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Abstract

We propose a nonparametric regression approach to the estimation of a finite population total in
model based frameworks in the case of stratified sampling. Similar work has been done, by
Nadaraya and Watson (1964), Hansen et al (1983), and Breidt and Opsomer (2000). Our point of
departure from these works is at selection of the sampling weights within every stratum, where
we treat the individual strata as compact Abelian groups and demonstrate that the resulting
proposed estimator is easier to compute. We also make use of mixed ratios but this time not in
the contexts of simple random sampling or two stage cluster sampling, but in stratified sampling
schemes, where a void still exists.

AMS 2000 subject classifications: 60K35.
Keywords: Sampling weights, Two-stage sampling.

1. Introduction

Model based surveys work against the background that an unknown value of a
survey measurement is a realised value of a random variable, say X . A model for
the random variable X is then sort and together with sampled data, inference is
made regarding the population parameter of interest. For a detailed review of this
strategy, see Hall and Patil (1996) and Rupert (2003).

The choice of an optimal model remains a concern being that mis-specifying a
model leads to huge amounts of error. One way of solving this problem of model
misspecifications is the use of nonparametric regression. For a review of the
problems associated with model misspecifications, and how nonparametric
regression has in the past been used in an attempt to solve the problems, see
Hansen et al (1983) and Dorfman (1992).

Suppose now that the optimal design for a given survey is stratified random
sampling. Breidt and Opsomer (2000) considered a general unequal probability
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sampling design which covered stratification as a special case, and noted in their
remarks that their technical assumptions hold under stratified simple random
sampling. So making use of these results, we may suppose that a population of
size N is divided into Ldisjoint strata, each of size N,, h = 1,2,3,...,L .

For the ;" unit in the n”stratum, let vy,,j=123,..,N, be the survey variable of
interest. Further, let the auxiliary measurement x, be weakly but positively
correlated with y,; such that their independence is not rendered unrealistic. For
each stratum, a sample of size n, is taken without replacement, wheren, is

- , n
sufficiently large with respectton, and f, = N—“ — 0.
h

N . : . : .
Let W, = W“be the »™ stratum weight. The population total is accordingly given

by
L
Y=>Wy, 1)
h=1
which using separate ratios gives the estimator denoted and defined by
L L 7
7 Yh Yh
Y= 20X =) 2X (2)
=2, _— 2 ==t

N, Ny 1 & 1 & Ny,
wherey, =Y ¥, X =D Xy, Vo =— D Vs Xy =— D Xy and X, =) X, .
-1 j=1 =1

n, = n, 5=
Now consider the model
Yo = B, Xy t+ &y (3)

where ¢ is the error, consider the following function.

It is logical that

B ey )= Exle 1 Xy =x;) (4)

B (%)= Bc(Yy /Xy =) (5)

coV (Y Yoy ) = oV, (Yo i / Xy = %) (6)
and  cov. (&, &y ) =COV, (&y. &y | Xy = %) (7)
where

E; (Vi) = BnXy (8)

o’%,., if h=h', and j=j'
COV(yhj’ yh’j’) = " . (9)
0, otherwise
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It easy to see that

Var(Y‘SR):ZL“{Nh(Nh_nh)Xh)_(hr }62 (10)

h-1 Ny X,

which contains an unknown parameter o> which must be estimated. On
estimating the value of the unknown ¢* using equations 4, 5, 6 and 8, we get that

vt ()= 3 Mt~ }z{j—wh_ A% J ”

r-‘h ih S

th
Whel‘e khj = _
r]hXh

Suppose now that the equation 1.6 changes for instance linearly to

E(th / Xy = xhj) =a+ B, Xy (12)
then it follows that
E. Ve -Y]= o{zﬁ— L} £ 0 (13)
h—1 Xh

The implication of the equation 13 is that Yx is not robust to model
misspecifications that can occur in the equation 6. Inevitably, an estimation
approach that does not rely on parametric assumptions in the working model is
therefore needed. Ratio estimation has been looked at by various researchers,
but in different contexts. For example, see Srivastava (1990), Sukhatme and
Sukhatme (1970) and even as early as the work of OIkin (1958). The concept of
nonparametric regression has also been explored to yield desirable results in
various other applications which an interested reader may review. For instance,
see Cai and Brown (1998), Cheng (1994), Deng and Chikura (1990), Eilers and
Marx (1996) and Grama and Nussbaum (1998).

