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Abstract

This paper introduces some generalized ratio and product methods of estimation for estimating
the population total Y. In addition to many Srivenkataramana and Tracy (1979) estimators are
shown as members of the proposed estimators. The properties of the suggested estimators have
been studied and their merits are examined through numerical illustration.
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1. Introduction

The use of auxiliary information has been dealt at great length for improving
estimators in sample surveys. Ratio and product methods of estimation are good
examples in this context. When there is a positively or negatively high correlation
between the study variate and the auxiliary variate, it is hard to improve on these
methods. In recent years considerable attempts have been made by various
authors to increase precision of the conventional ratio and product methods of
estimation by using suitable transformation on auxiliary variable x with the help of
certain known parameters of the auxiliary variable say Cx(coefficient of

variation), o (standard deviation), Bz(x) (coefficient of kurtosis), p (correlation
coefficient between the study variable y and the auxiliary variable x) and
A ={B,(x)-B,(x)-1}, where B1(x) (coefficient of skewness) see

Srivenkataramana and Tracy (1980), Bandyopadhyay (1980), Sisodia and
Dwivedi (1981), Upadhyaya and Singh (1999), Singh (2003), Singh and Tailor
(2003), Singh et al. (2004), Kadilar and Cingi (2006), Khoshnevisan et al. (2007),
Gupta and Shabbir (2008), Singh et al. (2008), Singh and Agnihotri (2008) and
Koyuncu and Kadilar (2010). Mohanty and Sahoo (1995) considered the
transformation on the auxiliary variate x using available knowledge on the X

(the minimum value) and X, (the maximum value) of the auxiliary variate x. We

also note that some interesting work based on multiphase sampling have been
carried by Hanif et al. (2010) and Butt et al. (2010).

Pak.j.stat.oper.res. Vol.VIl No.2 2011 pp245-264


mailto:hpsujn@gmail.com
mailto:ramkssolanki@gmail.com

Housila P. Singh, Ramkrishna S. Solanki

It is further noted that there are some transformations available based on the
unknown constant which requires a good guess of the value of k=p(Cy/CX),

where Cy and C are the coefficients of variation of y and x respectively in the
population, see Reddy (1974), Srivenkataramana and Tracy (1980).

It may happen that the correlation ‘p’ between study variate y and auxiliary

variate x is just moderate. There is a need for estimators or combination of
estimators for dealing with such cases. Srivenkataramana and Tracy (1979) have
made an attempt in this direction, built around the idea that estimating the
population total is essentially equivalent to estimating the total corresponding to
the nonsampling unit, since the corresponding to the sample units is known once
the sample is drawn and measurements are made on it.

The objective of this paper is to suggest a generalized ratio and product methods
of estimation using a general transformation on the auxiliary variable x. We have
identified several estimators for population total Y of the study variate y and
shown that the estimators reported by Srivenkataramana and Tracy (1979) are
members of the suggested estimators. The properties of the suggested
estimators are studied and their merits are examined through empirical study.

2. Estimator for the case of positive correlation

Consider a finite population with N units (U1,U2,...,UN). The variate of interest

(study) y and the auxiliary variate x related to y assume real non-negative values
(Yi,Xi) on the unit Ui, i = 1,2,...,N. This non-negativity condition is met by

almost all sample survey universes. The population total X = ZN=1 X, is known

and is positive and the total Y = ZLY is to be estimated. Such situations are

quite frequent in sample surveys. A simple random sample of n < N units is
drawn without replacement from the population under study and observations are
made on the units selected. The totals y, x-values for the n units in the sample

areY", X" and the similar total for the (N-n) units not included in the sample
are Y and X®. Then obviously

Y=Y"+y® (2.1)
and

X=X+ x®, (2.2)
for any possible sample.

In view of (2.1), essentially an estimate of Y is sufficient for estimating Y since
Y™ can be computed from the sample.

