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Abstract

In this paper, we have suggested a class of ratio type estimators with a linear combination using two
auxiliary variables with some known population mean of the study variable. The bias and the mean square
error of the proposed estimators are derived. We identified sub-members of the class of ratio type
estimators. The theoretical condition for which the the proposed the proposed estimators perform better
than the sample mean, Olkin (1958) multivariate ratio, classical linear regression estimator, Singh(1965),
Mohanty (1967) and Swain (2012) are derived. From the analysis, it is observed that the proposed
estimators perform better than the sample mean and other existing ratio type estimators considered in this
study.
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1. Introduction

It is well known that efficient use of auxiliary variable improves the performance of ratio
estimators. Therefore, with the aim of improving on the classical ratio estimator by
(Cochran 1977, p151), many authors have suggested some ratio type estimators with
known population parameters using single auxiliary variable. For example Tripathi and
Khare (1994), Sisodia and Dwivedi (1981), Upadhyaya and Singh (1999), Singh and
Tailor (2004), Kadilar and Cingi (2004,2006), Singh and Kakran (1993),Singh and Tailor
(2003), Yan and Tian (2010), Subramani and Kumarapandiyan (2012a,2012b, 2012c,
2013), Jelani et al (2013), Raja et al (2017) and Abid et al (2016) have proposed some
ratio type estimators based on single auxiliary variable and they showed that their
estimators were more efficient than the classical ratio estimator in some cases.

Sometimes, we may have prior information on two or more auxiliary variables that can
be used to improve the estimation of the population mean of the study variable. Olkin
(1958) was the first author to propose ratio estimator with multi-auxiliary variables to
improve estimation. Authors like Abu-Dayyeh et al (2003), Kadilar and Cingi (2005), Lu
and Yan (2014) have discussed extensively on ratio estimation. Singh (1965, 1967), Perri
(2007), Swain (2012) and Mohanty (1967) also suggested some ratio cum-product type
estimators and regression cum-ratio estimator for estimating the population mean using
two auxiliary variables. In this study, we shall propose a class of ratio estimator with
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availability of information on two auxiliary variables with known population parameters
on one of the auxiliary variables.

Consider a finite population S = (s4, s, ...sy) 0f size N. Let Y be the study variable, X
and Z be the auxiliary variables, respectively, taking values (yi, i, zi ) on the i" unit
S;(i =1,2,...,N) of the population. Let (Y, X, Z) be the population means of (y, x, z),
respectively. It is assumed that the population means X and Zof the auxiliary variables
are known. For estimating the population mean Y of the study variable y, a simple
random sample of size n is selected without replacement from the population S

The usual sample mean is

1 n
ty=— Z Yi 1)
Nz
and the variance of the unbiased estimator of t, is given as
V(to) = f,Y °CJ (2)

Olkin (1958) proposed the traditional multivariate ratio estimator using two auxiliary
variables X and Z, as follows

tup =ki¥ > ko 2 3
X Z
where k, and k, are the weights that satisfy the condition k, +k, =1
The MSE of t,,, is given by
MSE (tye) = f,Y 2|C2 +kZC2 +k2C2 — 2k p,,C,Cy — 2Ky p,,C,C, +kikpp,iC,C, | (4)
The optimum values of k, and k,are given by

k* _ sz +pynyCx _pyszCz _pszsz k* =1—k*
' C)% +C22 _szszCz i '

MSE (tMR)opt = le_Z[C§ +k:2C>% +k;2022 _2k1*pxyCny _2k;pyszCz +k1*k;pxzcxcz] (5)

S s s,
where -y —_2x =2 are the population correlation
pxy S Sy pXZ SXSZ ,ny SZSy p p

