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Abstract

A new lifetime model, which extends the Weibull distribution using the generalized transmuted-G family
proposed by Nofal et al. (2017), called the generalized transmuted Weibull distribution is proposed and
studied. Various of its structural properties are derived. The maximum likelihood method is used to
estimate the model parameters. A small simulation study is conducted. The new distribution is applied to a
real data set to illustrate its flexibility. It can serve as an alternative model to other lifetime models
available in the literature for modeling positive real data in many areas.

Keywords: Generalized Transmuted-G Family, Order Statistics, Probability Weighted
Moments, Maximum Likelihood, Moments.

1. Introduction

There has been an increased interest among statisticians to develop new methods for
generating new families of distributions because there is a persistent need for extending
the classical forms of the well-known distributions to be more capable for modeling data
in different areas such as lifetime analysis, engineering, economics, finance, demography,
actuarial and biological and medical sciences.

Many authors constructed new generators. for instance, Zografos and Balakrishanan
(2009) proposed the gamma-G type 1, Cordeiro and de Castro (2011) studied the
Kumaraswamy-G, Alexander et al. (2012), introduced the McDonald-G, Bourguignon et
al. (2014) defined the Weibull-G, Afify et al. (2017) proposed the beta transmuted-G and
Nofal et al. (2017) defined and studied the generalized transmuted-G families.

The Weibull distribution is the most popular distribution in the literature for analyzing
lifetime data. However, its major drawback is that its hazard rate cannot accommodate
nonmonotone hazard rates (especially, bathtub shaped hazard rates and unimodal failure
rate). The data with bathtub-shaped and unimodal failure rate function are quite common
in reliability and biological studies. So, many generalizations of the Weibull distribution
have been proposed and studied to cope with bathtub-shaped failure rates.

Among these models, we refer to the additive Weibull (Xie and Lai, 1995), exponentiated
Weibull (Mudholkar et al., 1995, 1996), extended Weibull (Xie et al., 2002), modified
Weibull (Lai et al., 2003), beta modified Weibull (Silva et al., 2010), Kumaraswamy
Weibull (Cordeiro et al.,, 2012), transmuted Weibull (Aryal and Tsokos, 2011),
Kumaraswamy modified Weibull (Cordeiro et al., 2012), transmuted complementary
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Weibull geometric (Afify et al., 2014) and Kumaraswamy complementary Weibull
geometric (Afify et al., 2016) distributions.

In particular, the two parameter Weibull (W) distribution with probability density
function (pdf) and cumulative distribution function (cdf) are given (for x > 0) by

B B
glx) = ﬁab’xﬁ—le—(ax) and G(x) =1 — e~ (@) (1)
respectively, where a > 0 is a shape parameter and § > 0 is a scale parameter.

In this paper, we define and study a new lifetime model called the generalized
transmuted Weibull (GT-W) distribution. Its main feature is that two additional shape
parameters are inserted in (1) to provide greater flexibility for the generated distribution.
Based on the generalized transmuted-G (GT-G) family of distributions, we construct the
new five-parameter GT-W model and give a comprehensive description of some of its
mathematical properties hoping that it will attract wider applications in engineering,
survival and lifetime data, reliability and other areas of research.

Let g(x; &) and G(x; &) denote the density and cumulative functions of the baseline
model with parameter vector ¢. Nofal et al. (2017) defined the cdf of their GT-G family
by

F(x;A,a,b0,8) = GO $)* {1+ 21— 2G(x; §)"}. )

The pdf of the GT-G family is given by
f(x;2a,b,8) = g(x G §* a1l + 1) — A(a + b)G(x; §)"}. @)

Henceforth, let G be a continuous baseline distribution. We define the GT-G distribution
with two extra parameters a and b by the pdf (3). A random variable X with pdf (3) is
denoted by X~GT-G(4,a,b,¢). If a=b =1, it corresponds to the transmuted class
(TC) studied by Shaw and Buckley (2007). If a = 1 and b = 0, the GT-G family reduces
to the exponentiated-G (E-G) family defined by Gupta et al. (1998) and finally the GT-G
family reduces to the baseline distributionwhena = b = 1 and 1 = 0.

Let T be a random variable having the EW distribution with positive parameters «, § and
&. Then the pdf and cdf of T are given by

B p181 18
g9(t) = 5paPtP~1e=@" [1—e=@"| and G(t) = [1-e"@"] .

For any n > —pf3, the nth ordinary and incomplete moments of T are given by

Hp =S50 @ 6a " T(A+n/B)  and  @n(t) = N2, ;6@ y(1+n/B, (@/D)F),
(1)

JIT@-NG+DM+A/E

respectively, where sw; =

For further information about the EW distribution we refer to Mudholkar and Srivastava
(1993), Mudholkar and Hutson (1996) and Nadarajah and Kotz (2006).
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The rest of the paper is outlined as follows. In Section 2, we define the GT-W
distribution, provide its sub-models and give some plots for its pdf and hazard rate
function (hrf ). We derive useful mixture representations for the pdf and cdf in Section 3.
We provide in Section 4 some mathematical properties of the GT-W distribution
including ordinary and incomplete moments, moments of the residual life, reversed
residual life, quantile function (gf ), moment generating function (mgf ), Rényi and g-
entropies and order statistics. The maximum likelihood estimates (MLESs) of the unknown
parameters are obtained in Section 5. The simulation results to assess the performance of
the proposed maximum likelihood estimation procedure are discussed in Section 6. In
Section 7, the GT-W distribution is applied to a real data set to illustrate its potentiality.
Finally, in Section 8, we provide some concluding remarks.