Let

A

N
Y=—Y®,
n
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o« N
X=—X",
n

be the (unbiased) sample expansion estimators of Y and X respectively,
constructed from the sample. If p is positively high then it is conventional to use

the ratio method of estimation, where

A A X
= S VAU N S
Ye=RX=Y"{ 5},

is used as the estimator of population total Y. Here R=Y/X=Y®/X®
estimates R=Y/X.

Introducing the following transformation on the auxiliary variable x:
Z=aX +b ,i=12,..N,

on the lines of Singh and Agnihotri (2008), we define the following ratio type
estimator for population total Y as
0 (aX+Nb)

(aX” +nb)’
where (a, b) are positive constants which may be the known parameters of
auxiliary variable x such as C,, S, B,(x), B,(x), p and A={B,(x)-B,(x)-1)}, see
Singh and Agnihotri (2008, p.43). Some members of the estimator d_are listed in

Table 2.1.

d =Y

Table 2.1: Some estimators of the population total Y(=NY) based on
transformed auxiliary variable x.

. Values of constants
Estimator
a b

" X+NCX
d1 =Y {X(1)+nC } 1 CX
[Sisodia and Dwivedi (1981)]

" Xp+NCX
d, =Y {X“)p+nC ) p C,
[Kadilar and Cingi (2006)]

" Xp+N 1
d3 = Y {X(1)p+n} p

" Xf+N ¢ 1
d4 =Y {X“’f+n}

" Xf+Ng .

0 Xg+N
d6=Y {X(1)g+n} g 1
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Further we define the population total Z = NZ = (aX + Nb) of the variable z. It can
be defined as

Z=2M+2? = {aX" +nb}+{aX® +(N-n)b},
where Z" and Z®) are the totals of n units in the sample and (N-n) units not
included in the sample.

~ N
Let Z =HZ(1) be the (unbiased) simple expansion estimator of the population

total Z of the variable z, computed from the sample.

Motivated by the identities (2.1) and (2.2), we consider the following estimators
for population total Y as

M 4 ry_y™ z® (1) z® (1) {ax® +(N-n)b}
drm =YV +{Y-Y 9z - Y {1+ﬁ =YV [+ f(aX+Nb) 1, (2.3)
d = YO +qyoy® Z. vy 1+£ =y 1+M
r(2) - { - }% - { Z(1)} - [ {aX‘”+nb}]’

where f=(n/N) is the sampling fraction and g = (1-f).
For (a, b) = (1, 0), drmand dr(z) respectively reduce to

" X2

Y=Y {1 +W (2.4)
and

P " gX

Yo=Y {1+X(1)}’

which are due to Srivenkataramana and Tracy (1979).

The expressions on the extreme right in (2.3) and (2.4) show the near-duality of
the estimators d andd , . Here the unknown Y) has been estimated by

A AR Z
{Y-Y™} modified by the factor — or —. Note that Z*) is known once the
gz
Z

sample is drawn and Z" is computed. Also

Cor{(Y- Y™}, X®} = Cor{(N-n)y,(X-nx)} = -p
while

Cor{(Y-Y™"),X} = Cor{(N-n)y,Nx} =p ,

where y and x are the sample mean for y and x respectively. The second
component of drm is of product-type since the two estimates there, viz.

{Y-Y™M}andZ'®, are negatively correlated, where as the second component of

d,,, is of ratio-type, in view of the positive correlation between {Y- Y"}and X.
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A large number of estimators can be generated from the proposed estimators

drm and dr(z). The following set of estimators listed in Table 2.2 are members of

the suggested estimators dr“) and dr(z).

