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Abstract

We have proposed a new multivariate Weibull distribution as a compound distribution of univariate
Weibull distributions. We have studied some properties of the proposed distribution. The multivariate
distribution of records for proposed distribution has aso been studied. Estimation of the parameters
has been done alongside application to the real data set.

Keywords. Moments of residua life, Goodness-of-fit, Order Statistics, Maximum
Likelihood Estimation.

Introduction

Weibull distribution, introduced by Weibull (1951), has been a popular model for
modelling the lifetime data. The density and distribution function of Weibull distribution
can be presented in various ways, see for example Johnson et al. (1995). A relatively
simple form of the density function is

f(xa,b)=abx’*exp(-ax’); xa,b >0. (1)

The distribution function corresponding to (1) is
F(xa,b)=1-exp(-ax’}); xa,b >0. )

Since its emergence the distribution has attracted so many scholars. Various authors have
used the distribution to mode lifetime data and in developing new distributions.
Madholkar and Srivastava (1993) have introduced the exponentiated Weibull distribution
as an extension of Weibull distribution. Famoye et al. (2005) have used the Weibull
distribution in context of Beta-G distribution of Eugene et a. (2002) to propose the Beta-
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Weibull distribution. Cordeiro et a. (2010) have proposed the Kumaraswamy-Weibull
distribution as an aternative to Weibull distribution with much wider applicability.

Chandler (1952) introduced record statistics as a model for ordered random variables.
The records are defined in a sequence of independent and identically distributed random
variables as under.

Suppose a sequence of independently and identically distributed random variables
X1, X,,..., X, is available with same distribution function F (). Suppose further that

Y, =max{ X, X,,..., X} for n>1, then X, is an Upper Record Value of the sequence
{X,,n>1}if Y, >Y,_,. From this definition it is clear that X, is an upper record value.

We also associate the indices to each record value with which they occur. These indices
are called the record time {U (n),n> 0} where

U (n)=min{j|j>U(n=1),X; > Xy, .n>1}.

U(n-1) ’
We can readily see that U (1) =1. The upper record vaues are denoted by X (n). The
density function of nth upper record statistics is given by Chandler (1952) as

RO 1095 <x<en ®

The joint density function of mth and nth upper recordsis given by Chandler (1952) as

X(n)(xl’XZ) W [R ]

<[ROG)=ROQ) ™ 5 =< < <o0 (4)
where R(x)=—In{1-F(x)} and r(x)=R'(x) = f (x)/{1-F (x)} .

Record statistics has been studied by several authors for various probability distributions.
Ahsanullah (1992) has provided general results for distribution of records for continuous
probability distributions. A comprehensive review of record statistics can be found in
Ahsanullah (1995) and Nevzorov (2001). Often we have a sample from some bivariate
distribution and the sample is arranged with respect to one of the variable. The
automatically shuffled other variable is called concomitant of ordered variable. The
concomitant of records appear when the bivariate sample is arranged with respect to
records. The density function of nth concomitant of record is given by Ahsanullah (1995)
as

f[Y(n)] (y) = J.: f (y | X) 1:X(n) (X) dx (5)
where f, . (X) is defined in (3). The joint distribution of two concomitants of record
valuesis given by Ahsanullah (1995) as

frvimi) (o ¥2) = [ J, F 016 T (%21 fmn (0 ) X ()
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where f, .« (%.%) is given in (4). Distribution of concomitants of records for

various distributions has been studied by many authors. Shahbaz et al. (2011) have
studied concomitants of record statistics for anew bivariate Weibull distribution.

The distribution of concomitants has been extended to bivariate case by Shahbaz et .
(2012). The density function of nth bivariate record statisticsis given as

fv(n.z(o] (y.2)= LO f(y zx) fy (X)X, 0
where f(y,z|x) is the conditional distribution of Y and Z given X = x. Shahbaz et 4.

(2014) and Shahbaz et a. (2012) have studied bivariate concomitants of records for
trivariate Weibull and trivariate Inverse Weibull distribution.

Recently Arnold et a. (2009) have introduced ordering of vectors by using the
distribution of concomitants. The distribution of multivariate concomitants is given by
Arnold et al. (2009) as

f[y(n)] (y) = J‘fw f (y | X) fx(n) (X) dx (8)
where f (y |x) isthe conditional distribution of vector y given Xand f, , (x) is defined
in(3).

In this paper we have proposed a new multivariate Weibull distribution and have studied
its properties. The new multivariate distribution is proposed in section 2 with some
graphical study. In section 3 some common properties of the proposed distribution has

been studied. Multivariate concomitants of the distribution has been studied in section 4.
Application of proposed distribution is given in section 5.

