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Abstract

This paper addresses the problem of estimating the population mean Y of the study variable Yy using

information on transformed auxiliary variables. In addition to many, Yasmeen et al(2015) estimator shown
to be the members of the suggested classes of estimators. We have derived the bias and mean squared error
(MSE) of the suggested classes of estimators to the first degree of approximation. We have obtained the
optimum conditions for which the suggested classes of estimators have minimum mean squared errors. It
has been shown that the proposed classes of estimators are more efficient than the estimators recently
envisaged by Yasmeen et al (2015)and other existing estimators.
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1. Introduction

Consider a finite population U = (U,,U,,..U,, )of N units. Let us consider a study variate
y and two auxiliary variates (x,z) taking values y;and (x;,z;) respectively on the unit

Ui(i =12,..., N), where x is positively correlated with yand zis negatively correlated
with y . We denote by

Y :% gyi : The population mean of the study variate y,
i=1
X :% gxi : The population mean of the auxiliary variate x,
i=1
zZ :% gzi : The population mean of the auxiliary variate z,
i=1
2
83 = (Nl 1) g(yi —Y) : The population mean square / variance of the study variate vy,
—1)i=1
2
SZ= (Nl ) %(xi - X) : The population mean square / variance of the auxiliary variate
—1)i=1
X,
2
SZ= (Nl 1) g(zi —Z) : The population mean square / variance of the auxiliary variate
—1)i=1
Z,
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Sy = (Nl ) g( )(y, ) The population covariance between xand vy,
— i=1
1 N - = . .
S,, = N1 _zl(xi - X)(zi —Z): The population covariance between xand z,
p— |=
1 N = = . i
Sy, = (N-D) > (yi -Y )(zi - Z): The population covariance between yand z,
S
Py = 5 Xsy : The population correlation coefficient between xand vy,
Xy

S : : -
Py, = —2: The population correlation coefficient between xand z,

: The population correlation coefficient between y and z,

|
wn

: The population coefficient of variation of the auxiliary variable x ,

: The population coefficient of variation of the auxiliary variable y ,

<

O

N

: The population coefficient of variation of the auxiliary variable z .

O
I
N||NU’ '<Sh<m ><||>£”

A simple random sample of size n is drawn without replacement from U to estimate the
population mean Y of the study variate y assuming the knowledge of the population

means X and Z of the auxiliary variates xand z respectively,

It is well known under simple random sampling without replacement (SRSWOR) that the
usual unbiased estimator (which does not utilize auxiliary information) is

_ 1n
th=y==xy; (1.1)
ni=1
The mean squared error (MSE) / variance of t; is given by

MSE(y):Var(y):@Vzci a nf)s2 (1.2)

where f = % is the sampling fraction.
The classical ratio estimator due to Cochran (1940) for Y is defined by
(X
e
X
where the population mean X of x is known in advance.

The MSE of the ratio estimator t; to the first degree of approximation is given by

MSE(t, ) = (1nf ?[czc2-2k,,), (14)

914 Pak.j.stat.oper.res. Vol.XIV No.4 2018 pp913-934



Improved Generalized Family of Estimators of Population Mean Using Information on.............

Cy
where K, = pyy c |

X
The classical product estimator due to Robson (1957) and revisited by Murthy (1964) for
Y is defined by

t,=y (Zi] (15)

where the population mean Z of is known in advance.
The MSE of the product estimator t, to the first degree of approximation is given by

MSE(tZ):(l_Tf)?Z[ci +C2-2K,,)] (1.6)
Cy
where K, = p,, c |

z

Using transformations:

xi =(@L+9)X —gx ;i=12,..,N;
Andz;, =(1+9)Z -gz; ;i=12,.,N;
Withg = N n__ ( f f), Srivenkataramana (1980) and Bandyopadhyaya (1980)
— n —

suggested a dual to ratio estimator for Y as

(X
t=y| & (1.7)
and a dual to product estimator for Y as

(z
t,=y|—|(18)

Zt
(NX —nx) _(NZ -nz)

where X, = {(1+ g)X — g)‘(}z and z, = {(1+ 9)Z - 97}—

(N-n) (N-n)

To the first degree of approximation, the MSEs of the estimators t; and t,are

respectively, given by
(@

MSE(t, ) = _Tf)W [c2 +gc2(g-2K,,)] (1.9)
and
MsE(, )= & f)YZ[c§ +gC2(g+2K,,) (1.10)

n

1.1 Reviewing Some Existing Estimators Based on Two Auxiliary Variates

When the population means ()? L Z ) of auxiliary variates (x, z) respectively are known,
Singh (1967) suggested a ratio-cum-product estimator for Y of y as

t, = y(éj @j (1.11)
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The MSE of t; to the first degree of approximation is given by

vise(, )= L= vz [c2 +c2(-2K )+ Cc2+ 2K, )-2p,,C,C, | (1.12)
n

A generalized version of t; on the line of Srivastava (1967) due to Abu-Dayyeh et al
(2003) is given by

N [ 5\
ts =V(§J [;:j : (1.13)

where (e, a, ) are suitably chosen constants.