1.1. Outline of the Paper
The rest of this paper is organised as follows. In Section 2, a nonparametric

estimator Yee for finite population total v is proposed. The asymptotic properties
of the proposed estimator are derived in Section 3. In Section 4, we present an
empirical study and give a conclusion to the paper in Section 5.

2. Proposed Estimator
We propose an estimator based on the model:

E(Y, )= 2(x;) (14)
2(%,), if h=h"and j=j'
COV(th’Yh'j’):{g (Xh]) I o and ] =]
, otherwise
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where u()and o?*()are assumed to be twice continuously differentiable
functions of x, . In this proposal, let kb() denote a kernel function, which is also

twice continuously differentiable, and as expected, is such thatjkb(u)du:l.

Further, let the smoothing weight in the »" stratum be defined by

k (th _Xhi]
L b
% (15)
(™"

with j =123,..,N,and i=123,...,N,.

Wy, (X) =

This weight defined by the equation 15 was first suggested by Nadaraya and
Watson (1964) and later used in several other works. Their estimator of x(.) in

the equation 14 based on this weight was appropriately found to be
/}(th) = zwhj (X) Yhi (16)

To estimate the population of the non-sampled units in the ar"stratum, it is
assumed that x = x,; is any of the non-sampled units and therefore,

&(m;&]m
,[l(xhj)zz v
sg%(mbmj

Now, denote the nonparametric regression estimator for the population total by
Y. and the estimator within stratum h byY,., . In stratum, the population total is
therefore

(17)

~ Np
Yaon = Yhs + z E. (th ) (18)

j=ny+1
and the estimator of the population total is given by

. L L
Yee = Z Ys + zzwhj ()Q )yhj (19)
h=1 h=1 s

The equations 18 and 19 are similar to those used in previous works. We now
suggest a different approach to the method of constructing the sampling weights
defined in equation 15. Recall that our sampling scheme takes the various strata
to be mutually disjointed and that within every stratum, simple random sampling
is used.
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Consider stratum » in isolation and let the sample size », from this stratum be

sufficiently large. This assumption can be easily justified by our description in
Section 1. Now, let the sampled elements be almost homogeneous in terms of
the survey characteristics. This is usually the main goal of stratification and the
elements within any stratum can usually be assumed to bear this property. Let
these sampled values be such that they can be viewed as order statistics within
the stratum h. This is logical being that stratification attempts to bring elements
whose characteristics are very close to each other with respect to the survey
problem, but this is never completely achieved. So the sampled values in the
stratum can be ordered with respect to how close they are to the desired
characteristics.

With this description, the sampled elements in stratum »form a compact Abelian
group. Viewed as ordered values, they form a sequence whose sum is an
Abelian sum, since the differences between the elements being summed has
been taken to be very small.

Therefore, considering the right hand side of equation 15 let it be re-written as
The prediction error is given by

kb(xhj _Xhi]
W, (X) = th % le(bki (20)
e[ %

with =, being the weight of sampled unit ;. Since the population size Nis finite, it
follows that even n,is finite and therefore the weight in equation 20 is a
countable sequence. Now as n, has been assumed large, the Abelian sum of the
denominator in equation 20 becomes

S,
Zk‘ﬂ' = hm ) Zﬂ' ~ (21)
jes ]69 —

which is approximated using the integral

bro— [ ’ 22
;{1% 7T f]n ]IEIP—A Zﬂ- ( )
But it is known that
*
[ o= g _o(z) (23)

where a(z)*is a composite function of «(z)containing infinitely many sub

functions as may be the case when »,is assumed large in stratum rwhile ¢ is a
constant which is such that ¢ << 1. The immediate meaning of equation 23 is that
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the weights described in equation 20 are purely discrete and further, they are
pure functions of the auxiliary variables. It further implies that the proposed
model is sufficient and also suggests unbiasedness of the model which we later
prove in Section 4. The weight in the proposed estimator defined in equation 19
is therefore written as

ck, .

