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Abstract

In this paper new exponential type estimators are suggested for estimating the population mean in stratified
random sampling. The biases and mean square errors of the suggested estimators are obtained. Also an
empirical study is carried out to show the properties of the proposed estimators.

Keywords: Ratio estimator; Exponential estimator; Mean square error; Efficiency;
Stratified random sampling.

1. Introduction

In sampling theory the role of auxiliary information has a great importance. It is well
known that using suitable auxiliary information such as population total, mean, skewness,
correlation, attribute etc. can improve precision of estimates. Many authors have used this
information in their ratio, product and exponential type estimators to get more efficient
estimator under different sampling design. In stratified random sampling scheme the
authors including Diana (1993), Singh and Vishwakarma (2008), Koyuncu and Kadilar
(2009, 2010), Tailor et al. (2012), Koyuncu (2013), Yadav et al. (2014) etc. have
suggested estimators using auxiliary information. In this paper we have tried to
generalize Singh et al. (2008) and Yadav et al. (2014) estimators and suggested two
exponential type estimators in stratified random sampling.

Consider a finite population U = (ul,uz,...,uN) of size N and let y and x, respectively, be
the study and auxiliary variable associated with each unit u, (j =1, 2,....,N) of the
population. Assume that the population of size, N, is stratified into L strata with h-th

L

stratum containing N, units, where h=1,2,...,L such that ZNh = N. A simple random
h=1

sample of size n, is drawn without replacement from the h-th stratum such that

L
Znh =n. Let (y,;, X, ) denote the observed values of y and x on the i-th unit of the h-th

h=1

Ny ) L _ Nh )
stratum, where i=1,2,...,N, . Moreover, let y, =Zh Vo= W,¥,, and Y, :Z%
i=1 i=1 'Nh

k)
nh h=1

=z

-_— —_— L —_—
Y =Y, =ZWth be the sample and population means of y, respectively, where W, = Wh is
h=1

the stratum weight.
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To obtain the bias and MSE, let us define e, =(y, —Y )/¥ and e, =(x, — X )/X . Using
these notations, E(e, )= E(e,) =0,

N r+s E|(yh _Y_h)r ()_(h — )zh )S
V. =>W, L :
rs hzzl: h Y rX s (1)
Using (1), we can write
ZL:WhZ A4S jh ZL:WhZ A4S fh ZL:WhZ A4S xyh
E(eg): -t Y—z :V?_O’ E(elz): -t )?2 :VOZ E(eoel)_ = )?Y_ =V11
h
where . N . o . ) )
Z(yhi_Yh) Z(Xhi_xh) Z(Xhi_xhxyhi_Yh) 1—
SZ — =l SZ — i=1 S — i=1 7\/ — h
" N, -1 =~ " N, -1 " N, -1 o,
and f, =
N

h

Singh et al. (2008) have suggested estimators of population mean using auxiliary
information, given by

X, —X
t =v ! 1 2
1 ystexp[xl”lj @
X, —X
t, =Y 2z 2 3
2 yStexp[xz-i-)_(z) ( )
L . L L
where Xlzzwh(xh+cxh)’ Xlzzwh(xh"‘cxh)v X, = > W, (X, + B, (x)) and
h=1 h=1 h=1
L j—
X, = th (Xh + Bon (X))

To generalize t, and t, estimators in a class we can define

X —X
k =Yy e _—St 4
1= s Xp[X+)_(3t+2Ast] @)

L
where A, =>W, A, and A, may be some population information of the auxiliary
h=1

variable for h-th stratum such as S, , coefficient of variation C, , skewness B, (x),
kurtosis ,,(x), correlation coefficient Ph(y) - NOte that t, and t, estimators are member
of k, if we take A, as C,, and f,,(x) respectively as given in Table2.