The New Multivariate Weibull Distribution

Shahbaz et a. (2012) has proposed a trivariate Weibull distribution by using
compounding of distributions. The density function of proposed trivariate Weibull
distribution is

f(x2,2)=hbb,bf, (X)f,(xz)x> 2"z
xexp[—{xbwrfl(x)zfl+f2(x,zi)z§3}]
f.(x)>0;f,(x2)>0;x12,2,b,,b,,b, >0, (9)
where f | (x) issome function of Xand f,(x,z) issome function of X and Z;. Shahbaz et

al. (2012) have used f,(x)=x> and f,(x,z)=x"z* to propose following specific
density function

f(X,2,2,)=bb,bx 1z z* exp[—xbl {1+ 2+ 7> 223}] (10)

with x,z,z,,b,,b,,b,>0. Using the idea given by Shahbaz et a. (2012), we have
proposed the multivariate Weibull distribution in the following.
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Suppose X has a Weibull distribution with density function
f(xb)=bx""exp(-x"); x,b >0. (12)

We write X has W(1,b). Now suppose that Y, |x has W(f,(x).a,), Y,|(x y,)has
W(f,(xy).a,), Yl(x¥.Y,) has W(f,(xy,y,).a;) and so on, such that

Y, (% Vi Yoo er Vs ) hasW(f o (%, yl,yz,...yp_l),ap) with densities
f(Y1|X):alfl(x)yfl_leXp{_fl(x)Yfl}
f(yz | X, yl):a2f2(x7 Y1)yg2_leXp{_f2(X’ yl)ygz}

F(Ys 1% ¥ Yo) =2 5 (% Yo ¥o) Yoo exp{F 5 (X, Yo ¥, ) ¥3° )
and

f(yp | X, yl,...yp_l)zapfp(x,yl,...,yp_l)y§3‘1exp{—fp(x,yl,...,yp_l)yzp},
wherea, >0 and f, (x,.)>0;i=12,..., p. For simplicity we use

f(yIxy,)=af (xy_)exp{-f (xy)y}:ii=12..,p,
where f,(X,y,)=f,(X).f,(xYy,)=f,(x¥.).f5(xy,)=f;(X y.,y,) and so on. Now the

density function of ( p+1)—variate distribution is

fxy_f XH_l y||Xy|l

where y =[y1 Y, e yp]. Using above densities, the density function of (p+1)-
variate Weibull distribution is
f(xy)=bx""exp(—x" )< [ 1" af (xy_.)exp{-F (xy_) v}, (12)

where x,y, > 0. The distribution (12) can be studied for various choices of f,(x,y; ). In
this paper we have studied the distribution (12) for following choices of f, (x,y, ;)

fo (%)= X", (% ¥0) = Xy f o (X v, Y2 ) = X7 ¥t y57 and

fp(x, yl,...,ypfl):x Vi ---ypff. Using these in (12), the density function of (p+1)-
variate Weibull distribution is

f(xy)=bx"* exp(—xb )><alxb yat exp(—xb yfl)
xa, X Vi yarexp( =X it YET ) xag X it yee et exp(—xb VY5t ¥s® )X s
(A )
or

f(xy)=b (Hip:lai )X X(p+1)b—1x(l—[ip:1 yi(p+l—i)ai—1)
><ex|0[—xb (1+ zip:lHij:l y)' )] (13)

78 Pak j.stat.oper.res. Vol. X1V No.12018 pp75-88



A New Multivariate Weibull Distribution

with x>0 and y > 0. Thejoint marginal distribution of y isreadily obtained as

f (y) - J: f (X,y)dxz j: b (Hipzlai )x )((l3+1)ka—1x(1—[ir’=1 yi(P+1—i)a,—l)
><><exp[—xb (1+ ZLH‘H Y )} dx

which after simplification becomes

F( D (Hiplai )(Hiplyi(pﬂ—i)ai—l)

f(y)= ;y>0,a, >0. (14)

p+1
(1+Z| 1Hj =17] )
The marginal distribution of ith component of y is
S rf () by,

N S ol 0160 iy

a, p+1
( Z| lH j=1 I )
which after simplification become

dyl T dyi —ldyi +1dyp

VL
fyiza" > Y., >0. (15)
Sy

Thejoint marginal distribution of any pair (y. yk) isgiven as

e A 8 A A A R (L AL

[ rp (Hi=1ai)(Hilm("*l‘i’ai-l)
0 0 Jo 0 Jo 0 (1+zip_1Hijly?j)p+l
xdly, -~ dy,_ydy; -~ Ay, Yy -y,

which after simplification becomes
ZaiakYizaiily:kil

(e 4y )