The MSE of t; to the first degree of approximation is given by
MSE(t, )= @_Tf)\?z[cﬁ + oy C2 oy — 2K )+ ,C2 ety + 2Ky, )— 20,0, p,,C, C, | (1.14)
The MSE(tg) at (1.14) is minimized for

(pyx _pxzpyz)cy

= = ayq(say)
( (1_pfz)cx)c (1.15)
o = pxzf_“p;jg ! = g (s2y)
Xz Z

Thus the resulting minimum MSE of t; is given by

min . MSE(t6)=@V2C§( —pl), (L16)

y.Xz

(piy +p§z - 2pxypyszz)
(1_/0)%2)

Kadilar and Cingi (2005) suggested another class of ratio-cum-product estimators based
on two auxiliary variables (x,z) for population mean Y as

t, = y(gal @TZ +b,,(X ~%)+b,,(Z -2) (1.18)

X z

where p;,, = (1.17)

where (e, ,a, ) are suitably chosen constants,

S S 1 n _ _
by, =Sig,byz :S—yzzz,syx =mi§1(yi -¥) (% —%),

The MSE of t, to the first degree of approximation is given by
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) SZ +(ayRy + By 2 +(asR, + By, ' S2
MSE(t; ) ==~ -2 (1R, + Byy) Sy =2 (sR, + B,,)S,, | (1.19)
+2 (ale + ﬂyx)(a2 Rz + :Byz) sz

Y_ Y_ S X S z
where R, =— R, ==, 4, =— and 3, = —= .
X X 2~ 7 yX Sf yz 822
The MSE(t, ) at (1.19) is minimized for
Sy * *
= pr = af (say)

R,S
XX (1.20)

a, = R g pa =ty (Say)

X~z

pxz(pyxpxz_pyz) % _pxz(pyszz_pyx).

where p, = and p; =
& (1_,0)%2) P2 (1_/))%2)
Thus the minimum MSE of t, is given by
min MSE(t, ) = @‘Tf)sg( ) (1.21)

Singh et al (2005) suggested a dual to ratio-cum-product estimator for population mean
Y as

ty = y(%} (72;] (1.22)

The MSE of tg to the first degree of approximation is given by
vise(, )= L= vz [c2 + gc2(g—2K,, )+ gC2(g + 2K, )-29%p,,C,C, | (1.23)
n

The generalized version of the estimator t;, due to Singh et al (2011) is given by

_ al = (12
tf?(%) (25} (1.24)

To the first degree of approximation, the MSE of t,is given by

MSE(t, ) = MW[C§ + &, 9C2 (g - 2Ky )+ a1, C2 g + 2K )

(1.25)
n

- 2,2,9°p,,C,C,

which is minimized for

_ (pyx _pxzpyZ)Cy
g(l_piz)cx

B (pyxpxz _pyZ)Cy

= ay; (say)

; = az(say)
g(l_pxz)cz (1.26)

Thus the resulting minimum MSE of t4 is given by
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min . MSE(t, ) = @_Tf)? 2C20- p2,, ). (1.27)

Assuming that the correlation coefficient p,, between x and z is known, Singh and
Tailor (2005) suggested a ratio-cum-product estimator for Y as

)? =
Lo=Y|— P E+ P | (1.28)
X+ pXZ Z + pXZ

To the first degree of approximation, the MSE of t,, is given by

MSE(t,, )= (1_n f )\72[03 +2,C2 (5, — 2K — 267 Ko )+ 27C2 (e + 2K, ) (1.29)

X . Z B C,
where e (X""pxz)’rl - (Z_+pxz) ond KZX _pXZ(CXJ'

Tailor et al (2012) envisaged a dual to Singh and Tailor (2005) estimator for Y as

. _[79 +psz(Z_+psz
n=Y| < -

X+ P J)\Zi + Py (1.30)
The MSE of t,; to the first degree of approximation is given by

(1— f)—2 Ci +7.9 C)%(Tlg _2ny _zrl*ngx)
MSE(t,, )= ~——~2Y . ol .
n +17, ng(rlg+2KyZ)

(1.31)

Vishwakarma et al (2014) developed a class of dual to ratio-cum-product estimators for
Y as

— 0!1 = a2
X Z
t12=V(—t+p“j (_ +p”} , (1.32)
Zi + Pyg

where (o, ,a, ) are suitably chosen constants.

