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Abstract

This paper consider the problem of estimating the population mean under three different
situations of random non-response envisaged by Singh et al (2000). Some ratio and product type
estimators have been proposed and their properties are studied under an assumption that the
number of sampling units on which information can not be obtained owing to random non-—
response follows some distribution. The suggested estimators are compared with the usual ratio
and product estimators. An empirical study is carried out to show the performance of the
suggested estimators over usual unbiased estimator, ratio and product estimators. A generalized
version of the proposed ratio and product estimators is also given.

Keywords: Auxiliary variable, Study variate, Random non-response, Bias and
Variance.

1. Introduction

It is well recognized that the suitable use of auxiliary in probability sampling
results in considerable reduction in the variance of the estimators of the
population mean. Ratio, product and regression methods of estimation are good
examples in this context. When the correlation between the study variate and the
auxiliary variate is positive (high), the ratio method of estimation envisaged by
Cochran (1940) is effectively employed. On the other hand if this correlation is
negative high the product method of estimation propounded by Robson (1957)
and rediscovered by Murthy (1964) is used. Later various ramifications of
classical ratio and product estimators have been presented with their properties
by different authors assuming that all the observations on selected units in the
sample are available for instance, see Cochran (1977), Sukhatme et al (1984).
Krisnaiah and Rao (1988), Chaudhuri and Vos (1988) and Mangat (1996).
However in many practical situations encountered in sample surveys
observations are not available for all the selected units in the sample i.e. some
observations may be missing for various reasons such as unwillingness of some
selected units to supply the desired information, accidental loss of information
caused by unknown factors, failure on the part of investigator to gather correct
information, see Toutenburg and Srivastava (1988). In fact, missingness of
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observation are usually encountered in opinion polls, market research surveys,
mail enquiries, socio economic investigation, medical studies and many other
experiments. Statisticians have identified for some time that failure to account for
the stochastic nature of incompleteness can spoil inference. An obvious question
arises what one needs to assume to justify ignoring the incomplete mechanism.
Rubin (1976) advocated three concepts: missing at random (MAR), observed at
random (OAR) and parameter distribution (PD). Rubin defined “the data are MAR
if the probability of the observed missing ness pattern, given the observed and
unobserved data, does not depend on the value of the unobserved data”. Heitzan
and Basu (1996) have distinguished the meaning of missing at random (MAR)
and missing completely at random (MCAR) in a very nice way, see Singh et al
(2000). Tracy and Osahan (1994) studied the effect of random non-response on
the conventional ratio estimator of the population mean in two situations: (i) non-
response on the study as well as the auxiliary variables and (ii) non-response on
the study variable only. Singh et al (2000) suggested three regression type
estimators, which are further generalized by Singh and Tracy (2001) and Singh
et al (2007), in the presence of random non-response in different situations under
an assumption that the number of sampling units on which information can not be
obtained due to random non response follow some distribution. Singh and
Joarder (1998), Singh et al (2003) and Ahmed et al (2005) have studied the
effect of random non-response on different estimators of population variance.

In this paper we have studied the effect of random non-response on the Tuteja
and Bahl (1991) ratio and product estimators and on their generalized version in
different situations under an assumption that the number of sampling units on
which information can not be obtained owing to random non-response follows
some distribution.

2. Distribution of Random Non-response and Some Expected values

Let U = (U,,U,,..,Uy) denote the population of units from which a sample

random sample of size n is drawn without replacement. If r{r = 0,1,2,...,(n-2)}
denotes the number of sampling units on which information could not be obtained
due to random non-response, and then the remaining (n-r) units in the sample
can be treated as simple random sampling without replacement (SRSWOR)
sample from U. We assume that r lies between 0 and (n-2) i.e. O<r £(n-2). We
assume that if p denotes the probability of non-response among the (n-2)
possible values of responses, then r has the discrete distribution:
—_ (n—r) n-2 r_n-2-r
P(r)= ——=""C 2.1
O Gz P @D

where q = (1-p) and r=0,1,2,...,(n-2).