X

2
2 Sx
X

S 2
coefficients between their respective subscripts. C§ = V_yz , C <2

Si = (N _l)fli(Yi _Y_)z and Sf — (N _1)71§:(Xi _ )?)2 ’
Y <

N J—
S,y =(N=DD (X, =X)(Y; =Y) , f; =u, f = % (Sampling fraction)
i n
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Kadilar and Cingi (2005) presented the classical regression estimator using two auxiliary
variables

tar =Y +by (X =X)+b, (Z -2) (6)
The MSE of t,;, is given by
MSE(tZIr): le Zci(l_pfy _pzzy +2pxypzypxz) (7)
s s
whereb,, = —-and b,, =—- are the sample regression coefficients of their respective
SX SZ
subscripts.
Singh (1965) suggested a chain ratio estimator given by tg = % X %Z (8)
Xz
The MSE of ts is given by
MSE(ts) = f,Y 2(C2 +C2 +C2 ~2p,,C,C, —2p,,C,C, +2p,,C,C, ) )

Mohanty (1967) proposed ratio estimator using linear combination of the study variable
and one of the auxiliary variables for estimating the population mean of the study
variable.

(7 +by (X -%))Z

M (10)

Z
MSE(ty ) = f,Y 2(C2[L- p2, )+ C2 —2p,,C,C, +2p,,%,CC, ) (11)

Swain (2012) further proposed a generalized form of estimator proposed by Mohanty
(1967), given by

_ (VJF k3()?—)_())Z_

tsw . (12)
The optimum MSE of tg,, at k;optimum is given by
MSE(tey ) = Y 2((C2 ~2C,; +C2) = (p4C, — PxC.)?) (13)

2. The proposed Estimator

Motivated by Kadilar and Cingi (2004, 2006) and Subramani and Kumarapandiyan
(2013), we propose a class of ratio estimator for estimating the population mean in simple
random sampling using linear combination of two auxiliary variables in single phase
sampling with assumed known population means of the auxiliary variables as follows:
v a4 V4
t, = -t - _)) _(AX +G) (14)
(Ax+G-t,(z7 - Z7))

Let A and G be either real values or assumed known population parameters of the
auxiliary variable X such as skewness (By)), kurtosis (B,(y)), coefficient of

variation(Cy), first deciles(D;(y)), second decile(D,y)), ..., tenth decile (Dig(x)) » Pxy
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0<y<1and t;and t, are the known constants. The scalar a takes values -1, (for
product-type estimator) and + 1 (for ratio-type estimator).

To obtain the Bias and MSE of ty,
y=Y(@+A), X=X{A+A,), Z=Z(1+A,) X' =X"A+A,) 77 =Z7(1+A,)”

up to the first order of approximation, let us define

Such that E(A,) = E(Ay) = E(A,) = 0,E(A%) = f1CF, E(A) = f,C3,E(AS) = f,CZ
E(AxAY) = f1pyCxCy, E(Azy) = f1p7yC;Cy, E(Ayz) = f1 CxC;
( +va, -t (X7 @+a,) -X7)

t (AX +G)" (15)

" [Ax+ A%A, G-tz A,y -27

We assume |A,| <1, |A,| <1, the expressions (1+ A,)Y and (14 A, are
expandable to a convergent infinite series using binomial expansion. Retaining the terms
A's up to power 2, we have

t2277/Az _ t27/(7/ _1)Z_7A22 )]—a
AX +G 2(AX +G)

tp =[V + YA, ~t; X738y —tyr(y ~DX7 2% [2][L+ (264 —

tiy(y —)X7 A%
2
tzay/_Z_7\7AZ N tza;/Z__yY_AyAz B tltzayzz__y)?;’AxAz N toay(y —_1)27Y_A22
AX +G AX +G AX +G 2(AX +G)

tp =IV +YA, —y X7 yAy — — AV Ay — aAYA Ay +tialyX 7 A +

ala +1)A2YA% N tia(a +0y2Z%"YAS  tya(a +0)AZ T YALA, ]
2 2(AX +G)? AX +G

tiy(y —)X7 A%
2
toa)Z YA, +t2a7’z_}/Y_AyAz ity ZVXT AN, tay(y ~)Z7VAS
AX + G AX + G AX + G 2(AX +G)
a(a +DAPVAY tSa(@+ 0y Z%7YA,  tya(a +DAZIYAA, |
2 2(AX +G)? AX +G (16)

tp =Y =[YA, —t;X7yA, — —a/lY_AX—aﬂY_AXAy+tlaﬂ,7/)T7A2X+

The bias is obtained by taking the expectation in (16)
ty(r ~)X7C3
2

toayZ”Y p,C\C,

B(tp) = fi(- o
AX +G

tit,ay?Z7 X7 pyyCyC, +t2a7/(7/—1)Z_7C22 . a(a +1)A%YC?2 .