2. The GT-W distribution

By inserting the cdf in (1) in equation (2) and omitting the dependence on the parameters
a, 5,1, a, b, we obtain the cdf of the five-parameter GT-W model (for x > 0)

Fx) =[1- e—<ax>ﬁ]a {1 +a-2a1- e—<“X>B]b}. 4)

The corresponding pdf of (4) is given by
B B a—-1 B b
f(x) = BabxP-le=(@) [1 — e~ (@) ] X {a(l +A) —A(@a+b) [1 — e~ (@) ] }, (5)

where a, 8,a and b are positive parameters and 1] < 1. Here, B is a scale parameter
representing the characteristic life, a, a and b are shape parameters representing the
different patterns of the GT-W distribution and A is the transmuted parameter. We denote
a random variable X having pdf (5) by X~GT-W(a, $, A, a, b, x). The reliability function
(rf), hrf, reversid hazard rate function (rhrf) and cumulative hazard rate function (chrf) of
X are given by

Rx)=1-[1- e—(ax)ﬁia{1 +a-2[1- e-<“x>ﬁ]b}.

B[ p1et B1P
BaPxP-le=(@) 1 — g=(ax) ] {a(l +21)—A(a+b) [1 — e~ (@) ] }

h(x) =

_ b )
[1 —[1- e’ {1 FA=2[1 e’ }]

4 B 3 B a—1 _ : B b
Lo xB-1e=(@0) [1—6 (ax) ] a(l+2)—2A(a+b)|1—e"@ ]

t(x) =

[1- e—<ax>"’]a {1 +a-2[1- e-<ax>3]b
and
H(x) = —In [1 - [1- e-(‘mﬁ]a {1 +1-2[1- e—<“x>ﬁ]b}l,

respectively.
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Asymptotics of the cdf, pdf and hrf of the GTW distribution as x — 0 are given by
F()~(1 + ) (ax)?,
f)~aB(1 + Dafx®1,
h(x)~aBf(1+ Dabx*-1,

The asymptotics of TGW distribution from cdf, pdf and hrf as x — oo are given by
1 — F(x)~bre~@F
f)~bABaPxB~1e=@0)f
h(x)~BaPxP-1,

Table 1: Sub-models of the GT-W model

Model | a| B| A| a| b Author

GT-R al 2| A|la|b New

GT-E al 1| A|la|b New
T™W al Bl A 1|1 Aryal and Tsokos (2011)
TE al 1A 1]1 —
TR al 2] A]1]1 Merovci (2013)

EW al B O0]al| O Mudholkar and Srivastave (1993)

ER al 2[{0]a| O Kundu and Ragab (2005)
EE al 1[{0]a| O Gupta and Kundu (2001)
W al plo| 1] 1 Weibull (1951)

R al 2[0]1]1 Rayleigh (1880)

E al 10 1}1 -

The plots of the GT-W density for some parameter values «, B, 4, a and b are displayed
in Figure 1. Figure 2 provides some plots of the hrf of the GT-W model for selected
parameter values.
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Figure 1: Plots of the GT-W density function for some parameter values.
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Figure 2: Plots of the GT-W hazard rate function for some parameter values

3. Mixture representation
The GT-W density function (5) can be expressed as

f)=a(l+Dgx)Gx)* ™ —a+b)g(x)G(x)**P1, ©6)
By inserting (1) in equation (6), we obtain
f(x)=a(l+ A)ﬁaﬁxﬁ—le—(ax)ﬁ [1 _ e—(ozx)’?]a_1
~Aa + b)paFfxF1e@0” [1 - g~ we -
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So, the GT-W density can be expressed as a mixture of two E-G densities, the first with
power parameter a and the seconed with power parameter (a + b). Therefore, equation
(7) can be expressed as

f) = @+ Dhg(x) = Ahgyp (%), (8)

where h,(x) is the EW density function with power parameter a, scale parameter « and
shape parameter S. then, the GT-W density can be expressed as a mixture of the EW
densities and then several of its structural properties can be obtained from (8) and those
properties of the EW distribution.

Similarly, the cdf (4) of X can be expressed in the mixture form

F(x) = f(x) = (1 + DHa(x) — AHg4p (x),

where H,(x) is the EW cdf with power parameter a, scale parameter a and shape
parameter 3.

4. Mathematical properties

Here, we investigate mathematical properties of the GT-W distribution including
ordinary and incomplete moments, moment of the residual life, moment of the reversid
residual life, quantile function, mgf and Rényi and g-entropies, order statistics and some
characterizations.

4.1 Moments
The nth ordinary moment of X is given by

= E(X™) = (1+ DEYD) — AE(VR,),
where

E(Yj") = fooo x™ hj(x)dx,j = a,a+b.

