

We illustrate the superiority of the new bias  estimators  𝛼̂𝑇𝑅𝐿𝐸(𝑘, d) to 𝛼̂𝐿𝑅𝐸(𝑘, d) 

  (Sadullah and Selahattin, (2008)) got the𝐸[ 𝛼̂𝐿𝑅𝐸(𝑘, d)], 𝐵𝑖𝑎𝑠[𝛼̂𝐿𝑅𝐸(𝑘, d)], 
Var(𝛼̂𝐿𝑅𝐸(𝑘, d)) and  MSEM(𝛼̂𝐿𝑅𝐸(𝑘, d)) as the following equation 

                  𝐸[ 𝛼̂𝐿𝑅𝐸(k, d)] = (Λ + 𝐼)−1((Λ + 𝑑𝐼)(Λ + 𝑘𝐼)−1 + 𝑘(Λ + 𝑘𝐼)−1)Λα 

  𝐵𝑖𝑎𝑠[𝛼̂𝐿𝑅𝐸(k, d)] = (((Λ + 𝐼)−1(Λ + 𝑑𝐼)(Λ + 𝑘𝐼)−1 + 𝑘(Λ + 𝐼)−1(Λ + 𝑘𝐼)−1)Λ − 𝐼)α    

                                              = (𝐹3Λ − 𝐼)α 

Where 𝐹3 = (Λ + 𝐼)−1(Λ + 𝑑𝐼)(Λ + 𝑘𝐼)−1 + 𝑘(Λ + 𝐼)−1(Λ + 𝑘𝐼)−1    

Var(𝛼̂𝐿𝑅𝐸(k, 𝑑))

= 𝜎2((Λ + 𝐼)−1(Λ + 𝑘𝐼)−1(Λ + 𝑑𝐼)
+ 𝑘(Λ + 𝑑𝐼)−1(Λ + 𝑘𝐼)−1) Λ((Λ + 𝐼)−1(Λ + 𝑘𝐼)−1(Λ + 𝑑𝐼)
+ 𝑘(Λ + 𝑑𝐼)−1(Λ + 𝑘𝐼)−1) 

                = (Λ + 𝐼)−1(𝐼 + 𝑑𝐷𝑘
−1) Λ(𝐼 + 𝑑𝐷𝑘

−1) (Λ + 𝐼)−1 

                = 𝜎2𝐹3 Λ𝐹3ˊ                                                                                                    (22)  
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Then: 

MSEM(𝛼̂𝐿𝑅𝐸(𝑘, 𝑑)) = 𝜎2𝐹3 Λ𝐹3ˊ + (𝐹3Λ − 𝐼)𝛼𝛼ˊ(𝐹3Λ − 𝐼)ˊ 

Using (16) and (22), we get the difference as 

𝐷2 = Var(𝛼̂𝐿𝑅𝐸(𝑘, 𝑑)) − 𝑉𝑎𝑟(𝛼̂𝑇𝑅𝐿𝐸(𝑘, 𝑑)) 

      = 𝜎2𝐹3 Λ𝐹3ˊ − 𝜎2𝐹1Λ𝐹1ˊ 

      = 𝜎2[(Λ + 𝐼)−1(𝐼 + 𝑑𝐷𝑘
−1) Λ(𝐼 + 𝑑𝐷𝑘

−1) (Λ + 𝐼)−1 − [𝐷𝑘
−1 + 𝑘𝑑𝐷𝑘

−2]Λ[𝐷𝑘
−1 +

𝑘𝑑𝐷𝑘
−2]] 

  = 𝜎2[(Λ + I)−1(𝐼 + 𝑑𝐷𝑘
−1) (Λ + 𝑘𝐼 − 𝑘𝐼)(𝐼 + 𝑑𝐷𝑘

−1) (Λ + 𝐼)−1 − 𝐷𝑘
−1(𝐼 −

𝑘𝑑𝐷𝑘
−2)(𝐼 + 𝑘𝑑𝐷𝑘

−1)2] 

