Mean-Variance Portfolio Optimization
when each Asset has Individual Uncertain Exit-time

Reza Keykhaei

Department of Mathematics, Khansar Faculty of Mathematics
and Computer Science, Khansar, Iran
r.keykhaei@math.iut.ac.ir

Abstract

The standard Markowitz Mean-Variance optimization model is a single-period portfolio selection approach
where the exit-time (or the time-horizon) is deterministic. In this paper the Mean-Variance portfolio
selection problem has been studied with uncertain exit-time when each asset has individual uncertain exit-
time, which generalizes the Markowitz’s model. Some conditions are provided under which the optimal
portfolio of the generalized problem is independent of the exit-times distributions. Also, it is shown that
under some general circumstances, the sets of optimal portfolios in the generalized model and the standard
model are the same.

Keywords: Mean-Variance portfolio optimization, Optimal portfolio, Uncertain exit-
time, Asset uncertain exit-time.

1. Introduction

Portfolio management deals with the allocation of wealth among different investment
opportunities in a market, considering investor’s preferences on risk and return (or
reward). The foundation of Modern Portfolio Theory (MPT) was established in the
1950’s by (Markowitz, 1952, 1959) when he introduced his single-period Mean-Variance
(M-V) optimization model. M-V portfolio selection problems seek to compute efficient
portfolios. A portfolio is efficient if, with respect to its location in the M-V plane, there is
no obtainable portfolio with a lower variance without a lower expected return; or a
greater expected return without a greater variance. Analytical expression of the M-V
efficient portfolios in the single-period case was derived by (Markowitz, 1952, 1959) and
(Merton, 1972).

In fact, a single-period M-V problem is a static optimization problem where the future
price of assets are uncertain and random. But, in the real-world, there are other
uncertainties, such as uncertain exit-time (or time-horizon). At first (Yaari, 1965) studied
the problem of optimal consumption for an individual for which the only uncertainty in
the model is the investor’s time of death. (Hakansson, 1969, 1971) generalized (Yaari,
1965) to a multi-period setting with a risky asset and an uncertain time-horizon. Under
the expected utility maximization framework, (Merton, 1971) studied a continuous-time
optimal investment and consumption problem with uncertain exit-time which is assumed
to be the first jump time of an independent Poisson process. (Liu & Loewenstein, 2002)
investigated a portfolio optimization problem with an exponentially distributed time-
horizon. Recently, (Martellini & Urosevic, 2006) have extend the standard single-period
M-V model to a model with uncertain exit-time. (Huang, Zhu, Fabozzi, & Fukushima,
2008) proposed a CVaR optimization model to deal with the case when the investment
horizon is uncertain.
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(W. J. Guo & Hu, 2005) analysed a multi-period M-V investment problem with an
uncertain exit-time. (Zhang & Li, 2012) have generalized the work of (W. J. Guo & Hu,
2005) to the case where the asset returns are serially correlated. (Yi, Li, & Li, 2008)
studied a multi-period asset-liability management problem with uncertain investment
horizon. (W. Guo & Cai, 2013) extended models of (W. J. Guo & Hu, 2005) and Yi et al.
Error! Reference source not found. to an infinite-time horizon setting. (Wu & Li, 2011)
considered a multi-period M-V portfolio selection problem with regime switching and
uncertain exit-time. (Wu, Zeng, & Yao, 2014) generalized (Wu & Li, 2011) to the case
when the exit-time depends on the market states. (Blanchet-Scalliet, EI Karoui,
Jeanblanc, & Martellini, 2008) considered an optimal investment problem with general
uncertain time-horizon.

This paper generalizes the work of (Martellini & UroSevic, 2006). They considered two
types of uncertainty in their model. The first type is asset price uncertainty and the second
type is exit-time uncertainty. They assumed that all asset have the same exit-time which
is the portfolio uncertain exit-time. In this paper, the single-period M-V portfolio
selection problem has been studied, where each asset has individual uncertain exit-time.
Some conditions are provided under which the optimal portfolio of the generalized
problem is independent of the exit-times distributions. Also, it is shown that under some
general circumstances the set of optimal portfolios in the generalized model coincides
with the set of optimal portfolios in the standard Markowitz model.

