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Abstract

In the present communication, based on two extensions of Shannon entropy cumulative entropy by Rao, et
al, 2004 and Kerridge’s inaccuarcy by Kerridge, (1961), we study and obtain some properties of weighted
cumulative residual (past) inaccuracy for truncated random variables. Several properties, including
monotonicity, bounds and their connections to proportional (reversed) hazard model are obtained for left,

right and doubly truncated random variables.

Keywords:  Cumulative residual (past) inaccuracy, Inaccuracy measure, Interval
cumulative residual inaccuracy, Weighted interval cumulative residual inaccuracy,
Proportional (reversed) hazard model.

1. Introduction and preliminary results

In order to modelling the best probability density (mass) function based on the data given
via information theory, many researchers have been introduced and studied some
measures. One of these measure called "inaccuracy measure” has been introduced by
Kerridge (1961) by,

Kpo = —; p, logq;, )

where P =(p,,...,p,) refers to true probabilities and Q =(q,,...,q,) refers to proposed

experimenter probabilities. This measure has been extensively used as a useful tool for
measurement of error in experimental results. Nath (1968) extended this measure to the
case of continuous lifetime random variables by,

Ky == F0)log g(x)ax, )

where f (x) is the actual density function corresponding to the observations and g (x) is
the density assigned by experimenter. As a special case when P =Q or f (x)=g(x), (4)

and (2) reduces respectively to the well-known Shannon and differential Shannon
entropies. Some properties, characterizations and extentions of the inaccuracy measure of
form (2) have been obtained by many authors such as, Nair and Gupta (2007), Taneja et
al. (2009), Kumar et al. (2011) and Kundu and Nanda (2015). As an alternative to
Shannon entropy, Rao et al. (2004) have introduced cumulative entropy via replacing
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f (x) by F(x)=1—F(x). This measure is valid in the continuous and discrete domains

and have more advantages than Shannon entropy. In similar way of cumulative
entropy, Taneja and Kumar (2012) have defined cumulative inaccuracy by

Chyy =— jo’” F (x) log G(x)dx. ©)

On the other hand, in some applied problems such as reliability or mathematical
neurobiology, we need to study the shift-dependent version of information measures. In
this situation, Belis and Guiasu (1968) and Guiasu (1971), considered the notions of
"weighted entropy" by

HY ==Y wp, log p,, 4)

i=1

where w, are the weight of the elementary event. Similary, Taneja and Tuteja
(1986), defined the weighted inaccuracy measure

Ky == Wplogq;, (5)
i=1

which is a quantitative-qualitative measure of inaccuracy associated with the statement
of an experimenter. In weighted measure the factor w, >0, may be viewed as a weight
emphasizing the occurrence of the event X =X, which for greater w, yields a length
biased shift-dependent information measure assigning greater importance to x,. The
inaccuracy and cumulative inaccuracy measures have been redefined based on residual
lifetime, X, =(X —t|X >t), past lifetime, X, = —X |X <t) and interval lifetimes,
Xy, = (X —tt; <X <t;) and Xt’;tz =(t,—X |t,<X <t,). The history of these
extentions and definitions are presented in Table 1.

One can see more results and properties of above measures in works by Prakash and
Taneja (1986), Bhatia and Taneja (1991), Smitha(2010) and Kundu (2014). Analogous to
weighted interval inaccuracy measure, definded by Kundu (2016), the following
information measures can be considered.

Let X and Y be nonnegative lifetime random variables having distribution functions
F(x) and G(x), reliability functions F(x) and G(x), respectively. Then, for any
measurable function ¢(x) (where ¢(0)=0) and based on random variables
X |t,<X <t, and Y |t,<Y <t, where, (t,t,)eD={(u,v)eR’+:F(u)<F(V)
and G(u) <G(v)} the weighted interval cumulative residual inaccuracy (WICRI) can be
defined as

" T F(x) G(x) 5
CKy v t.t)= ;!‘(é(x) |E(t1)— |E(t2) log G(ti)—é(tz) dx ( )

and the weighted interval cumulative past inaccuracy (WICPI) is defined as,
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croyy (t,1,) =

SO

F ()

G(x)

(7)

F(t)-F()

Table 1: Various definitions of inaccuracy measure

G(t,) -G(t)

Measure

Dynamic version

Interval version

—Tf (x)log g (x)dx

0

Nath (1968)