whj = - (24)

T

Notably from 23, the constant ¢ << 1, meaning that this weight v, — k, so that
we now have as our proposed estimator,

YPE - ths + szbyhj (25)

h=1 Vs

But %, (.)is a kernel function assumed to be twice differentiable, and will therefore

in this sampling scheme, always exist. The advantage with this setup is that we
do not have to assign any weights or probabilities to the elements within the
clusters, but only select a kernel and proceed to perform sampling. In fact, in the
considered case where n, is sufficiently large, x, — 1and the estimator reduces to

simply

YPE = ths + Zth] (26)

h=1 Vs

which is easy to compute compared to its counterpart in equation 25.

3. Properties of the Proposed Estimator

3.1 The Asymptotic Bias of the Proposed Estimator

A
The error in using Ypz as an estimator of v is given by

XhJXhI
s )

:Z Z Yhi = Yir (27)
h=1| s th_xhi
(5"
SinceY,; = u(x;) +&, and given that E, |Y, |= u(x,), it follows that
il O
B[V Y= 202 A%;) = 10%,) (28)
= zkb[xh, xj
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Equation 28 gives the bias associated With\?PE. u(xy;) 1s approximated by
applying Taylor series expansion about a pointx;. Further, assume that n,is
sufficiently large and thatb — 0, then observe that

(%) = 110%) + 1% ) (% =% )+%u”(xm)(xhj %, ) (29)
Xii — X
Lettingu = — , then
08) = 10X, + 4 05, )ou+ 2 (%, (30)

Substituting for j(x,;) , equation (1.28) becomes

/J(Xhi)M'l'bﬂ,(xhi)zL(U)
>k, (U) IO

h=1 +b2ﬂ"2(th) Z Uzkb(u) _
Sk (u)

(31)

#(%)

We now make use of the following theorem.

Theorem 3.1

Assume x,’'s are fixed uniform design points and regularly spaced on (0, 1), then

i(xhj B Xhi) [ kb(th ;Xhi J _ nhb|+l¢l f(X)+ O(nhb'”)

-1

1
where 4, :_[u'k(u)du. Since f(x) is deterministic, f(x)= 1 hence
0

Mh X. — X,
3 (% =Xy ) kb[ L . i ]: n.b'g, +0(n,b'"*) almost surely uniformly for

i=1

xe (0, 1) andbe B,, where B, = {Cln;‘&'l,Czn,fZ}, 0< g<eg,, ¢,c,>0

Furthermore

Mo (X — X Mo (X =X\ Xy — X
SRR LEN PEA
j=1

j=1

a.s. uniformly for xe (0, 1) and be B,.
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Using the above Theorem, equation (1.29) can be shown to be
E. [ -Y]

L

(32)
= Z{u(xhi)+y'(xh){b%+0(b3)}+§u"(xh){b2%O(b“) —u(xhr)}}

h=1 0 0
1 1 1
Butg, = [k(u)du=1,4; = [uk(u)du =0 and ¢, = [ uk(u)du >0
0 0 0
Hence the bias of \?PE is given by
L

L [H)+ s 06)00)
BiasYee = z

! 33
+§u"(xh){b2 J qu(u)du+0(b4)}—ﬂ(xm) =

From equation 33, it is clear that the bias of

\%\I ~—[— #'03)f uzk(u)du}o(b“) (34)
for sufficiently large n, and withb — 0.
3.2 Asymptotic Variance if the Proposed Estimator

Let the variance of \?PE be denoted by Var (\A(pe) so that,

Var (Ve ) = E(Yip - Y) (35)

L Ny Nh
with Y=Yy, where y, => y,+ > ¥y =DV +D, Yy
h=1 =1

j=np+1 jes jes

So that we may now write that

(yhs+yhr)|: }

M.—

Y =

{Z (Xh )yh] yhr } (36)

L
h=1

>
Il

1

Hence

Var (QPEJ = ivar {zwhj (Xh)th ~ Yir } = ivar{zwhj (Xh)yhj - yhr} (37)

Which may be expanded to the form
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Var (Q PE j