The rest of this paper is organized as follows. The basic notations, definitions and the
formulation of standard single-period M-V portfolio selection problem are given in
Section 2. In Section 3, the problem formulation is presented. Also, the main results are
given. In section 4, the random walk case is investigated. In the last section an illustrative
example is provided.

2. Standard M-V Model

Consider a capital market with n > 2 risky assets. An investor joins the market at time
t = 0 with an initial wealth W (0) and invests his/her wealth as W (0) = Y.i-; ¢;S;(0),
where ¢; and S;(0) are the number of shares and the value of the i-th asset at the
beginning of the investment period, respectively. At the end of the investment period
(t =T) the wealth is W(T) = Y1, ¢:S:(T), where S;(T) is the value of the i-th asset at
the end of the period.

In the classic M-V problem the return of each asset is r;: = ‘;‘g; and the portfolio return
IS
n
w(T)
r.= W = Z X1,
=1
where

x'_¢i5i(0) ;
=Wy =L

|
E
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Clearly »:7*.; x; = 1. Indeed for each i, x; is the the assigned weight allocated to the i-th
asset in the portfolio. Each portfolio is denoted by the column vector X = (x4, ..., x,,)" €
R™. Also, let R = (ry,...,1,)" be the random vector of returns with covariance matrix
V = (0ij)nxn and mean vector R = (7, ..,7,)". Here, it is assumed that V is positive
definite, and all assets do not have the same expected return, i.e., R # k1, where 1 is the
n-column vector of ones. Obviously E(r) = X'R and Var (r) = X'VX. The M-V
problem for a desired return p, is:

Problem 1.
1
min =X'VX
X 2
s.t.  X'R = pu,,
X'1=1.

If all assets have the same expected return, i.e. R = k1, then this problem has no solution
except when u, = k. For this and the proof of the following theorem see chapter 4 of
Error! Reference source not found..

Theorem 2.1 Problem 1 have the unique optimal solution

C — ugB UoA — B —
X=—V114+——VIR, 1
AC — B2 + AC — B? D
where
A:=1'V 11,
B:=1VIR=R'V11,
C:=R'VIR.

For more investigation about properties of optimal portfolios and more details, see
Error! Reference source not found..

3. M-V Model with Assets Uncertain Exit-Times

(Martellini & Urosevic, 2006) introduced the concept of exit-time risk associated with an
uncertain exit-time t, and show that the set of M-V optimal portfolios in the case where t
is independent of the portfolio performance and the asset returns follow a random walk,
coincides with the standard case. Although, when the exit-time is dependent on asset
returns, it is possible that an optimal portfolio in the standard case is not optimal in the
generalized case and vice versa. They assumed that the exit-time is the same for all
assets, which is the portfolio uncertain exit-time. Here the formulation of another
generalized version of problem 1 is stated for which each asset has individual uncertain
exit-time. Consider a person who decides to withdraw the investment in an asset before
time-horizon T, if it has a very bad performance, to avoid more loss, and keeps the other
assets. Also, consider an investor who decides to withdraw an asset from the portfolio if
he faces an unexpected event. In these cases each asset has individual uncertain exit-time.
Denote the portfolio exit-time by t = (ty, ..., T,,)’, Where t; is the uncertain exit-time of
the ith asset, for i = 1, ...,n. Then, the wealth at the exit-time is W () = XX, ¢:S:(7)),
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where S;(t;) is the value of the ith asset at its exit-time. The return of the ith asset is
defined as

Si(t1) Q= n
500" T

ri(ty): =

Let R® = (r(71), ..., Tu(7))" be the random vector of asset returns with covariance
matrix £ and mean vector R*: = E(R"). Now the portfolio return is

L W@ O eSi0S(T) N
ri:= TON 2 W) 5.0) z x;13(T;).

Obviously E(r) = X'R” and V ar (r*) = X'EX. The M-V problem for the exit-time ©
and a desired return p is:

Problem 2.
1
min =X'XX
X 2
s.t. XR' =y,
X'1=1.

In the following some conditions are provided under which the generalized and the
standard problems have the same set of optimal portfolios when desired mean return
varies over all obtainable mean returns.