The MSE of t;, to the first degree of approximation is given by

_f)_.|Cc2+ C? -2K,, —2a,7.gK
MSE(t12)= (1 f)YZ y alrlg x(alrlg yX 0‘22'19 zx) (1.33)
n +azrfgCZZ(azrfg +2Kyz)
which is minimized for
- C
6‘(1 _ (pyx pyzfxz) y — afg* (Say)
2-19(1_:0xz)cx
(1.34)
_ (pyxpxz _pyz)cy . a***(say)
- * - “20
21 g(l_piz)cz
Thus the resulting minimum MSE of t, is given by
min.MSE(t12)=@? 22— p2,,). (1.35)

Further Vishwakarma and Kumar (2015) suggested a class of estimators Y as
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_ b al — az
t3 =Yy P a? +h : (1.36)
aX +b az, +b
where a(=0)and b are either real numbers or functions of some known population
parameters

associated with auxiliary variables (x, z)and the study variable y such as coefficients of
variation (CyCX,CZ) and correlation coefficient (pyx,pyz,pxz)etc and (oy,a,) are

suitably chosen constants.
To the first degree of approximation, the MSE of t,; is given by

_£) | C2+ ¢, A9C2 |l Ag — 2K, — 2c1, A" gK
MSE(t13)=(1 f)YZ y 1 g x( 1 g yX 2 g zx) (1.37)
n +a, X' gC2 (e, g + 2K,
axX aZ
here 1 =-— and 1" = — .
W iaX +bi iaZ +bi
The MSE of the class of estimators t;; is minimized for
= (pyx _pyz;oxzk:y _ afg‘**(say)
Ag(l_pxz)cx
(p o )C (1.38)
o, = YX/~Xz yz y =a****(say)
? i*g(l_pfz)cz ?
Thus the resulting minimum MSE of t,; is given by
min.Mse(t13)=@v—2c5(1_ 2. (1.39)

Motivated by Singh (1967) and Bahl and Tuteja (1991), Singh et al (2009) suggested a
ratio-cum-product-type exponential estimator for Y as

X —X -7
t,=Vexp| = ex| — 1.40
14 =Y p(XJr)_(j p(Z+Z] ( )

The MSE of t,, to the first degree of approximation is given by

2 2
MSE(t,, )= @Y{Q +%X(1—4ny —2KZX)+CTZ(1+ 4Kyz):| (1.41)

A generalized version of the estimator t,; due to Singh et al (2009) is given by
_ o ()? - )_() a (Z — Z)
t)s = yexpd —~ exp { ———— 1.42
a9 ) gy -
where azand «, are suitably chosen constants.
To the first degree of approximation, the MSE of the class of estimators t,, is given by

2 2
MSE(tls)z(l_Tf)\?{Ci +%(a3 —4K )+ azfz (s +4Kyz)—%a3a4KZXCf} (1.43)

The MSE of the class of estimators t,; at (1.43) is minimized for
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2 (pyx _pxzpyz)cy

oy = = oy (say)
’ (l_pfz)cx »
(1.44)
_ 2 (pyxpxz _pyz)cy _
a, = 5 = ao(say)
(1_pxz)cz
Thus the resulting minimum MSE of t,5 is given by
min.MSE(t,s ) = (1_Tf)\7 22— p2,,). (1.45)

Yasmeen et al (2015) suggested the following classes of estimators for the population
mean Y as

e =Wy + (- w)y (%exp{%(z—})} (1.46)

where (o, 7, ) are generalized constants and (w,&)are optimization constants.

We should add here that the class of estimators t,4 is revisited by Adichwal et al (2015).
The biases and mean squared errors of the estimators t,; and t;; will be given later.

It is observed from (1.16), (1.21), (1.27), (1.35), (1.38) and (1.44) that the estimators
ts .17t tizand t; respectively defined in (1.13), (1.18), (1.24), (1.32), (1.36) and

(1.42) have common minimum MSE at their optimum conditions, that is,
min .MSE(t, ) = min .MSE(t, ) = min MSE(t, )

_ . 1.48
— min.MSE(t,, )= min MSE(t,5 ) = min MSE(t,; ) = (17”35(1- p2) (1.48)

Y. Xz
It can be easily seen from (1.2), (1.4), (1.6), (1.9), (1.10), (1.12), (1.23), (1.29), (1.37) and
(1.48) that the unbiased estimator t, = y,ratio estimator t, ,the product estimator t,, dual
to ratio estimator t,, dual to product estimator t,, ratio-cum-product estimator t;, dual to
ratio-cum-product estimator tg, Singh and Tailor’s (2005) ratio-cum-product estimator
t,o, Tailor et al’s (2012) estimators t;; and Singh et al’s (2009) estimator t;, are less
efficient than the estimators tg,t; ty,t;,,t;3 and t;s at their optimum conditions. The
quest in this paper is to obtain an estimator better than tg,t; ,tg,t;, ,t;;andt,;. So we have

made an effort to suggest a class of estimators based on two auxiliary variables (x,z)
which is more efficient than the estimators discussed here.

