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1. Introduction

As common as the normal distribution is the Rayleigh distribution which occurs in
works on radar, properties of sine wave plus-noise, etc. Rayleigh (1880) derived
it from the amplitude of sound resulting from many important sources. The
Rayleigh distribution is widely used in communication engineering, reliability
analysis and applied statistics. Since the Rayleigh distribution has linearly
increasing rate, it is appropriate for components which might not have
manufacturing defects but age rapidly with time. Several types of electro-vacum
devices have this feature. It is connected with one dimension and two
dimensions random walk and is some times referred to as a random walk
frequency distribution. It is a special case of Weibull distribution (1951) of wide
applicability. It can be easily derived from the bivariate normal distribution with
o, =0, =0 and p = 0. For further application of Rayleigh distribution, we refer to

Johnson and Kotz (1994). Adatia (1995) has obtained the best linear unbiased
estimator of the Rayleigh scale parameter based on fairly large censored
samples. Dyer and Whisend (1973) obtained the BLUE of scale parameter based
on type Il censored samples for small N = 2(1)5. With the advance of computer
technology it is now possible to obtain BLUE for large samples. Hirai (1978)
obtained the estimate of the scale parameter from the Rayleigh distribution singly
type Il censored from the left side and right side and variances of the scale
parameter. In this paper, we estimate the scale parameter of type Il singly and
doubly censored data from the Rayleigh distribution using Blom’s (1958)
unbiased nearly best estimates and compare the efficiency of this estimate with
BLUE and MLE.

2. The Rayleigh Distribution
The probability density function of the p-dimensional Rayleigh distribution is

~(p-2) p-1 P

f(Z,p,4)= 2 - (%) exp{—%(%ﬂ Z>0 (1)

AT

2)
=0 otherwise
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The general form for p = 3 has limited applications. We consider the special case

whenp =2 and Z =+/2x warrants sufficient interest from the application point of
view. Now the p.d.f. of the standard Rayleigh distribution is

2X
f(x)=—2ex2”12 x>0
A (2)
A>0
with P(X<x)=F(x)=1-e X% 3)
3. Moments of order statistics from the Rayleigh distribution
The c.d.f. of the Rayleigh distribution is
F(x)=1-e X% (4)
If X((lr;) < X((Q)) < < X((rn)) ------- < X((rr:)) are the available ordered observation from
Y8 -3
(1). Let us make the transformation — then the observations

y((lr;) <y((2)) RIS < y(‘,?)) are the realizations of random variables

) oy (n)
Yo, <Yz <o <Yy

Lec BV )= ERGD. Y7 )i o

and Cov(Y((r’;), YE ):WF(Q) —aMa =v W <5 (6)

The derivation of «!” from the Rayleigh distribution is straight forward and we
have

oz G- 1
“ _2(n—r)!(r—1)!§( i J( g (i+n-r+1)32 (7)

The evaluation of the exact variance — covariance matrix of the Rayleigh
distribution is somewhat complicated. Hirai (1976) evaluated the expected vector

and Vr(S”) for n<8 and Govindarajulu, Z and Goshi (1968) give values for sample
sizes 2 — 10.

4. Maximum likelihood estimate of the scale parameter A from the
Rayleigh distribution

We have the p.d.f. of the Rayleigh distribution
7)(2
f(x)=%e Z 0< X<
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The likelihood function of a sample size n from this distribution is
xf/
Z2n ZX € I l

(8)

and from this we obtain M.L.E. i of Aas

1/2 -
{lzﬂ thus Y20 |
n A

ISa ¥ variate with 2n d.f.
( )Zn —nA2
2 / (i)Zn—l

22T (n)

(9)

and dF(1) = dl0< 1< (10)

2n+1
2 A
(n)

VT

It can be easily shown that the distribution of A tends to normality as n becomes
very large.

r

and (1) = and  p(2) = (11)

2

A~ A
Also we have Var (4) = n (Cramer Rao lower bound) (12)

Hirai (1976) has obtained the variance of A for n<8 for various values of ry
which is fixed in advance (right tail censored) using M.L.E.

Where (7
2
Rayleigh distribution in table 1.