Let g;, h; ;: R™ — R are real-valued functions such that
E(ri(z)|t; = s, 1 = t) = 1;,9:(5), 1)
Cov(ri(ty), 1 (tplt; = 5,7 = t) = 0y;h;(s, 1), (2

for i,j = 1,..,n. Denote h;;(t;,7;) by hi(z;) for i = j. Then the expected return of ith
asset at its exit-time is

]E(ri(rl-)) = fRz [E(ri(rl-)|rl- =51 = t)dF(S, t)
~ [ #aedre,o ©
R2

=7E(9:(x))),
where F denotes the distribute function corresponding to t. Using the equation

Cov(ri(1y),1i(7;)) = E(Cov(ri(z;),7i(rj)|Ti,T5))
+Cov(E(ri(t)|7i, 77), E(r; (7)) |74, 75))

the covariation between r;(z;) and 7;(z;) can be calculated. It can be seen that
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E(Cov (ri(zy), ri(t)lTi, 7)) = J. i Cov(ry(zy), 1 ()|t = 5,77 = £)AF (s, 1)
R

= f O'ijhij(s, t)dF(S, t)
]:RZ
= 0;;E(h;; (T4, 75)).
Also,
Cov(E(r ()7, 7)), E(ry (7)) |73, 7))
= E(E(r; (7)) |7, T)E@; (7)) |70, 75))
—E(E(;(t) |7, 1)) EE; () |73, 77))
= f E(ri(z)lt = 5,17 = OE@ (1)l = t, 7, = s)dF (s, t)
]RZ

—1E(9: (7)) E(g;(7)))
N .fRz 1i739i(s)g;(t)dF (s, t) — 1T E(g:(7:))E(g:(7:))
= 1,1 E(9:(7:)9:(7))) — it E(g: (7)) E(9: (7))
= 1;7;Cov(9,(7:), 9;(77))-

Therefore, the covariance between the returns of asset i and asset j is
Cov(ri(7y),1i(1;)) = 0;E(h;j (7, 77)) + 7i7;Cov(g;(7:), 9, (T))). (3)

Assume that there exist constants c;, ¢, and c3 such that
E(gi(t:)) = c1, E(hj(ti,75)) = ¢z, Cov(g;(7:),9,(7;)) = c3, (4)

for all i,j=1,..,n. Then, it can be concluded from equations
Error! Reference source not found. and (3) that

ET = Clﬁ, (5)
Z = CzV + C3E, (6)

where E = (e;j)nxn and e;; =737 for i,j = 1,...,n. Consequently, the mean and the
variance of the portfolio return are

E(r?) = X'R* = ¢;X'R,
Var(r®) = X'ZX = ¢, X'VX + ¢;X'EX,
respectively. Obviously, E(r) = p ifand only if u: = E(r®) = cyu,.

Lemma 3.1 X is positive definite if ¢, > 0.
Proof. LetY € R*"and Y # 0. Then
Y'ZY = ¢,Y'VY + c3(R'Y)? > 0,

where the last inequality holds since V is positive definite and c5 in non-negative (let
i =jin(4)).
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The following theorem has the key role in our investigation.

Theorem 3.2 If ¢, > 0, then problems 1 and 2 have the same unique optimal solution
for which u = c;u,.
Proof. Using equation (6) the Lagrangian function corresponding to problem 2 is
C C —
L(X, Ay, A,): = %x'vx + 73X’EX + 4 (XR* — p) + ,(X'1 - 1).
Considering the first optimally condition we should have

c,VX + c;EX+ ;R + 1,1 = 0, (7
X'R* —u =0, 8
X'1-1=0. ©

Equation (8) yields that X'R = u, and then we have c¢;EX = uR. So equation (7) can be
rewritten as

C2VX+ C3cﬁlﬁ + 11C1ﬁ+ 121 - 0

Then
X =aV 114 BVIR, (12)
where
Ay
a=——
C2
and
Cap | Ay
B=-(C+=)
CyCq Cy

Replacing X in equations (8) and (9) yields
1=1X=0a1'V''1+B1'V'IR = ad + B, (10)
o = R'’X=aR'V'1+ BR'V 'R = aB + SC. (11)

After solving the system (10)-(11) we have
_C—mB , pmA-B

T AC—-B2" " T AC - B? (15)

(04
Now the claim follows from equations Error! Reference source not found. and
Error! Reference source not found. and theorem 2.1. The uniqueness of the solution
follows from positive definiteness of X.