Therefore, for n > —f, we obtain

I _ ] (1+Da ny _ ) . Ala+b) n
Hn = Zj:oaw] an F(l +[5’) Z]=Oa+b W an 1—‘(1 +ﬁ)' (9)
where
(-1)/r(a)

W) = T D PR and ,,,w; can be defined similarly.

Setting n = 1 in (9), we have the mean of X. The skewness and kurtosis measures can be
calculated from the ordinary moments using well-known relationships.

The nth central moment of X, say M,,, follows as
n

My = EC= " = > (=DF () ()" e
k=0
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The mean, variance, skewness and kurtosis plots of the GT-W are given in Figures 3 and
4, respectively. These plots indicate that the GT-W distribution can model various data
types in terms of skewness and kurtosis.

Table 2 provides numerical values for the mean, variance, skewness and kurtosis of X for
selected parameter values to illustrate their effects on these measures.

Mean Variance

Figure 3: Plots of mean and variance of the GT-W distribution for several
values of parameters

Skewness Kurtosis

Figure 4: Plots of skewness and kurtosis of the GT-W distribution for several
values of parameters
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4.2 Incomplete moments

The nth incomplete moment, say ¢, (t) of the GT-W distribution is given by ¢, (t) =
Jy x™ f(x)dx.

We can write from equation (8)

on(t) = (1 +2) f X" hg(¥)dx — A f Xy p (O)dx,
0 0

and then using the lower incomplete gamma function, we obtain (for n > —p)

14+ A)a Ala+b
Pn(t) = Z w;y (s, Z)( b ) —Z w;y(s,z) %
0q J=0g4p
where s =1+ n/,B, z=(a/t)? and y(s,z) = fOZ yS~
incomplete gamma function.

leYdy is the the lower

The important application of the first incomplete moment is related to the Lorenz and
Bonferroni curves. These curves are very useful in economics, reliability, demography,
insurance and medicine. The answers to many important questions in economics require
more than just knowing the mean of the distribution, but its shape as well. The Lorenz,
say Lr(x), and Bonferroni, say B[F (x)] curves are respectively defined (see Oluyede and
Rajasooriya, 2013) by

Le(x) = xtf(t)dt

: f
EX) Jo
and

Lg(x)
B[F(x j tf (t)dt = :
Another application of the flrst incomplete moment is related to the mean residual life
and the mean waiting time given by m,(t) = [1 — @,(t)]/R(t) —t and M;(t) =t —
@1 (t)/F(t), respectively.

Table 2: Mean, variance, skewness and kurtosis for selected parameter values with
a=1.
A lal| b B | mean | variance | skewness | kurtosis
-1 115]075|15 1.2947 | 0.3764 0.8419 3.9857
2 1.1885 | 0.1817 | 0.4999 3.2626
5 1.0543 | 0.0246 | -0.1443 | 3.0051
-05115]0.75|15 |3.3103 | 32.7140 | 5.2314 56.2768
2 1.1139 | 0.1964 | 0.4771 3.1959
5 1.0229 | 0.0297 | -0.2563 | 3.0947
05 |15[0.75|15 |2.2776 | 21.9729 | 6.3056 80.2666
2 0.9649 | 0.1925 | 0.6450 3.3869
5 0.9599 | 0.0339 |-0.1385 |2.9109
1 15|0.75]|15 |1.7612 | 15.8025 | 7.2935 107.3615
2 0.8903 | 0.1739 | 0.7541 3.6835
5 0.9285 | 0.0331 | -0.0689 | 2.9446
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4.3 Residual life function

The nth moment of the residual life, say m,(t) = E[(X —t)"|X > t]n=1.2,... ,
uniquely determine F(x) (see Navarro et al., 1998). The nth moment of the residual life
of X is given by

m,(t) = L ) (x — t)"dF (x).
R(®) J;

Therefore, we ca write (for n > —f)

n oo

. 1421 - AMa+b
ma(£) = Z% JZ oy DL N oy MDY

=04 J=0g4p
(_1)n—r nl -7
rif(n-r+1)
gamma function.

where s, = and y(s,z) = fzooys‘le‘ydy is the the upper incomplete

Another interesting function is the mean residual life (MRL) function or the life
expectation at age t defined by m,(t) = E[(X —t)|X > t], which represents the
expected additional life length for a unit which is alive at age t. The MRL of X can be
obtained by setting n = 1 in the last equation.

4.4 Reversed residual life function

The nth moment of the reversed residual life, say M, (t), uniquely determines F(x)
(Navarro et al., 1998). The M,,(t) is defined by

Ma() = Bl = X)X < 1] = 5 j (t — )"dF (),

wheret >0andn = 1,2, ....

Therefore, the nth moment of the reversed residual life of X, given that n > —f, becomes

n

b |~ (1+MDa < A(a+b)
M”““Zo% JZ oy D= ) eyl =,

J=0q+p
where b, = (=1)"n!/r!(n —r)!. The mean reversed residual life, also called mean
inactivity time (MIT) or mean waiting time (MWT), is given by M;(t) = E[(t — X)|X <
t], and it represents the waiting time elapsed since the failure of an item on condition that
this failure had occurred in (0, t). The MIT of X can be obtained simply by setting n = 1
in the above equation. For further information about the properties of the MIT, we refer
to Kayid and Ahmad (2004) and Ahmad et al. (2005).