We now obtain the entries of mean vector and covariance matrix of y asunder.

f(yi’yk): 3 Y Yi.@,a, >0. (16)

The gth moment of Y; is

E(Yiq)=ffyi“f(yi)dyi=ffyi“(117)z |

:ﬂr[ﬂjr(l_ﬂj ;a; > q.
a; \q; q;

Using q = 1, theith entry of mean vector of Y; is

E(\ﬁ):if(i}"[l—ij a, >1. (17)

a, \a, :
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Further, using q = 2, we have

E(Yf):i 2lp[1-2 ra, > 2. (18)
a. a. a.

The variance can be easily obtained from (17) and (18). Further

o Eo o poo Zaia inai—lyak—l
ECYY) =0 [ vyt (v v avdy =[] v ™ y: +fiykik)

5 dydy,,

which after simplification becomes
E(Yi\(k)=r(1—ijr(1+ijr[1+i—ij;ai >1,a, >1 (19)
ai ak a'i ak
The covariance can be obtained from (17) and (19). Following table contains means,
variances, covariances and correlations between Y; and Yk for selected values of a; and
a,.. From the table we can see that that the means, variances, covariances and correl ations
decrease with increasein a; and a,.

Further, the joint conditional distribution of y given X = x is obtained from (11) and (13)
andisgiven as

1= 117 e o [T 1)
xexp[—xb (1+ Ziilnijzly? )} (20)

The conditional moments of order g for distribution (20) are given as

E(qu | x) = xqp/all“(l+ ij (21)
a
and E(Y2q |x) =£F(ﬂ}“(l—i} ra,>0;i=23...,p. (22)
a; & a

The conditional means and conditiona variances can be computed from (21) and (22).
Further, the joint conditional moments for distribution (20) are

E(Y,Y, |X) =ixb/a1r(1+i—iJr{ij
a, a, a, a,

E(VY, |X)= ix—b/alr[ijr(ijr(l— i}
aa; a, a; a,

E(YY, |x):1“[1—i]r£l+ijr(l+i—ij fi>1, k>3
a, a, a, a,

The conditional mean vector and covariance matrix can be computed for specific values
of a;, a,, b andx.

We now obtain the distribution of multivariate concomitants for the new multivariate
Weibull distribution.
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Tablel: Means, Variances and Covariance

0f Ok Myvi Myi 0\2(i 0$ Ovy, Py,
3.0 30 | 1.209 1.209 0.956 0.956 -0.253 -0.265
3.0 3.5 1.209 1.148 0.956 0.523 -0.201 -0.284
3.0 4.0 1.209 1111 0.956 0.337 -0.167 -0.294
3.0 4.5 1.209 1.086 0.956 0.238 -0.143 -0.300
3.0 50 | 1.209 1.069 0.956 0.179 -0.125 -0.304
3.5 30 | 1.148 1.209 0.523 0.956 -0.215 -0.304
3.5 3.5 1.148 1.148 0.523 0.523 -0.170 -0.325
3.5 4.0 1.148 1111 0.523 0.337 -0.141 -0.336
3.5 4.5 1.148 1.086 0.523 0.238 -0.121 -0.342
3.5 50 | 1.148 1.069 0.523 0.179 -0.106 -0.346
4.0 3.0 1111 1.209 0.337 0.956 -0.188 -0.331
4.0 3.5 1111 1.148 0.337 0.523 -0.148 -0.353
4.0 4.0 1111 1111 0.337 0.337 -0.123 -0.365
4.0 4.5 1111 1.086 0.337 0.238 -0.105 -0.371
4.0 50 | 1111 1.069 0.337 0.179 -0.092 -0.375
4.5 3.0 1.086 1.209 0.238 0.956 -0.168 -0.352
4.5 35 | 1.086 1.148 0.238 0.523 -0.132 -0.375
4.5 4.0 1.086 1111 0.238 0.337 -0.109 -0.386
4.5 4.5 1.086 1.086 0.238 0.238 -0.094 -0.393
4.5 50 | 1.086 1.069 0.238 0.179 -0.082 -0.396
5.0 3.0 | 1.069 1.209 0.179 0.956 -0.152 -0.368
5.0 3.5 1.069 1.148 0.179 0.523 -0.120 -0.391
5.0 4.0 1.069 1111 0.179 0.337 -0.099 -0.403
5.0 4.5 | 1.069 1.086 0.179 0.238 -0.084 -0.409
5.0 5.0 1.069 1.069 0.179 0.179 -0.074 -0.413