      = 𝜎2[(Λ + 𝐼)−1[(Λ + 𝑘𝐼 + 𝑑𝐼)  − 𝑘(𝐼 + 𝑑𝐷𝑘
−1)](𝐼 + 𝑑𝐷𝑘

−1) (Λ + 𝐼)−1 −
𝐷𝑘

−1(𝐼 − 𝑘𝑑𝐷𝑘
−2)(𝐼 + 𝑘𝑑𝐷𝑘

−1)2] 

       = 𝜎2[(Λ + 𝐼)−1[(Λ + 𝑑𝐼)  − 𝑑𝑘𝐷𝑘
−1](𝐼 + 𝑑𝐷𝑘

−1) (Λ + 𝐼)−1 − 𝐷𝑘
−1(𝐼 −

𝑘𝑑𝐷𝑘
−2)(𝐼 + 𝑘𝑑𝐷𝑘

−1)2] 

       = 𝜎2[(Λ + 𝐼)−1[Λ(𝐼 + 𝑑𝐷𝑘
−1) + 𝑑(𝐼 − 𝑘𝐷𝑘

−1)(𝐼 + 𝑑𝐷𝑘
−1)] (Λ + 𝐼)−1 −

𝐷𝑘
−1(𝐼 − 𝑘𝑑𝐷𝑘

−2)(𝐼 + 𝑘𝑑𝐷𝑘
−1)2] 

Since [(Λ + 𝐼)−1[Λ(𝐼 + 𝑑𝐷𝑘
−1) + 𝑑(𝐼 − 𝑘𝐷𝑘

−1)(𝐼 + 𝑑𝐷𝑘
−1)] (Λ + 𝐼)−1] > 0 and 

𝐷𝑘
−1(𝐼 − 𝑘𝑑𝐷𝑘

−2)(𝐼 + 𝑘𝑑𝐷𝑘
−1)2 > 0 then by lemma (2)    iff  λmax[  𝐷𝑘

−1(𝐼 −
𝑘𝑑𝐷𝑘

−2)(𝐼 + 𝑘𝑑𝐷𝑘
−1)2[(Λ + I)−1[Λ(𝐼 + 𝑑𝐷𝑘

−1) + 𝑑(𝐼 − 𝑘𝐷𝑘
−1)(𝐼 + 𝑑𝐷𝑘

−1)] (Λ +
𝐼)−1]−1] < 1 then (Λ + 𝐼)−1[Λ(𝐼 + 𝑑𝐷𝑘

−1) + 𝑑(𝐼 − 𝑘𝐷𝑘
−1)(𝐼 + 𝑑𝐷𝑘

−1)] (Λ + 𝐼)−1 −

𝐷𝑘
−1(𝐼 − 𝑘𝑑𝐷𝑘

−2)(𝐼 + 𝑘𝑑𝐷𝑘
−1)2 ≥ 0 ,then by lemma (1) ∆2= MSEM(𝛼̂𝐿𝑅𝐸(𝑘, 𝑑)) −

𝑀𝑆𝐸𝑀(𝛼̂𝑇𝑅𝐿𝐸(𝑘, 𝑑)) is P.d. 

Theorem (2): Iff λmax[  𝐷𝑘
−1(𝐼 − 𝑘𝑑𝐷𝑘

−2)(𝐼 + 𝑘𝑑𝐷𝑘
−1)2[(Λ + I)−1[Λ(𝐼 + 𝑑𝐷𝑘

−1) +
𝑑(𝐼 − 𝑘𝐷𝑘

−1)(𝐼 + 𝑑𝐷𝑘
−1)] (Λ + 𝐼)−1]−1] < 1  , the 𝛼̂𝑇𝑅𝐿𝐸(𝑘, 𝑑) estimator is superior to the 

𝛼̂𝐿𝑅𝐸(𝑘, 𝑑) estimator. 