AX +G 2(AX +G) 2

—aAYpyyCyCy +tjalyX 7 C§ +

t§a(a +1)y2Z2YC _ba(e +1)7/EZ_7/Y_P><ZCXC
2(AX +G)? AX +G

‘)
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Squaring both side of (16) and taking the expectation to the first degree of approximation.
We get the mean square error of (t,)
_ _ _ _ t2q2y2727y2C?
MSE(t,) = Elt, -V 1% = f;[Y 2CZ +t7y*X 7 CZ + o222V 2C§ +-2 o z_

2t2a;/Z_7/Y_2pZyCZC

K

21toay? X7 Z7YpyCyCy  2tya?yAZ7Y 2 pyy, CyC,
K K

21X 7Y pyyCxCy —2aAY 2y CyCy + Yy 2tadyX 7YC2 -

]

(17)
MSE(t,) = fy (Y 2CE +t2q2CE +a A2V 2C§ +t5a?q3Y 2CF - 24101Ypyy CxCy
—~ 202 % py CxCy + 2t003Y 2 p5y C,Cy + 24adgyYC L ~ (18)
241t9004Y Py CxC, _thaz/IQSY_szszCz)
V2RI ZY

K

To obtain t; and t, optimum, we differentiate MSE(tp) with respect to t; and t,

whereK:AY+G,q1:7/>?7,q2:yZ7,q3=%andq4:

Differentiating equation (18) w.r.t. t;and t, we get the optimum values of t;
and t, respectively as
B Y_Cy (ny - pxzpzy) - a/w_cx(l_ﬂfz )
B e 2
X }/Cx(]-_/)xz) (19)
t, =— Cy (pzy ~ PxyPxz )(AX + G)
0 = 2
aZ7C,(1-px;) (20)
YC — C — _
Let b= )’(pxy szzpzy) and I, = y(pzy pxzprZ) then fy :Y[Il aﬂj
Cx(l_pxz) Cz(l_pxz) o
[, oK
°oadp
Substituting t; and t, optimum in (18) we have the optimum MSE(tp) as
CJ +1£Cx +15CE 21 p, CyCy -
27p2yC;Cy +2hl2p4CxC, ) (21)

MSElty )., = Y2

2.2 Sub members of the Class

Estimators in this class are obtained by setting t; = 0,t;, = 0, a = 0 in (14) and (18), we
have the usual sample per mean estimator as in (1) and the variance as in (2) respectively

. S. . . . S
Also setting t; = byy = g ( sample regression coefficient of y on x), t, = b,, = ﬁ,
X z

(regression coefficient of x on z), where s2 and s? are the sample variances of x and z
respectively, s,, and s, are the sample covariances between x and y and between x and
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z, respectively and a = 1(ratio estimator), A=4; , G=G; in (14) then we have jth
members of the class of ratio estimator for estimating the population mean using two
auxiliary variables where j=1,..,20 and are given as follows:

t y_bxy()_(y _i}/)
T I
XA; +G; -b,,(Z" -27)

(XA, +G;), 0<y <1, j=1,2,...20 (22)

and the jth estimator t, can be seen in Table 1. Using large sample approximation,
b,y tendsto Sy, (population regression coefficient of y on x) and by, tendsto gy,

(population regression coefficient of x on z), the mean square error of ¢,,; from (18) is as
follows:

Cg + Br 0fCE + A5V 2CL + B a5Y 2CZ - 2/, 01Y py, CCy
v 2
MSE(tpj) = 1| ~22;Y 2 pxyCxCy + 2By UaY 2 pzyC,Cy + 2y Ay YCx —

2byy By A4YPx CxCy — 2,szfijQBY_zloszsz (23)
further simplification of (23), we have
MSE(t ;) = f (Y ’Ci+ Blc:2 +BZC? - 2B,p,,C,C, —2B,p,,C,C, +ZB5pZyCZCy)
o B2 =03Yb,,, B3 =2;Y?+0q,Yb