Distribution of Multivariate Concomitants

The concomitants of record vaues have been studied by severa authors. Shahbaz et .
(2012) have studied the bivariate concomitants of record values for a trivariate Weibull
distribution. Arnold et a. (2009) have provided the distribution of multivariate
concomitants of record valueswhichisgivenin (8) as

Ty (¥) =,[: FY %) finy (X) 0%
where

We now obtain the distribution of multivariate concomitants for the new multivariate
Weibull distribution given in previous section. The density function of new multivariate
Weibull distribution is given in (13). The marginal distribution of X is given in (11) and

Pak j.stat.oper.res. Vol.XIV No.12018 pp75-88 8l
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the conditional distribution of y given x is given in (20). Now for distribution (11) we
have

F(x):l—exp(—xb) x>0,
S0

R(x)=-In[1-F(x)]=x",
and

fm (%) =Fn)x”b‘1exp(—xb ). (23)

Now using (20) and (23) in (8), the distribution of multivariate concomitant of order
statistics for new multivariate Weibull distribution is obtained as under

b

f[y(n)] (y) = mI:(Hirilai )x x(Prb-t (Hip:1 yi( p+l—i)ai—1)
XeXIO[—xID (1+ Zip:lHijzl)/?’ ﬂ dx

or
b

f[y(n)] (y)= W(Hip:lai )(Hip=1yi( p+l—i)ai—1)I: (PHb-1 exp[—xb (1+ Zip:ll—[ij:l y";‘i )} dx
which after simplification becomes
([
f[y(n)](y):r(l’H p) (H|_1 )(H =1 ) Ly >0. (24)

SSRGS 3 § VIR0

The margina distribution of ith concomitant is readily written from (24) as
-1
(o)

v (%)=

Thejoint marginal distribution of two concomitants is obtained from (24) as
n(n+l)aa, 2 tytt
f[v,(n),vk(n)] (yifyk): ( Jaid, niz VY Y >0. (25)
(1+ YA+ YRR )

The gth moment of ith concomitant is readily obtained from (24) as

q \__1 ! q|. q
E(\q(n))_mr[u;]r[n—a—_j 2> (26)

The mean and variance can be easily obtained from (26). Further, the product moment
between ith and kth concomitant is

E(Yi(n)Yk(n)) =ﬁr[n—a—1)r[1+i}[l+ai_—ij ' @)
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The covariance con be computed by using (26) and (27). The mean, variance, covariance
and correlation coefficient can be computed for various choices of n, a; and a, .

Estimation

In this section we have discussed maximum likelihood estimation for parameters of new
multivariate Weibull distribution. For this consider the density function of new
multivariate Weibull distribution givenin (13) as

f (x,y) -b (Hip=1ai )x X(p+1)b—1x(Hip=l yi(P+1—i)a,fl)
><exp[—xb (1+ ST LY )]
Thelog of density function is given as
In{f(xy)}=Inb+Y " Ina,+{(p+1)b-1Inx+> " {(p+1-i)a,-1}Iny,
- (X LIT)
Thelog of likelihood function isimmediately written as
In{L(a;,b)}=ninb+nY_" Ina, +{(p+1)b -1} " Inx,

+Zip:l{( p+1-i)a, —1}Zgzlln Vi —z:zle? (1+ Z‘”p:ll—[ij:ly?hj )

The derivatives of log of likelihood function wrt the parameter b is

oin{L(a;,b)} n . .
T:E+(p+1)2h:1|nxh =2 In%,

SEEDIN ) R (28)
and

am{Lagai,b)}:a1+(p+1_i)z:1|nyih_z:lx:|nyih(25i]‘[f=1yj‘g J (29

The maximum likelihood estimators can be obtained by solving (p + 1)—equations in (28)
and (29). The solution is obviously done by using some numerical method.
The entries of observed Fisher information matrix for parameter b are given as

o’In{L(a;,b)} n

oSk (nx (1 L TT L),

and
o*In{L(a;,b)}

oboa Zh th lny'hymh (Zk mH] 1ylh)
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The entries of Fisher information matrix wrt the parameters a 'sare

and

o*In{L(a;,b)}

n n a
oa 2 Z_J_thlxﬁ (Inyih)z(ZE:iHIj(:lyjf:)’

o*In{L(a;,b)}
0a,oa,,

=30 % (v inya) (X0 T30 )-

The observed Fisher Information matrix can be computed for a given data.