We illustrate the superiority of the new bias  estimators  𝛼̂𝑇𝑅𝐿𝐸(𝑘, 𝑑) to 𝛼̂𝑇𝐿𝐸(𝑘, 𝑑) 

𝐸[𝛼̂𝑇𝐿𝐸(𝑘, 𝑑)] = (Λ + 𝑘I)−1(Λ + 𝑑𝑘I)α 

                                                𝐵𝑖𝑎𝑠[𝛼̂𝑇𝐿𝐸(𝑘, 𝑑)] = 𝐷𝑘
−1[(𝑑 − 1)𝑘I]α 

                                  Var(𝛼̂𝑇𝐿𝐸(𝑘, 𝑑)) = 𝜎2𝐷𝑘
−1(Λ + 𝑘𝑑)Λ−1(Λ + 𝑘𝑑)𝐷𝑘

−1        (23) 

Then: 

MSEM(𝛼̂𝑇𝐿𝐸(k, d))

= 𝜎2𝐷𝑘
−1(Λ + 𝑘𝑑𝐼)Λ−1(Λ + 𝑘𝑑𝐼)𝐷𝑘

−1

+ 𝐷𝑘
−1[(𝑑 − 1)𝑘I]α𝛼ˊ[(𝑑 − 1)𝑘I]ˊ𝐷𝑘

−1 

Using (16) and (23), we get the difference as 

  𝐷3 = Var(𝛼̂𝑇𝐿𝐸(𝑘, 𝑑)) − 𝑉𝑎𝑟(𝛼̂𝑇𝑅𝐿𝐸(𝑘, 𝑑)) 
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        = 𝜎2𝐷𝑘
−1(Λ + 𝑘𝑑𝐼)Λ−1(Λ + 𝑘𝑑𝐼)𝐷𝑘

−1 − [𝐷𝑘
−1 + 𝑘𝑑𝐷𝑘

−2]Λ[𝐷𝑘
−1 + 𝑘𝑑𝐷𝑘

−2] 

