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Abstract

We give the uniform almost sure convergence of the kernel estimate of the regression function
over a sequence of compact sets which increases to dRI when n approaches the infinity and
the observed process is ~ -mixing . The used estimator for the regression function is the kernel
estimator proposed by Nadaraya, Watson (1964).

Kewwords: Kernel Estimate, Regression, ~ -mixing.
2000 Mathematics Subject Classifications: 62G05, 62G08.

1. Introduction

Let   Nttt YX I,  be a strictly stationary process where  tt YX , takes value in

RRd II  and is distributed as  YX , . Suppose that a segment of data  nttt YX 1=,
has been observed.

We are interested in the study of the kernel estimate of the well known
regression function defined by )=/(=)( xXYExr tt .INt A natural estimator of
the function (.)r is given by:

ExXxhKXxhKYxr tn
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where E stands for the subset   fxfRx ,0>)(, being the density of the
process ).( tX )( nh is a positive sequence of real numbers such that 0)( nh and

nnh when n  and K is a Parzen-Rosenblatt kernel type in the sense of

a bounded integrable function satisfying 1=)(
I

dxxKdR and 0=)(||||lim |||| xKxx  ,

besides it will be assumed to be strictly positive and with bounded variation.

Such an approach has been subject to several investigations since many years.
A number of distinguished papers is related to this topic. There are among
others, Devroye (1981), Collomb (1984, 1985), Györfi et .al (1989), Härdle
(1990), Bosq (1996) , Arfi (1996, 1997, 2003) and Walk (2006).

Watson (1964), for instance, considered the estimation of the conditional
expectation as a predictor of Y and applied this method to some climatological
time series data; Nadaraya (1964), established the same estimator
independently.
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The aim of the present paper is to study the almost sure convergence for ~ -
mixing random variable sequences over a sequence of compact sets which
increases to .I dR

2. Preliminaries and Assumptions

Let ),,(  be a probability space and let ,( tX )INt be a sequence of
random variables and we write ,(=2 tX ).INSt 

Given the  -algebras  and  in  , let

( , )](),(),,([sup=) 22  LYLXYXcorr 

where varXvarYEXEYEXYYXcorr )/(=),(  .

Bradley (1990) introduced the following coefficients of dependence

  ,,sup=)(~ TSk  0k where the supremum is taken over all finite
subsets NTS I,  such that .),( kTSdist 

Obviously,

1.=(0)~01,)(~1)(~0  andkkk 

Definition 2.1. A random variable sequence 1),( tX t is said to be ~ -mixing if
there exists Nk such that 1<)(~ k .

Without loss of generality we may assume that ,( tX 1)t is such that 1<(1)~
(see Bryc and Smolenski, 1993). In the study of ~ -mixing sequences we refer to
Bradley(1990, 1992) for the central limit theorem, Bryc and Smolenski (1993) for
moment inequalities and almost sure convergence, Peligrad and Gut (1999) for
almost sure results for a class of dependent random variables, Shixin (2004) for
the almost sure convergence for ~ -mixing random variable sequences obtaining
new results which extend and improve some previous results , Sung (2010) for
complete convergence for weighted sums.

We will make use of the following assumptions:

A1 The observed process NttX I)(  is stationary and ~ -mixing.
A2  )(,I,< xfRx d

and
.)(,0;> nnn xfCx  

Where nC is a sequence of compact sets such that  nn cxxC ||:||=
with .nc
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A3  2,>b  <M .<)|(| MYE b

A4  ,< V  x ,I dR    .=|)( 2 VxXXrYE 
A5 The density f is twice differentiable and its second derivatives are bounded
on .I dR
A6 The kernel K is Lipschitz of ratio KL that is .|||||)()(| k

K yxLyKxK 

2. Main Result

Theorem 2.1. We suppose that the assumptions A1 to A6 hold. we further
assume that the function r is Lipschitz, bounded on I-.17em R d and that the
bandwith sequence ( )nh satisfies with :ny

  nyhandLognynh b
n

d
nnn

d
n 0,)(= /211 

where ny is an unbounded and nondecreasing sequence chosen so that:
/2.1 nyn 

If the kernel K is even with  <)(2 dzzKz for ),...,(= 1 dzzz and if there exists a

constant D such that .<1 Dhy nnn
 Then we have:

...0,|)()(|sup ||||  nsaxrxrnncx

3. Preliminary Results

We make the following decomposition:
      )()()()()()()(=)()( 1 xfxfxrxfxrxgxfxrxr nnnn  

where ))(()(=)( 1
1=

1
tnt

n

tnn XxhKYnhxg   and

)).(()(=)( 1
1=

1
tn

n

tnn XxhKnhxf  

This leads to:
   .|)()(||)(|sup|)()(|sup)(|)()(|sup 1 xfxfxrxrxgxfxrxr nnnCxnnCxnnCx

 




Then if nnnCx
yxr  |)(|sup ..sa we obtain:

 .|)()(|sup|)()(|sup|)()(|sup 1 xfxfyxrxgxrxr nnCxnnnCxnnnCx
 


 

Lemma 3.1. Under the assumptions of Theorem 2.1 we have:

0,|)()(|sup ||||
1 
 xEgxg nnncxn ..sa .n
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Lemma 3.2. Under the assumptions of Theorem 2.1, we have:
.0,|)()()(|sup

I

1 


 nxfxrxEg n
dRx

n

Lemma 3.3. Under the assumptions of Theorem 2.1, we have:
..0|=)()(|suplim

||||

1 saxEfxfy nn
ncx

nn
n









Lemma 3.4. Under the assumptions of Theorem 2.1, we have:

.0,|)()(|sup I
1 
 nxfxEfy ndRxnn

4. Proofs

Proof of Lemma 3.1.

Because of the possible large values for the variables tY , we use a truncation
technique which consists in decomposing ng in 

ng and 
ng where

))(()(=)( 1
)|>(|1=

1
tnnytYt

n

tnn XxhKYnhxg   and

),()(=)( xgxgxg nnn
  where ny is the unbounded sequence defined in the

Theorem 2.1.

We start by showing that:

0,|)()(|sup ||||
1  


 xEgxg nnncxn ..sa .n

We write t
n

tnn xEgxg  
1=

=)()( with




 ))(({)(= 1
)|(|

1
tnnytYt

d
nt XxhKYnh

))]}.(([ 1
)|(| tnnytYt

XxhKYE 


Then 0;=)( tE  nn
d
nt dyKnh =2)(|| 1

1 where 1K is an upperbound of ,K
which permits to write

 


 ))]((|[|2|| 1
)|(|

1
tnnytY

d
ntt XxhKhYEnE 

))].((|[|2 11
tn

d
nt XxhKhYEn 

.))((]=/|[|2|| 11 duuxhKhuXYEnE n
d

nttt   

Leading by Schwartz inequality and the assumption A4 to :

.=))(())((2|| 111/221
nn

d
nt nduuxhKhVurnE    
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Where  is a positive constant. Same arguments give
n

d
nn

d
nt DhnduuxhKhVurnE =))(())((2 212222    

where  is a positive constant.

Now, let us write

)|>|(=)|>)()(|(
1=

1
1=

1
1=

 t
n

tnnnnnn
PxEgxgP  



and we write
)|(|=  nttntW  and )|>(|=  nttntZ for 1> and nt 1 .

Then,

(3.1)|||||)(|||
1=1=1=1=

nt

n

t
nt
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t
ntnt

n

t
t

n

t
EWZEWW  

We need to show the followings

(3.2)</3)|>)(|(
1=

1

1=
 


 nEWWP ntnt

n

t
n

n

(3.3)</3)|>|(
1=

1

1=
 


 nZP nt

n

t
n

n

.(3.4)0,/||
1=

1  nnEWnt

n

t
n



We start by showing (3.2).

The Markov inequality and Chebyshev's inequality lead to:
  /3)|>)(|(

1=
1

1=
 nEWWP ntnt

n

tnn

.</|| 11
1=2

1
1=1=1    bd

nnn
bb

ntn
n

tn
nhcnWEc  

with the choice a
n n= for 0>a and nhn = for 1/2<<0  where 1c and 2c are

two positive constants and b such that .)/(> dab 

The Borel Cantelli lemma permits to conclude for (3.2).

Now, we show (3.3).

Note that )|>(|/3)|>(|
1=1=

  nnZ t
n

tnt
n

t  hence,

)|>|(/3)|>|( 1
1=1=

1
1=

  nnPnZP tnnnt
n

tnn
  

   </|| 11
1=3

1
1=

d
nn

b
n

bb
tnn

hncnEn  
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with the choice a
n n= for 0>a and nhn = for 1/2<<0  ; b such that

 )/(> dab  and where 3c is a positive constant.