Let us define,

e =Yoo g = lew g
o(n-r) Y 1(n-1) X 1

n—-r

-1 !§(n—r) :(n—r)_lzy ’

1

NIEX

i=1
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n

;(n,r) =(n-r)” ZX , Xx = n! ZX (n r)_ (n-r-1)" Z{y _Y(n r)}

i=1

s2 = (n—r—l)f1 Z{Xi —;(n—r)}z , si= (n—l)f1 Z(xi —;)2 ,
i i=1

x(n—r)

= (n-r-1) Z{x — Xm0}y, §(,,_r)},s§=(N—D*Z(yi—?)z,

xy(n r)

S§=(N—l)“2(xi—i)2, = (N=1)” Z(x ~X)(y, - Y), X= N~ ZX and

i=1 i=1

N
B Z Y-
i=1

The probability model defined at (2.1) is free from actual data values, hence it
can be considered as a model suitable for MAR situation. Then under the
probability model given by (2.1), we have following results:

E {8o(n7r)} = E {Sl(nfr)} = E (81) = 0

2 - 1 1. 2 _ 1 1, 11,
— -—]C*,E =[——-—]C*E =L-1ye
{ o(n-— r)} (nq +2p) N] y {81(n,r)} [(nq+2p) N] « (81) ( N) N
1
=y o= [(nq+2 )-E] PC,C Bleu, 8= (_——) pC.C,,

D N SN
E {Sl(n—r) 81} _(H_ﬁ) Cx
where,
Cy=Sy/Y, C =s /X,p= S,/ (8.8,),

It may be noted that if p = 0 i.e. there is no non-response, the above expected
values coincides with the usual results.

3. Proposed Strategies for Finite Population Mean

3.1 Strategy — I:

We are considering the situation when random non-response exists on both the
study variable y and the auxiliary variable x and population mean Xof the
auxiliary variable x is known. The classical ratio and product estimators in this
situation are respectively defined by,

- X
te= Yonl=" (3.1)

X@-n

S X (n-r)
4= Yool 5 (3.2)
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To the first degree of approximation, the biases and variances of t.and t are
respectively given by,
1

2

B“m’:[m N X (3.3)
B(1,)= 11 ;B 34)
Var (1,,) = [ = 1[5 #RS (Re28)] (3.5)
Var (1,,) = [~ VIS #RS? (Re2B)] (36)

where stxy/si is the population regression coefficient of y on x and

N J— E—
D (x. =X)(y, -Y)/(N-1) and s’ is defined earlier.

i=1

We suggest the modified ratio and product estimators on the lines of Tuteja and
Bahl (1991) respectively as,

X - X(n -r)

= Y. X 3.7
y (n—r) p{X+X(n r)} ( )
— ;(H 1) —
t = exp {= 3.8
1Pe y (n-r1) p{X(n Y +X} ( )

The generalized version of t __and t  is given by,

a (X(n —r) —X)

tl(al) = Y- r)e p{ (X(n . +_X) } (39)

where “a " is a constant to be chosen suitably. For a = -1, L reduces to the
|

modified ratio estimator tre while for a = 1, it reduces to the modified product
estimatorth. If we set a = 0, the estimator L bowls down to the usual
€ al

unbiased estimatory,_,,.

To obtain the biases and mean squared errors oft _, t_and tay WE EXpress
1

t ,t andt in terms of €'s we have,

IRe 1Pe I(a))

t =Y (d+e ) exp[—gl(“—’”] (3.10)
1Re o(n-r) {2 + Sl(nﬂ.)}

t =Y (1+e ) ex [8‘(“—*”] (3.11)
1Pe o(n-r) p {2+8 } '

1(n-1)
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a €
) exp[——= (3.12)

t =Y (1+¢
o {2 + Sl(n—r)}

I(a))

Expanding the right hand sides of (3.10), 3.11) and (3.12) in terms of €'s and
neglecting terms of €’s having power greater than two we have,

_ 1 2
~ —_— + — -
thc =Y [1 + 8O(n—r) 2 8l(n—r) 8 (3 81(“—r) 4 So(ﬂ—r) 81(“—r) )]
or,
(1Y) = Y [y 6 * B2, = 4o, 6 ) (313)
IRe o(n-r) 9 l(n-r) 8 I(n-r) o(n-r) ~1(n-r) .
_ 1 2
~ +— + — -
Pe — Y [1 + so(n—r) 2 gl(n—r) 8 (4 go(n—r) gl(n—r) gl(n‘r) )]
or,
_ _ 1 1 2
_ = + - + — -
(the Y ) Y [80(n—r) 2 E;l(n—r) 8 (4 80(11—r) 81(11—r) Sl(n‘r) )] (3 1 4)
_ a(a -2) a
~ +_1 1 1 2 + _1
tl(al) = Y [1 + so(n_r) 2 gl(n—r) 8 Sl(n—r) 2 SO(H—T) Sl(n_r) ]
or,
(t,, -Y)=Y[e, +Le +-{a-2)c +de 5 (3.15)
1(a)) o(m-r) 2 "l g ! I(n-r) o(n-r) ~1(n-r) '

Taking expectation of both sides of (3.13), (3.14) and (3.15) we get the biases

oftlR , t,. and tas to the first degree of approximation, respectively as:
€ (5 al

2

1 1

|3(th6)=[(nq+2 )—ﬁ =) (3R-4p) (3.16)
_ 1 1

B(the)-[(nq+2p) e (4B—R) (3.17)

B {1} @;{Ej—ﬁu“*>« - 2R+ 4p} (3.18)

It is to be noted that for a,=-1and a, =1 in (3.18) we get the biases of t
and t,,_respectively given by (3.16) and (3.17). It is also interesting to note that if
we set a; = -2 and a, = 2in (3.18) we get the biases of the classical ratio (t )
and product (t,, ) estimators given by (3.3) and (3.4) respectively.