Bs = (Q4bey +2jq3Y )sz , Bs =q5Y °b,,

A X
where 4, = SR L— A; and G are the chosen constant or parameter of the auxiliary
A X +G;
variable X for jth estimator.

where B, = 1; +¢,Yb Xy o

Table 1: Members of the proposed class of ratio estimators using two auxiliary
variables

i New Estimators A; G;
0<y<i
1 _y_bxy(fy_)?y)— 1 0
Pl X — by (2 = 2)
2 ¥—by (& —-X")
t,, = — X +C 1 C
S TS i *
3 y_bxy(fy_)?y) =
t,3 = — (X + 1
PP x4+ ﬁz(x) — by, (2¥ = ZV) ( ﬁZ(X)) ﬂz(x)
4 y_bxy(fy_}?y) T
tp4 - XBZ(X)+Cx_bxz(ZY_ZY) (IBZ(JC)X + Cx) ﬂz(x) Cx
5 y_bxy(fy_)?y) =
t,s = —(C,. X + C
7 " R0yt By — b —27) ) = | P
6 y—by (X —X7)
= —— (X + 1
x4 Pxy = by (ZV — Z7) ( Py) Py
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C 0 ot s e 77 P B b | o
11 s = = +3; :(xl;xi (:;(—; ?Z_y) (X + Digy) 1 Dix)
12 tora = = +3; z_(jxi(zf;(_;y—)ﬁ) (X + Dyzy) 1 Dy
s tp1z = 3 _I_};S_(jxi(:; (_Z_,),( V_) 7 (X + D3(x)) 1 D3y
14 tons = = +y;) :(xl:xi(:;(_;y_)z‘n (% + Dyia) 1 Daca)
15 tons = = +y;) ;xljxi(:;(_;y_)z‘n (% + Dy(a) 1 Dsxy
16 tone = = +y;) ;xljxi(:;(_;y_)z‘n (% + D) 1 Decx)
17 tonr = = +3_; ;jxi(:;(_z—fy—)fy) (% + Dygay) 1 Dy
18 tyro = = +3_; ;xl;xi(:;(_z—fy—)z_y) (X + Dygay) 1 D)
19 tpro = = +}_;)9_(xl:xi(:;(_z_fy_)z_y) X + Dy () 1 Dy x)

3. Efficiency Comparison

In this section we have derived the theoretical conditions for which the sub member of
the proposed class of ratio estimators ¢, in (20) perform better than the existing

estimators to, tyg, ts, tm, tz and the condition which the generalized class t,pr)
performed better than all the estimators considered in this study
(i) The proposed estimators t,; , j=1,...,20 will be better than the sample mean t,

iff MSE(t,; ) < MSE(t,)
[B2CZ + B2C? —2B,p,,C,C, —2B,p,,C,C, +2B5p, C,C, |<0
(ii) The proposed estimators t,; , j=1,...,20 will be better than ty

iff MSE(t,; ) < MSE(tyg)
[V 2C§ +(Bf =Y 2k;2)CE +(BS —Y 2k,7)C7 —2(Bg —Y %k1 ) pxyCxCy
~2(By +Y ki k2)pxaCxCy +2(Bs +Y %k)pC,Cy1<0
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(iii)The proposed estimators t; , j=1,...,20 will be better than t
iff MSE(t,; ) < MSE(ts)
(BY —Y?)CS + (B ~V*)CI ~2(B, =Y *)p,C.Cy |
- 2(B4 +Y_2)pszsz + 2Bspzyczcy
(iv) The proposed estimators t,; , j=1,...,20 will be better than t,
iff MSE(t,; ) < MSE(ty)
Y zpiyc)% + Blch + (BZZ -Y 2)C22 - ZB3pxnyCy - 284pszsz <
+ 2(85 +Y_2)pzyCsz - 2Y_2pxszyCsz
(V) The proposed estimators t,; , j=1,...,20 will be better than tg,
iff MSE(t,;) < MSE(tsy,)
B/C? +(B; -Y?)CZ +2Y?C, —2B;p,,C,C, —2B,p,,C,C, .
<
+ ZB5pzyCsz +Y 2(pxycy _:szcz)2
(vi) The proposed estimators t; , j=1,...,20 will be better than t,,
iff MSE(t,; ) < MSE(ty,)
Blch + BZZCZ2 _283pxnyCy _28410szsz - ZB5102yCsz <
—Y_2C§(1— p)%y - pZZy + prypzypxz)
(vii)The optimum MSE (t,),p: Will be better than the sub members t,; , j=1,...,20
iff  MSE(t,)opt < MSE(ty))
(V17 = BY)C +(Y °13 = B7)C; —2(Y I, - By)p,,C,Cy -
2(Y_2|2 + BS)pzyCsz + 2(Y_2|1|2 + B4)pszxCZ