4.5 Generating function

Let M,(t) be the mgf of Y,. Therefore, using (8) the mgf of X, say M(t) = E(e'), is
given by

M(t) = (1 + DMa(x) — AMgyp (x). (10)
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At first, we determine the mgf of (1). We can write this mgf as
M(t;a,B) = Baﬁf exp(tx) xF~1 exp{—(ax)P}dx.

0

By expanding exp(tx) and calculating the integral, we have
M) =paf Y | xP expl(@n))dx
k=0 0

=i S T (5)

where the gamma function is well-defined for any non-integer £.

Consider the complex parameter Wright generalized hypergeometric function with p
numerator and q denominator parameters defined by
l(al,Al), e (@, Ap) Zl _ j=1 D@+ 4jn) zn
P24 | (By, By), ., (By By) T (8 +Bn)n

Then, we can write M(t; «, §) as

Mo B) = %o [P ]

Then, the mgf of X~EW with power parameter § is given by

M(6 0, B,8) = 2o vk 1% [ TF7); (e )78 v/, (12)
where v, = (DT + 1)/(k + D'T(S — k).
Combining expressions (10) and (11), we obtain the mgf of X, say

(D" 1, -1 _
M(t)=k=0 TR [ =B7; ke + 1)~/8 /4]

(o]

><{a(1+;\)(i‘1)—(a+b)x(i+b‘1)} .

4.6 Rényi and g-entropies
The Rényi entropy of a random variable X represents a measure of variation of the
uncertainty. Then, the Rényi entropy of the GT-W distribution is given by

1
1-6

lp(X) = logf f(x)%dx,0 > 0andé # 1.

By using the pdf in (5), we can write
f(x)° = (1 +1)°h, ({1 — L Gx)?)
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0(a-1)
= [aBaB(l + )\)]BXB(B—l)e—B(ax) b [1 — e~ (@) B]

NG
x {1 ~L [1 - e—<°‘X>B] } , (12)

A

where L = A (a + b)/[a (1 + A)].

Given that L < 1 and applying a series expansion to A, equation (12) can be expressed as

B
f(x) = [aBaP(1 + A)]GXG(B—l)e—e(ax)

[0e]

y z (]9) (—L)i [1 R B]bj+6(a—1).

=0
Applying the series expansion to the last equation, we can write

0 B
f(x)® = [aBaB(l + A)] Z mj,kxe(ﬁ—l)e—(k+9)(ax) ,
j, k=0

where m; . = (f ) (Zj TO@ =) iy,

Then, the Rényi entropy of X is given by
- [a(1+M)]°B%1 /BB —6+1
log z m; F( ) .

le(X) =

0B—0+1

j k=0 a®+1(k+0) B B

1-6

The g-entropy, say H, (X)), is defined by

1 (o]
H (X) = ﬁ log{l —f f(x)qu},q > O0andq # 1.

Hence

[a(1 + )] . (Bq -q+ 1) _

1
1 logy1— Z m; k aB-q+1 B

Hq(X) = pp
j,k=0 ad*l(k+0) B

4.7 Order statistics

Let X3, ..., X, denote n independent and identically distributed GT-W random variables.
Further, let X4y, ..., X(ny denote the order statistics from these n variables. Then, the pdf

of the ith order statistic X(;), say f;(x), is given by

i
f(x) i
) = ) 1 (B i+-1
GO = gin—iv D) . y 1 (] )F(X)
]:
fix) = ;p=_oi Yo {(Wicihbkragi+p ) — Wi jhpaern+adsn @} (13)
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where

~ (—D)¥al| + i) (1 + A)iH-kyk (n — i)
ki T KITG+i—K)[bk+aG+DIBGn—i+ D\ j
and
wiL[bk + a( + 1)]

ki T Tb(k+ 1) +aG + D]

and hs denotes the EW density function with power parameter §. Thus, the density
function of the GT-W order statistics is a mixture of EW densities. Based on equation
(13), we can obtain some structural properties of X;.,, from those EW properties.

The nth moment of X;.,, (for n > —p) is given by
E(Xir:ln = 7=_(§ Zl?=0 {Wk,j E(Ybr}c+a(i+j)) - W;,jE(Yl;l(k+1)+a(i+j))}' (14)

Equation (14) reveals that The nth moment of X;.,, can be expressed as an infinite linear
combination of EW moments.

4.8 Probability weighted moments

The PWMs are expectations of certain functions of a random variable. They can be
derived for any random variable whose ordinary moments exist. The PWM approach can
be used for estimating parameters of any distribution whose inverse form cannot be
expressed explicitly.

The (s,r)th PWM of X, say p ., is defined by
psr = E{X’F(X)"} = J xSF(x)"f(x) dx.

Using equations (4) and (5), we can write

GO FOO™ = D i Boiesagesny (O{L = L GC9,
k=0

Where
my = (—D¥al(r + DAK(L + )KL /KIT(r — k + 1)[bk + a[(r + 1)].

