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Abstract

An exponential family of estimators, which use the information of two auxiliary variables in the
stratified sampling, is proposed to estimate the population mean of the variable under study. The
mean-squared error of the suggested family of estimators are derived under large sample
approximation. The family of estimators in its optimum case is carried out to show the properties
of the proposed estimators.

Keywords: Auxiliary information, Study variate, Stratified random sampling,
Mean square error, Exponential estimator.

1. Introduction

The problem of estimating the population mean in the presence of an auxiliary
variable has been widely discussed in finite population sampling literature. Out of
many ratio, product and regression methods of estimation are good examples in
this context. Diana (1993) suggested a class of estimators of the population
mean using one auxiliary variable in the stratified random sampling and
examined the mean square Error (MSE) of the estimators up to the k™ order of
approximation. Kadilar and Cingi (2003), Singh, H.P. et. al. (2008), Singh and
Vishwakarma (2008), Singh, R.et al. (2008), Koyuncu and Kadilar (2009)
proposed estimators in stratified random sampling. Singh (1967) and Perri (2007)
suggested some ratio cum product estimators in simple random sampling. Bahl
and Tuteja (1991) and Singh, R. et. al. (2008, 2009) suggested some exponential
ratio type estimators. Ghosh (1958) and Rao (1977) have suggested estimators
in stratified random sampling with multiple characteristics. In this study, we
suggest some exponential-type estimators using the auxiliary information in the
stratified random sampling when two auxiliary variables are available.

Consider a finite population U= (U4,U2,Us...Uy) of size N and let y, x and z,
respectively, be the study and two auxiliary variables associated with each Uj
(=1,2,3..N) of the population. Let the population of size, N, is stratified into L
strata with h'" stratum containing Ny, units, where h=1,2,3,...L such that 3}_, N}, =
N.
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A simple random sample of size ny is drawn without replacement from the hy,
stratum such that Tk_, ny, = n. Let (yni, Xni, Zni) denote the observed values of y,x,
and z on the iy, unit of the hy, stratum, where i=1,2,3..Ny.

To obtain the bias and MSE, we write
FSI = lelllzi Wh}_rl'l = T(l + en), EET = Z#:‘l Whih = x(l + el)
Ty = Yoy WhZy = Z(1 +ey).

Such that,
E(ep) = E(ey) = E(ez) = 9.
E|(Fh = ¥i) (Kp—Kp) 52— 4p)"
V]'ﬁl = ZE:1WE+S+t ||:3"| h) 1-%{'&21-_‘;) (""h h) ] (11)
where,
— ’ = _ 1 Ny - 1 ny
Vst = ) Wh¥h, Yh=— ) Yhi » Yy = Nv. . Yhi
h=1 nh =1 h I=
L
_ _ N
Y =Yq= ) WY, W IWh,
h=1
and B
V(Fsr) = Y*Vagg (1.2)

Similar expressions for X and Z can also be defined.

Using (1.1), we can write

L 2 2 2
Zh:l Whyhsyh zjﬁzl why}lsazch

E(ej) = vz = Vann, E(e}) = Xz = Viza,
- Zh: Wﬁyhsf_:h Zh: W]Eyhsx h
E(e?) :1_?2—:\/0112, E(ege;) ==— o0 — = Vi1,
L 2 L 2
_ 1 Wi VRS —1 Wi VS,
E(e[ez) — Zh—l i'l;!l'rll ¥zh — Vm . E(enez) — Zh_i ih;!h xzh — V[ﬂ[,
where
M _ — ] . —
sz — Z:i—h1 (Fh - 1i||ll|'l)2 Sz — Z?_h'| (xh - xh)z
i Ny—1 xh Np—1 '
Tih (7 — Zn)? Sih (& — X)) T — T
SE — £i=i *h “h S — Li=1 h hJ\¥h h
zh N, — 1 ' xvh Ny, — 1 )
Ny 7= = = = Ny /= T4 = =
S — Z,-_h1 (}’h = Yn) (@ — Zp) — Z,-_h1 Gh — X)) (@n — Z1)
vzh Nh 1 xzh Nh —1
1-—f,
Yh = :

Nh
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2. Adapted Estimators

When the information on the two auxiliary variables is known, Singh (1965, 1967)
proposed some ratio cum product estimators in simple random sampling to
estimate the population mean of the study variable y.