2.The Suggested class of estimators

Taking motivation from the estimators discussed in section-1, we propose the class of
estimators for Y as
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§l(a§+bj“1(cz+dja2(§xp aa (>‘<_—>T) o0 afc(_Z—Z_)
Tov axX +b cZ +d ( x) 2b c(z+Z)+2d 2.1)
52(a>‘<_t+bj"1(cz_t+dj"2 exp nia(it_—)f) exp nfc(zt_—z_)

ax +b cZ +d a(xt+X)+2b c(zt+Z)+2d

where (oy,0,,003,0,4 171,17, 115,17, ) are constants take real values, (a=o,b,c=0,d) are

either real numbers or the functions of the known parameters of the auxiliary variable
(xz),  such  as  standard variations (S,,S, ) coefficients of variation (C,,C,)

coefficient of skewness  (3,(x),3,(z)) , coefficients of kurtosis (/3,(x),5,(z)), and
correlation coefficients (pxy,pxz, pyz) etc. and (5,,5,) are suitably chosen constants

such that the MSE of T is minimum. We mention that for various values of parameters in
(2.1), one can get several estimators.
Expressing T in terms of e;(i = 0,1, 2), we can write (2.1) as

=)
S (L+7ie; ) (L4178 )"2 exp{%glrl [l " Tlelj }

2

T=Y(1+e, (22)

~—

-1
exlf’{%ezzr2 (Hfzzezj }+52(1—grle1)"1 (1-grze,)"

=) =)
expd = M737198; 1-9%8% exp] = 77437298, 1-9%8
2 2 2 2

ax cZ
where ] :m and 7, :(m.

Suppose |r,e,| <1, |r,8,] <1, |[g7iey| <1land |gz,e,| <1 so that (L+7,e )1 (1+7,6,)"2,

(1—g7e )L and (1-gr,e,)"2 are expandable. Expanding the right hand side of (2.2) to
first order of approximation, we obtain

1+e, + (2a1;a3)rlel + (2a2;a4)12e2 + (20[12+06‘°’)r1e0e1
5 +(20(22+0(4)r2e0e2 + (22 +a )4(20(2 +a4)r1r2ele2 +
+(20‘1+a3)(2al+a3_2)112e12 +(20‘2 +a4)(§a2 +ay _2) 2e22 (2.3)
(T-¥)=v
1+e0_(2771+773)grle1_(2772 H“)grzez—(2771+773)gr1e0e1
2 2 2
2n, + 2n, + 2n, +
5, _( 7722 774)gfzeoez+( U 773)4? 2 774)92112'26182 _1
N (2’71 +’73)(2’71 +773 _2)92112812 Jr(2772 +774)(2772 +17]4 _2)gzr§e22
8 8

Taking eipectation of both sides of (2.3), we get the bias of T to the first degree of
approximation as

B(T)=Y[5,A, + 5,A; —1] (2.4)
where
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A, =

A =

Squar_ing both sides of (2.3) and neglecting terms of €' shaving power greater than two

have

922

1+2e, + (2a, + a5 )ri8, + (2a, + a, )ry8, ]
+ 82 +2(2a, + a3)ri808, + 220, + @, )r,808,
1+674, (20, + a3) e, + a, )ryrie00, + (2, + as)(zal ta;-1) tlel (Tt
.\ (2, +a4)(§a2 +a, _1)r2ze§
1+2e, - (2771 +773)gflel - (2’72 +1, )gfzez
+ef - 2(2771 + 773)gT1eOel - 2(2772 Jr774)97'2"3092
5; + (2771 + 773)(2772 +774)g ‘rir,ee, + (2771 i 773)(2771 s _1) giriel [t
n (2772 +774)(§772 +1, _1)92122822
142, + [(20‘1 + as)_zg(zﬂl + ’73)] oy
2a, + -9(2n, +
+ [( = a4) 29( T2 774)] 7,6, +[(2al +0‘3)_ 9(2771 +773)]719091
""[(20‘2 +a4)— 9(2772 +1, )]Tzeoez +e;
[{(2“1 +0‘3)— 9(2771 +773)} {(20(2 + a4)— 9(2772 + ’74)}]
+ 7,.7,6,
26,6, 4 172616
1
{(2’71 + 773)(2771 +13 - 2)92 - 2(2051 + a3)(2771 + 773)9}
2 2 -2
. + (20, + a5 N 20, + a, 23 22
{(2772 +774)(2772 R/ _2)92 —2(2052 +0‘4)(2’72 +774)g}
2 2 -2
. + 20y +a, 2a, +a, 23 22
1+ey+ (2a1;a3)rlel + (2%; a“)rze2 +@qeoe1
-265, "'@Tzeoez + (20, + oy )4(20[2 - a“)rlrzelez
. (20:1 +a3)(28a1 +a; _2)112912 . (20{2 +a4)(28a2 +a, —Z)Tzzeg
2n, + 2n, + 2n, +
l+e, _( 7712 773)91181 _( 7722 774)91262 _( ’712 Us)grleoel
25,0 (27722+774)%eoe2 . (o, +773)4(2772 ) g2y ee) 2.7)
n (2771 +773)(2771 +173 —2)92T12e12 . (2772 +774)(2772 + 14 —2) g2r2e?
8 8

4(26{1 + a3 )TlpxnyCy +4(20€2 + Oy )TZPyZCyCz

1+% + 2(20[1 +a, )(2a2 +a, )TlrszZCXCZ
+(20¢l +aq )(2051 +ag —2)1fo +(20¢2 +a, )(2a2 +a, - 2)1ng
2(2771 + 773) (2772 + 4 )gzrlfszzcxcz _4(2771 + 3 )gflpxnyCy
1—
1+ (— - 4(2772 +174 )g szyzcycz + (2771 + 773) (2771 +713 — 2)9 Zrlch