Then, the (s, r)th PWM of X can be expressed as

par = D i [ Xhcearen @) (1~ L 6GG)")dx
k=0 0

Therefore, p,- can be defined, as an infinite linear combination of EW moments, by

Psr = {mkE(ka+a(r+1)) - mliE(Yb(k+1)+a(r+1))}'
k=0

where my, = Lmy [bk + a[(r + 1)]/[b(k + 1) + a(r + 1)] and
E(Ys) = fooo x5 hg(x)dx. Therefore, for n > —@, we obtain
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[ee]

Psr = Z (m o m;j) a ST (1 + %)

kj=0

=S (1-50R) r(1+3)

s a (1+1) B

where my ; = Lmy; and

_ (=DMal(r + Dbk + a(r + DA (1 + 1)+
M = RIT(r + 1 — 0T[bk + a(r + 1) — j1G + 1)G+P/E

4.9 Characterization based on two truncated moments

Here, we provide characterizations of the GT-W distribution in terms of two truncated
moments. This characterization result is based on a theorem (see Theorem 1 below) due
to Glanzel (1987). The proof of Theorem 1 is given in Glanzel (1990). This result holds
also when the interval H is not closed. Moreover, as mentioned above, it could be also
applied when the cdf F does not have a closed form. Glanzel (1990) proved that this
characterization is stable in the sense of weak convergence.

Theorem 1. Let (£,,p) be a given probability space and let H = [a, b] be an interval for
some a < b(a = —oo ,b = oo mightaswellbeallowed). Let H:Q — H be acontinuous
random variable with cdf F and let g and h be two real functions defined on H such that

E(®IX 2x) =EhX®)X2x)n(x),x €H,

is defined with a real function h. Assume that g, h € C*(H), n € C2(H) and F is twice
continuously differentiable and strictly monotone function on the set H. Finally, assume
that the equation hn = g has no real solution in the interior of H. Then F is uniquely
determined by the functions g, h and n, particularly

' (W)
n(Wh(u) — g(w)

where the function s is a solution of the differential equation s' = n 'h/(nh —g)and C
is the normalization constant, such that ;dF = 1.

exp(—s(u))du,

F(X)=jXC

Proposition 1.
Let X: Q — (0, o) be a continuous random variable and let
b -1
h(x) = {a(l +2) = Aa+ b)[1 - e=@’] }
and
o
g(x) = h(X) [1 — e—(o(x)B] .

The random variable X belongs to GT-W distribution (5) if and only if the function n
defined in Theorem 1 has the formand

n(x) = %{1 +[1- e—<“x>"]a}.
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Proof.

Let X be a random variable with density (5), then
— . T a
F(x)E[h(x)IX = X] = 5{1 — [1 —e (ax) ] }
and
T 1 _ B 2a
FOOR[REOIX = 6] = {1 - [1 - e7@] 7},
and finally
1 ~(ax)f]?
NGOG — g(9) = 3h() [1— e~ @],
foy . n'he)  _ aBabxBle—(@of
S )= Tooheo-em [1-e~(0f]
Then, we have
S(x) = aln [1 — e—(aX)B]_
Then, X has the pdf (5).

Corollary: Let X:Q — (8,) be a continuous random variable and let h(x) be as in

Proposition (1). Then the random variable X has the pdf (5) if and only if the functions g

and h defined in Theorem 1 satisfy the following differential equation
1 ,(x)h(x) _ aBochB‘le‘("‘x)B
NeOhE)-gx®)  [1-e-@of]

(15)

The general solution of the above differential equation is

ByB-1g—(ax)P
_[1 = e-@f]? ‘f apafxPte " g(x)
nx) [1 e ] { [1 — e—(ax)B] h(x) dx + K¢,
where K is a constant. There is a set of functions satisfying the differential equation (15)
is given in Proposition 1 with K = 0. Moreover, there are other triplets (h, g,n)
satisfying the conditions of Theorem 1.

5. Estimation

The maximum likelihood method is the most commonly employed method for parameter
estimation among several approaches in the literature. The maximum likelihood
estimators (MLEs) have desirable properties and can be used when constructing
confidence intervals and regions and also in test statistics. The normal approximation for
MLEs in large sample distribution theory is easily handled either analytically or
numerically. Therefore, we consider the maximum likelihood to estimate the unknown
parameters of the GT-W model from complete samples only. Let X4, ..., X,, be a random
sample of this distribution with unknown parameter vector v = (a, 8,4, a,b)".

The log-likelihood function for v, say £ = £(v), is given by

n n

£ =nInf + nBlna+ (B —1) Z In(x;) — Z S;

+(a—1) X, In(z) + XL, In(ky), (16)
where s; = (ax;) g zi=1—eStand k; = {a(1+ 1) — A(a + b)z;}.
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Equation (16) can be maximized either directly by using the SAS (PROC NLMIXED), R

(optim function) or by solving the nonlinear system of equations obtained by

differentiating (16). The score vector is given by U(v) = % =2 229 i)T =

(6a'6ﬁ’a/1'aa’ab
T
Uardgdadards) - Then
np BN (a— DB sie
s )

Si

=0
i=1

N Ab(a + b)BZn: sie Sz

n
Jg = 5 + nlna+L;In(x;) — Z siln(ax;)
i=1

—-sj

szje
1>Z Z ln( G b)z K, [In(ox)] -

h:za—(a+b)zl ZIHZI+21+7\ )\z

i=

[y

and
. AzP + A%zInz;
Jo = —_—Y
K;

i=1

We can obtain the estimates of the unknown parameters by setting the score vector to
zero, U(D) = 0. By solving these equations simultaneously gives the MLEs &, §, 4, @ and
b. Statistical software can be used to solve these equations numerically by means of
iterative techniques such as the Newton-Raphson algorithm because they can not be
solved analytically. For the GT-W distribution all the second order derivatives exist.