Motivated by Singh (1965, 1967) and Singh, R. et. al. (2009), we propose some
estimators in stratified sampling as

t _ }‘: - xst [E . Est 2 1
= ¥. = axp |=
1 = ¥st EXP X+ %o, EXP X+ 7 (2.1)
_ i.=.t - i Est - El
th = ¥. = — 2.2
2 = VP [T P [F. 7 (2.2)
e E ist- Eit - E
ty = Vst€XP i + X EXp T, + ‘_f (23)
t . -ist_i- E_ESE 24
v =g [ e [ 24)
The MSE equations of these estimators can be written as
MSE(tL)=?E[Vznn+%+%_vnn_vtm "'Y;i) (2.5)
_. V \Y V-
MSE(tz):?E[an"'%"'%"'vnn"‘vml "':;.i] (2.6)
MSE(tE):?E[VZHD'F%"'%_VHU"'VLM _;}]Zi) (2.7)
MSE(t;) = Y?( Vago "'%"‘%"‘Vnn — Vi _‘;i] (2.8)
3. Suggested Estimators
Ag + bey) — (@g + bey) Cop + dep) — (Cop + dy) %
tl — ?q'exp I( Sl i I) ( 1 i I)I exp |( S 3 I) ( Sl 3 I)l (l — 112]3]4)
(Age + bgy) + (agy + bgy) (Cgy + dgp) + (Cgp + dgy)
G.1)

Let Ag = Zh:lW]LEhA]l and  ag = 2h:1WhihA]u

where A, may be some population information of the first auxiliary variable for ht"
stratum similarly, we define

Cor = Zh:lW]lEhB]l and cg = Z#:‘I.W]LEhB]L

where B, may be some population information of the second auxiliary variable
for h™ stratum.

Expressing t;in terms of e’s, we have

-1 Ly -1 [E8:3

_ —0 0 0 0
t,=‘f(1+en)exp|71el[l+?le{] | exp|§e2[1+§e5J | (3.2)

Pak.j.stat.oper.res. Vol.VIIl No.1 2012 pp65-72 67



Rajesh Singh, Mukesh Kumar

where,
0, = Aﬂl 8, = C:«::
l_Aﬁl+bﬁl’ 2_C.~;|:""j.~~.:
o = ast — Ast _ thtwhAh(ih - ih.)
' Ay Asi
and
o, = Cst — Cgy _ Z#ﬂ WBL (X — Xp)
’ C-‘“ CHI

It is obvious that E(e;) = E(e;) = 0.

Expending the right hand side of (2.10) and retaining the terms up to first order of
approximation, we get

— — 1 | o 5 &
(t —=Y)  Y[eg —5 (040,85 — 0z626;) + - (0407e;” — 0207€57)

T & enz a2

[ e
+a,(a; — 1) 141 + 0 (az — 1) 242

(33)

Squaring (3.3) to the first order of approximation and then taking expectation, we
have -

. 1 . . .
MSE(t;))  Y#[Vogg + Z{Qfei‘ivﬂzn + 0305 Vipz}

1
=101 Vi1 + 020;Vig) —504020,0;Vp14] (34)
where,
Elﬂ i-‘“
0 =—-— 0 = ——7F
CAatby’ 7 Cutdy
: ELh — Yi)"Gin — Xn)*(Zn — Zn)']

V:I'ﬂl = ) ) lW]I+ﬁ+I(A]I)H(B]1)' ?TEH?T
I= i

On differentiating (3.4) with respect to oyanda;, respectively we get the optimum
values of a; and a; as:

x _ 2(V6n2V1m - le\'-’uu:‘

a; = — — (35)
& [Vnznvnﬂz o7 vnnd)
and
2(Va11Viio — Vo Va-
@ = (Vo11Vi1o 101 Vozo) (3.6)

05 (Voz0Vaoz ~ Vg11°)
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Putting optimum values of a; and asfrom (3.5) and (3.6) in (3.4) we obtain min.
MSE of t; as-

ViazViZn + VaaaViZy — 2V Vio: Vi-
00z Viio 020Vi10 110Viol t]l‘]] (3.7)

MSE(t;)min = ?2[ Vagp — Voo Vo — 2
nz0 Vooz 011

4. Efficiency comparison

In this section, firstly, we compare the MSE of proposed estimator t;(i=1,2,3,4)
with V (¥4 ).