Under conditions (1), (2) and (4), theorem 3.2 guaranties that the optimal portfolio of
problem 2 is independent of the exit-times distributions (Ssee equations
Error! Reference source not found. and Error! Reference source not found.).
Moreover, the sets of optimal portfolios of the standard case and the generalized case are
the same.
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4. The Random Walk Case

This section investigates the case for which the asset returns follow a random walk, i.e.,
for deterministic times ¢ and s we have

E(ry () = t7,
Var(r,(t)) = taf, (of:= oy)
Cov(ri(s),1(t)) = (s At)oy, (sAt:=min(s,t))
where 7;, o/ are, respectively, instantaneous mean and variance of the return of ith asset,

and a;; is the instantaneous covariance between the returns of ith asset and jth asset. If
the exit time vector t is independent of portfolio performance then

E(ry(t)|t; = s, 715 =t) =Em(s)|t; =s,7=1t)

= E(r;(s))
= ST;.
Also,
Cov(ri(ry),1i(z))|t; = 5,75, =t) = Cov(ri(s),7i(t)|t; =s,7; =1t)
= Cov(r;(s),73(1))
= (S A t)O'U
Therefore,
E(Cov (1;(7y), 7 (7)) |7, 7)) = E(T; A Tj) 045 (12)
and

Cov(E(r;(T) |, 1)), E(y(t)lTe, 7)) = E(E@; (7o) |70, ) EQ@; (7)) |70, 77))
—E(E(t)|7 1)) EE@ ()73, 75))
= 1 E(7i75) — RE(T)GE(T)
= 1;7;Cov (7, 7)).

Finally, the covariance between the returns of asset i and asset j is
Cov(ri(7),1i(1;)) = E(7; A 1j)0;j + Cov(Ty, T))TiT;. (13)

Theorem 4.1 Assume the asset returns follow a random walk and the exit time vector ©
is independent of portfolio performance. Also, assume the expected values of 7; A z; are
the same for all i and j, as well as the covariance between 7; and 7;. Then problems 1

and 2 have the same unique optimal solution for which u = c;u, and ¢; = E(z;) for all
i=1,..,n.

Proof. Let g;(x) = x and h;;(x,y) = x Ay forall i and j. Define the constants ¢4, ¢, and

c3 by equations (4). Obviously ¢; = ¢, (let i = j). Now the assertion holds by Theorem
3.2.

Pak.j.stat.oper.res. Vol.XIl No.4 2016 pp765-773 771



Reza Keykhaei

Martellini and Urosevic Error! Reference source not found. assumed that all assets
have the same exit-time. Theorem 4.1 is a generalization of Proposition 4 of Martellini
and Urosevic Error! Reference source not found..

Corollary 4.2 (Proposition 4 of (Martellini & Urosevic, 2006)) Assume that all assets
have the same exit time = which is independent of portfolio performance. Also, assume
that the asset returns follow a random walk. Then problems 1 and 2 have the same
unique optimal solution for which u = E(7)u,.

Proof. Note that x A x = x. Now the proof is a obvious result of Theorem 4.1.

5. An lllustrative Example (Dependent exit-times)

As it is mentioned in section 3, (Martellini & UroSevic, 2006) showed that, when the exit-
time is dependent on asset returns, it is possible that an optimal portfolio in the standard
case is not optimal in the generalized case and vice versa, where the exit-time is the same
for all assets. This section investigates a portfolio selection problem for which each asset
has individual uncertain exit-time, when exit-times are dependent on assets prices. A two
weeks (T = 10) portfolio selection problem is considered for three stocks: NEM, KO and
IBM from S&P 500. The historical stock prices are chosen from date 1/2/2013 to date
1/2/2015. Consider an investor who is concerned about the prices. He intends to
withdraw the investment in an asset in the kth day if its price is strictly decreasing in the
next k consecutive days, and otherwise, he waits until the specified exit-time T = 10. It
is obvious that the exit-times depend on the assets prices. Figure 1 shows the efficient
frontiers, that is the locus of optimal portfolios for various obtainable returns in the
Mean-Variance plane, for some values of k. Here k = 0 corresponds to the classic M-V
problem, and the blue curve displays the corresponding efficient frontier.

Efficient Frontier
1.004 T T

1.0035 -

1.003 -

1.0025 i~

1.002 -

=
g 100151+
=

1.0070 -
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Figure 1: Efficient frontiers.
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