Table 2.2: Some members of the estimators d,, and d,,,

. Values of constants
Estimators a b
(1) {X® +(N- n)C.}
o =Y T GNe ) 1 C.
1 oy, IXENC)
- VL {x(”+nCX}] 1 C,
d —Y(1)1+{X(2)p+(N'n)Cx}
TR f{X"p+NC } ! P C,
d —Y(1)1+M Y
2(2) [ {x(1)p+ncx}] C,
{XPp+(N-n)}
V)
Ay =Y 1 f(Xp+N) ] P 1
d =Y(1)[1+M Y 1
3(2) {X“)p+n}
{X@f+(N-n)}
EVIQ)
d4(1) YU FIXF +N) ] f 1
d =Y(1)[1+M] f 1
4(2) {X(”f+n}
{X®f+(N-n)g}
EVIQ)
Aoy =Y I (XfrNg) f g
g(Xf +Ng)
d_ =YO[+ ] f 9
5(2) {X*f +ng}
{X®'g+(N-n)}
d =Y+ ) ] g 1
6(1) f{X"g+N}
g{Xg+N}
d6(2) - Ym{“T] 9 1
{X""g+n}

In order to consider the efficiencies of these estimators in comparison to those of

the unbiased estimator Y, usual ratio estimator \?R, Srivenkataramana and
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Tracy (1979) estimators\?ﬂ\?z, ratio-type estimators d and dr(j) (=1, 2). The

expressions for the bias and the mean square error (MSE) of the estimators are
given in the following section.

3. Biases and MSEs of the estimators d_and dr(j) (i=1,2)

To obtain the bias and MSE expressions of different estimators of the population
total Y, we write

Y=Y(1+e,),
X=X(1+e,),
such that

E(eo)=E(e )=0

]
and

E{(Y-Y)(X-X)'}

Y'Y!
where (i, j) are non-negative integers.

vV, = E(ele!)= (relative central moments),

Expressing dr,dr“) and dr(z) in terms of e’s we have

d =Y(1+e )(1+hAe,)", (3.1)
d, =Y(1+e )1-Me,), (3.2)
d,, =Y(1+e )f+g(1+Ae, )1, (3.3)
axX
where A = m

We assume that ‘)\e1‘< 1 so that (1+)\e1 )"' is expandable in powers of )\e1.

Expanding the right hand sides of (3.1), (3.2) and (3.3) multiplying out and
neglecting terms of e’s having power greater than four, we have

(d, -Y)=Y[e, - \e, + Ne? - \e e, + Ne,e? - Nel + Nef - Neel], (3.4)
(drm -Y)= Y[e0 -)\fe1 -)\feoe1], (3.5)

(da) - Y) = Y[e, - g(Ae, + Aege, - Nef - Nege] + Nef + Nege] - N'el)]. (3.6)

Taking expectation of both sides of (3.4), (3.5) and (3.6) we get the approximate

expressions for the bias of the estimators dr ,drm and dr(z) respectively as

B(d )=YIRV_-AV, +RV_-NV_+AV -NV ], (3.7)
B(d,, ) =-fYAV,, (3.8)
B(d, , )= YQINV,, -AV, + NV NV +AV KV, ]. (3.9)
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Squaring both sides of (3.5), (3.6), (3.7) and neglecting terms of e’s having power
greater four we have
(d -Y)>=Y?[e’-2he e +Ne’-2\e’e +4Ne e’ -2N¢e’
r 0 0 1 1 0 1 0 1 1
+3Ne’e?-6Ne e’ +3N'e!], (3.10)
@ -Y) = Y?[el +°N (el +elel +2e e7)-2fA(e e +ele )], (3.11)
-Y)? =Y?[el +g{gh°e’ -2)e e, +2N(1+g)e e’ -2\e’e -2N'ge’
+N(g+2)ele? -2N (1+2g)e e’ +3N'ge; ). (3.12)

(d
(d

r(2)

Taking expectation of both sides of (3.10), (3.11) and (3.12) we get the
approximate expressions of the mean squared errors of the estimators

dr ,drm and dr(z) respectively as
MSE(d )=Y?[V_ -2AV._ +NV_-2A\V_ +4NV_-2NV_+3NV
r 20 11 02 21 12 03 22
-6)\3V13 +3)\4VO4], (3.13)
MSE{drm}= Y2[V20 +IMfAV , -2V +2AV -2V + AV 1], (3.14)

— 2 2 2 3
MSE{d, , }= Y[V,  +g{gN’V,, -2\V, +2N(1+g)V,, -2AV, -2NgV,
+R(2+g)V,_ -2V (1+2g)V, +3N'gV_ }]. (3.15)

It may be remarked that the expressions (3.8) and (3.14) are exact. It follows
from (3.9) that the estimator dr(z) always leads to a 100f % reduction in the

absolute value of the bias relative to that ofdr.