The Percent Relative Efficiencies (PRES) of tyg, ts, ty, tz;- and the proposed t,;,tyope)
with respect to the usual sample mean t,, are compared using the formula

Var(tg)

PRE = MSE()

*100  where (.) =tygOr tg O tyOr tyy- OF tgy OF Ly OF ty(opr)

The higher the percent relative efficiency, the more efficient is the estimator.

4. Empirical Study
In this section, we computed mean square errors and percent relative efficiencies of the
existing and new estimators and the results are given in Tables 2 and 3. We considered
the real life data sets by Chattefuee and Hadi (2006, p.187) and details of the data is as
shown below
Y- Per capita expenditure on education in 1975
X- Per capita income in 1973
Z — Number of residents per thousand living in urban areas in 1970
N =50 n=15 Y =284.0612 X =4675.12 Z = 657.8

Pxy = 0.60679 p,, = 031675 p,, = 0.61937 S, =733.1407 B,,, = 0.058228
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Bz = 2.764116 B,, = 0.13756 C, =0.21776 C, = 0.13786 C, = 0.2204
Dgxy = 4827 Doy = 4989 Dgixy = 5309 Do(yy = 5560 Dy = 5889

Table 2: The MSE and PRE with respect to t, of the existing estimators

ﬁz(x) = —0.94843 ﬁl(x) = 0.05675
The results of the computation are presented below

Estimators MSE PRE
to (Sample mean) 178.573 100
Faur 137.427 129.94
tur 357.103 50.00
s 323.077 54.59
ty 317.130 56.30
tsw 246.914 72.32