Squaring both sides of (3.13), (3.14) and (3.15) and neglecting terms of ¢'s
having power greater than two we have,

2 — - 2 _

(the i Y) Y [80(11 r) 4{81(n7r) 480(n—r) 8l(n—r) }] (319)
— = 1

(t,. - Y)? =Y Sz(n_r) + 2 {slz(n_r) + 480(n_r) &) H (3.20)
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s - 2
{tl(al) -Y} =Y €

o(n-r)

a
* (Tl) {al 812(n7r) + 480(1171—) Sl(nfr) }] (321)

Taking expectation of both sides of (3.19), (3.20) and (3.21) we get the variances
of t oty @nd t  tothe first degree of approximation respectively as

1Pe l(al)
oy SR R TR
Var (1, ) = [ 1SS + () %) - )] (3.22)
_ 1
Var(t“’e)_[(nq+2p) N (3.23)
Var{t1<al>}=[ p)——][ sy RS )( R +4p)] (3.24)
Var {y, ,} = (nq+2p) -1 (3.25)

where Var (t ), Var (t )Var (t )Var (t, ) are respectively given by (3.5),
(3.6), (3.22), and (3.23).

3.2 Choice of the Optimum Value of the Constant ‘a,’ and Thus the
Optimum Estimator

The variance of the proposed class of estimators L is minimized for

4
2B

a, =- 4 (3.26)
Thus the resulting minimum variance of L is given by
4
min. Var{t  }=[—— -1182@- p?) (3.27)
- lap) (nq+2p) N~ ¥ P '

If p= 0, then the variance in (3.27) reduces to the variance of the usual
regression estimator. In this situation, we can estimate “a,’ by

. B s
a LZ{{{( Y (3.28)
(n-r)
~ S A
where B = 2“2 and R =200 Thus we have the following theorems:
x(n-r) X (n-r)
Theorem 3.1 - The estimator based on estimated optimum value

A

B
a, = -2 ("2 if random non-response exists on both the study and auxiliary
(n-r)
variables, is given by
(X ~-X@mn}

y Xp[ Py ] (3.29)
y n-r "
(0 (n ){X+X(n r)}

t .
13))
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It can be easily shown to the first degree of approximation that

1 1 .
Var{t,; )} = [m - E]Si (1-p*)=min Var{t,,,} (3.30)

3.3 Strategy - II:

We are considering the situation when information on the study variable y could
not be obtained for r units while information on the auxiliary variable x is available
and the population mean X of the auxiliary variable x is known. For example in
an industrial survey, the enumerator may not be able to obtain data on the output
of some factories while data on the number of workers or the size of machinery
may be obtained readily from the records, see Tracy and Osahan (1994).

In such circumstances, the usual ratio and product estimators are defined by,
LR = Yor (X/X) (3.31)
Lp = Yaon ( X/X) (3.32)

To the first degree of approximation, the biases and variance of the estimators
t,, and t,, are respectively given by,

B (1) = 5 (= ~)S!(R—B) (3.33)

B (12)= (- - 1) P (3.34)
_ 1 1 2 2 1 1 2

Var (1) = ( =30) 85 +RSE (R-2B)] * [ =21 8; (3.35)

I 1

Var (1) = (= - ) [82+RS? (R+2B)] + [—— = -1] 8}

oo oS (3.36)

We suggest the modified ratio and product estimators for population mean Y
respectively as,

_— X-x
trre = Y(n-r) EXP (ﬁ) (3.37)
=y x-X 3.38
tipe = Y EXP (ﬁ) (3.38)
and the generalized version of t,,., and t,,, is given by,
. a (x—X)
tray) = Ynr) EXP {Ti)} (3.39)

To the first degree of approximation, the biases and variances of the estimators
thre» tape @Nd t,, ) are respectively given by,

SZ
8X

1
B (L) = ( —<) (g5) GR-4p) (3.40)
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B (ta) = (3.41)
2

B {t 2(a2)}_( ——)( o) (@2 TR +4P) (3.42)
— l 1 2 _x _ _l 2

Var (ty,) = (n —ﬁ) [Sy+( ) R-4p)] + [ nq + 2p) n]Sy (3.43)
_ 11 >, RS 1.