+(2m, +m,) (20, + 174 —2)9%25C?
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Taking expectation of both sides (2.7) we get the MSE of T to the first degree of
approximation as

MSE(T) =V 2[L+ 52 A, + 52A, +25,85,A; — 25,A, — 25, A | (2.8)
i (2a1+a3)(2a1+a3 —1) ]
2

A= 1+(1_ f) +(2a2+a4)(§a2+a4—1)T22022 (2.9)
n

+2(2ay + a3)r,0,,C,C, + 2(2a, + a4 )r,0,,C,C,
+ (20‘1 + 0‘3) (20‘2 tay, )Tlfszzcxcz

2 22
Cy + 7;C,

( f) C§ _2(2771 +U3)ngprCXCy _2(2772 +774)gz-2pyzcycz
1-—
A =1+ N +(2771 +773)(2772 +14 )nglfszzcxcz (2.10)

L (2 +f73)(§771 +175-1) 022G + (217, +f74)(§772 +1, 1) gric?

C + [(20{1 + 063) g(2771 +13 )]TlpxnyCy

+[(2a; +ay)-9(27, + 1. )r2p,.C,C, (2.11)
A =|1+ (1; f) [{(20‘1 +a3)-9(2n, + 75 )}4{(2052 +ay)-9(2n, +1,))] 7,7,,C,C,

_(2771 + 773)(2771 +173 — 2)92 - 2(20‘1 + 0‘3)(2771 +773 )g}
2 2 -2
_+( 0‘1*‘“3)( a; +o3 g z_lzcz
_(2772 +774)(2772 +74 - 2)92 - 2(20‘2 +0‘4)(2772 +7, )g}
c2

. |+ (20{2 +a4)(2a2 +a, - 2)

L 8
and A, and A, are respectively defined in (2.8) and (2.9).

Differentiating MSE(T) at (2.8) partially with respect to &,and s, and equating them to
zero we get

1) A
~ vl
A A o] A
Solving (2.12) we get the optimum values of ¢,and J,as

51 — (A2A4 A3A5) 510 (
(A A, - AZ)

say)

(2.13)
_AAAA) )
(A, - A7)
Thus the resulting minimum MSE of the class of estimatorsT is given by
2 2
min MSE(T ) = ¥ 2 1—(A2A4 28 A + AK) (2.14)

(An, - AZ)
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Now we established the following theorem.

Theorem 2.1- To the first degree of approximation,
2 2

(Ah, - AZ)
with equality holding if
6, =0y,
and 9, =0y, .

Special Cases:

Case-1-Putting (al Qy,04,0,,a,0,c,d,1m,,17,,15 ,774): (0,0,0,0,1,01,01,0,0,774)and
(6,,8,)=(w;,w, )we get a class of estimators for Y as

T, =wy+w, (%) exp{%_z_z)} (2.15)
where (Wl,WZ) are suitably chosen constants such that MSE of (2.15) is minimum.
Putting (e ,@,,a5,04,a,0,¢,d,7,,17,,775,77,) = (00,001010100,77, )in (2.4) and (2.8)
we get the bias and MSE of T respectively as

B(T,) =Y [wy Ayg) +W, Agy —1] (2.16)
MSE(Tl) =Y_2 [1+ W12 Al(l) + W22 Az(l) + 2W1W2 As(l) — 2W1 A4(1) — 2W2 As(l) ], (2.17)
where
1-f
Ay = {1+ ( 0 )Cz} ,

(1_ f) C§ _4g71pxnyCy _2774gT210yszCz
774(775 _1)92722C22

n + 2774927172/0szsz + 9271205 +

C§ - 2gz—lpxycxcy - g77472pyszCz

-1 ,
n + gz[%jrerpszsz + 774(7784 )92722C22

(1_ f) 927747172,0szsz _zgz—lpxycxcy
-1
774(772 )92722022

2n - gUAszyszCz +

The MSE(T,) at (2.17) is minimum when
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(Ao = AgAsy)

W, = =W (Say)
U A - A (2.18)
W, = (Al(l)AS() ()) = Wyq (SaY)

(A Aoy — Aday)

Thus the resulting minimum MSE of T, is given by

—2A50) As) + A A )}
(Ai(l) Aoy — Aez(l))

Thus we state the following theorem.

I (a
min .MSE(T,)=Y 2{1—( 20) (2.19)

Theorem- 2.2 — To the first degree of approximation,
~2AqmAs0 + Ay )}
(Al(l) Aay — Ad) )

(A
MSE(T,)> Y 2{1—( 2

with equality holding if

Wy =Wy

W, = W,y .