Kyy =

LGOI (CY

Ky ()= JF(t) o™
Taneja et al. (2009)
= (105,90 4
K== jF(t)IgG(t)

Kumar et al. (2011)

Kyy (1)) =
_T 0 ek)
4y F(tl)_F(tz) G(tl)_G (tz)
Kundu and Nanda (2015)

= —Txf (x)log g (x)dx

Kumar et al. (2010)

v )= [x LX) 9%
(t)= !x E(t)loga(t)dx

Kumar et al. (2010)

jx 10104 909 o
FO) 26

Ky (1) =
g(x)

_TX )
Y F(tl)_F(tZ)
Kundu (2017)

— ——(lx
G (tl) -G (tz)

Kumar and Taneja (2012)
CKy v (t,t,) =
ciy == [F()I0gG (x)dx | cxyy (1) = —j@ g% f F(x) GO 4
0 Fb 6w JE ) -Fo) ™ er) -6
Taneja and Kumar (2012) Taneja and Kumar (2012)
Kundu (2016)
Ciyy (tit,) =
G (x) 4 G(x)

CK | :—IF(x)IogG(x)dx
0

Kundu (2016)

vz [FO)
Ciyy () = !F(t)mgG(t)

Kundu (2016)

_T F(x)

et

G(t,)-G(t)

Kundu (2016)

The special cases of the above measures can be called as follow:

*For t, =0 and t, = o, we have weighted cumulative residual inaccuracy (WCRI) as,

CKy y = —J.¢(x) F (x)log G(x)dXx,
0
and weighted cumulative past inaccuracy (WCPI),

i,y = —jqﬁ(x) F (x) log G(x)dx.
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*For t, =t and t, =0, we have weighted dynamic cumulative residual inaccuracy
(WDCRI) as,
FO) G(X)
Cxy v (1) =
== 900= 20 e

*Fort, =0 and t, =t , we have weighted dynamic cumulative past inaccuracy (WDCPI)
as,

(10)

FO 1o G(X)

F (t) 0 &y

e O == p) =)

In particular case of ¢(x)=1 the measures (6) to (11) yield the measures defined by
Taneja and Kumar (2012) and Kundu et al. (2016) and in case of ¢(x)=x we will have
the definitions of length-biased version of the measures.

In the rest of the paper, we will obtain some properties of general measures WICRI,
iy y (t,t,), and WICPI, cx") (t;,t,) and some remarks for special cases.

2. Weighted interval cumulative residual (past) inaccuracy

From now on, for given weight function ¢(x ) we will use the following notations,
' _ 0 Y w _ (" IE(X)
F)=—-¢x), (9 = pu)du, 5} (6. t) =, 0 e E™
o _ t F(X)
5" ) =—[ P00 =~ O-F™

Also, if t, =0 and t, = oo then

F () g
F(t)

Sy =—j0°°¢(x)F‘(x)dx, and if t, =t and t, = then

8y (t) == ) ==

One can rewritten equivalent form for IWCRE by using integral by parts as,

o ) =y b AP 01096008+ 57 (4, 1) 096 (1) ~6(t)

‘//(t )F(t )— '//(tl)F(t1)
¢(x)F(x)IogG(x)dx +{ F(tl) F(tz)

1
F_(tl) - F_(tz) L
+E@W(X)]t <X <t;)}10g(G(t,) - G(t,)-
Also for WICPI we get,

cryy (tt,) = mj #(X)F () log G(x)dx +3," (t,,t,) log(G (t,) -G (1))
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w(t,)F{t,)-w(t)F ()
(x)F (x)logG (x )dx +{ FL)-F()

1
F(tz)_lz(tl)'[t ¢
~E@y(X)|t, <X <t,)}log(G(t,) - G(t,)).
Now if t, =0 and t, = then cxy :—J.:gzﬁ(x)lf(x) log G(x)dx and also if t, =t and
t, = oo then

Ciy y (t) = —%fﬂx)ﬁ(x) log G(X)dx + E(w(X) —w(t) |t < X <)logG(t).