Lastly we show that (3.4) holds.

We can write:

)|>(|
1=

1

1=

1

1=

1 |||=||| 
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t
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t
n EnEZnEWn   

0.>>w0,||=
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aithnEn
nt

t
a  

 

Next, we cover nC by d
n spheres in the shape of  1||:||  nnjn cxxx  with

d
nj 1 and we make the folowing decomposition:

|)()(||)()(||)()(| jnnjnnjnnnnn xEgxgxgxgxEgxg  

|)()(| xEgxEg njnn
 

then we have
  |)()(| jnnn xgxg

.|))(())((|)( 11

1=

1
tjnntn
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t
n

d
n XxhKXxhKynh   

The kernel K being Lipschitz we obtain
  k

jn
kd

nnKjnnn xxhyLxgxg |||||)()(|
LognchyL k

n
k
n

kd
nnK 1/= 

if we choose .)(= 1/1)/(1/1/  k
n

kd
n

k
n

k
Kn LognchyL

Thus we obtain

)(2/|)()(|sup|)()(|sup 1 LognxEgxgxEgxg jnnjnnd
njnnnCx

 



 

so that for all ),(1 nnn  0>n and we have

).|>)()((|)2|>|sup(
1=1= njnnjnn
n
jnt

n

tnCx
xEgxgPP   

 

Now using similar decomposition as in (3.1) n times; the use of ( d
n )n

instead of n permit to conclude that :
..,.0,|)()(|sup ||||

1  


 nsaxEgxg nnncxn

It remains to show that:
..,.0,|)()(|sup ||||

1  


 nsaxEgxg nnncxn
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To this aim, we write:
nnnnncxn FExEgxg  


 |)()(|sup ||||
1

where,
.|))((|sup)(= 1

)|>(|1=||||
1

tnnytYt
n
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d
nnn XxhKYnhE 


 

We have ][1,2,...,{)( 0 ntoEn  such that }|>|
0 nt yY and we can write

 nt
n

tn yYE |>|0)(
1=

)|>(|=)|>(|0)(
1= nnt

n

tn yYnPyYPEP 
bb

nnnnnn
YEnyyYnPEP ||)|>(|0)(  

  <0)( 4
b
nnnn

nycEP

where 4c is a positive constant.

Then  nsaEn .,.0, and ..||supsup1 sayY ntnt 

The kernel K being strictly positive, we conclude that ..|)(| sayxr nn 

Moreover,

|))](([|sup)(= 1
)|>(|

1=||||

1
tnnytYt

n

tncx

d
nnn XxhKYEnhF 



 

]|[|= )|>(|1
1

nytY
d

nnn YEKhF 
1/21/22

1
1 ])|>[|())(( n

d
nn yYPYEKh 

  nyhc b
n

d
nn 0,/21

5

with 5c being a positive constant.

Proof of Lemma 3.2.
=)()()( xfxrxEgn 

  )()())(()( 1
1=

1 xfxrXxhKYEnh tnt
n

t
d
n  

)()()())(()(=)()()( 1

I
xfxrduufuxhKurhxfxrxEg ndR

d
nn   

we write nhuxz )/(=  and we obtain:

  dzzhxfzKxrzhxrxfxrxEg nndRn )()()]()([=)()()(
I

)()()[()( xfzhxfzKxr n  .]dz

If we assume that the function (.)r is Lipschitz of ratio 1 and order 1 we get
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.)(|||)()()]()([|
I

dzzKzhdzzhxfzKxrzhxr nnndR  

Now a Taylor expansion , the Bochner lemma and the fact that the function r is
bounded permit to conclude that:

.0,|)()()(|sup
I

1 


 nxfxrxEg n
dRx

n

Proof of Lemma 3.3.

This is a particular case of Lemma 3.1 when 1=tY and 1
0= 

nn y for a certain
0.>0

Proof of Lemma 3.4.
We write:

duxuhKxfufhxfxEf ndR

d
nn ))(()]()([=)()( 1

I
  

A Taylor expansion, the hypotheses of Theorem 2.1 and the Bochner lemma
permit to conclude.

Proof Theorem 2.1.
Lemmas 3.1, 3.2, 3.3 and 3.4 permit to conclude that:

...0,|)()(|sup  nsaxrxrnnCx
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