For w, =w and w, = (1—W) in (2.15) the class of estimators T,at (2.15) reduces to the
estimator t;g =Ty at (1.46) due to Yasmeen et al (2015). Putting w, =w and

W, = (1—w) in (2.16) and (2.17) respectively we get the bias and MSET, as

B(Ty) =¥ - w) (A -1) (2.20)

MSE(Tl(l)) 72 {H Aoy — 2A50) (Al(l) + Aon) = 2R )}

—2w (Az(l) Agp) +1- AS(l))
The MSE(T, )is minimized for
" (Ag) = Ag) +1— Agy))
(Al( + Agr) —2Aq4 )

Thus the resulting minimum MSE of the class of estimators T,)is given by

(Az()—As +1-Agy )2
(A + Aoy — 2 )

(2.21)

=w, (say)(2.22)

min MSE(Ty )=V [1+A2 ~2Ag) - }(2.23)

from (2.19) and (2.23) we have
72 [Al(l)(AZ(l) - As(l))+(A3( - )+ Asa (As 1))]2 (2.24)
(A1(1)+Az(1)—2A3())(A1( + Agyy — 28

min MSE (T, )~ min MSE(T, ) =

which is positive.
It follows that the proposed class of estimators T, is more efficient than the class of
estimators T,y =t,¢ due to Yasmeen et al (2015).
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Case-l1-For (al,az a3,0,,a,b,c,d,1,,17,,75 ,774): (—al 00-c,1010,n, ,0,0,774)
in (2.1), the proposed class of estimators T reduces to the class of estimators T, as

N1 . - i . 5
T, = 7[51)7 (éj exp{cuz(i ZZ)}JF 5, [%) exp{%‘z(thZZT)}] (2.25)

Putting (al,az,a3,a4,a,b,C,d,771,7]2,773,774)=(—051,0,0,—054 ,1,0,1,0,771,0,0,774) in (2.4)
and (2.8) we get the bias and MSE of the subclass of estimators T,to the first degree of
approximation respectively as

B(T,) =Y [6,Az) + 6, Az 1] (2.26)
MSE(T, ) =V 2[L+ 62 Ayz) + 67 Agia) + 26,8, Agiz) — 26, Az — 25, Asia)| (2.27)
where

a, (a4 + 1)

A 1+(1_f) Cl+ay(20y +1)C2 +
1(2) —n

C? -4a,p,,C,C,
- 20!4pyszCz + 2a1a4pszsz

(1_ f) C§ _47719pxnyCy _2774gpyszCz

n _277177492:0szsz +771(2771 _l)g

ch n ’74(774 _1)92C22
2
Ci - 2(0(1 + gﬂl)nyCny _(a4 + 097, )pyszCz

1+ (1_n f) n (0‘1 + 9771)2(0‘4 + 9774)10)(2(3)(CZ T {(7719 +0‘1)2 ; (77192 _al)}Cf

n {(7749 +0‘4)2 -2 (77492 _054)}(:2
8 z

A 14+ (1— f) 4'Otlpxzcxz _8a1pyzcycz _4a4pyszCz
) 8N |+ dary (o, +1)C2 + ety ez, +2)C? |

Aoy | 1+ (1- f){4771774g2 £2CxC, ~ 8195, C,C, 4774gpyZCyCZ}
2 a T an .
L én +4771(771 _1)92C5 +1, (774 _Z)QZCZZ

The MSE(T,) at (2.27) is minimized for
(Poz)Auz) — Aoy As(2))

- =i (sa)
o ApAg M) o)
B (A:L(l)AS(Z) - As(z)A4(2)) e
2 = > =05 (Say)
(Al(Z)AZ(Z) - Aa(z) )

Thus the resulting minimum MSE(T, ) is given by
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Ao2)Ai2) — 2R3 Au) Ps(a) + Ai(z)Asz(Z))}
(Al(Z)AZ(Z) - Asz(z))

Thus we established the following theorem.

min MSE(T,)=Y {1 ( (2.29)

Theorem 2.3- To the first degree of approximation,
~ 24 A i) + P A )}
W@%@—%M

MSE(T2)>\7{1— (A

with equality holding if

51 = 51*0’

and &, =5y -

For 6, =6 and &, =(1—5)in (2.25), the class of estimators T,reduces to the class of
estimators T,q) =t;, defined at (1.47) due to Yasmeen et al (2015). Putting 6, =6 and

o, :(1—5)in (2.26) and (2.27) we get the bias and MSE of the class of estimators
Toa) =17 to the first degree of approximation, respectively as

B(TZ(l) =t17):\7[5 (A A t) )+ As(2) — ] (2.30)
MSE (T =t )=V {“ Aoy =25+ 8% (g + Ay =2y )} (2.31)
~20 (Az(z) = Ag) + Ay — A5(2))
The MSE(TZ(l) = t17) at (2.31) is minimized for
(Aatz) = Asia) + Aae) — Asiz))
(Al(Z)AZ(Z) - 2A3(2) )

Thus the resulting minimum MSE of T, =t,; is given by

(o) = Py + Ay = Ay f
(Al(z) + Ag(p) — 2A3(2))

o=

=35, (say) (2.32)

min MSE (T, =t;; )= Y {1+ Po2) — 2A4(5) ] (2.33)

From (2.29) and (2.33) we have
Vz{Al(z)(Azm — o))+ Auz)(Aagz) - Az(zﬂ}2
+ Ay (A~ Agy)

min.MSE(Tz(l) =t17)_min'MSE(T2): (A1( )+ Ao —2Ay, )(A1 + Ag(z) ~ Ag(z))

(2.34)

which is positive.
It follows from (2.34) that the proposed class of estimators T, is more efficient than the
class of estimators T,;) =t;; due to Yasmeen et al (2015).