        = 𝜎2𝐷𝑘
−1[(Λ + 𝑘𝑑𝐼)Λ−1(Λ + 𝑘𝑑𝐼) − [𝐼 + 𝑘𝑑𝐷𝑘

−1]Λ[𝐼 + 𝑘𝑑𝐷𝑘
−1]]𝐷𝑘

−1 

        = 𝜎2𝐷𝑘
−2[(Λ + 𝑘I)(I + 𝑘𝑑Λ−1)(Λ + 𝑘𝑑𝐼)(Λ + 𝑘I) − [(Λ + 𝑘I) + 𝑘𝑑𝐼]Λ[(Λ + 𝑘I) +

𝑘𝑑𝐼]]𝐷𝑘
−2 

     = 𝜎2𝐷𝑘
−2 [(Λ + 𝑘𝐼)((Λ + 𝑘𝑑𝐼) + 𝑘𝑑Λ−1(Λ + 𝑘𝑑𝐼))(Λ + 𝑘𝐼) − [(Λ + 𝑘𝐼) +

𝑘𝑑𝐼]Λ[(Λ + 𝑘𝐼) + 𝑘𝑑𝐼]] 𝐷𝑘
−2 

      = 𝜎2𝐷𝑘
−2 [(Λ + 𝑘𝐼)((Λ + 𝑘𝑑𝐼) + 𝑘2𝑑2Λ−1 + 𝑘𝑑𝐼)(Λ + 𝑘𝐼) − [(Λ + 𝑘𝐼) +

𝑘𝑑𝐼]Λ[(Λ + 𝑘𝐼) + 𝑘𝑑𝐼]] 𝐷𝑘
−2 

      = 𝜎2𝐷𝑘
−2 [(Λ + 𝑘𝐼)((Λ + 𝑘𝑑𝐼) + 𝑘𝑑(𝐼 + 𝑘𝑑Λ−1))(Λ + 𝑘𝐼) − [(Λ + 𝑘𝐼) +

𝑘𝑑𝐼]Λ[(Λ + 𝑘𝐼) + 𝑘𝑑𝐼]] 𝐷𝑘
−2 

      = 𝜎2𝐷𝑘
−2[(Λ + 𝑘𝐼)(Λ + 𝑘𝑑𝐼)(Λ + 𝑘𝐼) + 𝑘𝑑(Λ + 𝑘𝐼)(𝐼 + 𝑘𝑑Λ−1)(Λ + 𝑘𝐼) −

[(Λ + 𝑘𝐼)Λ + 𝑘𝑑Λ][(Λ + 𝑘𝐼) + 𝑘𝑑𝐼]]𝐷𝑘
−2 

      = 𝜎2𝐷𝑘
−2[(Λ + 𝑘𝐼)(Λ + 𝑘𝑑𝐼)(Λ + 𝑘𝐼) + 𝑘𝑑(Λ + 𝑘𝐼)(𝐼 + 𝑘𝑑Λ−1)(Λ + 𝑘𝐼) −

(Λ + 𝑘𝐼)Λ(Λ + 𝑘𝐼) −  𝑘𝑑Λ(Λ + 𝑘𝐼) − 𝑘𝑑Λ(Λ + 𝑘𝐼) − 𝑘2𝑑2Λ]𝐷𝑘
−2 

      = 𝜎2𝐷𝑘
−2[(Λ + 𝑘𝐼)(Λ + 𝑘𝑑𝐼)(Λ + 𝑘𝐼) + 𝑘𝑑(Λ + 𝑘𝐼)(𝐼 + 𝑘𝑑Λ−1)(Λ + 𝑘𝐼) −

(Λ + 𝑘𝐼)Λ(Λ + 𝑘𝐼) − 2𝑘𝑑Λ(Λ + 𝑘𝐼) − 𝑘2𝑑2Λ]𝐷𝑘
−2 

      = 𝜎2𝐷𝑘
−2[(Λ + 𝑘𝐼)(Λ + 𝑘𝑑𝐼)(Λ + 𝑘𝐼) + 𝑘2𝑑2(Λ + 𝑘𝐼)Λ−1(Λ + k) + 𝑘𝑑(Λ + 𝑘𝐼)(Λ +

𝑘𝐼) − (Λ + 𝑘𝐼)Λ(Λ + 𝑘𝐼) − 2𝑘𝑑(Λ + 𝑘𝐼)Λ − 𝑘2𝑑2Λ]𝐷𝑘
−2 

      =𝜎2𝐷𝑘
−2[(Λ + 𝑘𝐼)(Λ + 𝑘𝑑𝐼)(Λ + 𝑘𝐼) + 𝑘2𝑑2(I + kΛ−1)(Λ + 𝑘𝐼) + 𝑘𝑑(Λ + 𝑘𝐼)(Λ +

𝑘𝐼) − (Λ + 𝑘𝐼)Λ(Λ + 𝑘𝐼) − 2𝑘𝑑(Λ + 𝑘𝐼)Λ − 𝑘2𝑑2Λ]𝐷𝑘
−2 

      = 𝜎2𝐷𝑘
−2[(Λ + 𝑘𝐼)(Λ + 𝑘𝑑𝐼)(Λ + 𝑘𝐼) + 𝑘2𝑑2(Λ + 𝑘𝐼) + 𝑘3𝑑2Λ−1(Λ + 𝑘𝐼) +

𝑘𝑑(Λ + 𝑘𝐼)(Λ + 𝑘𝐼) − (Λ + 𝑘𝐼)Λ(Λ + 𝑘𝐼) − 2𝑘𝑑(Λ + 𝑘𝐼)Λ − 𝑘2𝑑2Λ]𝐷𝑘
−2 

       = 𝜎2𝐷𝑘
−2[(Λ + 𝑘𝐼)Λ(Λ + 𝑘𝐼) + 𝑘𝑑(Λ + 𝑘𝐼)(Λ + 𝑘𝐼) + 𝑘2𝑑2(Λ + 𝑘𝐼) +

𝑘3𝑑2Λ−1(Λ + 𝑘𝐼) + 𝑘𝑑(Λ + 𝑘𝐼)(Λ + 𝑘𝐼) − (Λ + 𝑘𝐼)Λ(Λ + 𝑘𝐼) − 2𝑘𝑑(Λ + 𝑘𝐼)Λ −
𝑘2𝑑2Λ]𝐷𝑘

−2 

= 𝜎2𝐷𝑘
−2[𝑘𝑑(Λ + 𝑘𝐼)Λ + 𝑘2𝑑(Λ + 𝑘𝐼) + 𝑘2𝑑2(Λ + 𝑘𝐼) + 𝑘3𝑑2Λ−1(Λ + 𝑘𝐼)