Or in relation with reliability measures, the WICRI can be rewrite as follow,

. e IE(X) ( )
Ciy v (L) = .[tl .[0 #'(y) If(tl)—lf(tz)logG(tl) G(t )d e

_ t, ot F(X) G(XZ dvd
L e F o a6 o6 V™
P S0) gy

F(t)-F(, ) G(tl)—G(tz)

= p(L)os (uts) -] ¢'(x)%{my (x 1)

6)-G(,) t,—)F ()
M) -6w,) YT ED—FG, ))}dx

(y =X)F () - [ F )t

where u(x,y)= ECO_E(Y)

is the doubly truncated mean residual life and

similarly

oK (t) =06)er ()~ 7900 i —p ) -ondy (1)

C(t)=G() ()X tz)F(x))}dx

95 )6 FL)-F(,)

(X =y)F()+ [ F(t)dt

F(y)-F(x)
which was first introduced by Khorashadizadeh et al. (2012).

where 1 (x,y)=

is the doubly truncated mean past lifetime

Now if t; =0 and t, = oo then
cKy =—I:¢’(x)lf(x){—01c” (X)+44(x ) 1ogG (x ) }dx
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and also if t, =t and t, = oo then

Ry O =9y O] 9 )%{*KXY(Xw(x)Iog%}dx

In the next theorem, we study characterization problem for the proposed measures (6) and
(7) under the proportional hazard model (PHM) and proportional reversed hazard model

(PRHM). Under these two models, refer Cox (1959) and Gupta et al. (1998), the survival
and distribution functions of two random lifetime variables are related by

G(x) =[F(x)]’,0>0, (12)
for PHM and by

G(x) =[F(x)]’,0>0, (13)
for PRHM.

Theorem 2.1 If X andY are satisfying

» the proportional hazard model, then
Ciyy (tt) = 0187 (1, 1) - K (t, 1, 0)5, (L. ). (14)
« the proportional reversed hazard model, then

cryy (1) = 0157 (6,1,) — K (4,1, 0) 5, (L, 1), (15)

: [F(t) - F(t)1 [F(tz)—F(tl)]g
where K(t,,t,;0) =log E L) (L) and K'(t,,t,;0) = Fg(tz)—Fg(tl) and also,

0y Fu) F)
|fN(X!y)_J‘X¢(u)F—(X)_F_(y)IO F_(X)_F_(y)

and
FU g FW
F(y)-F(x) “F(y)-F(x)

are respectively interval weighted cumulative residual entropy (IWCRE) and interval
weighted cumulative past entropy (IWCPE) (Yasaei Sekeh et al., 2015).

1E™ (x,y) = [ 4)

Proof: By replacing (12) and (13) into (6) and (7) respectively the required results are
implies.

Remark 2.2 For two absolutely continuous non-negative random variables X and Y
and weight function ¢(x ) = x, in special case of Theorem 2.1,

« when t, =0,t, =0, we have Cxy , = 65" and Cxy’, =608

- when t, =0,t, =t, we have cx;, (t) = 65™ (t),
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* when t, =t,t, =00, we have Cx}, (t) =65" (t).

Example 2.3 Let X have an exponential distribution with mean %,ﬁ>0, and

1
Y =X 2. Therefore Y have a Weibull distribution with parameters (2,%) and X and

Y are satisfying the proportional hazard model. Then,

o 1) = 2+ S -y 2B L

(t,t,)eD. (16)
We observe that for fixed value t, € (0,%0), (16) is decreasing in t, € (0,%0) . Now, assume
#(x) = e™, applying (6) yields the following expression:

: {
(B-a)e ™ —e ™)

Zﬂ(tze (a=pt, _tle (afﬁ)tl)

CK‘)QI Y (tlth) =

Zﬂ (e(a ,B)tz e(a ﬂ)tl)_'_(e(a ﬂ)tz e(a ﬂ)tl) Iog(e_zﬂtz _e_zml)}.

"@-p

Note that when « —0 then ¢}, (t;,t,) >Cxy (t;,t,). One can easily check that for

given t, €(0,), cx” (t;,t,) is not monotone decreasing in t,. This means, if the

monotonicity property for ICRI is fulfilled then there is no guarantee WICRI is monotone
as well.