Is the largest observation available out of sample size n from the

Table 1: Showing the variance of A for different values of r,. Each value
should be multiplied by 42

p) 1 2 3 4 5 6 7
n 2 3 4 5 6 7 8
Var( ) ) | 0-2500000 | 0.1250000 | 0.0533333 | 0.0625000 | 0.0500000 | 0.041667 | 0.0357143

Similarly when r; left side censored are missing observations out of sample size
8 and variance of 4 are shown in table 2 using M.L.E.

Pak.j.stat.oper.res. Vol.V No.12009 pp31-45

33




Ahmad Saeed Akhter, Abdul Samad Hirai

Table 2: Showing the variance of A forn<8 for various values of r;.
Each value may be multiplied by A°

r 1 2 3 4 5 6 7
n=2 0.1428
n=3 0.0861 | 0.1111
n=4 0.0635 | 0.0784 | 0.0952
n=>5 0.0505 | 0.0518 | 0.0557 | 0.0787
n==6 0.0420 | 0.0425 | 0.0439 | 0.0482 | 0.0787
n=7 0.0359 | 0.0362 | 0.0368 | 0.0384 | 0.0429 | 0.0738
n=_8 0.0314 | 0.0316 | 0.0319 | 0.0326 | 0.0343 | 0.0389 | 0.0699

5. Estimation of 4 by BLUE

Lloyd (1952) considered the estimation of location and scale parameters using

ordered statistics for the continuous distributions with c.d.f.=F[X;ﬂj. The

method can easily be extended to a potential sample of size n, a known number
of observations is missing at either end (single censoring) or at both ends (doubly
censoring) i.e. Type |l censoring. (Gupta 1952) to distinguish it from the situation
in which the sample is curtailed below and / or above a fixed point. Adatia (1995)
has obtained the coefficients and relative s-efficiency of the best linear unbiased
estimate (BLUE) of the scale parameter of the Rayleigh distribution for type Il
censored samples of size N = 20 (5) 40 for r = 0 (1) 4 number of observations
censored from the left and s = 0 (1) 4 (number of observations censored from the
right). Dyer and Whisenand (1973) obtained the BLUE of the scale parameter
based on type Il censored samples for small n =2 (1) 15.

6. Best Linear Unbiased estimation of A, the scale parameter of the
Rayleigh distribution by Lloyds method for type Il censored data

Suppose that X((rnll) < X((rr?_z) S < x((r']ls) are the available type Il censored

sample, where the smallest r and the largest s observations were not observed

due to experimental restrictions. Then using Lloyd’s method 2 an estimate of A4
is given as:

! — -1 ! _ . ) _ -1
py :[a v(”)la} dVO X and Vel ):(q v 19_5) 2 13
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where

(n)
X(r +1)

(™

(r+2) ' (n)

M

(n)
X(n—r—s+1) i

K a(n)

(n-r—s+1)

and v is the exact sub variance covariance matrix

Vr(r%, r+1 Vr(ri r+2
(n) _
Y - Vr(f)z, r+1 Vr(f)z, r+2
i n(f)r—s+1,r+1 K

K Vr(r%, n—-r-s
K Vr(-r:)Z, n—-r—s
K V (n)

n—r—s,n—r—s+1

(14)

(15)

[C1 C2 C3 C4 Cs Cg Cr Cg] the coefficients of the best linear estimate 2 from the
singly and doubly censored samples are given in table 3 and table 4 shows the

exact variances of the estimate A from the Rayleigh distribution from singly and

doubly censored samples.

Table 3: Showing the coefficients of the best linear estimate of A from
Rayleigh distribution from singly and doubly censored samples

nfirnifr C, C, Cs Cs4 Cs Cs C; Cs
30| 1]0.2712550 | 1.0053272
1|0 0.3989254 | 0.5108640
41 0| 1| 0.1580963 | 0.2465317 | 0.7561479
0 | 2 | 0.2322999 | 1.2505903
1(0 0.2534338 | 0.2612984 | 0.4018431
111 0.1799068 | 0.6667720
2|10 0.4228779 | 0.4168678
50| 1] 0.1064325 | 0.1631825 | 0.2167412 | 0.6131440
0 | 2 | 0.1407905 | 0.2142904 | 0.9542631
0 [ 3 | 0.2064764 | 1.4568612
1|0 0.1802804 | 0.1759284 | 0.2276212 | 0.3338221
1)1 0.2245908 | 0.2174143 | 0.6158018
112 0.2959298 | 0.9593902
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nir|nr Ci C, Cs Cs Cs Cs Cy Cs
2|0 0.2962460 | 0.2308611 | 0.3393298
211 0.3687710 | 0.6278660
3]0 0.4353307 | 0.3580487