+ 𝑘𝑑(Λ + 𝑘𝐼)Λ + 𝑘2𝑑(Λ + 𝑘𝐼) − 2𝑘𝑑(Λ + 𝑘𝐼)Λ − 𝑘2𝑑2Λ]𝐷𝑘
−2 

= 𝜎2𝐷𝑘
−2[𝑘2𝑑Λ + 𝑘3𝑑𝐼 + 𝑘2𝑑2Λ + 𝑘3𝑑2𝐼 + 𝑘3𝑑2𝐼 + 𝑘4𝑑2Λ−1 + 𝑘2𝑑Λ + 𝑘3𝑑𝐼

− 𝑘2𝑑2Λ]𝐷𝑘
−2 

= 𝜎2𝐷𝑘
−2[2𝑘2𝑑Λ + 2𝑘3𝑑𝐼 + 2𝑘3𝑑2𝐼 + 𝑘4𝑑2Λ−1]𝐷𝑘

−2 

Since [2𝑘2𝑑Λ + 2𝑘3𝑑𝐼 + 2𝑘3𝑑2𝐼 + 𝑘4𝑑2Λ−1] > 0 then 𝐷3 > 0 and for lemma 1, 

 MSEM(𝜶̂𝑳𝑹𝑬(𝐤, 𝐝))-MSEM(𝛼̂𝑇𝑅𝐿𝐸(k, d)) > 0 

Theorem (3): Let β̂j = Ajy, j = 1,2  be two homogenous linear estimators of β, such that 

D = Var(𝜶̂𝑳𝑹𝑬(𝐤, 𝐝)) − Var(𝛼̂𝑇𝑅𝐿𝐸(k, d)) is p.d If  
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Bias(𝛼̂𝑇𝑅𝐿𝐸(k, d))ˊD−1Bias(𝛼̂𝑇𝑅𝐿𝐸(k, d)) < σ2, then 𝛥 = MSEM(𝜶̂𝑳𝑹𝑬(𝐤, 𝐝))-

MSEM(𝛼̂𝑇𝑅𝐿𝐸(k, d)) is P.d. 

2. Choice for d and k : 

For chose the optimal shrinking parameter (d), we differentiating the trace mean squared 

error matrix  TMSEM(𝛼̂𝑇𝑅𝐿𝐸(k, d)) with respect to d and equating the result to zero and then 

we can get the optimal estimators for shrinking parameter (d) as the following:                                       

∂TMSEM(𝛼̂𝑇𝑅𝐿𝐸(k, d))

𝜕𝑑
= 2𝜎2 [∑[𝑘λ𝑖[λ𝑖 + 𝑘(𝑑 + 1)]]

𝑝

𝑖=1

− ∑ 𝑘𝛼𝑖
2λ𝑖(𝑘2 − 𝑑𝑘λ𝑖 − 𝑘λ𝑖)

𝑝

𝑖=1

]

= 0 

∑[𝑘λ𝑖[λ𝑖 + 𝑘(𝑑 + 1)]]

𝑝

𝑖=1

− ∑ [𝑘3𝛼𝑖
2

λ𝑖 − 𝑘2𝑑𝛼𝑖
2

λ𝑖
2 − 𝑘2𝛼𝑖

2λ𝑖
2]

𝑝

𝑖=1

= 0 

∑[𝑑𝑘2λ𝑖 + 𝑘λ𝑖
2 + 𝑘2λ𝑖]

𝑝

𝑖=1

− ∑ [𝑘3𝛼𝑖
2

λ𝑖 − 𝑑𝑘2𝛼𝑖
2

λ𝑖
2 − 𝑘2𝛼𝑖

2λ𝑖
2]

𝑝

𝑖=1

= 0 

𝑑 ∑ [𝑘2λ𝑖 + 𝑘2𝛼𝑖
2

λ𝑖
2]

𝑝

𝑖=1

− ∑ [𝑘3𝛼𝑖
2

λ𝑖 − 𝑘2𝛼𝑖
2λ𝑖

2 −  𝑘λ𝑖
2 − 𝑘2λ𝑖]