For interval estimation of the model parameters, we require the 5 x5 observed
information matrix J(v) = {J,s} for r,s = a, B, 4, a, b, whose elements are given in the
Appendix. Under standard regularity conditions, the multivariate normal N<(0,/ (D)™ 1)
distribution can be used to construct approximate confidence intervals for the model
parameters. Here, /(D) is the total observed information matrix evaluated at 0. Therefore,
approximate 100(1 — ¢)% confidence intervals for a,5,4,a and b can be determined
as:

At zp\V]aw Bt zg2 ’TBB» At zg/o\]aar A% 2g/\/]aa and b & 2y 54/ Jpp, Where
Zg 2 1S the upper ¢th percentile of the standard normal distribution.

6. Simulation Study

In this section, we conduct a small Monte Carlo simulation based on 3000 Monte Carlo
replications. The true parameter values used in the data generating processes are a = 0.1,
b=0.5 a=1, =73 and 1 =—0.8. Different sample sizes n = 50, 60, 70, 80, 90,
100, 150, 200 and 500 were considered. The mean estimate, bias and the root-mean-
square error (RMSE) of the parameter estimates for the maximum likelihood estimates
were determined from this simulation study and are presented in Table 2. It can be seen
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that the estimates are stable and quite close the true parameter values for these sample

sizes. Furthermore, as the sample size increases the RMSE decreases in all cases.

Table 3: Mean estimates, bias and root mean squared errors of a, b, a, f and 4

n Parameter Mean estimate Bias RMSE
a=0.1 0.2297822 -0.1297822 0.327024463
o b=0.5 1.255719 -0.755719 8.109112849
I-|r|’ a=1 1.541074 -0.541074 0.955562124
€ p =173 6.748934 0.551066 2.947305334
A=-038 -0.5511439 -0.2488561 0.5905149096
a=0.1 0.1951376 -0.0951376 0.220395469
o b=0.5 1.032509 -0.532509 5.96435795
\|(|D a=1 1.4754 -0.4754 0.72339841
€ p =173 6.84503 0.45497 2.78995353
=-0.8 -0.6011422 -0.1988578 0.523234483
a=0.1 0.1912887 -0.0912887 0.212256016
o b=0.5 0.9122504 -0.4122504 5.016811775
T a=1 1.471143 -0.471143 0.691495355
€ p =173 6.803299 0.496701 2.7090957685
=-0.8 -0.6263422 -0.1736578 0.4825763478
a=0.1 0.1624461 -0.0624461 0.1819903167
o b=0.5 0.8991859 -0.3991859 4.4955866560
Oﬁ a=1 1.428468 -0.428468 0.5563865805
€ p =73 6.975834 0.324166 2.44068711545
A=-038 -0.6818705 -0.1181295 0.4220811281
a=0.1 0.1525878 -0.0525878 0.1627860458
o b=0.5 0.7091427 -0.2091427 3.1018647083
C|T a=1 1.411616 -0.411616 0.5011926789
€ p =173 7.074512 0.225488 2.3617131151
=-0.8 -0.712956 -0.087044 0.4007942838
a=0.1 0.1449813 -0.0449813 0.1496813193
= b =05 0.6207838 -0.1207838 2.5477297200
‘F a=1 1.397203 -0.397203 0.4871008552
e p =173 7.145722 0.154278 2.2156427287
=-0.8 -0.7271562 -0.0728438 0.3935592956
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Table 3: Mean estimates, bias and root mean squared errors of a,b,a,f and 4
(Continuing)
n Parameter Mean estimate Bias RMSE
a=0.1 0.1396533 -0.0396533 0.1166192274
A b=0.5 0.58137 -0.08137 1.2698756147
‘ﬁ' a=1 1.355434 -0.355434 0.3992931734
o B =173 7.200587 0.099413 1.7022385098
A=-0.8 -0.7353586 -0.0646414 0.3502029562
a=0.1 0.12117204 -0.02117204 0.0940367283
S b=10.5 0.5507085 -0.0507085 0.826900932
? a=1 1.333046 -0.333046 0.3186760245
o B =173 7.234297 0.065703 1.4922472233
A=-0.8 -0.7638331 -0.0361669 0.3033842689
a=0.1 0.10117204 -0.00117204 0.051629824
S b=0.5 0.5007085 -0.0007085 0.698312924
"lT a=1 1.211367 -0.211367 0.2242738698
o B =173 7.2912457 0.0087543 0.7600244960
A=-0.8 -0.7936831 -0.0063169 0.2012870279
7. Application