MSE(t;) < V(¥st)
v 1 2qe2 zQ=2 1 s
Y% [Vagp + Z{Ot161 Vozo + 0505 Vogat — 046, Vigg + 0268, Vig — Ealazelezvml
< Y3Vyqq
Estimator t; (i=1,2,3,4) performs better than y,, whenever

2J"1>1 41
5 (4.1)

where, A = Otlageleng  + ZGlGlVlm - 20(292le
B = 0§8;*Vozp + 0365"Vooz

Secondly, we find the condition under which MSE(t; )min performs better than V (ys)
MSE(t; )min < V(i)

- VoozVito + VozoVito — 2Vi10Vio1 Vo =
Y| Vago — < Y2V,

[ 200 Vnznvnnz - Vn‘121 ] 200
MSE(t; )min is less than V (yst), whenever
¢ >0 (4.2)
D .
where,

C = VoozVito + VozoVito — 2Vi1oVier Voii

and D = VizoVopz — Voii-
5. Empirical study

For empirical study we use the data set which is earlier used by Koyuncu and
Kadilar (2009).
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Data Statistics
N¢=127

N4=170

n{=31

n,=38
Sy1=883.835

Sys = 810.585
Y,=703.74

Y, =424.66
S41=30486.751
S44=18218.931
X,=20804.59
X,=9478.85
Syy1=25237153.52
Sxy1= 14523885.53
Pxy1= 0.936

Pyya= 0.983
Bz(x1)=4.593
B2(x4) =10.162
B2(y1)=2.158

B2(ys)=12.167
S;1= 555.5816
S;4=458.0282
7,= 498.28
7.,=498.28
Syz1= 480688.2
Syz1= 364943.4
Syz1= 15914648
Syza= 8041254
Pyz1= 0.978914
Pyza= 0.9829358
B.(z1)=2.314926
B2(z4)= 8.624111

70

No=117

N5=205

n,=21

ns=22

Sy2=644
Sy5=403.654

Y,= 413

Y.= 267.03
S,42=15180.760
S45=8997.776
X,=9211.79

Xs= 5569.95
Syy2=9747942.85
Sxy1=3393591.75
Pyyz= 0.996
Pyy5=0.989
B2(xz)= 18.543
Ba(xs) = 21.947
B2(yz)= 16.392
B2(ys)=21.088
S,z = 365.4576
S;5 = 260.8511
7,=318.33

7. =227.20
Syz2= 230092.8
Syz1= 101539
Syz2= 5379190
Syzs= 2144057
Pyzz = 0.9762
Pyz5= 0.964342
B.(zz) =11.19093
B2(z5) = 9.720886

N3=103

Ng=201

n3=29

ng=39

Sya= 1033.467
Sye=711.723

Y; = 573.17

Y, =393.84
S43=27549.697
S.6=23094.141
X,=14309.30
X,=12997.59
Syy3=28294397.04
Syys=15864573.97
Pxy3=0.994

Pxys= 0.965
B2(x3) =15.446
Ba(xs) =23.114
B2(y3)=14.979
B2(ys)= 20.254
S,;3=612.9509281
S;5= 397.0481

74 =431.36

7= 313.71

Syz1= 623019.3
Syz1= 277696.1
Syz2= 164900674.56
Syz1= 8857729
pya= 0.983511
Pyz1= 0.982689
B.(z3)= 10.78635
B2(z5)= 14.40696
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Table1: Percent Relative Efficiencies (PRE) of estimators
Estimator ' o Ay, By, PRE

Vst 0 0 1 1 100
ty 1 -1 1 1 2045.439
t; -1 1 1 1 27.948
ty 1 1 1 1 126.419
ty -1 -1 1 1 77.219
ty 0.0215 | 0.140416 | B2(x) | Bz(2) | 101.155
t, 0.6893 | -0.9946 Cxn Cux 256.181
ty 0.5835 | -1.7739 1 1 2854.597
ty 0.7533 | -1.5332 Pxy Pyz 7251.178

Conclusion

From Table 1, we observe that the estimator tZ which uses correlation

coefficient as A, and B, has the smallest MSE value among their own family of
estimators. When we further examine Table 1, we see that all exponential ratio-
type estimators performs better than usual mean estimatoryy; .
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