Case- Ill1- We consider the case when sum of the weights J,and o,is unity
(ie.5,+5, =1). Putting 5, = (1—4,) in (2.1) we get a class of estimators for Y as
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5 (a>‘<+bj“l£cz+d jaz o aza (x-X) o ac(z-2)
|t laX+b) (cZ+d P a(X + %)+ 2b P c(z+Z)+2d
y . ~ o o
+(1_5l)(a)_(_t+bj71 (cz_t+dj’72 exp nia (xt_— X) exp 77_40 (ZL—Z) (2.35)
aX +b cZ +d a(xt+X)+2b c(zt+Z)+2d
Putting &, = (1—&,)in (2.4) and (2.8) we get the bias and MSE of the class of estimators
T, to the first degree of approximation respectively as
B(T3)=Y[5(A, - A)+ A 1] (2.36)
MSE(T,) =Y 2fL+ Ay —2A; +S2(A + Ay —2A)—26,(A, — Ay + A, — A)|(2:37)
The MSE(T,) at (2.37) is minimized for
A, — A -
1:( 2 A3+ 4 AS)(238)
(A +A, —2A;)

Thus the resulting minimum MSE of the class of estimators T, is given by

N

N

2
min.MSE(T;)=Y 2|1+ A, — 2A, — (AZ(/;T; A42_A3A)5) (2.39)
-

From (2.8) and (2.39) we have
min.MSE(T; ) - min MSE(T ) = Y 2 (AR = A5 )+ Ay (A = Ag)+ A3(A25 A 2.40)
(A +A, _2A3)(A1A2 —A3)

which is positive.
Thus the T -class of estimators is more efficient than the T, -class of estimators.

Case- IV-If we set 5, =0, in (2.1) we get a Searls (1964), Singh et al (1973) and Searls
and Intarapanich(1990) -type class of estimators for Y as

o (ax+b\1(cz+d "2 aza (X - X a,clz-2
Te=Yor (a)?+bj (cf+d} exp{ab%f)_(h ZL}EXp{C i2+(Z_i+ 2)(1}(2'41)
Inserting &, =0in (2.4) and (2.8) we get the bias and MSE of the suggested class of
estimators T as
B(T,)=Y(5,A, 1) (2.42)
MSE(T,) =Y 2Ji+52A, —25,A, | (2.43)
The MSE(T,) at (2.43) is minimum when

A -
5 =2 =0y, (say) (2.44)
A
Thus the resulting minimum MSE of T, is given by
2
min.MSE(T,)=Y 2[1—%] (2.45)
Thus we state the following theorem.

Theorem 2.4- To the first degree of approximation,
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MSE(T4)2\72[1—A—§J
A

with equality holding if
6, =0y -
From (2.14) and (2.45) we have

v 2 2
min .MSE(T, )— min MSE(T ) = Vi (AA A3/§4) (2.46)
AlAA, -2
which is positive.
Thus the proposed T- class of estimators is more efficient than T,-class of estimators.

Case- V- If we set &, =0in (2.1) we get a class of estimators for the population mean Y
as

_(ax, +b\"(cz, +d\"2 a(x, —X clz,-Z
Ts =02y (a)?t+b] (cz_t+dj exp{ani_(t J(r ;?i+2)b}eXp{cni;t JE%H Z)d} (2.47)
Putting 0, =0in (2.4) and (2.8) we get the bias and MSE of estimators T; to the first
degree of approximation respectively as
B(Ts )=V (5,A; —1)(2.48)
MSE(T, ) =Y 2[L+ 62 A, — 25, A, |(2.49)
The MSE(T;) at (2.49) is minimum when

5, = % =5, (say) (2.50)
2
Thus the resulting minimum MSE of estimators T; is given by

7ol A
min.MSE(T; )=Y 2 -+ (2.51)
2
Now we state the following theorem.

Theorem 2.5 — To the first degree of approximation,

2
MSE(T;)> \72[1—5]
A2
with equality holding if
5, =0 .
From (2.8) and (2.51) we have

. . Y2 (AA, - ?
min.MSE(T; ) — min MSE(T ) = (A ASA;) (2.52)
Az (AlAz - A3 )
which is positive.
It follows from (2.52) that the proposed T- class of estimators is more efficient than T;-
class of estimators.
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3. Empirical Study

To illustrate our general results we have computed the percent relative efficiencies
(PREs) of different estimators of population mean Y with respect to usual unbiased
estimator y for two natural populations data sets earlier considered by Yasmeen et al
(2015).