6|0 | 1] 0.0781655 | 0.1132834 | 0.1550555 | 0.1925167 | 0.5202970

0 | 2 | 0.0970039 | 0.1463237 | 0.1907517 | 0.7825650

0 | 3 | 0.1282955 | 0.1920883 | 1.1216420

0| 4| 0.1877186 | 1.6381275

110 0.1368866 | 0.1293305 | 0.1621391 | 0.2016719 | 0.2866584
111 0.1638627 | 0.1547267 | 0.1924162 | 0.5201643

112 0.2037960 | 0.1910778 | 0.7848438

1|3 0.2683480 | 1.1256633

210 0.2239018 | 0.1632209 | 0.2032702 | 0.2891645
2|1 0.2683774 | 0.1940166 | 0.5254442

2|2 0.3332360 | 0.7943370

3|0 0.3241585 | 0.2079163 | 0.2966055
3|1 0.3888683 | 0.5410298

410 0.4419205 | 0.3175473

71 0| 1| 0.0601957 | 0.0908326 | 0.1154240 | 0.1460176 | 0.1700124 | 0.4523703

0 | 2 | 0.0721304 | 0.1085504 | 0.1380176 | 0.1730813 | 0.6668394

0 | 3 | 0.0896945 | 0.1344850 | 0.1707344 | 0.9276584

0 | 4| 0.1183690 | 0.1764465 | 1.2684220

0| 5] 0.1732321 | 1.8016738

1|0 0.1090693 | 0.0990433 | 0.1262247 | 0.1470190 | 0.1820722 | 0.25174501
1)1 0.1270603 | 0.1154740 | 0.1461748 | 0.1702425 | 0.4530362

1]2 0.1520048 | 0.1381174 | 0.1733175 | 0.6679921

1|3 0.1885998 | 0.1709292 | 0.9295770

1|4 0.2480231 | 1.2716768

2|10 0.1762618 | 0.1266343 | 0.1476820 | 0.1829659 | 0.2530564
211 0.2056069 | 0.1467735 | 0.1711567 | 0.4557241

212 0.2462315 | 0.1742272 | 0.6726231
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nir|nr Ci C, Cs Cs Cs Cs Cy Cs
213 0.3055790 | 0.9372246
310 0.2574127 | 0.1494079 | 0.1853637 | 0.2566061
311 0.3000117 | 0.1755594 | 0.4630005
312 0.3588506 | 0.6851297
410 0.3422117 | 0.1912039 | 0.2654203
4 |1 0.4005271 | 0.4810243
510 0.4456277 | 0.2876659
8 | 0| 1 | 0.0480569 | 0.0728980 | 0.0922028 | 0.1124096 | 0.1328922 | 0.1565398 | 0.4006700
0 [ 2 | 0.0550656 | 0.0872158 | 0.1058141 | 0.1305451 | 0.1535812 | 0.5860067
0 | 3 | 0.0675305 | 0.1002288 | 0.1284742 | 0.1550206 | 0.7960510
0 | 4 | 0.0839051 | 0.1243542 | 0.1586005 | 1.0537224
0 | 5| 0.1105934 | 0.1632030 | 1.4015645
0| 6 | 0.1617772 | 0.1067282
1(0 0.0895308 | 0.0807210 | 0.0987684 | 0.1167561 | 0.1384433 | 0.1644683 | 0.2249580
1|11 0.1022131 | 0.0922049 | 0.1124778 | 0.1329270 | 0.1567995 | 0.4010073
1|2 0.1208241 | 0.1058296 | 0.1306406 | 0.1536409 | 0.5867184
1|3 0.1414755 | 0.1285269 | 0.1551742 | 0.7970814
1|4 0.1756574 | 0.1587143 | 1.0555599
1|5 0.2309378 | 1.4042631
210 0.1452545 | 0.0989330 | 0.1172864 | 0.1384930 | 0.1651467 | 0.2257141
211 0.1659589 | 0.1127183 | 0.1335947 | 0.1569278 | 0.4026902
212 0.1931472 | 0.1310155 | 0.1545337 | 0.5890050
213 0.2309405 | 0.1557252 | 0.8010645
214 0.2862135 | 1.0616379
3|0 0.2092289 | 0.1180182 | 0.1395811 | 0.1664954 | 0.2276706
311 0.2390290 | 0.1345940 | 0.1583557 | 0.4065896
3|2 0.2784587 | 0.1559346 | 0.5955457
313 0.3327320 | 0.8113475
410 0.2794656 | 0.1418949 | 0.1695684 | 0.2320723
4 |1 0.3199120 | 0.1614220 | 0.4154270
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r

Ci

C.