3. Bounds for the WICRI and WICPI

In this section, we give several bounds for the WICRI and WICPI by using assertions
established in previous sections. Let us start with another alternative representation for

G(t)

the WICRI and WICPI. Let for (t,,t,) €D ,7;(t,,t,) :—G(t G ),i =1,2 then
e () =) 00 2y 09O L)
_ t IE(X) | (§(X)_(§(t2) d 17
905 F G0 s ™ an
in addition
iy y (b ty) =— j: #(X) % log , (t,, X)dx

FO) 1 8 -G

1 Fw Y0 ) *

(18)
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G(t)
G(t,)-G(t)’
CK‘;N’Y (t,.,t,). In the next theorem a lower bound is obtained for WICRI where the same
bounds can be obtained for WICPI.

Using 7, (t,,t,) = i=1,2, similar equations can be obtain for WICPI,

Theorem 3.1 Let X andY are non-negative random variables, then for given weight
function ¢(x) we have,

« If 7,(t,,t,) is decreasing in t,, then
cry v (4 1) 2 =6, (4, 1) log 7, (X, ;)

* If 7,(t,t,) isincreasing in t,, then
Ciy y (t,t,) 2 =6, (4, 1,) log 7, (t,, X).
Proof: The theorem can be proved by using the definitions.

The following theorem describes the relationship between interval Shannon entropy and
the interval weighted cumulative residual entropy and we prove that the WICRI is
exponentially larger than interval Shannon entropy.

Theorem 3.2 Let X and Y are two non-negative continuous random variables with
cumulative distribution functions F(t) and G(t) respectively, then for given weight

function ¢(x) we have,

croy v (4, 1) 2 B, 1) exp{IH, (t,,t,)}, (19)

t f(x) f(x) . .
where IH, (t,t,)=—| = = log = ——dx is the interval Shannon entropy
S L F(t)-F(t,) ~ F(t)-F(t,)
(Misagh and Yari, 2011;2012) and

N T G(F(y)
ﬁ(ti’tz)_eXp{lf(tl)—lf(tz)IF“) {¢( D e e 50 G(t)} y}

Proof: In log-sum inequality of form,

_[ a(x)dx
l ,
ifweput, a)=—— b0 =)= jog_ SX)

F(t)-F(t,) FL)-F(L)  G)-0() -
B =(t,t,) then we have

j a(x)In E;dx j a(x)dx| log & a(x) >0,b(x) >0,
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jtz_ ) log = LG
E F(tl)_F(tz) F(H)_F(tz)

e f(®) ~ F(x) G(x)
L Fo-Fe '09{ " ED-Fo) 080 —G(tz)}dx

o F() 60
> —log {L #(x) Ft)-F(t,) 0975 (t,)-G(t,) dx}

1
=log ———,
CKx v t.t,)

which is the required results.

Remark 3.3 The similar arguments for WICPI is achieved. In other words, owing to the
definition of IH, (t;;t,) we have,

cryy (b)) = B7(t, 1) exp{IH, (¢, 1)},

1 o) - G(F(y))
Xp{F(y)—F(tl)jw { "o F(t)'°ge(tz>—e(tl)}dy}

where

ﬂ*(twtz):

Remark 3.4 In special case of t, =0and t, = o, the Theorem 3.2 leads to
ey v (1) = Bt) exp{H, (O},

where Hx(t)z—jt % og%dx and

(1) = exp{— o {¢( (y) = 10g $E _(y”} y}

F(t) 7 F (t) G(t)

Remark 3.5 For two absolutely continuous non-negative random variables X and Y
and weight function ¢(x) = X,

(tlbt )+ aber,, (10 20
a

). (20)

CKX+baY+b(t1 t,)= a’ck XY

Theorem 3.6 The WICRI is increasing (decreasing)
« with respect to t, if and only if for (t,,t,)eD ,

. W) g ) 0 o Gt ”
Ciy v (b)) > ()hl( '[) (t.t,) h () 0g hv(t1) (21)
« with respect to t, if and only if for (t,,t,)eD ,
o, () < () 28t gy 1)~ ) o 1 () 22)

h(t.t,) he(t,) ~ h(t)
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where  h* (g,tg:%,i =1,2are the generalized failure rate (Navarro and
F(t)-F(t,)
Ruiz, 1996) and p_ ()= L{) is the failure rate function.
F(t)

Proof: Differentiating WICRI of form (6) with respect to t, and t, and doing some

algebraic calculation the inequalities (21) and (22) yields. Similar results of Theorem 3.6
can be obtained for WICPI.

Remark 3.7 In special case of Theorem 3.6, when, we have,

ci, (t)z(g):f—g;aj ).
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