In this section, we provide an application of the GT-W distribution to show the
importance of the new model. We now provide a data analysis in order to assess the
goodness-of-fit of the proposed model. We will make the use of the data set on the
remission times (in months) of a random sample of 128 bladder cancer patients (Lee and
Wang, 2003) is given by: 0.08, 2.09, 3.48, 4.87, 6.94, 8.66, 13.11, 23.63, 0.20, 2.23, 3.52,
4.98, 6.97, 9.02, 13.29, 0.40, 2.26, 3.57, 5.06, 7.09, 9.22, 13.80, 25.74, 0.50, 2.46, 3.64,
5.09, 7.26, 9.47, 14.24, 25.82, 0.51, 2.54, 3.70, 5.17, 7.28, 9.74, 14.76, 26.31, 0.81, 2.62,
3.82, 5.32, 7.32, 10.06, 14.77, 32.15, 2.64, 3.88, 5.32, 7.39,10.34, 14.83, 34.26, 0.90 ,
2.69, 4.18, 5.34, 7.59, 10.66, 15.96, 36.66, 1.05, 2.69, 4.23, 5.41, 7.62, 10.75, 16.62,
43.01, 1.19, 2.75, 4.26, 5.41, 7.63, 17.12, 46.12, 1.26, 2.83, 4.33, 5.49, 7.66, 11.25, 17.14,
79.05, 1.35, 2.87,5.62, 7.87, 11.64, 17.36, 1.40, 3.02, 4.34, 5.71, 7.93, 11.79, 18.10, 1.46,
4.40, 5.85, 8.26, 11.98, 19.13, 1.76, 3.25, 4.50, 6.25, 8.37, 12.02, 2.02, 3.31, 4.51, 6.54,
8.53, 12.03, 20.28, 2.02, 3.36, 6.76, 12.07, 21.73, 2.07, 3.36, 6.93, 8.65, 12.63, 22.69.
These data were previously studied by Mead and Afify (2017) to fit the Kumaraswamy
exponentiated Burr XII distribution. We compare the fits of the GT-W distribution with
other competitive models, namely: the McDonald Weibull (McW) (Cordeiro et al., 2014),
transmuted linear exponential (TLE) (Tian et al., 2014), transmuted modified Weibull
(TMW) (Khan and King, 2013), modified beta Weibull (MBW) (Khan, 2015),
transmuted additive Weibull distribution (TAW) (Elbatal and Aryal, 2013),
exponentiated transmuted generalized Rayleigh (ETGR) (Afify et al., 2015) and Weibull
(W) distributions with corresponding densities (for x > 0):

* McW: f(x) = % xB-1 p—(ax)f [1 _ e—(ax)B]a_l {1 _ (1 B e—(ax)ﬁ)c}
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* TLE: f(x) = (a + yx) [1 - e_(“x#z_/xz)] {1 -1+ ZAe_(“x%xz)}.

S TMW: f(x) = (a +ypxPt)e (e {1 — 3 4 2pe~(@rraf)}

a—-1
« MBW: f(x) = 2252 161 (@)’ Il _ e—(i)ﬁl

B(a/c,b)
PNAN
x{1—(1—c)<1_e—(a)>}

« TAW: f(x) = (agxe—l + )/,Bxﬁ_l)e_(“xgﬂ’xﬁ) {1 1+ 2/1e_(“x9+yxﬁ)}.

—-a—-b

-1
* ETGR: f(x) = 2ayB? x e~ #9* [1 - e—(ﬁx)z]“y

x[144-22(1- ") {142-A(1 - e-<ﬁx>2)“}y_1.

The parameters of the above densities are all positive real numbers except for the TLE,
TMW, TAW and ETGR distributions for which |1] < 1 and 0< 6 < B (or 0< B < 0) for
the TAW.

In order to compare the fitted models, we consider some goodness-of-fit measures
including the Akaike information criterion (AIC), consistent Akaike information criterion
(CAIC) and —22, where ? is the maximized log-likelihood, AIC = —27 + 2p, CAIC =
—22+2pn/(n—p—1), p is the number of parameters and n is the sample size.
Moreover, we use the Anderson-Darling (4*) and the Cramér-von Mises (W*) statistics
in order to compare the fits of the two new models with other nested and non-nested
models. The statistics are widely used to determine how closely a specific cdf fits the
empirical distribution of a given data set. These statistics are given by

. 9 3 1I~r
A* = (W ot 1) n+ Ezm (2j — Dlog|zi(1 — 24— j+1)]

=) 2 -2 5
~\2n =\ T2 12n)’

respectively, z; = F(yj), where the y;’s values are the ordered observations. The smaller
these statistics are, the better the fit. Upper tail percentiles of the asymptotic distributions
of these goodness-of-fit statistics were tabulated in Nichols and Padgett (2006).

and

Table 4 lists the values of —22, AIC, CAIC, W* and A* whereas the MLEs, their
corresponding standard errors, of the model parameters are given in Table 5. These
numerical results are obtained using the MATH-CAD PROGRAM.

The fitted pdf, estimated cdf and QQ-plot of the GT-W model are displayed in Figures 5
and 6, respectively.
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In Table 4, we compare the fits of the GT-W model with the Mc-W, TLE, TMW, MBW,
TAW, ETGR and W models. We note that the GT-W model has the lowest values for the
—22, AIC, CAIC, W* and A* statistics among all fitted models. So, the GT-W model
could be chosen as the best model. It is quite clear from the figures in Table 2 and
Figures 3 and 4, that the GT-W distribution can provide the best fits to these data. So, we

prove that this new model can be better model than other competitive lifetime models.