Cs

Cs

Cs

Co

Cr

Cs

0.3731422

0.6102415

0.3569806

0.4100757

0.1761485

0.4348418

0.4472739

0.2417729

0.2649313

Table 4: Showing the exact variances of the estimate of A from the
Rayleigh Distribution from singly and doubly censored samples.

Each value should be multiplied by A2

n r 0 1 2 3 4 5 6
N
310 0.1319092
1 0.0884688
410 0.0866286 | 0.1318417
1 0.0650335 | 0.0874873
2 0.0676473
510 0.0644327 | 0.0865724 | 0.1318131
1 0.0515444 | 0.0647300 | 0.0870934
2 0.0524295 | 0.0661093
3 0.0555120
6 |0 0.0514102 | 0.0643910 | 0.0865469 | 0.1317991
1 0.0427159 | 0.0514029 | 0.0645910 | 0.0868971
2 0.0431012 | 0.0519522 | 0.0654428
3 0.0442478 | 0.0536080
4 0.0475584
710 0.0425658 | 0.0512665 | 0.0643388 | 0.0865522 | 0.1317830
1 0.0364809 | 0.0426304 | 0.0513593 | 0.0644825 | 0.0868026
2 0.0366751 | 0.0428942 | 0.0517372 | 0.0640653
3 0.0371991 | 0.0436088 | 0.0527654
4 0.0385295 | 0.0454263
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n ry 0 1 2 3 4 5 6
5
5 0.0419216
8|0 0.0363893 | 0.0425391 | 0.0512256 | 0.0643575 | 0.0865234 | 0.1317846
1 0.0318354 | 0.0364248 | 0.0425857 | 0.0512957 | 0.0644658 | 0.0867117
2 0.0319443 | 0.0364668 | 0.0427843 | 0.0515681 | 0.0648863
3 0.0322254 | 0.0369343 | 0.0432828 | 0.0522824
4 0.0328646 | 0.0377708 | 0.0444222
5 0.0342816 | 0.0396390
6 0.0377318

7. Nearly unbiased best estimation of A say /11* the scale parameter of the
Rayleigh distribution by Blom’s method

A notable feature of Blom’s method is that it can readily be adapted to censored
samples. Suppose, as before r smallest and s largest observations are missing
(which covers the most common situation) then we seek the coefficients gi's
based upon the observations Z{y < Z{" ) << Zp s,

The gi's corresponding to the missing observations are zero. For detail study of
the Blom’s method (1958) we refer to contributions to order statistics by Sarhan
and Greenberg pages 35 to 40.

Table 5 gives the coefficients of the nearly unbiased estimate 21* (say) of 4

from singly and doubly censored samples and table 6 gives the variances of /11
from the Rayleigh distribution for singly and doubly censored data for Rayleigh
distribution. The variance of ﬂq given by Blom is very crude and otherwise the

method works excellently and we only need the expected vectors. In order to
compare this method with BLUE we sue sub-matrix of the exact variance-
covariance Hirai (1978) for different values of r and s for a sample size n<8.
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Table 5: Showing the coefficients of the nearly unbiased estimate of /11*

from the Rayleigh distribution from singly and doubly censored
samples.

njirnj|r g1 g2 O3 Ja Os Je g7 [¢E}

3|0 | 1] 0.1725257 | 1.0642982

1|0 0.3096864 | 0.5693779

4| 0| 1] 0.0818326 | 0.2266848 | 0.8043716

0 [ 2 | 0.1299451 | 1.3138172

110 0.1933817 | 0.2212821 | 0.4615712
1)1 0.2739308 | 0.8067522
210 0.3446754 | 0.4729637