For simple random or varying probability sampling with replacement or any
scheme involving independent subsamples, Vij with i + j > 2 are generally small,

see Murthy [1967, pp.380-381]. Thus to have tangible idea about the biases and

MSEs of the estimators dr,drm, dr(z) and the estimators belonging to these
estimators, we neglect the terms Vij withi+j>2in (3.7)-(3.9) and (3.13)-(3.15).
B(d )= Y()\ZV02 -AV ), (3.16)
B{drm} =-YfAV_, (3.17)
~ 2 -
B{dr(z)}~Yg()\ V,,-AV, )=9gB(d), (3.18)
MSE(dr)zYz[V20 -2AV +)\2V02], (3.19)
2
MSE{dr(l)}~ YV, +IM{fAV -2V 1], (3.20)
~ V2 2
MSE(dr(z) )=Y [V,, +9{g\"V , -2AV_ }]. (3.21)
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In case of simple random sampling without replacement (SRSWOR)

g g g c .
V. = (H)kCi, v, = (E)Ci and V_ = (H)Ci with k = p(C—y) and the expressions

11

(3.16)-(3.21) respectively reduce to
g
B(d )= (H)AY()‘ - k)Ci ,

B{d, ,}= -(%)f AYKC?,

B{d,, }= (%)AY(A-k)Ci =gB(d ),

MSE(d )= (%)YZ[C’j +AC2(A-2K)]. (3.22)
MSE{d, , } = (%)Yz[Ci + MC2 (Af - 2K)], (3.23)
MSE{d, , } = (%)Yz[cj +AgC? (gh-2K)], (3.24)

4. Efficiency comparison

The reductions in the MSE of the estimator drm ord _ isused in the place of dr,

r(2)
up to second order moments, given by
2

MSE(d )-MSE{d _}= (%)YZACi[A(Hf)-Zk], (4.1)

r(1)

MSE(d,)-MSE{d, , } = f(%)vz)\ci [AN(1+g)-2K]. (4.2)

For (k/A)<(1/2) (where A is a known quantity) and usual sampling fractions the
reduction given in (4.1) can be appreciable. The reduction given by (4.2) can be

k 1 f
substantial for  evenin the interval (5,1-5).
It is well known under SRSWOR that
A A g
MSE(Y) =var(Y) = (E)YZC§. (4.3)

From (3.23) and (4.3) we have

g
MSE{d , }-MSE(Y)=—YAfC?(Af-2k)>0, if
(k/N)<(f/2). (4.4)
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It follows from (4.4) that for (k/A)<(f/2) the use of the conventional estimator Y
is to be preferred over the estimator drm.

Thus the guidelines for selecting among the estimators Y,dr,drm and dr(z) using

the minimum MSE criterion [see Srivenkataramana and Tracy (1979, p. 41)] are

given in Table 4.1.

Table 4.1: The case of positive correlation
1 1 1
fSE f>§or g—(1—f)<§
preferred k preferred
Interval for X estimator Interval for X estimator
(1) 2) 3) (4)
k f A k g n
0< X < > Y 0< X < 5 Y
f k 1 g k 1
232 | v |3%3%s Y
1 k f 1 k g
§<X§1-§ r(2) §<X§1_§ dr(1)
k f K g
s d S 2 d
212 f 212 r

As the argument given in Srivenkataramana and Tracy (1979, p. 41) we mention

k
that if a good guess of the interval which contain X (1 is a known quantity) can

be made based on theory, accumulated experience and or/a scatter diagram for
at least a part of current data then it is observed that the selection of the
preferred estimator is not hard to make.