L (38)
= Z{Z(Whj (Xh))z var (yy )+ var (¥, ) - ZCOVKZWW (Xh)] Yhi » Yo H

h=1 s jes

which can be shown to reduce to

Var (QpEjzi{WhJZ(xm(Nh—nh)az(xh)} (39)

h=1

jes

Var (QPE)Z{V#UZ(&){(I\I*‘I\I—:W)}GZ(&)} (40)

2
where W = [Z (xh)J and the variance of the mean error to be

h=1

Which leads to

. 1 & W sy s L3N, ,
Var| Yee |=— ) — — —1f 41
[j 3 o) g SRR 1) (0) (41)

The unknown &?(.) in (40) can be estimated using its estimator, 5°(.)

where 67%(x,)= th(xhj Xy )é,fj and & :(yth — (%) ) 2 and hence

jes

Var(\?pEj=[j{v§/h&2(xh)+(Nh-nh)&Z(xh)}] 42)

h=1

. , . : . n
In equation 41 in which n,is sufficiently large and N, — o, f, =—- - 0O(n™’), as
h

. . . N
earlier stated in Section 3.1 and Wh —-O(N), 0<s<1.

Meaning that

Yo-Y] 1&Wa .
Var| L& — 43
{ N Nth (43)

A

The asymptotic variance of %} is therefore

(Z ;(xh)jz

Ve =Y | 14 ~2
Var [ N }N,Z—N (X, (44)
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K, (U)

2k (U)

jes

Zkb(u)=2kb(x'“

Ky (U) L k()
n.b+0O(n,b®) n.b

Recalling thatw,; (x,) =

= Xy _ 3
5 J = n,b+0O(n,b"), and that

Whj (Xh) =

we have that

Ve Y| 1 & 1ok,

Consider n, equidistant points within the » stratum such that the spacing

. T 1
between any two consecutive points is n,' then — = (xhj —~ th)
nh

Yo -Y| 1 &1 K 2

Which we may write as

YAPE_Y ~i Li kbz(u) 2
Va{ N }sz bgdeh,-a (%) (47)

Xii — Xy

Let——
b

Using this transformation in equation 47, we may write that

Va{%}~iig (xh)zkb(u) " 48)

~ N2
N“t3 nb =

=Uu, bu=x; —x; so thatbdu = dx, .

For a continuous set of points, this expression becomes

Y. -Y
Va{ N } szhZ;‘_hG (x,)C, (49)

where C, = [k?(u)du.
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3.3 Asymptotic Mean Squared Error
The MSE of \?PE is given by

MSE, (Ve ) =V ar (Ve ) + [Bias(\?pE ﬂz (50)

From equations 34 and 49 the following the following results are immediate
consequences

MSE, (Ve )
51)
11 1., 1L ,, ot ? (
“ b N LZ;, o o (Xh)Ck:|+{E{W;,u (xh)jou k(u)du
~ 11 1 L 2
MSE. (Y. C, el " d 52
5( PE) bN |:hz; n ( ) } [N;ﬂ(xh) k:| (52)
where d, :Jjuzk(u)du
Now differentiating equation 52 with respect to b and leads to
5 L 1 1 L , 2
‘—{ Z— (Xh)Ck}bg {_Zﬂ (Xh)dk} (53)
5b h=1 h N h=1

And by equating the equation (53) to zero, the optimum b therefore becomes

Cl é - l 2 - " ’
by = o where C, :Zn_a (%,)C, and C, =| > u"(x,)d,
h=1

2 h=1 T

Using this b, in the Theorem 3.1 gives

A 1 . 215 |:zn_o-2(xh)ck:|
MSEg (YPE)zW |:Z/u"(xh)dk:| " T_ (54)
+3 Sotnc]

Hence MSE for the population total under this model is

. L 2/5 |:znio-2(xh)ck:|
MSE(YpEjz {Zﬂ"(xh)dk} i “L (55)
%{zcﬁm)ck}
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If the averages are bounded as N —»>o and b— 0 then equation 49— 0
This shows that our estimator is statistically consistent and therefore useful.