5|0 | 1] 0.0441368 | 0.1488822 | 0.1985789 | 0.6580007

0 | 2 | 0.0610580 | 0.2059608 | 0.997230

0 | 3 | 0.0961589 | 1.5262324

1]0 0.1337628 | 0.1516057 | 0.1952372 0.3922307
111 0.1753656 | 0.1987580 | 0.6585942

112 0.2426815 | 0.9989682

210 0.2414983 | 0.1972413 0.3962568
2|1 0.3176230 | 0.6674855

3|0 0.3631943 0.4120623

6 | 0| 1] 0.0247333 | 0.1071924 | 0.1413603 | 0.1761644 0.5617595

0| 2| 0.0317812 | 0.1377379 | 0.1816421 | 0.8200337

0 | 3 | 0.0436466 | 0.1891614 | 1.1645406

0 | 4 | 0.0684953 | 1.7139246

1|0 0.0980452 | 0.1132248 | 0.1411011 0.1748020 | 0.3429085
111 0.1224444 | 0.1414016 | 0.1762159 0.5619237

1] 2 0.1573491 | 0.1817103 | 0.8203417

1|3 0.2161246 | 1.1651413

2|10 0.1815742 | 0.1418143 0.1756848 | 0.3446402
211 0.2270456 | 0.1773287 0.5654721

2|2 0.2922947 | 0.08270107
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ninifr 91 92 93 94 9s Je g7 Os
310 0.2724505 0.1789280 | 0.3510024
311 0.3422623 0.5785858
410 0.3743874 | 0.3695417
71 0| 1| 0.0124123 | 0.0828935 | 0.1074828 | 0.1316996 0.1578622 | 0.4929986
0 | 2 | 0.0152334 | 0.1017334 | 0.1319114 | 0.1616320 0.7026742
0 | 3 | 0.0194457 | 0.1298650 | 0.1683879 | 0.9603065
0 | 4 | 0.0266070 | 0.1776905 | 1.3123838
0 [ 5| 0.0416521 | 1.8859853
1|0 0.0751010 | 0.0889943 | 0.1090454 0.1307077 | 0.1585361 | 0.3057624
1)1 0.0907099 | 0.1074908 | 0.1317093 0.1578738 | 0.4930350
112 0.1113281 | 0.1319233 | 0.1616467 0.7027378
113 0.1421165 | 0.9604174
114 0.1944621 | 1.3125912
210 0.1427049 | 0.1093492 0.1310718 | 0.1589778 | 0.3066143
2|1 0.1724644 | 0.1321527 0.1584053 | 0.4946951
2|2 0.2118275 | 0.1623152 0.7056441
213 0.2707190 | 0.9654935
310 0.2154678 0.132858 0.1605715 | 0.3096880
311 0.2609466 0.1603285 | 0.5007010
3|2 0.3213954 0.7161956
410 0.2936183 | 0.1647415 | 0.3177305
4 11 0.03575523 | 0.3165354
510 0.3815396 | 0.3379914
8| 0| 1 | 0.0050758 | 0.0657400 | 0.0857418 | 0.1038191 0.1223811 | 0.1433642 | 0.4408298
0 | 2 | 0.0060359 | 0.0781753 | 0.1019605 | 0.1234573 0.1455304 | 0.6185042
0 | 3 | 0.0073632 | 0.0953651 | 0.1243804 | 0.1506041 0.8257650
0 | 4 | 0.0093691 | 0.1213444 | 0.1582641 | 1.0861614
0 | 5| 0.0127949 | 0.1647149 | 1.4481154
0 | 6 | 0.0200130 | 2.0430567
1(0 0.0565282 | 0.0727454 | 0.0880826 0.1038310 | 0.1216336 | 0.1451586 | 0.276602
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njr|r g1 92 93 94 Os 9e g7 Js
1|1 0.0689856 | 0.0857429 | 0.1036204 | 0.1223827 | 0.1433661 | 0.4408356
1|2 0.0820349 | 0.1019621 | 0.1234592 | 0.1455327 | 0.6185139
1|3 0.1000738 | 0.1243828 | 0.1506070 | 0.8257807
1|4 0.1273365 | 0.1582679 | 1.0861877
1|5 0.1738996 | 1.4481635
2|0 0.1154129 | 0.0882251 0.1039990 | 0.1218304 | 0.1453934 | 0.277049
211 0.1360732 | 0.1040185 0.1226161 | 0.1436395 | 0.4416764
2|2 0.1975643 | 0.1510240 | 0.8280674
214 0.2516757 | 1.0900178
3]0 0.1761128 0.1046212 | 0.1225592 | 0.1462632 | 0.278707
3|1 0.2078618 | 0.1234819 | 0.1446538 | 0.4447950
3|2 0.2476017 | 0.1470897 | 0.6851313
313 0.3027599 | 0.8365837
410 0.2405198 | 0.1243742 | 0.1484292 | 0.282834
4 11 0.2846396 | 0.1471843 | 0.4525901
4| 2 0.3401982 | 0.6382251
5|0 0.3091231 | 0.1532781 | 0.292074
511 0.3680528 | 0.4701931
6|0 0.3863513 | 0.313487