Putting (a, b) = (1, 0) =A =1in (3.22) we get the MSE of the ratio estimator

~

Yo=Y

to the first degree of approximation, as
- g

MSE(Y,) =(H)Y2[C§ +Ci(1-2k)]. (4.5)

From (3.23), (3.24), and (4.5) we have
- g
(i) MSE{dm)}-MSE(YR )= (H)Yzci()\f-1)()\f-2k+1)<0, if
1 (2k-1) 1 (2k-1)
mm{;, - }<A< max{?, f

Pak.j.stat.oper.res. Vol.VIl No.2 2011 pp245-264 253



Housila P. Singh, Ramkrishna S. Solanki

(i)  MSE{d,,}-MSE(Y,)= (%)Yzcj (Ag-1)(Ag-2k +1)<0, if

1 (2k-1 1 (2k -1
min{—,( )}< A< max{—,( )
g g

.

Putting (a, b) = (1, 0) A =1in (3.23) and (3.24), we get the MSE of Y and Y,
to the first degree of approximation respectively as

MSE(Y,)= (%)Yz[cj +fC?(f-2K)], (4.6)
. g
MSE(Y,) = (~)Y?[C? +gC?(g-2k)]. (4.7)

From (3.23), (3.24), (4.6) and (4.7) we have

(iii) MSE{dr(”}-MSE(\AQ): (%)fYZCi(1-)\)[Af+f-2k]<0, if
N
(iv) MSE{dr(”}-MSE(\A(Z)=(§)Y2Ci()\f-g)[)\f+g-2k]<0, if
f (2k- f (2k-
min{g,( fg)}<)\<max{§,( fg)
(iv) MSE{dr(z)}-MSE(\A(1)=(%)YzCi()\g-f)[AgH-Zk]<0, if
f (2k-f) f (2k-f)
min{—, }<A<max{—,
g g
(v) MSE{dr(z)}-MSE(\?z)=-(%)Yzci(1-)\)[)\g+g-2k]<0, if
A>(2k-9)_
g

Minimization of MSE(dr), MSE{drm} and MSE{dr(2)}respectiver at (3.22),

(3.23) and (3.24) yield the optimum values of A as

O =k
opt ’

)\(;gt =(k/f),
)\(ozp)t =(k/qg),
and thus the common minimum MSE of dr,drm and dr(z) is given by

— — _9 2 2
MSEmin (dr )= MSEmin {dr(1)} = MSEmm {dr(z)} = Sy (1-p7).
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5. Numerical example

To illustrate our results we consider two population data sets.

Population I: [Das (1988)].

y = Number of agricultural labourers for 1961.
x = Number of agricultural labourers for 1971.

Population ll: [Cochran (1977, p.325)].

y = Number of persons per block.
x = Number of rooms per block.

The descriptions of population data sets | and Il are given in Table 5.1.

Table 5.1: Data Statistics

Parameter | Population I
N 278 100
n 30 10
Y 10860.90 | 10110
X 6980.68 | 5880
C, 1.445 0.145
C. 1.6198 0.1281
P 0.7213 0.6500

~

We have computed Var/mean square errors (MSESs) of the estimators Y, \?R , Y1,

\?2, di and di(j), (i=12,..,6.;j=1.2,...,12.) using above two population data

sets for different values of ‘a’ and ‘b’.