L 1 %
znigz(xh)ck
= _h (56)

Py

Since b is asymptotically equivalent ton.*'*, it follows that an optimal local rate of

opt —

A
convergence for Ypgis O(ngl’S) as expected. See Bashtannyk and Hyndman

(2001), Wu (2003) and Wu and Luan (2003) for examples. In fact, this conclusion
implies that the model is actually unbiased, since past works bearing this
property, already demonstrated unbiasedness. See Chambers et al. (1992) and
Chambers and Dorfman (1992) and Silverman (1986).

4. Empirical Study

4.1. Description of the Population

For our experiment, we simulated a population, X ~ N (0, o? (=, ))-

We stratified this population, first considering the distance of each value from the
mean, and then by considering the distance of each value from the median to
give two separate populations. In these populations, we used the mixed ratio

N
estimator due to Nadaraya and Watson (1964), which we denote by Yz, and the

A
proposed estimator Y pzto estimate the population total. We did this for several
mean functions so as to make enough comparison. A sample of size 100was
taken with each stratum contributing a sample size proportional to the number of
units in it. Simple random sampling is done 250times for each case.
Epanechnikov kernel, defined by, was used for the kernel smoothing on the

various populations. We computed the biases as (\?SR—Y) and (\?NP—Y),

respective average of the variances (\?SR—Y) and (\?NP —Y), and the Mean

Squared Errors. We also computed the 95% confidence interval for each of the
populations.

4.2. Results

A
From Table 1, the Ysz gives a better estimation of the population total, while
A
Y peunderestimates the population total. However, the Root Mean Square Error
A A
RMSE of vpgis superior. The coverage ability of Ypris also better than that

A
of Ysr.
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Table 1: MSE from the Random Samples

STE < —-1.96 STE >196 |STE|> 1.96 Bias RMSE
A
Y 16.5 21.5 62.0 1,098 17,170
A
Y e 22.0 9.0 69.0 —21,511 15,578
A
Y 22.5 14.5 63.5 —6,782 16,111
A
Y e 23.0 8.5 68.5 —10,745 15,234

Table 2 presents the conditional relative biases due to the two estimators for the
various chosen mean functions. For each of the mean functions, various values
of the bandwidths were tried.

Table 2: Conditional Relative Biases from the Two Populations

pop.1 pop.1 pop.2 pop.2

A A A A
mean functions Y pp Y o Y i Y o
linear
h=0.1 0.002102  0.052537  0.026044  0.244286
h =0.25 0.034306  7.081053  0.048733  0.238996
h=1 0.021130  7.081123  0.035501  0.238999
h=2 0.015000 7.081232  0.027226  0.225987
quadratic
h=0.1 0.034904  0.066913  0.052033  3.982488
h =0.25 0.052177  1.317905  0.074353  3.989672
h=1 0.022990 1.319005 0.086174  3.997947
h=2 0.011171  1.364600  0.040354  3.998730
exp onential
h=0.1 0.350423  0.370265 0.408932  7.389913
h =0.25 0.211236  28.32795  0.705700  7.713993
h=1 2.135405  30.24339  2.529527  9.450606
h =2 1.216383  29.43096  1.710575  8.787640
cycle
h=0.1 0.014433 0.012207  0.014464  0.432200
h =0.25 0.034446  0.545414  0.100755  0.576848
h=1 0.035104  0.315127  0.120530 0.607393
h=2 0.037353  0.627709  0.103034  0.683317

A

A

The biases due to vsz are remarkably larger compared to those of Ypz for the
first population. Though the biases due to the separate ratio estimator are

Pak.j.stat.oper.res. Vol.VlI No.12010 pp21-35
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positive, those of the proposed estimator are generally smaller; a manifestation

A A
that Yz tends to overestimate the population total while Yz may underestimate
the population total but only in a case where n,is not large enough. For the

A A
second population, Y pr performs better than Yz, but again it is worth noting that

A
in a case where the sample size is small, there is a risk of Ypz underestimating
the population total.

5. Conclusion

A
Use of Ypr has in general led a relatively smaller error compared to the usual
separate ratio estimator. We can therefore conclude that nonparametric
regression approach in stratified sampling using the modified kernel smoothing
yields very good results.
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