Table 6: Showing the variance of nearly best linear estimate of /11* from
the Rayleigh distribution from singly and doubly censored

samples. Each value should be multiplied by A2

n rs 0 1 2 3 4 5 6
N
3|0 0.1323950
1 0.0890871
4 10 0.0869890 | 0.1322026
1 0.0656243 | 0.0876400
2 0.0680903
42 Pak.j.stat.oper.res. Vol.V No.1 2009 pp31-45




Estimation of the Scale parameter from the Rayleigh distribution from type Il singly and doubly censored data

n ry 0 1 2 3 4 5 6
M
510 0.0647015 | 0.0868216 | 0.1321332
1 0.0520555 | 0.0648921 | 0.0871714
2 0.0528791 | 0.0662025
3 0.0558633
6|0 0.0514833 | 0.0643682 | 0.0867575 | 0.1321001
1 0.0431551 | 0.0515496 | 0.0646757 | 0.0869536
2 0.0435044 | 0.0520612 | 0.0654814
3 0.0446133 | 0.0536776
4 0.0478502
710 0.0427352 | 0.0514034 | 0.0644848 | 0.0867507 | 0.1320943
1 0.0368563 | 0.0427579 | 0.0514372 | 0.0645389 | 0.0868495
2 0.0370295 | 0.0429979 | 0.0517866 | 0.0650856
3 0.0375360 | 0.0436936 | 0.0527945
4 0.0388379 | 0.0454808
5 0.0421731
8|0 0.0365323 | 0.0426465 | 0.0513355 | 0.0644920 | 0.0867166 | 0.1320971
1 0.0321623 | 0.0365391 | 0.0426558 | 0.0513498 | 0.0645144 | 0.0867573
2 0.0322564 | 0.0366644 | 0.0428329 | 0.0515979 | 0.0649023
3 0.0325256 | 0.0370182 | 0.0433166 | 0.0522952
4 0.0331526 | 0.0378408 | 0.0444422
5 0.0345505 | 0.0396874
6 0.0379509
8. Relative Efficiency
Suppose we have a sample of size 8 from the Rayleigh distribution
F(x) = 17 0< X <w
12
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The number of observations censored in the left tail r = 2 and number of
observations censored on the right tail is s = 3 out of sample size 8. Then using

table 3 we find the coefficients C,, Cs and C4 of A4 by Best Linear Unbiased
estimate as follows

C, =0.239405

C3=0.1557252

C, =0.8010645

Var(/f)z 0.0515681 A° (also using table 4 we have).

Similarly from table 5 we find the coefficients g,, g3 and g4 of nearly best linear

estimate by Blom’s method /ll for doubly censored sample forr =2 and s = 3 for
n=38as

g1 = 1975643
g2 = 0.1510240
gs = 08280674 and (from table 6) we find Var(4; )= 0.051561

0.05115681
Relative efficiency = 0515979 9999

Thus we conclude that Blom’s approximate method can replace Lloyd’s method
which can not be used for large sample and for distributions the exact variance
matrix is not available. Hirai (1972) has considered the Quadratic coefficient
method as a special case of Downton’'s (1966) general theory for complete
sample. No viable technique is available to extend this method to doubly
censored data although attempt has been made for multi-censored data by
(Hirai, Ahmad Saeed Akhter and Memon, 2008). We are trying to compare
Lloyds’ and Blom’s method with Gupta (1952) the simplified linear estimates.
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