𝑝

𝑖=1

= 0 

𝑑̂𝑜𝑝𝑡 =
∑ [𝑘3𝛼𝑖

2
𝜆𝑖 − 𝑘2𝛼𝑖

2𝜆𝑖
2 −  𝑘𝜆𝑖

2 − 𝑘2𝜆𝑖]𝑝
𝑖=1

∑ [𝑘2𝜆𝑖 + 𝑘2𝛼𝑖
2

𝜆𝑖
2]𝑝

𝑖=1

 

𝑑̂𝑜𝑝𝑡 =
∑ [𝑘2𝛼𝑖

2
𝜆𝑖 − 𝑘𝛼𝑖

2𝜆𝑖
2 − 𝜆𝑖

2 − 𝑘𝜆𝑖]
𝑝
𝑖=1

∑ [𝑘[1 + 𝛼𝑖
2𝜆𝑖]]𝑝

𝑖=1

                                 (24) 

 

We chose the k parameter which minimize the Generalized Cross Validation (GCV): 

 

𝐺𝐶𝑉(𝑘) =
∑ (𝑌𝑖 − 𝑍𝑖𝛼̂)2𝑛

𝑖=1

(1 − 𝑛−1𝑡𝑟(ℎ𝑖(𝑘)))
2                                                                       (25) 

Where   𝑡𝑟(ℎ(𝑘)) is trace for hat matrix  ℎ(𝑘) = 𝑍ˊ(Λ + 𝑘𝐼)𝑍. 

 

3. The simulation study: 

This section conducts a simulation study to compare the performance of the two-parameter 

ridge-Liu estimator (α̂TRLE(k, d)) with other estimators. To generate the explanatory 

variable with deferent degrees of collinearity, we follow (Liu, 2003) who use the following 

equation  

x𝑖𝑗 = (1 − 𝛾2)1/2𝒵𝑖𝑗 + 𝛾𝒵𝑖𝑝 , i =  1, 2, . . . , n, j =  1, 2, . . . , p −  1 

Where 𝒵ij and 𝒵ip are the independent standard normal pseudo-random numbers and it they 

are generated independently from  N(0,5)  and γ is specified so γ2 is the correlation between 

any two explanatory variables. We use the three sets of correlations γ = 0.65 , 0.80,0.95  to 

show the effect of the week and strong correlation between the explanatory variables. The 

observations on dependent variable are generate by the following equation 
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 yi = β1xi1 + β2xi2 + … + βpxip + ei   , ei~N(0, σ2In) , i = 1,2, … . , 𝑛, j =  1, 2, . . . , p 

We use sample size n=150,50 and we select σ2 = 0.01,0.25. The value of d and k are 

calculate by the equations (24), (25). The parameters β0i were set to be 
(1,2, … ,5) 𝑎𝑛𝑑 (1,2, … ,10).We repeated the simulation 2000 times and we use the standard 

mean squares error MSE to illustrate the superior for the new estimator which is defined by 

𝑀𝑆𝐸(𝛽̂) =
1

2000
∑ (𝛽̂𝑖 − 𝛽)ˊ(𝛽̂𝑖 − 𝛽)

2000

𝑖=1

 

Where β̂i is the estimator in ith replication and β is the true parameter values.  

The result of the simulation was summarized at table (1- 4). We chose the number of 

independent variable p , the degree of correlation 𝛄 , the number of observation n and the 

variance of the disturbance term 𝝈𝟐.  The result of the simulation study showed the OLS 

estimator had a worst for other estimator in all case. They illustrate that the RE, LRE, TLE, 

TRLE estimators work will at the several degrees of multicollinearity. The new estimator 

performs well especially when the degrees of multicollinearity is decreases and also it is not 

affected by the multicollinearity like the other estimator.   Moreover, when n increases and 

at the same time 𝜎2  decreases, the MSE value for our new estimator is decreases. It is clear 

that, increase in the number of observation n and decreases in the number of independent 

variable p at the several degrees of multicollinearity had a good effect on the work of all 

estimators especially on the new estimator. 