Var (t,) = (=) IS5+ Reap)l+ [ = 8] (3.44)

_ 1o, @R ETE

Var {t,,} = (-2 [81+ ¢ ooy 1S (3.45)
The variance of the estimator t,, , at (3.45) is minimized for

N (3.46)

R
Substitution of (3.46) in (3.45) yields the minimum variance of the estimator
ts(ay) @S
1

. 1 11 )
min. Var {t,,,,} = [m- H]S§+(H—§) S (1-p%) (3.47)

If p = 0 then the variance in (3.47) reduces to the variance of the usual

A

_2B*
regression estimator. We can estimate a,by putting a = ——"", where
(n-)

A S A

By = 00 and R = Yo in (3.39) we get an estimator based on

S X
estimated optimum value of a, for population mean Y as
- B(n r)(X X) 3.48

< -r)
It can be shown to the first degree of approximation that

Var{t _ }=min. Var{t,,, }

2(33,)

3.4 Strategy -l

Here we again consider the situation when information on the study variate y
could not be obtained for r units while information on the auxiliary variable x is
obtained for all the sample units. But the difference is that the population mean
X of the auxiliary variable x is not known. In this situation the classical ratio and
product estimators of the population mean Y are respectively defined by

- X
R = Yo (= (3.49)
X (n-r1)
_ = X (n-r)
tp= Y {T} (3.50)
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To the first degree of approximation the biases and variances of the estimators
t,c and t,, are respectively given by

B ()= (3 oy - L R-B) (3.51)
B (60) =y S, (3.52)
Var () = s ~ 23 [Si+ RSIR-2B)] + (-0 8: (3.53)
Var(t3P)={m—i}[S§+RSi(R+2[3)]+ -8 (3.54)

We further define the modified ratio and product estimators for population mean
Y as

X X(n r)

L3Re = Y(n Ly eXp(=——=) (3.55)
X-‘rX(n r)

t3Pe Y(n 1) exp (f(“ L. —) (356)
X(n r) + X

and the generalized version of t,,. and t,,, is given by

: expl (00 0, (3.57)
3(33) Y(n - (;(n -r) +;) '
where a, is a constant to be chosen suitably. To the first degree of

approximation, the biases and variances of the estimatorst,,., t;,, and t,,,, are
respectively given by
1 1

B(t3Re)={(nq+2p) - (3.98)
1 1
B(t3Pc)={(nq+2p) ) (3.99)
SZ
B {tuuy} = {5 (nwp) ——}(a ){R(a;- 2) + 4B} (3.60)
_, 1 Lo o RS% o 110
Var (te) = { o = MS) + (I R-4B)]+ (-0 S (3.61)
_ 1 ez, RST R
Var (ty,) = {m g — M8, + (I R+4B) T+ (- 0)'S) (3.62)
1 115 RS? 1 1.,
Var {t,,} = {0~ S0+ G0 (R 4B + (-0 S] (3.63)
the variance of t;,., is minimized for
2,=- % (3.64)
Thus the resulting minimum variance of t,,., is given by
: _ 1 1w 2 1 1.
min. Var {t;,, } = {(nq+2p) " 1Sy d-po)+ (H_ﬁ) Sy (3.65)
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The estimate of a, based on the sample data at hand is given by
- 2B
() (3.66)
R(n—r)
Thus the resulting estimator based on estimated optimum value a_ is given by

a,=a,=

ZB(n X=X

=y, . ex 3.67
sy Yo p[ (n N (X +X(a-n } ( :
It can be shown to the first degree of approximation that
— i — 1 l 2 2 1 1 2
Var{t%)} =min. Var {t;,, } = {(nq+2p) " 1S, (1—p*)+ (H_ﬁ) Sy (3.68)

3.5 Efficiency Comparison

From (3.5){(3.35),(3.53)}, (3.6){(3.36),(3.54)}, (3.22){(3.43),(3.61)}, (3.23){(3.44),
(3.62)} (3.24){(3.45), (3.63)} and (3.25) we have

(i) Var (t,) <Var{y,.,}h (i=1,2,3) if

po 1
2> (3.69)

(i) Var(t)<Var(ty), (G=1,2,3) if

% < % (3.70)

(i) Var (ty,)<Var{y,,} (G=1,2,3) if

E < % (3.71)

(iv)  Var(t,,) <Var(t;), (G=1,2,3) if

% > % (3.72)