To asses, the performance of the estimators Y_, Y, Y, d, d., (i=12..8;

j=1,2,...,12.) and regarding the biasedness of the estimators we have computed
the following quantities

5 B(Y) P -Gl B{d,,,}| i=1,2,...6.
= y I= Y, 1, £, i_ ’ i(j)_ ’j=1,2,...,12.’

|9 g
()YC? (-)YC? (,)YC?

for different values of ‘@’ and ‘b’ , here we designate \?0 =\?R. Findings are
displayed in Table 5.2.
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Table 5.2: Var/MSEs of different estimators

Estimator P\f)&;)rtljll\gicl)zn Values Of the Population

I T quantities I T
Y 7325091.64 | 193410.85 - - -
Y. 4683659.99 | 122235.29 B, 0.37 0.26
Y, 6154066.13 | 172707.48 B, 0.07 0.07
v, 4082727.64 | 115767.03 B, 0.32 0.24
d, 4319822.79 | 122062.58 B, 0.28 0.26
d. 6218927.10 | 172749.21 B, 0.06 0.07
d., 3862277.42 | 115670.59 B.2 0.25 0.23
d, 4207018.95 | 121970.48 B, 0.24 0.26
d,., 6242120.24 | 172771.61 B,u 0.06 0.07
d, . 3797012.88 | 115619.32 B, 0.22 0.23
d, 4365523.84 | 120299.31 B, 0.29 0.23
3y 6210023.22 | 173197.85 B, 0.06 0.07
d, . 3889211.06 | 114708.62 B 0.26 0.21
d, 3583593.57 | 113828.75 B, 0.06 0.10
d, . 6448625.01 | 175529.17 B, 0.05 0.06
d, . 3514644.50 | 111863.49 B, 0.06 0.09
d, 3623019.91 | 114305.22 B, 0.08 0.11
5(1) 6424130.00 | 175281.93 B, 0.05 0.06
d. ., 3521066.55 | 111997.43 B, 0.07 0.10
d 4420055.75 | 120807.65 B, 0.30 0.24
d.s) 6199724.34 | 173063.97 Boy 0.07 0.07
6(2) 3921674.61 | 114981.41 Bs2) 0.27 0.22
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It is observed from Table 5.2 that the proposed estimators d, and d, (which only
utilize information on population total X of the auxiliary variable x like ratio
estimator) are better than the usual unbiased estimator Y, ratio estimator \?R,
Srivenkataramana and Tracy's (1979) estimators Y and Y, Sisodia and

Dwivedi’s (1981) estimator d1, Kadilar and Cingi (2008) estimator d2 and the
proposed estimators d d d d2 ,d ,d d d d ,d,d
(2) 3 (1) 6

17 T12)’ T2’ 3(1)7 T3(2)7 T4’ s 6(1)

and dm) in the sense of having least MSEs among all of them for both the
population data sets | and Il. However, the modified proposed estimators d4(2)

and d5(2) are more efficient than d4 and d5 with maximum reduction in MSEs for

both the population data sets.

Further it is observed that the magnitude of the biases of the estimators d4(2) and
ds(z) are also not appreciable. Thus the proposed modified estimators d4(2) and

ds(z) are recommended for their use in practice.

6. Estimator for the case of negative correlation

When the correlation between the study variate y and the auxiliary variate x is
negative, Robson (1957) suggested the use of product method of estimation
which was revisited by Murthy (1964). The classical product estimator for the

population total Y is

X X
V =YV _ =y ____
YP Y X Y -

The exact expressions for the bias and mean squared error of the product
estimator Yp are as follows

~

B(Y.)=YV_,

P 11

MSE(Y.)=Y?[V. +2V_+V_+2V_+2V_+V_],
P 20 11 02 21 12 22

where, Vij (i,j=1,2,3,4 ) are same as defined earlier.
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In view of the identities (2.1) and (2.2), Srivenkataramana and Tracy (1979)
proposed the following alternatives to the product estimator \?p .