Table (1) The value for 𝐌𝐒𝐄 for different estimators  p=5, 𝝈𝟐 = 𝟎. 𝟎𝟏 , 𝒅̂𝒐𝒑𝒕. 𝒌̂ 

Estimators n=150 n=50 
𝛄 = 𝟎. 𝟔𝟓 𝛄 = 𝟎. 𝟖𝟎 𝛄 = 𝟎. 𝟗𝟓 𝛄 = 𝟎. 𝟔𝟓 𝛄 = 𝟎. 𝟖𝟎 𝛄 = 𝟎. 𝟗𝟓 

OLS 12.251 20.195 25.112 13.892 23.451 28.602 
RE 9.185 9.194 9.754 11.163 10.229 13.35 

LRE 5.951 5.559 7.054 8.171 8.252 9.792 
TLE 4.024 4.081 5.011 6.419 5.544 8.884 

TRLE 0.253 0.893 1.085 1.981 2.025 4.128 

 

Table (2) The value for 𝐌𝐒𝐄 for different estimators 𝐩 = 𝟓, 𝝈𝟐 = 𝟎. 𝟐𝟓, 𝒅̂𝒐𝒑𝒕. 𝒌̂ 

Estimators n=150 n=50 
𝛄 = 𝟎. 𝟔𝟓 𝛄 = 𝟎. 𝟖𝟎 𝛄 = 𝟎. 𝟗𝟓 𝛄 = 𝟎. 𝟔𝟓 𝛄 = 𝟎. 𝟖𝟎 𝛄 = 𝟎. 𝟗𝟓 

OLS 14.082 24.051 29.932 15.081 27.191 33.219 
RE 3.571 4.572 10.121 3.936 5.982 14.575 

LRE 1.795 4.042 5.255 2.025 5.215 10.682 
TLE 4.192 4.215 5.527 6.917 6.644 9.928 

TRLE 1.029 1.216 1.583 2.045 2.141 6.376 

 

Table (3) The value for 𝐌𝐒𝐄 for different estimators p=10, 𝝈𝟐 = 𝟎. 𝟎𝟏, 𝒅̂𝒐𝒑𝒕. 𝒌̂ 

Estimators n=150 n=50 
𝛄 = 𝟎. 𝟔𝟓 𝛄 = 𝟎. 𝟖𝟎 𝛄 = 𝟎. 𝟗𝟓 𝛄 = 𝟎. 𝟔𝟓 𝛄 = 𝟎. 𝟖𝟎 𝛄 = 𝟎. 𝟗𝟓 

OLS 35.231 42.321 79.654 43.564 62.545 93.654 
RE 15.324 19.672 26.902 19.985 25.743 33.215 

LRE 10.325 14.021 20.654 16.262 18.321 24.109 
TLE 8.658 9.945 12.358 12.252 14.068 18.325 

TRLE 1.927 2.059 3.325 4.024 4.921 6.179 

 

Table (4) The value for 𝐌𝐒𝐄 for different estimators 𝐩 = 𝟏𝟎, 𝝈𝟐 = 𝟎. 𝟐𝟓 , 𝒅̂𝒐𝒑𝒕. 𝒌̂ 
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Estimators n=150 n=50 
𝛄 = 𝟎. 𝟔𝟓 𝛄 = 𝟎. 𝟖𝟎 𝛄 = 𝟎. 𝟗𝟓 𝛄 = 𝟎. 𝟔𝟓 𝛄 = 𝟎. 𝟖𝟎 𝛄 = 𝟎. 𝟗𝟓 

OLS 44.489 69.052 85.065 51.360 68.901 98.654 
RE 19.984 26.325 30.032 35.212 43.021 50.193 

LRE 15.023 16.215 23.065 17.029 

 

20.093 28.097 
TLE 13.335 16.685 14.594 18.094 16.009 20.095 

TRLE 2.304 2.905 3.531 4.906 5.302 7.932 

 

4. Conclusions: 

In these paper, we introduce the new biased estimator that modifies the two-parameter 

Ridge-Liu estimator. Moreover, we checked the superiority for the new estimator over the 

ridge estimator, Liu estimator, and two-parameter Ridge-Liu estimator. The theoretical study 

was supported by a simulated study which depended on (MSE) criterion to verify the 

advantage of the new biased estimator.  The result of the simulation study showed the new 

biased estimator had a superiority over other estimators. 
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