(v)  Var{t,} < Var{y,,} (=1,23) if

min {0, ()} < o, <max. {0, ()} (3.73)
(Vi)  Var{t,,} < Var(ty), i=1,23) if

min. {2, 2(1 - %B)} <a, <max {2, 2(1 - %B)} (3.74)
(vii) Var{tj(aj)}<Var(the ), (G=1,2,3) |if

min. {1, (1- "2} < a,<max. (4, (1- ) (3.75)
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(viii) Var {tj(aj)} <Var (t;), (G=1,2,3) |if

min. {2, -2(1 + %B)} <a <max {2, -2(1 + i—ﬁ)} (3.76)
(ix) Var {tj(aj)} < Var (t;,), G=1,2,3) |if

min. {1, -(1 + %)} < a, <max.{1,-(1+ %)} (3.77)

Combining (3.69) and (3.70) we find that the proposed estimator t . (j = 1, 2, 3)

is better than usual unbiased estimator §(n_r) and ratio estimator t, (j = 1, 2, 3) if
1 _B_3

Z< E< n (3.78)

Further combining (3.71) and (3.72) we obtain that the proposed estimator
tpe 0 =1, 2, 3) is more efficient than usual unbiased estimator y ., and the

product estimator t;, (j =1, 2, 3) if

1
4 (3.79)

_§<E<_
4 R

4. Estimation from the Sample of the Percent Relative Efficiency

In this section we have obtained the percent relative efficiencies (PRE) of the
proposed estimators and their estimates from the sample in three different
situations, see Sukhatme et al (1970, pp. 231-232).

4.1 Strategy -l:

Percent relative efficiencies (PREs) of t,,,t,,. and t,;, with respect to y,,

are respectively given by
PRE(t g, (p)) =[1+ A1 -2k)]™" *100 4.1)
PRE(t . Y (nr)) =[1+ (A7 4)(1-4k)]" *100 (4.2)
PRE(tyG;))» ¥ a-n) = (1= p*) ¥100,

where A=(R?S}/S}) and k=(B/R).

Further the percent relative efficiencies of t,, , with respectto y, ), t,z and t,
are respectively given by
PRE(t)(,}), Y (n_r)) =[1+ 2, (A/4)(a, + 4K)]™" *100 (4.4)
[1+A(1-2k)]
[1+a,(A/4)(a, +4k)]
[1+(A/4)(1-4k)]
[I+a,(A/4)(a, +4k)]

*100 (4.5)

PRE(tl(al)’tIR)z

*100 (4.6)

PRE(tl(al)athe):
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It is observed from (4.1) to (4.6) that the percent relative efficiencies are the
functions of unknown population parameters such as R, SZ, Si, B and p. In

practice, population parameters are not known exactly and hence these percent
relative efficiencies formulae can not be used. To overcome this difficulty, it is
advisable to estimate the PREs, replacing the population parameters involved in
these PREs by their consistent estimates based on the sample. Thus the
estimates of these PREs are respectively given by

PRE(t 5, ¥ o s)) =[1+ A(1— 2K)] " ¥100 (4.7)
PRE(t 0. ¥ 0 ) =[1 + (A/4)(1 - 4K)] " *100 (4.8)
PRE(t,5,), ¥ (o_r)) = (1~ p2r)) *100 (4.9)
PRE(t,y,), Y (nr)) =[1+2, (A / 4)(a, +4K)] " *100 (4.10)

[1+ A -2K)]
[1+a,(A/4)(a, +4Kk)]

PRE(t,y )ty ) = *100 (4.11)

[1+ (A/4)(1-4Kk)]

PRE(t,, ), t,5.) = . 1 _+100, (4.12)
TR L a (AT 4)a, + 4K)]
A 52 2 2 C_A 5 5 = =
Where A(nfr) = R(nfr)sx(nfr) /Sy(nfr) ’ k= B(nfr) /R(n—r) ' R(nfr) = y(nfr) /X(nfr)’

~ 5 R
B(n—r) = Sxy(n—r) /Sx(n—r) and p(n—r) = Sxy(n—r) /{Sx(n—r)sy(n—r)}'

4.2 Strategy-ll:
Percent relative efficiencies of t,,,t,,, and t,;, with respect to y,, are
respectively given by
PRE(t Y (o)) =[1+FA(1-2k)]™ *100 (4.13)
PRE(t)ge» Y (nr)) =[1+F(A/4)(1- 4K)]7' *100 (4.14)
PRE(ty4,)>Y(an) = (1-Fp?)*100, (4.15)
where 0=(nq+2p) and F={0(N—-n)}/{n(N-0)}.