Expressing (4) in terms of e’s, we have

(k=Y)=Y{-—= e+ 6] +8) =8 (5)
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Squaring both sides of (5) and neglecting the terms of e’s having greater than two, we can
write

2 - X2 X
V) =Y2 et +——— e’ ——— ) 6
(k=Y) {e AT A (6)

Taking expectation of (6) we get the MSE of k, , under the first order of approximation is
given by

L Y2 L Y L
MSE(K, )=1) W24, S2 + ——— > WA SE —— W24 S
(1) {hz_l‘, h “*h yh 4()?+Ast)2hz—1: h “*h xh (X+A\st)hz_1: h “*h xyh}
S Y? Y
=Y W?A | S2 +—— S2 ——— S,
20| S a(X+A) " (XeA) T
N 1
= hzl:thﬂh [th +Z szlsfh - Rklsxyhj (7)
Y
hereR, =——.
w k1 (X +Agt)
Secondly Singh et al. (2008) have suggested estimators using more auxiliary information
X, —X
t.=V _3 3 8
3 yStexp(Xg‘i‘)_(gj ( )
X, —X
t -V _4 4 9
4 ystem[x4+)_(4j ( )
L L o
where X3 = ZWh ()_(hﬂzh (X)+th)’ Xy = ZWh (xhﬁZh (X)+C )
h=1 h-1
L - L o
X, = ZWh (thxh +ﬂ2h (X))’ X4 = ZWh (Xthh +ﬂ2h( ))
h=1 h1

To generalize t, and t, estimators let us define following class

i A:t — a*t
k,=Vy.¢e s 10
2 yst Xp( A:t N a:t N ZBS,[ ( )

L . " L
where A; =YW, X, A, ag=> W, XA, B, =>W,B,, A and B, may be some
h=1 h=1 h=1

population information of the auxiliary variable for h-th stratum such as S, , coefficient
of variation C,, , skewness B, (x), kurtosis f,,(x), correlation coefficient p, .

To obtain the bias and MSE, let us define

* (a;_'%*t) ZWhAh(ih_)zh) L E|:(yh _Y_h)r(—h_)zh)sﬂ:|
& = " =— *

A, A, = YTASX!
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Using these notations we can write following notations

> WAAS]
E(eg)zvz*oo =Va E(efz):MT:VOZO
t
ZW A]Ahsxyh .
L

ZW ALS, D WA, S 5,

E(ee ) T =Vou, E(elz):h_szvot)z =Vo2.
t

L

thzﬂ“hsxyh .
E(eOel) = hﬂT =Vip1 =Vis.

Expressing (10) in terms of e’s, we have

K, —Y_:Y_(—XA:AS%)GI-F§(AS(A“) ) ; €081 E*(Asieoeiz (11)
t st . +B

Squaring both sides of (11) and neglecting the terms of e’s having greater than two, we
can write

7\ _ 2| a2 1 2 %2 A: *
k,-Y) =Y? & +————— A%’ ——— & (12)
( ) [ 4(A:[ +Cst) A (&t"’cst)el J

Taking expectation both sides of (12) then we get corrected MSE of Singh et al. (2008)
as follows:

L L L
h vh *2 h xh * h xyh
2 W21 S2 W2A2A S2 W2 S

MSE k _Y_ h=1 A‘st h=1 _ 'A%t h=1
( 2) - Y—z + * 2 *2 * Y_ *
4(A‘st +Cst) Kt (A‘st"'cst) &t

L 1 Y?
— W2 SZ ) 285
; S (Agt )Ah et (A;+Cst)2A1 h
:iwhzzh{sz -R, Sxyh+£11R28 } (13)
h=1
where R, ( *thB )
t st
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Note that t, and t, estimators are member of k, for appropriate values of A, and B, as
given in Table2. Also we have corrected the MSE of t, and t, estimators as given in
Appendix with detail.

Yadav et al. (2014) have suggested ratio and product exponential estimators are given by

X -X
) =y, exp| = — 14
re = Y Xp(><+(a—l)>‘<st] (14)
X — X
pc = Y Xp(><+(b—1)>"<st (15)

MSE i, (t62) = MSEy, () = V2V, [1_Vv1§

02720

|-Sweasio-) (16)
L

hZWhZ ﬁ“h S xyh

=1

L L ’
szvszhs:h szvmssh
h=1 h=1

where p, =

In sampling literature many authors have suggested estimators using auxiliary
information. Koyuncu and Kadilar (2010) defined a general combined class in stratified
random sampling to get a compact expression for the asymptotic variance and avoid
tedious calculations, given by

t. = g(yst’ust) (7)

where u, =X, /X and g(V,,uy) is a function of ¥, and u,,. To study the properties of
t. we assume following regularity conditions:

1. The point (y,,u,) assumes the value in a closed convex subset R, of two
dimensional real space containing the point (\7,1),

2. Thefunction g(y,,u,) is continuous and bounded in R,,

3. g(v1)=Y and g,(V1)=1, where g,(V1) denotes the first order partial
derivative of g with respectto y,,,

4. The first and second order partial derivatives of g(y,,u,) exist and are
continuous and bounded in R,.

Note that this class contains many estimator. We can say that Yadav et al. (2014) ratio
and product exponential estimators are member of this class.
The bias and the MSE of t_ are respectively given by

B(t, ) =Vo,0, +YVi,05 +Y Vp00,, (18)
MSE(t, ) =Y 2V, +V,,07 +2YV,,0, . (19)
where
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0%g
ou?

st

_ 99
ou

9

! 2

1 9%
2

1
— , 3 = —
2 yst :V!ust =1 ayStau st

— 2
Sty =Y ug=1 V=Y Ug=1 6y5t V=Y Ug =1

: : .YV - : :
By using the optimal value of g, = ——2*%, the minimum MSE of the estimators in the
02

class t, is found as

2

MSE(t, ), =Y 2vz{1— Vi } (20)
VOZ 20

which is also the MSE of combined regression type estimators and minimum MSE of

Yadav et. al [8].

2. Proposed Exponential Type Estimators
Motivated by Koyuncu (2012) we propose the following estimator

N g & ’ Ast(i_)_(st)
yN _|:W1yst +W2[ Xj :lexp|:Ast(>z+)_(st)+ ZBst:| (21)

Some new estimators, which are generated from (21) for different combinations of A,

B, and y are given in Table 2. To obtain the MSE, we are applying the same procedure
as follows:

_ — Xi 3 X°Al

yN = [WlY (l+ eo)+ W2(1+ el)y}{l— > )TAS’[A:E Bst el +gﬁ€f +} (22)
— 7/ va v 1 v 1 v 3 2N/ ~2
v —Y = {Y (w, —1)+ Wl(Ye0 —Ez//Ye1 —Ez//YeleO +3¥ Yel)

-1 1 1 3
+W2(1+ 7% +7/(7/T)‘312 _E‘//el —El//?ef +§‘//2912j}

(23)

XA,

where y = (—)_ :
XAst + Bst

Squaring both sides of (23) and taking expectation we have

MSE(7, )= EIV 2 +V2W2 (1+ €2 +y2ef — 2yeoe, )+ WL+ (12 + 4% + 5(7 ~1) -y~ yy o2
+Y2W1(t/feoel —2—jt//2€fj+YW{(W—jwz —7(y—1)Jef —2J (24)
YW, (24 2(y —p Jegey + (207 + 7y —1) -2 2 )

The MSE of the proposed estimator is given by
MSE(Y,, )= [\ 2W?H + W2B +Y >w,D + YW,G + Y 2 + Yw,w, F | (25)
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2 2 2
where H = (1+V,, +yVy, —20V,, ), B=1+(? + v + ¥y —1) - 2w V,,),

D :[Wll_z_%‘//zvozj’ G =((l//7_§‘//2 _7(7_1)}/02 _ZJ

4
F=(2+20—p Ny, + (2w + 1y -1)- 279 Wy,

The optimum values of w, and w,, obtained by minimizing (25) respectively, are given

by

w, = CGF-2DB g DF-2GH (26)
O (4BH-F?) ™ (4HB-F?)

Substituting these values in (25) we get the minimum MSE of y,, as follows:

2 2
MSE(VN):?{l_ BD? — DFG + HG }

(4BH -F?) (@7)

Note that the optimum choice of the constants w, and w, involve unknown parameters.