¥, =YO (YY)

X
}

=Y {1+ g*

. ) X

=y Mvg—

Y, =Y Y- Y gy
g Q)

=Y(1){1+ i } )

The bias and MSE of these estimators are provided by
B(\A(3 )=fY[V_ +hV_+hV_+ h2V03 + h2V13 + h3V04],
B(Y,)=gB(Y)),
MSE(Y,) = Y2[V,, + f{2V,, + fV,, + 2V,, + 2(f + h)V,, + 2fhV,,
+(f + 2h)V,, + 2h(2f +h)V,, + 3th*V,,}],
MSE(\A(4 )=Y? [V, +9{2V +gV  +2V, +2gV_+gV ]I,
where h = f/g.
Introducing the following transformation on the auxiliary variable x
Z=aX +b ,i=12,..N,

on the lines of Singh and Agnihotri (2008) we define the following product-type
estimator for population total Y as

i 2" _ v {aX" +nb)
f2Z f2(aX +Nb)’

p

t—?z—v
Z

where (a, b) are same as defined in section 2. Some members of the estimator
tp are shown in Table 6.1.
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Table 6.1: Some estimators of the population total Y(=NV) based on
transformed auxiliary variable x

Estimator Values of constants
a b

t, =Y 2 —x2 1 C
1 f2(X+NCX) .
t =Y<1>M 0 c
> f(Xp*NC,) .

X +n} 1
t :Y(1){—
’ f2(Xp+N) P

XOf +1n}
t =Y“’{— ¢ 1
) £2(Xf +N)
t = o {X"f +ng} . ;
’ f2(Xf +Ng)

X(1)g+n}
t :Y(1){— 1
° £2(Xg+N) g

Keeping the identities (2.1) and (2.2) in view, we define the following modified
versions of tp respectively as

Loy 1+£ (aX+Nb)
o = T T X @ (N )by

g {aX'"” +nb}

=y = @@

where f = n/N is the sampling fraction and g = (1-f).

For (a, b) = (1, 0), tpmand tp(z) respectively reduce to

N X

Y3 = Y(1){1+92 fx(Z)},
X X

Y4 =Y(1){1+ .I:ZX }1

which are due to Srivenkataramana and Tracy (1979).
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Table 6.2: Some members of the estimators t,, and t

p(2)

. Values of constants
Estimators a b
2
(X+NC )
t =Y“)[1+g— 5 < ]
1) f (X )+(N-n)CX} 1 C,
g (X" +nC } 1
v 2 Tx?
Yoy =Y I 2 TGNC ) c,
2
(Xp+NC )
t =Y(”[1+g— 5 x ]
2(1) f (X ’p+(N-n)CX} P C,
g {X"p+nC } o
VIO LS S
t2<2) Y [1+f2 (Xp+NCX)] C,
2 Xp+N
t =Y(1)[1+9_ (Xp+N) . 1
(0 f {(X@p+(N-n)}
XPp+n
t =Y<1>[1+Eu] e 1
3(2) f2 (Xp+N)
g*  (Xf+N)
-y + 2
b =Y+ {X(z)f+(N-n)}] f 1
g {X"Vf+n} f 1
VAT T
t4(2) Y [1+f2 (Xf+N)]
9°  (Xf+Ng)
t =Y+ 05 f
=1 f{X®f+(N-n)g} 9
XD +n
t =Y(1)[1+gu] f g
5(2) f2 (Xf+Ng)
2
=Y 2 (E)XngN) ] g 1
o f {X"g+(N-n))
XPMg+n
t —Y(1)[1+%w] g 1
6(2) f2 (Xg+N)

In order to consider the efficiencies of these estimators in comparison to those of
the unbiased estimator Y, usual product estimator\?P, Srivenkataramana and

Tracy (1979) estimators \?3, \?4, product-type estimator tp and tp(j) (=1,2). The
expressions for the bias and the mean square error (MSE) of the estimators are

given in the following section.
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7. Bias and MSE of the estimators tp and tp(” (j=1,2)

Approximate expressions for the bias and mean squared error of the
estimatorstp, tp(1> and tp(z) are respectively given by

B(t )= YAV, 7.1)
= 2 2)3 334

B{t , } = YAV, +hN*(V , +V ) +h*N(V +V )+h*NV ], (7.2)

Bit, o)} = YOAV .. (7.3)

MSE(t )=Y?[V_ +2AV_ +NV_+2AV_ +2NV_+2NV_], (7.4)
p 20 1 02 21 12 22

MSE{t }=Y2[V_ +f{2\V_+NfV_+2AV_ +2N(h+f)V_ +2NhfV
p(1) 20 1 02 21 12 03
+(f+2h)V_ +2hN (2f +h)V, +3h*RV. }], (7.5)
MSE{t , }= Y[V,  +Ag{2V, +AgV,, +2V, +2gAV, +gAV, }]. (7.6)

To have tangible idea about the biases and MSEs of the estimatorstp ,tp“), tp(z)
and the estimators belonging to these estimators, we neglect the terms Vij with

i +j>2in (7.1)-(7.6).