Further the percent relative efficiencies of t,, , with respect to y, ,, t,; and
t,z. are respectively given by
PRE(tz(az) Yan) =[l+F(A/da,(a, + 4K)]7" *100 (4.16)
[1+ FA(1-2k)]
[1+F(A/4)a,(a, +4k)]

[1+F(A/4)(1-4k)]
[1+F(A/4)a,(a, +4k)]

PRE(ty,,),tsr) = *100 (4.17)

PRE(ty,,)»tre) = *100 (4.18)
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The estimates of PREs given at (4.13)-(4.18) based on sample are respectively
given by

PRE(t 5, ) =[1+ FA"(1-2k")]" #100 (4.19)
PRE(t, ., ¥ ory) =[1+ F(A" /4)(1 = 4k")] *100 (4.20)
PRE(t,05,)» Vo)) = (1= FP{2,) *100 (4.21)
PRE(t5(,,)» o)) =[1+ F(A" /4)a, (a, + 4k )] *100 (4.22)
PRE(ty ..ty ) = —L FAYA-2kT0] 40 (4.23)

[1+F(A" /4)a,(a, +4k")]

[1+F(A™/4)(1-4k™)]
[1+F(A"/4)a,(a, +4k")]

PRE(t5(,,), tae) = %100, (4.24)

where F={6(N-n)}/{n(N-0)}, 6=(ng+2p), A"=R? ? /s |

A

© % _ A * S ox * _ 2 Sk _= — Ak _
k _ﬁ(n—r) /R(n—r)’ B(n—r) _syx(n—r) /SX ’ 1{(n—r) - y(n—r) /X and p(n—r) _Syx(n—r) /{sxsy(n—r)} .

However one may also take the estimate of the population correlation coefficient
P 8S Pr) =Sy {SxwnSymn) N Place of p;, ., see Singh et al (2000).

4.3 Strategy-lll:

Percent relative efficiencies of t.;,t,,, and t,,,, with respect to y,_, are
respectively given by

PRE(tsy,¥ () =[1+F A -2k)]" *100 (4.25)
PRE(t3pe, Y (nr)) =[1+F (A/4)(1-4k)]™" *100 (4.26)
PRE(t 335, Y (nr)) = (1 =F"p?) *100, (4.27)

where F* = {N(n-0)!/{n(N-0)} .

Further the percent relative efficiencies of t with respect to y, ,,, t;; and

3)
t,. are respectively given by
PRE(t 3, V() =1+ F*(A/4)a;(a; +4K)] " *100 (4.28)
[1+F A(l-2K)]
PRE(t,,.,,tsg ) = *100 4.29
() ) [1+F*(A/4)a,(a, +4K)] (4.29)
PRE(ty,,. ;) = — ot A DULZA0] 00 (4.30)

[1+F*(A/4)a,(a, +4Kk)]
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The estimates of PREs given at (4.25)-(4.30) based on sample are respectively
given by

PRE(ts, ¥ 0) =[1+F*A"(1-2k")]" *100 (4.31)
PRE(ty e, Vo p)) =[1+ F* (A" /4)(1 = 4k")] *100 (4.32)
PRE(ty3,) Y ory) = (1= E'p{2,)) *100 (4.33)
PRE ()Y ory) =[1+ E* (A" /4)a, (a; +4k")]™ *100 (4.34)

[+F A*(1-2k*)]

PRE(ty,. )ty ) = — o _
MR T A"/ d)as(ay + 4k

*100 (4.35)

[1+E* (A" /4)1-4k")]
[1+F (A" /4)a,(a, +4k")]

PRE(ty,), tyge) = *100, (4.36)

where F* = {N(n-0)}/{n(N-0)}.

e Remark 4.1- In similar fashion , the PREs of different product-type

estimators {i.e. PRE(tjP,y(n_r)), PRE(tjPe,y(n_r)), PRE(tJ(éj),y(n_r)), PRE(tj(aj),tjP),

)

PRE(tj(a.ytjpe)' G = 1,23) and their estimates ({i.e. PIA{E(tjP,y(nfr)
]

AN

PRE(tjPe,y(nir)), PRE(tj(éj),y(nir)), PRE(tj(aj),tjP) and PRE(t t,) can be

j(aj)’ J

obtained without much difficulty.

5. Empirical Study

To illustrate the performance of different estimators of population mean Y we
consider the data as given in Singh (2003, p. 990).