These quantities can be guessed quite accurately through pilot sample survey or sample
data or experience gathered in due course of time (Koyuncu and Kadilar (2009, 2010).
Secondly we consider following estimator

— *__ * K g Ag_a*
=lw w,| = | |exp| —A—t 28
yM l: 1yst+ Z[Xj :| p|:Agt+ast+ZBst:| ( )

Some new estimators, which are generated from (28) for different combinations of A,

B, and y are given in Table 2. Expressing (28) in terms of e’s, we have

:Agt e + (A e+ ... (29)
Agt+BSt) S(Agt_'_Bst)

— o o e -1 N
(Vu —Y):{wlY —Y +w, +W27/(7/T)el2 —%W W, Ye,e;

Vi =[Wf75t+W;(1+el)7J 1—2(

1 * * * 3 * *2 - *2 3 * *2 *2 (30)
—-Wp 7€ + Wy Ye T+ —Wp g

2 8 8

where = *A“
t + Bst
Squaring both sides of (30) and taking expectation we have
MSE(y,, )= E{Y2 + Wle(— 2+ e —ZV/*ZGIZ\J-F W2Y 21+ e +y % — 2y e ;)
(31)

_ .. 3 .. Y )
+YW2(—2+1// ree —y(y—1)} -3V 2612)+W§(1+(72 7y - +y % —2pyeie;)

+ W1W2V(2 —2yy'ee +y(y —l)ef 2y 6.8, +2p %R + 2588, )}
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The MSE of the proposed estimator is given by

MSE (¥, )= Y? + WY ?H +W,’B" + WY D"+ YW,G™ + Ww,YF " | (32)
where
(1+V200+'// Voo — 2l//’\/no)
(1 Y +7 / 1))\/002'“//2\/020 2y ‘//\/011)
D :( 24y V== 2Vozo}
G =

( 2+V/*7Vo*11_7( 1)\/002 4‘//2\/020j
(2 21y Nou +7 (7 - 1)Vot)2 =20 Vg + 20 N + 27\/1’;1)

The optimum values of w, and w, are given
W G'F -2D'B’ . —D'F -2G'H”
—* W :Y * * * 33
1(opt) (4B A _F 2) 2(opt) (4B A_F 2) ( )

The minimum MSE of y,, at optimum values of W, and w;, is given by

B D?”-D'F'G +HG™
MSE 21— 34
(ym) (4B H _F*z) } (34)

3. Numerical Example

To analyze the performance of proposed estimator we use the data concerning the
number of teachers as the study variable and the number of students as the auxiliary
variable in both primary and secondary schools for 923 districts at 6 regions (as
1:Marmara 2:Agean 3:Mediterranean 4:Central Anatolia 5:Black Sea 6:East and
Southeast Anatolia) in Turkey in 2007 (Source: Koyuncu and Kadilar (2009)). The
summary statistics about the population is given in Table 1.

We have generated some new estimators using suitable values for A , B, and y. The
MSE values of the k,, k,, ¥y, and y,, estimators have been obtained. These values are

given in Table 2. When we examine Table 2, we observe that the proposed Y,,, estimator

has the smallest. From Table 2 we can conclude that using suitable auxiliary information
IS very important otherwise we can get worst estimates in each class.

4. Conclusion

In this paper we have tried to generalize Yadav et al. (2014) estimators and corrected
mean square error formula of Singh et al. (2008) and suggested two exponential type
estimators in stratified random sampling. To see the performance of estimators we used a
real data. We investigate the usage of suitable information of auxiliary variable. We have
found that suggested exponential class of estimators is highly efficient than Yadav et al.
(2014) and combined regression estimator.
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Table 1:  Data Statistics
N,=127 N, =117 N, =103
N,=170 N, =205 N, =201
n,=31 n,=21 n,=29
n,=38 n, =22 Ne =39
S, =883.835 S,,=644.922 S,,=1033.467
S,,=810.585 S5 =403.654 S,,=711.723
Y,=703.74 Y,=413 Y,=573.17
Y, =424.66 Y, =267.03 Y, =393.84

438

S ,=30486.751

s ,=15180.769

S,3=27549.697

s,,=18218.931

S . =8497.776

S, =23094.141

X,=20804.59 X,=9211.79 X,=14309.30

X ,=9478.85 X ;=5569.95 X ,=12997.59
S,,1=25237153.52 S,y» =9747942.85 S,,3=28294397.04
S,y =14523885.53 S,,5=3393591.75 S,y =15864573.97
P,,1=0.936 P2 =0.996 P,y3=0.994