Simulation Study and Application

In this section we have given simulation study and rea data application of the proposed
multivariate Weibull distribution. The simulation study has been conducted to see the
performance of maximum likelihood estimates and the real data application has been
conducted to see suitability of proposed multivariate distribution.

Simulation Study

In this sub-section we have presented the simulation results to see the performance of
maximum likelihood estimates of proposed multivariate Welbull distribution. The
simulation study has been carried out by using trivariate Weibull distribution. The
algorithm for simulation is given below

1.

Draw sample of size n, for n = 50; 100; 300 and 500, from Weibull distribution
with shape parameter b and scale parameter 1. Denote this sample with variable
X.

For each observation of X, draw sample of size 1 from Weibull distribution with
shape parameter a,and scale parameter x°. Repeat this procedure for all
observations of X. Denote this sample with variable Yi.

For each observation of X and Yi, draw sample of size 1 from Weibull
distribution with shape parameter a, and scae parameter x°y?:. Repeat this
procedure for al observations of X and Y1. Denote this sample with variable Y-.

Using the trivariate sample (x,y;,y,)obtain maximum likelihood estimates of
b,a; and a,.

Repeat steps 1-4 for 5000 times to get 5000 estimates of b,a, and a,.

Compute mean and standard deviation of 5000 estimates obtained in step 5 to get
the results.

Pak j.stat.oper.res. Vol. X1V No.12018 pp75-88
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The results of simulation study are given in Table-2 below.

Table2: Resultsof Simulation Study

Estimates Standard Errors

Vaves | Sme. | B | & | & s(5) | E@) | EE@)
b=05 50 04915 | 1.9823 | 2.4960 | 0.0098 | 0.3965 | 0.2995
a;=20 100 | 05039 | 2.0042 | 2.5022 | 0.0101 | 0.1804 | 0.2252
3:=25 1" 300 | 05020 | 2.0028 | 25011 | 0.0033 | 0.0668 | 0.0917

500 | 0.4980 | 1.9992 | 2.4984 | 0.0010 | 0.0320 | 0.0550
b=15 50 1.5092 | 2.0075 | 35105 | 0.0204 | 0.2007 | 0.4017
a;=20 100 | 1.4982 | 1.9911 | 3.4971 | 0.0100 | 0.1792 | 0.2497
3,235 1" 300 | 14992 | 1.9972 | 3.4997 | 0.0017 | 0.0399 | 0.0917

500 | 1.5020 | 2.0009 | 3.5012 | 0.0020 | 0.0400 | 0.0300
b=15 50 1.5023 | 3.0067 | 3.5040 | 0.0100 | 0.3612 | 0.2504
a; =30 100 | 1.5038 | 3.0043 | 3.5099 | 0.0050 | 0.2004 | 0.1255
3,235 " 300 | 15007 | 3.0020 | 35003 | 0.0017 | 0.0400 | 0.0917

500 | 15019 | 3.0016 | 3.5012 | 0.0015 | 0.0240 | 0.0450

From the results we can see that the performance of maximum likelihood estimators
increases with increase in the sample size.

Application

In this subsection we have applied the proposed multivariate Weibull distribution on two
real data sets. The data set 1 contains information about body weight and brain weight of

84 mammals as reported by Ramsay and Schafer (1997). The second data set that we

have used contains information about height and forced expiratory volume (FEV) of 655
smokers as reported by Rosner (1999). The bivariate Weibull distribution has been _tted
on the data. The results are shown in the Table-3 below.

Table3: Resultsof Fitted Distributions

Data Set a b LL AlC
1 0.1783 0.1060 -996.338 1996.676
2 0.5786 0.0877 -770.671 1545.342

Pak j.stat.oper.res. Vol. X1V No.12018 pp75-88
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The bivariate histogram for two datasets given below

Figurel: Bivariate Histogramsof Two Data Sets

Mammal’s Data Smoker’s Data

— 40

We have further constructed the bivariate surface plots for two fits and are given in figure
2 below.

Figure2: Surface Plots of Fitted Distributions

Mammal’s Data Smoker’s Data

We can see that the surface plot is close to bivariate histograms. Hence the
bivariate Weibull distribution fits data reasonably well.

Conclusions and Recommendation

In this paper we have proposed a multivariate Weibull distribution and have studied
some of its common properties. The distribution of multivariate concomitants of
records for the proposed distribution hasaso been obtained. The distribution can be
used to obtain the distribution of concomitants for any number of variables.
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