The descriptions of the variables are given below:

y; = Amount (in $ 000) of real state farm loans in different states during 1997.

x; = Amount (in $000) of nonreal state farm loans in different states during 1997.
The estimates of different parameters are given below:

X =878.16; N =50,n=20,r =6, x = 942.8615, x(n_r, = 1068.292,
Yoo = 580.177,

$2 =1307911.82, s =1685838.731,57  =295169.6416,

S = 595984.887,
xy(n-r)
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@(H) = 0.84487, @ZH) =0.9392, p=0.34993, 4 = (1- p) = 0.65,

S
A — xy(n-r) _
By = 3= 0.35353,

x(n-r)

S A A
B =" = 045568,k = 054309, R; = 0.61534, s = 1143.639725,
S

X

. B B
0=(nq+2p)=13.7, 22> =0.6510, =2 = 0.7405, S o = 1298.398525,
R R s
4[3 R? 2
{1-p; }= 02862, = = 26040, —“P"E= 1.684565697,
(n-r) y(n-1)
RZ S2 5 *2 SZ
S = 5432051699,  A=—D D o16846,  AT=—P R -35145,
y(n-1) Sy(n—r)
. B(N- . N(n-6 . B o B
o ?):745.965, pr N ):571.725, kom0 _gest, k=B
n(N — 9) n(N - 6) R(n—r) R(n—r)
We have computed the estimates of the PREs of the estimators:
(@) t .t andt , (i = 1,2,3) with respect to the usual unbiased estimator

iR’ jRe i@y
Yu.r using the formulae {(4.7), (4.8), (4.9)}, {(4.13), (4.14), (4.15)} and

{(4.19), (4.20), (4.21)} and findings are demonstrated in Table 5.1, 5.6 and
5.11 respectively;

(b)  t,, with respect to the usual unbiased estimator y ., t., Re?

( = 1,2,3) using the formulae {(4.10), (4.11), (4.12)}, {(4.16), (4.17), (4.18)}
and {(4.22), (4.23), (4.24)} and results are shown in Tables {5.2, 5.3, 5.4 },
{6.7, 5.8, 5.9}, and {5.12, 5.13, 5.14} respectively.

and tJ

we have also computed the estimate of range of scalar a, in which the proposed

estimator t ) is better than y,,,, t_  and L (G = 1,2,3) and finding are

ia

compiled in Tables 5.5, 5.10 and 5.14 respectively.

jR

Strategy-I:

Table 5.1: The estimates of PREs of§(n o tirs tige @nd L
4

EStimatOr §(n7r) t1R the tl(él )
PRE{.,y, ,} | 100.00 | 203.56 | 308.18 | 349.55
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Table 5.2:  The estimates of PRE of t,, , with respect to §(H) for different
values of a,

a -2.604 -2.50 -2.25 | -2.00 | -1.75

PRE {t,, ..., [100.00 | 11230 |150.48 | 203.56 | 269.83

a, 150 | w4925 | 100 | -0.75
= -1.302

PRE {t,, .V, |330.48 | 34955 |348.16 | 308.18 | 24131

a, -0.50 -0.25 0.00

PRE {t,, .., |179.55| 13295 |100.00

Table 5.3:  The estimates of PRE of t,,, with respect to the ratio estimator
t,x for different values of a,

a, -2.00 | -1.75 | 150 | ayum=-1.302| -1.25

PRE{t,,,t,} | 100.00 | 13256 | 162.35 | 171.72 | 171.04

a, -1.00 | -0.75 |-0.6020

PRE{t,,, t,e} | 151.39 | 118.55 | 100.00

Table 5.4: The estimates of PRE of t,, , with respect to the modified ratio
type estimator t,,. for different value of a,

a, -1.604 | -1.50 Sop) = -1.25 | -1.00
-1.3020

PRE {t,,,, trp.} | 100.00 | 10725 | 11343 | 112.98 | 100.00

Table 5.5: The estimates of range of a, for t,,, to be more efficient than
different estimators of population mean

Estimator §(H) tir LiRe
Estimate of (-2.6040, (-2.0000 ,
range of a, 0.0000) 06020) | (+1:6040,-1.0000)
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Strategy - II:

Table 5.6: The estimates of PRE of ?th),t2R ytpeand t

2y

Yoo
Estimator Yoo tye tpe tz(éz)
PRE {.,y,,} | 100.00 | 184.11 | 187.22 | 208.69

with respect to

Table 5.7: The estimates of PRE of t

values of a,

2(ay)

Table 5.8: The estimates of PRE of t

2 2962 | 250 | -2.25 | -2.00 | -1.75

PﬁE{tz(az),;/(n_r)} 100.00 | 137.79 | 161.39 | 184.11 | 201.46
a, -1.50 =_€‘12'<2“8>10 -1.25 | -1.00 | -0.75

pﬁE{tz(az)&(n_r)} 208.65 | 208.69. |203.31|187.22 | 165.00
a, 050 | -0.25 | 0.00

pﬁE{tz(az)&(n_r)} 141.30 | 119.19 | 100.00

with respect to the

2(ay)
estimator t,, for different values of a,

a,

-2.00 | -1.75

-1.50

o = -1.4810 | -1.25

PRE {t
2(a

),tZR} 100.00 | 109.43 | 113.3
2

4 113.36

110.44

a,

-1.00 | -0.962

PRE {t
2(ay

) ,t,r + | 101.70 | 100.00

Table 5.9: The estimates of PRE of tz(

estimator t,,,

a5)

with respect to §(H) for different

ratio

with respect to the modified ratio

a,

-1.962 | -1.50

yop = -1.4810

-1.25 | -1.00

PRE{t
2(ap)