Pyye =0.983 Pys=0.989 Pys=0.965

B,(x,)=4.593

B,(x,)=18.543

B, (x;)=15.446

B,(x,)=10.162

B, (x;)=21.947

B,(x;)=23.114
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Table2:  Some members of k;, k,, y, and y,, and MSE values

A, B, /4 MSE
t, C, 602.5943
t, B (X) 603.8937
t, Bn (X) C 688.4160
t, C,, B, (X) 589.5579
Y B, (X) C,, 0 53.1396
Ynz B,y (X) C,, 1 556.4491
Vs B, (X) C,, 2 342.4030
Yna Cy B (X) 0 52.1180
Yus C, B, (x) 1 557.3786
Yne C,, B, (X) 2 342.5917
Y7 Phixy) Cyr 0 52.9641
Yns Phixy) Cen 1 556.6087
Yne Phixy) (o 2 342.4354
Y1 C,, B, (X) 0 51.1939
Yz C, B, (X) 1 551.1354
Yms C, B, (X) 2 325.882
Yua Phixy) (o 0 48.8562
Yus Phixy) (o 1 505.5486
Yums Phixy) Cen 2 331.6634
MSE,;, (t& )= MSE,,,, (&) 194.2832
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Appendix

o As*t_a:t
k,=Yy_.€ B — 1
2 yst Xp[Ast +ast +ZBst ( )

If we take A, as f,,(x) and B, as C,, in A, a, and B, respectively we can get

L L L
A =D W, X, By (X), 8y =D WX B, (X), By =D W,C,, . Rewriting these values in (1)
h=1 h=1 h=1

we get Singh et al (2008) estimator.

g )?3_)_(3
ty =Yg exp[—)@ +)_(3] (2)
L L
where X, = Z\Nh (Xhﬂzh (X)"'th) X3 = ZWh (Xhﬂzh (X)+th)
h=1 h=1
L j—
(7 —Y_) a* —A: thAh()_(h Xh)
To find the MSE formula let us define g, =~ , g = Zt_"5t — Il ;
Y A A
L L
Zth/ln th thz Ah2 ﬂ”h th
such that E(e,)=E(e; ) =0, E(ej)z*‘ﬂT, E(el*z)=“‘1T,
L
hzwthhﬂ'hsxyh
*\ _ h=l
E(eoel)_ Y_Ag*t
Expressing k, with e term, we have
_ o~ A (1+e
k, =Y (1+e,)exp| — A _ A +e1)
A+ A, (1+e)+2B,
*\2 *\2
k,=Y 1——*1 A;ef+§—(pgt) 2ef+eo_1p§eoef+§—(pgt) ~€,6,°
Z(A%t"'Bst) 8(/5%:+Bst) 2 8(A;+Bst)
*\2 *\2
o A3 (A) L, 1. L3 (A,
k,=Y =Y|———e +—————e’+e,— A +—————ee’ | ()
2 { Z(Agﬁ'Bst)l 8(A;+Bst)2 1 0 2A5t01 8(A€t+Bst)2 0%1

Squaring both sides of (3) and neglecting the terms of ¢’s having power greater than two,
we have

(k,-V) =Y* —‘2e52+e§—(¢efeo (4)
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Taking expectation of both sides of (4) we get MSE of estimatork,

L L L
- 1 '{tz hZ:;,thAﬁﬂthh hZ:l‘,thﬂhsjh As*t éwthhﬂ‘nsxyh
MSE (k,)=Y?| =— . > + —
4 (A%t + Bst) Ay Y (Ast + Bst) AY
L YA, 1 YA
=Y WA, {Sf - S 8
2 (A+B,) ™ 4(n+B,) "
L 1
= Zﬂh{sz Rz += R5,S; }
b 4

If we take A, as f3,,(x) and B, as C,, in MSE(k,) we get corrected MSE(t,) as

_ I
MSE (t ZW PR Y Fn (¥) . sxyh+% Y ﬂz“(X)L sz
(ZW X0 Bon (X +hZ;,Wthhj (ZW Xy Bon (X +ZWthhj
= h=1

= ZL:thﬂ‘n {th - Rt3Sxyh + Z R1238>§h}
where R, =-— Y fn () :
SR (04
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