B(t,)= YAV, (7.7)
B{t , }=fYIAV, +hN(V_ +V )], (7.8)
B{t , }=YOAV, =gB(t ), (7.9)
MSE(t )= Y2[V_ +2A\V._+NV ], (7.10)

p 20 11 02

~ V2 2
MSE{t , }= Y2V, +f{2\V, + NV }], (7.11)
MSE{t , }= Y[V, +Ag{2V, +AgV_}I. (7.12)

In case of simple random sampling without replacement (SRSWOR)

— g 2 — g 2 _ g 2 . — Cy .
V11 = (H)kCX, V20 = (H)Cy and V02 = (H)Cx with k —p(C—) and the expressions

(7.7)-(7.12) respectively reduce to
B(t )= S YAkC?
(t,)=()YAKC?

— g 2
B{t,,,,} = (_)YMC? (k+hA) ,

2

g 2
oy} = (C)YAKC?

B{t

Pak.j.stat.oper.res. Vol.VIl No.2 2011 pp245-264 261



Housila P. Singh, Ramkrishna S. Solanki
9 2r~2 2
MSE(t )= (=)Y?[C? +AC? {A+2Kk]],

MSE(L, , } = (2)Y7(C7 + MC? (M + 2K,

p(1)

— 9 2r~2 2
MSE{t , }=()Y?[C? +AgC?{Ag+2K}].

8. Efficiency comparison
The approximate reductions in the MSE of the estimator tp( ort is used in

) p(2)
the place of tp, up to second order moments, given by

— V2 '
MSE(t ) MSE{t , =Y*——gAV [(1+f)A-2KT,

1-f
MSE(t ) MSE{t ,}=Y? %(1 -g)AV_ [(1+g)A-2K'],

p(2)

where k'= -k. Note that k' is positive since k is now negative. The guidelines for

choosing among\?,t ,t ,t _areinTable 8.1.
p- p()" p(2)

Table 8.1: The case of negative correlation

1 1 1
f§§ f>§org=(1-f)<§
k" V preferred k" V preferred
Interval for X = -V—” estimator | Interval for X = -V—” estimator
02 02
(1) (2) (3) (4)
kl f A kl g M
0< N < 5 Y 0< N < P Y
f k' 1 g k' 1
e« p(1) T <_ p(2)
2 N2 2 N2
1 3 k' _ f tp(z) 1 k' g tp(1)
2°3x=03) 2°3=U3)
K’ f tp k' g tp
202 202
It is observed from Table 4.1 and Table 8.1 that when the sampling fraction f< %

k k' R
and the value of X(X) is (a) very low it is better to use the simple estimator Y,

(b) temperately low it is efficient to usedrm(tpm), (c) temperately large it is
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preferable to use dr(z)(t ) and (d) very large it is excellent to use dr(tp) as an

p(2)

1
estimator of the population total Y. In the impending case of f>- the acts of

2
d (t )and drm(t

" are exchangeable with each other.

p(1) 9(2))

Now minimizing the mean square error of the estimators tp ’tpm and tp(z) with

respect to A and equating them to zero we get the optimum value of A
respectively as

N = k
opt ’
1) _

N0 = (k/1),
N2) _

N = (k/g),

and thus the resulting common minimum MSE of tp ’tp(n and tp(z) is given by

— _ _g 2 2
MSE,_ (t )=MSE_ {t  }=MSE_ {t  }=—8(1-p?).
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