Table 4: The statistics —22, AIC, CAIC, W* and A* for cancer patient data

Table 5:

Model —27 AIC CAIC w A*
GT-W | 821.347 | 831.347 | 831.839 | 0.04691 | 0.30583
McW | 821.68 | 831.68 | 832.172 | 0.05037 | 0.32985
TLE | 826.971 | 832.971| 833.165 | 0.06085 | 0.55402
W 828.158 | 832.158 | 832.254 | 0.10553 | 0.66279
TMW | 828.45 | 836.45 | 836.775 | 0.12511 | 0.76028
MBW | 828.027 | 838.027 | 838.519 | 0.10679 | 0.72074
TAW | 828.478 | 838.478| 838.97 | 0.11288 | 0.70326
ETGR | 858.35 | 866.35 | 866.675| 0.39794 | 2.36077
MLEs and their standard errors for cancer patient data
Model a ﬁ a b A
w 9.5593 1.0477 1 1 0
(0.853) (0.068) - - -
GT-W | 0.2991 0.6542 2.7965 0.0128 | 0.002
(0.151) (0.121) (1.117) (7.214) | (1.769)
a B a b c
McW 0.1192 0.5582 4.0633 2.6036 | 0.0393
(0.109) (0.178) (2.111) (2.452) | (0.202)
MBW | 10.1502 0.1632 57.4167 19.3859| 2.0043
(22.437) (0.044) (37.317) (13.49) | (0.789)
a B Y 6 A
TAW 0.1139 0.9722 3.0936 x 107°| 1.0065 | —0.163
(0.032) (0.125) | (6.106 x 1073)| (0.035)| (0.28)
TLE a % 2
0.0612 |3.0877 x 107° 0.8568
(0.01) |(6.819 x 107%) (0.203)
a B y A
™W 0.1208 0.8955 0.0002 —0.2513
(0.024) (0.626) (0.011) (0.407)
ETGR 7.3762 0.0473 0.0494 0.118
(5.389) |(3.965x1073)|  (0.036) (0.26))
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Figure 5: The fitted pdf and estimated cdf of the GT-W model
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Figure 6: QQ-plot of the GT-W model

8. Conclusions

In this paper, we propose and study a new model, based on the GT-G family proposed by
Nofal et al. (2017), called the generalized transmuted Weibull (GT-W) model, which
extends the Weibull distribution. An obvious reason for generalizing a classical
distribution is the fact that the new model provides more flexibility to analyze real life
data. We provide some of its mathematical and statistical properties. The GT-W density
function can be expressed as a mixture of EW densities. We derive explicit expressions
for the ordinary and incomplete moments, quantile and generating functions, probability
weighted moments, Rényi and g-entropies and order statistics. We discuss maximum
likelihood estimation. The proposed distribution applied to a real data set provides better
fits than some other nested non-nested models. We hope that the proposed model will
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attract wider application in areas such as engineering, reliability, survival and lifetime
data, hydrology, economics and others.

Appendix
The elements of the observed information matrix are given by

—nﬁ+ﬁ(1—ﬁ) \ S_+(a—1)ﬁ O sie i1 = B(1 = s))]

]aa = az 2 2 Zi
Ab(a + b)B sie Siz;[(b — 1)5 e Sik; — Ab(a + b)z]
Z
Ab(a + b)B sie Sizi[1—-p1 — sl)]
ki
1w e~Si
Jap = g _ 52 si[1 + BIn(ax))] [1 +a-D=
a—1) sie Si[Bs;eSi + Bs;z;]
Z z;[In(ax;)]~?1
7\b(a + b) S e‘slzl [1+B(1—s)]
Z ki[In(ax;)]~?
7\b(a + b)B sie"2Siz; ( AbzP (b — 1)k;
Z k; {(a +b)1 + [ln(cxxi)]‘l}'
@ = b(a+b)Bz 5y 2~ Ga + by,
_ BN sie S AbB < sieSizifki — (@ +b)[1+ A — Azb]}
Z + Z K,
)\zb(a + b)B . S e‘slz i[1 + Alnz;]
ab = k- )
—n - sieSi[s;e7Si — s;z; + 74
Jos =gz - Z [ln(axl) - Z AR
Ab(a+b) z sje”Siz ln(axl)] [kiii__ Ab(a + b)z;s;e™5i]
+Ab(a+ b) z zi[In(ox;)]? [Sill((i_Zi +(b-— 1)kisie‘si]’
~Siz zitk; — B b)z;
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n

~ Si sije” Z{k—(a+b)[1+7\ Azb]}
Jpa = z Z [ln(axl) - )‘bz ki[In(ax;)] 2 '

B . —s;e”Sizi{A(a + 2b)k + A%b(a + b)z;(1 + ?\lnzl)}
Joo = Zl kilin(a)] 1

]M:_i (oo iy’ po= -y il @b

i=1

21 + Alnz] 14— 27!
Zk{k a—(a+b)z}1' Zl l’

] 7\2 zi[1+ A — Az ][1 + Alnz; ] q 2 Z zi[l + Alnz;]?
ab = = — _—

an =
. K Joo . K
i=1 i=1
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