Table 3: The MSE and PRE with respect to t, of the proposed estimators

MSE and Bias of the proposed estimators t,; for j=1,...,20 at a =1
y=0.1 y = 0.3 y=0.5 y =0.8 y=1
j MSE PRE | MSE PRE MSE PRE MSE PRE MSE PRE
1 112,93 | 158.1 | 112,90 | 158.16 | 112.77 | 158.34 112.503 158.73 148.5 120.25
2 112,93 | 158.1 | 112,90 | 158.16 | 112.77 | 158.34 112.504 158.73 148.5 120.25
3 112,93 | 158.1 | 112,90 | 158.16 | 112.77 | 158.34 1125 158.73 148.48 | 120.27
4 112.93 | 158.1 | 112,90 | 158.16 | 112.77 | 158.34 | 112,503 | 158.73 | 1485 | 120.25
5 112.92 | 158.1 | 112.89 | 158.17 | 112.77 | 158.35 | 112.483 | 158.76 | 148.37 | 120.36
6 112.93 | 158.1 | 112,90 | 158.16 | 112.77 | 158.34 | 112505 | 158.72 | 148.51 | 120.24
7 112.94 | 158.1 | 11291 | 158.15 | 112.78 | 158.33 | 112,517 | 158.71 | 148.58 | 120.18
8 112.93 | 158.1 | 112,90 | 158.16 | 112.77 | 158.34 | 112.504 | 158.73 | 148.51 | 120.25
9 112.93 | 158.1 | 112,90 | 158.16 | 112.77 | 158.34 | 112501 | 158.73 | 148.49 | 120.26
10 112.93 | 158.1 | 112,90 | 158.16 | 112.77 | 158.34 | 112.499 | 158.73 | 148.47 | 120.27
11 165.39 | 107.9 | 165.31 | 108.02 | 165.18 | 108.11 | 171.652 | 104.03 | 267.86 | 66.667
12 169.39 | 105.4 | 169.32 | 105.46 | 169.18 | 105.55 | 175.923 | 10151 | 2745 | 65.055
13 177.15 | 100.8 | 177.08 | 100.84 | 176.94 | 100.92 | 184.167 | 96.963 | 287.1 |62.2
14 | 184.95 | 96.55 | 184.87 | 96.592 | 184.73 | 96.663 | 192.421 | 92.804 | 299.47 | 59.631
15 191.00 | 93.49 | 190.92 | 93.531 | 190.78 | 93.598 | 198.811 | 89.821 | 308.9 | 57.809
16 | 19522 | 91.47 | 195.13 | 91.512 | 194.99 | 91,577 | 203.252 | 87.858 | 315.39 | 56.619
17 | 200.62 | 89.00 | 200.54 | 89.046 | 200.40 | 89.107 | 208.942 | 85.466 | 323.64 | 55.177
18 | 211.80 | 84.30 | 211.71 | 84.34 | 21158 | 84.4 220.686 | 80.918 | 340.43 | 52.455
19 | 221.04 | 80.78 | 220.95 | 80.819 | 220.81 | 80.869 | 230.366 | 77.517 | 354.07 | 50.435
20 | 233.78 | 76.38 | 233.68 | 76.416 | 233.54 | 76.461 | 243.679 | 73.282 | 372.57 | 47.93
tpopty | MSE =111.8, PRE =159.73  t,,, =0.00322, t,,,,=0.67471, A=1,A=1,6 =0

5. Results and Discussion

Table 2: Results

We observed that all the existing estimators tg, ty, tsyy have no significant improvement
on the classical regression estimator (t,;) using two auxiliary variables, because they
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have higher MSE and lower percent relative efficiency but they are more efficient than
the traditional multivariate ratio estimator ty5.

Table 3: Results

All the proposed estimators t,;, j=1,...,20 at y =0.1 to 1 are more efficient than Olkin
(1958) traditional multivariate ratio estimator (ty), Singh(1965) estimator t5, Mohanty
(1967) estimator t,; and Swain (2012) estimator tg,, because they have smaller MSE
and higher percent relative efficiency except for estimators t,;, j=11,...,20 at y = 1 and
tpj, j=20 at y = 0.8. We observed that the MSE of the proposed estimator ¢,;, j=1,...,10,
reduces as y increases from 0.1 to 0.8 and the estimators are more efficient than the
classical regression estimator(t,;,-) because they have smaller MSE and higher PRE. The
proposed estimators t,;, j=1,...,10 at y = 0.1to 0.8 are the estimators that utilized
known population parameters such as coefficient of variation, coefficient of kurtosis,
coefficient of skewness and correlation coefficient and they are approximately equal to
the MSE of t,; at t; and t, optimum values. The MSE of estimators t,;, j=11,...,20
also reduces as y increases from 0.1 to 0.5 but they are not efficient as the optimum
MSE of t,,.

In general, the proposed class of estimator ¢, at t;and t, optimum values, is the most
efficient estimator because it has the least MSE and highest PRE. Alternatively, a good
guess of y for the proposed estimator t,;, j=1,...,10 at y between 0.1 to 0.8 inclusive is
as efficient as estimator ¢, at t;and t, optimum values and they all perform better than
the classical regression estimator with two auxiliary variables.

6. Conclusion

In this work, we have proposed a class of ratio type estimator with a linear combination
using two auxiliary variables with known population parameters of the auxiliary
variable(X). The conditions under which the proposed estimators perform theoretically
better than other existing estimators given in this work are mentioned in section 3.0.
Here, we conclude that the proposed class of ratio type estimator ¢, at t;and t, optimum
values and some sub-members of the class of estimators t,,;, for stable transformation( y)
perform better than all the existing estimators considered in this study. Therefore, we
strongly recommend the proposed estimators over the existing ratio type estimators for
practical applications.
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