Population — I- Source : Anderson (1958).

y : Head length of second son.

x : Head length of first son.

z : Head breathe of first son.

The required parameters of the population are:

Y =183.84, C, =0.0546, p,, =0.7108, N =25.

X =185.72, C, =0.0526, p,, =0.6932, n=5.
Z =151.122, C, =0.0488, p,, =0.7346.

Population — 11- Source :Cochran (1977).
y : Number of “placebo” children.

X : Number of paralytic polio cases in the “not inoculated” group.
z . Number of paralytic polio cases in the placebo group.
The required parameters of the population are:

Y =492, C,=10123, p,, =0.6430, N =34,
X =259, C,=10720, p,=07326, n=5.

Z=291, C,=12319, p,, =0.6837.

We have computed the percent relative efficiencies (PREs) of different estimators of
population mean Y with respect to the sample mean y by using the formulae:

_ cy
V)= *100, 3.1
S e T oD
_ cy
_ %100, 3.2
PRE(t,,¥) _C§+C§(1+2KVZ)J 100 (3.2)
2
PRE(t;,y)= < *100, (3.3)
C;y+9Cilo-2K,, )
2
PRE(t,,Y)= < %100, (3.4)
i +acilorak,,)
PRE(ts, V)= Cy %100 (3.5)
Y= c2+ 212K, )+ C2 (142K, )-2p,CiC, | T '
PRE(t;,7)=(1- p2,, ) *100, (3.6)

j=679121315.
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2

PREs.3)= ez gc2(g-2k,)+g c(::zy FEETETEr s G0

2
PRE(to.7)- c2+7,C2(r 2K, —;}KZX )+ rrc2(er +2Kyz)]*100’ (38)

2

PRE(tll'y): C)% * Z'19C>% (Tlg —2K _Zzngzx )+ 719 sz(z'l*g +2Ky, )]*100’ ¢9

2
PRE(ts.7)= c2+(c2/4)l-4k,, _CzszX )+(c2/a)a+ak,, )]*100 (3.10)

Findings are shown in Table 3.1 .

Table 3.1- Percent relative efficiencies (PRES) of different estimators of population mean
Y with respect to the usual unbiased estimator y

PRE(.,Y)
Estimator Population

| I
y 100.00 100.00
t, 179.0334 131.6532
t, 32.9169 23.4536
ty 139.7383 125.2287
t, 73.5452 73.9960
ty 75.1044 44.2232
t' ]
J_'_ 67912 1315 231.9047 235.0896
tg 102.1717 90.9437
t, 79.5458 52.0964
t,, 100.4145 92.6497
t, 95.2136 70.3928

We have computed the PREs of the proposed class of estimators T with respect to the
usual unbiased estimator y by using the formula:

PRE(T,y)= - n —~=*100 (3.11)
1 (A2A4 —2AA A + AAS )
(A, - A7)
for different values of the constants (al,az VO3, 0y, 111,105 1] ,774ya,b,c,d).
Findings are shown in Table 3.2.
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Table- 3.2- PREs of the proposed class of estimators T with respect to y

S Values of constant PRE(T : Y/)

NO-\ oy | @, | @3 | @y | T (M | T3 | Ty | @ | b c | d | populatlon“

11 25 |2 2 1 1 2 2 1 15 |1 2 2272.2860 | 254.0740
2 |0751225|0 0 07535 [ 025|125 | 175|225 | 175 | 1.75 | 309.3122 | 247.1698
3 |05 |15 |15 |15 (15 |15 |15 |15 (15 |15 |15 |15 |419.9894 | 242.7776
4 |1025(125]|2 0253 2 05 |25 |05 |05 |1.25| 125 426.0669 | 300.4216
5 | 1252 12511250 3 225|125 |4 025 |4 4.5 | 5152957 | 822.2755
6 |0 3 25 |1 15 |15 |15 |1 15 |25 (25 |1 677.0071 | 311.6904

Table 3.1 depicts that the PRE of the estimator t;, j=6,7,9,12,13,15 with respect to y is

the

estimator t

largest i.e. 231.5017% (in population 1) and 235.0896% (in population I1). So the

i, J=6,79121315; is the best among the estimators

Y.ty t ts,t s tg by 1y, and ty, given in Table 3.1. Entries in Table 3.2 exhibit that the
PREs of the proposed class of estimators T with respect to y are larger than that of the

estimator t

j» J=6,7,9121315; for the selected values of the scalars

(o), cp 03,04 171,175 ,13,174 ,@,0,¢,d) for both the population data sets. Findings of the
Tables 3.1 and 3.2 clearly indicate that the gain in efficiency by using the proposed class
of estimators T over other existing estimators is substantial. So we infer that there is
enough scope of selecting the values of scalars (a;,@,,a3,04,7,,772,175,774,a,0,¢,d)
involved in the proposed class of estimators T for obtaining the estimators more efficient
than those considered the Table 3.1. thus our recommendation is in the favor of the
suggested class of estimators T.
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