+tret | 100.00 | 111.44 1

11.46

108.59 | 100.00
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Table 5.10: The estimates of range of a, for the proposed estimator tz( :
a

to be more efficient than different estimators of the population

mean

Estimator §(H) thr toRe
The estimates (-2.962, (-2.000, (-1.962,
of range of a, 0.00) -0.962) -1.000)

Strategy - llI:

Table 5.11: The estimates of PRE of different estimators §(IH),t3R,t3Re and

tyan) with respect to the usual unbiased estimator §(n_r)
a3

Estimator Y-n tig tiRe tz(a3>

PRE {(.), ..} | 100.00 | 153.88 | 15554 | 166.44

Table 5.12: The estimates of PRE of LS with respect to the usual

a3
unbiased estimator §(n_r) for different values of a,

a, -2.962 -2.50 -2.25 | -2.00 | -1.75

PRE{t, . ¥}  100.00 | 12662 |141.16|153.89 |162.87

A

a, 150 | e | 425 | 1.00 | -0.75
= 1.4810

PRE{t, .Y} 166.42| 16644 |163.80 | 155.54 | 14325

a, -0.50 -0.25 0.00

PRE{t, . ¥,.,}|128.87| 114.08 |100.00

Table 5.13: The estimates of PRE of £, )with respect to the usual ratio
a3

estimator t,; for different value of a

a, -2.00 | -1.75 | -1.50 |4,  =1.4810| 125

a
3(opt

PﬁE{t3(a3),t3R} 100.00 | 105.84 | 108.15 108.16 106.45

a, -1.00 | -0.962

pﬁE{t3(a3),t3R} 101.08 | 100.00
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Table 5.14: The estimates of PRE of t with respect to modified ratio

3(ag)

estimator t,;. for different values of a_

A

a, 1.962 | -1.50 Fatom) 1.25 | -1.00
-1.4810

PliE{tB(as),tme} 100.00 | 107.00 107.01 105.31 | 100.00

Table 5.15: The estimates of range of a_for the proposed estimator LY to
a3

be more efficient than the different estimators of the
population mean Y

Estimator §(n_r) tsg t3Re
The estimates (-2.962, (-2.000, (-1.962,
of range of a, 0.000) -0.962) -1.000)

It is observed from Tables (5.2, 5.4, 5.5), (5.7, 5.9, 5.10) and (5.12, 5.14, 5.15)
that there is enough scope of selecting the scalar a, (j = 1,2,3); to obtain

estimators better than the usual unbiased estimator §(M), usual ratio estimator
t (j = 1,2,3) and modified ratio type estimator tire” (j = 1,2,3). Larger estimated

gain in efficiency by using the proposed classes of estimators over §(n_r), t and

tpe are observed in the neighborhood of estimated optimum value

aj(Opt) ’
is seen at estimated optimum value éj(op

(j = 1,2,3) of the scalar a, ( = 1,2,3). Largest estimated gain in efficiency
. of a, ( = 1,2,3). The estimated gain in

efficiency by using the estimatort ( =1,2,3). over the usual unbiased

jaj)’
estimator §(n_r) (which does not utilize the auxiliary information) is larger as well
for larger range of the scalar a, (=1,2,3) as compared to the usual ratio
estimator t and tire? (j =1,2,3). Tables 5.5, 5.10 and 5.15 exhibit that when
a €(-1.604 , -1.000), a e (-1.962 , -1.000) and a e (-1.962 , -1.000) the

proposed class of estimators L b and ty,,, are always more efficient than
1 2 3

(Yo ot (Yo teothed @Nd {y,, t,.,t,, } respectively. It is further

observed from Tables 5.1, 5.6 and 5.11 that the proposed modified exponential
type ratio estimator e (j=1,2,3) is more efficient than the usual unbiased

estimator §(M) and the usual ratio estimator th,(j =1,2,3) with substantial

estimated gain in efficiency. However the estimatorStl(é o ba and i based
1 2 3
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on estimated optimum values are more efficient than the estimators {§(n_r),
ter bired (Yons thpotoet @Nd {yep, t, .t } respectively with considerable

estimated gain in efficiency. Thus the proposed estimators ke and

LI (j =1,2,3) are recommended for their use in practice. The estimated gain in
J

efficiency due to the estimators proposed in Strategy-l is the largest followed by
the estimators in Strategy -ll and Strategy -lII.
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